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l. Introduction .. 

• 

J. de Groot l1as proved in 3 that for every group G 011e ca11 find a connected 
metric space M such that tl1e group of all autohomeo1norpl1isrns of M is isomorphic 
to G: G,....., AM. 

• 

To represe11t semigroups i11 a si1nilar way, we must replace the group of auto• 
homeomorphis1ns by a suitable sc1nigroup of conti11uous 1n,tppings. The aim of this 

• 

note is to prove tl1;:1t every scmigroup S witl1 identity element can be represented by 
the semigroup Q i\1) of all quasi-local l1omeo1no1·pl1isms of a metric space Minto itself •. 

Let X, Y be topological spaces. A mapping f : X • Y is called a quasilocal 
Jion1eo111orpl1is1n if f is conti11uous and if for eacl1 open set O c X there exists an 
open set V, V c O sucl1 that/ Vis a homeomorphism of Vontof V. 

Tl1e proof of the theorem is essentially a modification of the proof for groups 
by J. de Groot in 3 . . 

The semigroL1p Q M) of all quasi-local homeo1norphisms seems to be the most 
suitable to replace the group of all autohomeomorphisms A 1vf • We prove in 
section 4 the existence of a semigroup S sucl1 that there is no Hausdorff-space H 
such tl1at S is isomorphic to the semigroup of all local homeomorphisms of H into 
itself. Neither can S be iso1norpl1.ic to tl1e semigrot.1p of all open continuous mappi11gs 
of B into itself. f : X • Y is a local ho1neomorpl1ism if for each x e X there exists an 
open set 0, x e O sucl1 t11at f O is a l1on1eo111orpl1ism of O onto f O . 

Analogous problems were treated by Z. Hedrlin and A. Pultr 6 and by L. 
Bukovsky, Z. Hedrlin and A. Pultr 1 . In 6 the following theore1n. \Vas proved. 
Let S be a semigroup witl1 identity ele1ne11t, tl1en there exists a T0-space Tsuch that S 
is isomorpl1ic to tl1e se1nigroup of all local homeomorphisms of Tinto itself. 

In 1· it has been shown tl1at every semigroup with identity element may be 
represe11ted by tl1e semigroup of all ''quasi-coverings'' of a Hausdorff space into 
itself. Tl1e ''quasi-coverings'' l1owever are ratl1er special mappings. 

Let for instance X be tl1e subset of the real line R consisting of the point O and 
all x, x > 1. X = {x x ER, x O or x > l}. 

Let f: X > X and g : X > X be defined respectively by 

f(x 
x if x=O 

, 
2X if X =I= 0 

' 

• 
1 if X = 0 

2x if X =I= 0 

• 
• 

• 
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• 

Botl1 f ,111d g arc l10111co111orp11is111s of X into X, J l1owever is· a quasicovering of J X 
bt1t· g is 11ot a qt1asi-covcring of g(X . 

2. Gra1lh-rc1>rcscntations 

Let S be a sc111igrot1p ,vitl1 ide11tity clernent e a11d {.s-a} a system of generators 
of S. \Ve no\v co11sti·L1ct tt1c Cayley-grapl1 S' of S. S' is a coloured, directed graph 

· ~uch tl1at each clen1c11t ci ES is rep1·ese11ted by one \'ertex Va of S'. Two vertices v0 

a1·1(i l'b nre joi11cd by a11 edge witl1 "~colour'' sa directed fro111 1,0 to vb \Vhenever b = s«a. 

S' is clearly connected (it- {l = -~.:x1SX2 ••• San' tl1e11 Ve a11d Va are joined by a path along 
a set of consccuti\·ely adjacent edges v.:itl1 colour respectively s«n' s""_ 1 , ••• , Sa2 , S41 • 

Witl1 eacl1 a e S we associate tl1e inner right translation (20 . 

aa : X • xa for all X E s. 
• 

WJ1c11 appl)1ing products of n1appings fron1 tl1e left to the rigl1t 

X fla • (!b 

we see tl1,1t S is hon1eo111orpl1ic to its regular representation Sr. Tl1is represe11tation is 
faithfLtl si11ce S cont,1i11s a11 identity e1e1ne11t: S ~ Sr. Furtl1er1nore it can easily be 

seer1 tl1at Sr is ison1orpl1ic to the scmigroup of all transforn1ations of the graph S' 
into itself ,vl1icl1 are colot1r and orientatio11 preservi11g. 

• 

If Sis a se111igroup \.vitl1 cancellation the1i all sucl1 tra11sformations are one-to-011e 
• 

mappi11gs ot" S' i11to itself. 
From S' we now co11struct a11 u11coloured directed grapl1 S* such tl1at the se1ni

group c,f all endon1orp11is111s E S* of S* is iso1norpl1ic to S. For cou11table sen1igroups 

tl1is has been do11e first by tl1e autl1or 7 , for sen1igroups with cardinality less tl1an 
the first unaccessible cardi11al by Z. l-Iedrli11 and A. Pultr 5 and for arbitrary se1ni
grot1ps by P. Vope11ka, A. PL1ltr a11d Z. Hedrlin 8 . Tl1ey constrticted for any 
cardi11al 111 a directed graph X sucl1 tl1at tl1e ide11tity transfor1nation is the only endo
mor1)l1is111 of X a11d st1cl1 tl1at tl1e cardi11al of the set of vertices of X is equal to 11t. 

Tl1e construction of S* given here is different from tl1e one in 5 , since the rigid 
• 

graph ..tY. plays a co1nplctely diiTcre11t role. 

Constr11ction. Let S' be the Caylcy-graph of S and let 111 be the cardinal of the 
set of generators {sa:} of S. \Ve assu111e 1n > 3 (the case of semigroups of order < 3 
can be treated separately i11 a simple way . Let D be tl1e rigid graph constructed in 
8 , wl1ere D = {[J f3 < co~ + 1, co,; tl1e least orqinal with card co~ = 111}. Fi11ally 

let ¢ be a one-to-011e mapping of the set { sa:} onto D. 
Suppose that a directed edge witl1 colour sa. leads from vertex v0 to vb. Replace 

tl1e edge i11 S' by a graph (D, a, a, b defined as follows: edges Va, P:,b , P:,b, vb , 

• 

• 

• 

• 
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P:,0, </>(.~a)) ~t11d fL1rtl1cr1no1·c D. We do tl1is for every edge of S'., but we take care that 
all gr[1pl1s 1), ex, ll, b) ,ire disjoi11t witl1 tl1c possible exception of their vertices v0 

and t'b· Ir1 tl1is wc:ty S' is trar1sforn1e<l into a graph S*. 
• 

• 

Theorem 1. E S* t"-.1 S . 

Proof. LetfEE S*) ,ind let D~.b be tl1c copy of D contained in the subgraph 
D, a, a, b of S*. 

We first prove that f( D:.b) c D:.d for s01ne y, c and d. 

Si11ce D:,b co11 tai11s tl1e edges • 

it follows tl1at f o:,b) can11ot be a vertex of tl1e form va or P:,b of S*. Hence f o;.b) c 

c: D~.d for s01ne y, c a11d d. 
• 

If fi:.b e D~,b, tl1e11 tl1ere is a fi11ite chai11 of directed edges connecting o;.b and P:.b· 
From tl1is it ft)llo\vs tl1atf(/J:,b) E D~.d, he11cc /(D:.b) c D~,d· 

r"'ro1n the rigidity of D it folloVv·s tl1at f (/3: .b) = /3~.d-
We next prove tl1at f P!,b) = P~,d· 
Si11ce P:.b is connected witl1 </>(sa.):.b, we l1ave J P:.b) 

or f(P:.b) E D~.d-
P~.d which implies y = a 

In t11is case f P:.b) = P~.d for some P E D P < ¢ sa)- No\v let 7.
1 be chose11 so 

that cp s;x,) = {J, and let q = s:1.,b. Tl1cn it follows from tl1e constructio11 of S* that 

f vb E D~,d, hence f(p~:q) E D~.d and tl1is in1plies f ¢ Sa•)~:q) = ¢ Sa· ~.d E D~.d-
From the constructioi1 of D it then follows that /3 < <p S«· a contradiction. 
Thus each vertex of tl1e form P:.b of S* is mapped 011to a vertex of the form p;,d. 

From this it follows that cacl1 vertex of the form va is mapped onto a vertex of the 
forn1 vb. 

_, It ca11 now easily be seen that E(S*) is isomorphic to the semigroup of all trans
formatio11s of S' into itself which are colour and orientation preserving. Hence 
ES* t"-' S. · 

If S is a semigroup with cancellation then each transformation f E E S* is 
• 

one-to-one. 
• 

• 

3. Quasi-local homeomorphisms • 

Similarly as in 3 we shall replace every edge of S* by mutually homeomorphic 
topological spaces P and introduce a topology in the resulting set such that a space !vi 
will be obtained satisfying the following condition: 

• • 

QM ,-.,S. 
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A11 cx~t111plc of a P~a110 CL1rvc l' \V}1icl1 is 1·igid t111dcr topological transformations 
of P i11to J:> \V<ts givc11 i11 2]. \Ve briefly 111c11tio11 its coi1strtrction. 

Cor1sicicr a circle C 1 i 11 tl1c pl::t11c r111(i let { c,7} i,k be a <l<)Lll)lc seq tience of distinct 
n,1tu14 ,1l 11l1t11bcrs >2. Let ·f1,;} be a cour1t~tble cverywl1crc dense subset of C 1. Affixe 
to e,1cl1 l'i i.l cl1r1i11 C; of c1 i li11ks, co11t,ii11cd i11 the interior of C 1 (pi excepted and 

' . 
n1t1tt1,1lly disjoi11t. Next \\l~ take a cot111t~1ble dense subset {pf} on tl1e u11ion of all C; 
sucl1 tl1at cacl1 pf is ot .. order two. Aflixe to eacl1 pf ,1 cl1ain Cf of a; links contained 
in tl1e i11tcrior of tl1rtt lir1}( to wl1icl1 p; belongs, and stich that all new chains are 
mutually disjoi11t. flrocce<l by i11ductio11; we take care that the diameters of the C~ tend 
to zero, ~tnd take tl1e clost1re 1~ ot .. the countable number of chai11s obtained in this 
n1at111cr. \Ve rc111ark tl1~1.t P is 11ot 1·igid for topological transformations of P into P 
011ly, bL1 t also for q u~tsi-local l10111co1nor phis ms. 

Let f be a quasi-local l1on1eo1norphism and let {p~}* be the set of all poi11ts p~ · 
sucl1 th[tt tl1ere is a11 ope11 set 0, p~ E O witl1 / 0 a hon1eomorpl1ism. The set {p~}* 
is e,,erywl1ere de11se i11 P. Si11cc tl1e p~ are tl1e only points of maximal order order 6 

• 

i11 P, tl1e set {1>7}* is 1nappcd i11to tl1e set {p~}. To each p~ is affixed a chain of a~ links, 
all c,~ disti11ct. 1--11is irnplics tl1,ttf(p~) =p~ for ,ill p~ E {p~}*. Since {p~}* is dense in P, 
f is t 11 e id e r1 ti t y trans f o r 111 ~1 ti o 11 • · 

Now let a a11d b be t\vo points 011 the circle C 1 of order two. Each directed edge 
-----· • 

a. = (.x 1 , .x 2 ) of S* is replaced by a copy Pa. of P, a replacing x 1 and b replacing x 2 • 

We take care tl1at all Pct arc disjoint with tl1e possible exception of the points a and b. . 

I11to tl1e union of all P 

we i11troduce a n1ctric in the sa1ne way as in 3 . 

Theorem 2. Let S be a se1i1.igroup witlz identity ele1nent. Then tlzere exists 
a co1111ected 112et1·ic space M si,ch tlzat S is isomorphic to the setnigroup of all 
quc1.s·i-l<,cc1l /20111eo1norplzis1ns of M: S _,QM. 

• 

Proof. Let ~".1 b~ the metric space, o btai11ed from the graph S*. M is clearly 
connected. 

If f* E E( S * ), tl1en it can easily be seen that/* can be extended to a quasi-local 
homeomorphism f of A,,f into Jv1 .. 

Now let f be a quasi-local l1omcomorpl1ism of M into .s.'vl. We shall prove that f 

maps every copy of P identically onto a copy of P. Let Pa. be such a copy of P. Pa. is 
,. 

con1pact and connected, l1ence f Pa.) is compact, which implies f Pa) c U Pp,· 
i= 1 

Let {p~}* be the set ot- all points p~ E Pa. such that there is an open set 0, p; e O with 

f O a homeomorphisn1 .... i ... hen {p~}* is mapped into the set of all points of maximal 
n • 

order in U Pp, together witl1 the set of endpoints {ap,, bp,}1=i· 
i = l 

• 

• 
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• 

Let {p~} 1 c {J)~}* be tl1e set of all points \vhicl1 are n1apped into tl1e set of all 
n 

points of 111axi111al order in U P /Ji. Tl1c11 {.r~} 1 is everywhere dense in p "' and it is not 
i= 1 

diff1ct1lt to see tl1at eacl1 poi11t JJ~ E {p~} 1 is 111apped onto the corresponding point P! 
co11t~1i 11cci i11 011c <?f tl1c [J p ,· Fron1 tl1is it follows tl1at every point x e pa. is mapped 
011to a co1·rcspo11cii11g poi11t x cont,lir1cd i11 011e of tl1e P JJ,· 

Si11cc \Ve l1avc cl1osc11 tl1e cndpoi11ts a and b of P to be points of order two and 
sir1cc S* co11tains no t1·ivial cycles of order t\vo it follows that P « is mapped identically 
011 a11otl1er copy PP of P. 

Hc11ccf pc1·111utcs tl1c P«'s amo11g themselves,and we may conclude from theorem 
1 tl1at S ,_, E S* ~ Q M). 

Corollary. Let S be a se1nig1·oup with ca,,zcellation, witli identity element . 
• 

Tlze1i tlzei·e is a co1111ected ,1ietric space M such tlzat Sis iso111orphic to the semigroup 
of all }10111eo111orpl1is1i1s of Minto lvl. 

The proof follows easily from tl1e fact that in this case eacl1 trans!'ormation 
f * e E S* is 011e-to-one. 

• 

Theorem 3. Let S be a se1;1 igroi1 p witlz icle11tit .,11 ele1ne11t. TJ1e11 tliere exists 
• 

a co1i,,1ecte(l co1;2pctct Hai1s(lo1ff space H s1,clz tl1at Sis iso111orp/1ic to Q H . 

Proof. Let 1"1 be tl1e metric space sucl1 tl1at S ~ Q lvl , and let H be the Cech
Sto11e compactification of M. Let j be a quasi-local ho1neomo1·pl1ism of M into M 
and fif its exte11sio11 to H. Since 1vf co11tains an open de11se subset such that e,rery 
poi11t of tl1is set l1as a neigl1bourhood with compact closure, it follows that for every 
open set O c 11 tl1ere is a11 open set V, V c O such that V c: 1\1. This together with 
the fact that /3! is continuous implies that Pf is a quasi-local homeomorphism of H. 

Now let g be an element of Q 11 . As g is a quasi-local homeomorphism there is 
for every open set O c H an open set V <= M such that g Vis a l1omeomorphism. 

.. Since 1'1f is metric, it satisfies the first axiom of countability and for every point 
x e V there is a coL1ntable sequence of different poi11ts xn E V con,,erging to x, hence 
g V c: A,f. Next let x be a11 arbitrary point of M, then there exists a sequence {xn}, 
xn EM, xn ; x such that g Xn EM. From the continuity of git follows that g x 11 • 

-+• g x and hence g x EM. . 
Thus g A1 c A,f and g restricted to M is a quasi-local homeomorphism of M 

into itself. Fro1n this follows easily 
• 

Q(H ,.,.., Q M) , so Q(H) ,._, S. 

Corollary. Let S be a se,nigroup witlz cancellatio12 a11d ide1ztity ele111ent. T/1en 
tlze,·e is a connectell co111pact Hausclorjf space H si1cl1 tl1at Sis iso,,norpliic to t/ze 

se1;1igror,p TH of all topological transformations of H into H .. Moreover TH 
• 

. .. ,.. Q H . • 

• 

• 
• 
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4. Local l1on1comorpl1isms a11d open continuous mappings 

Let S be tl1c scn1igro11p ·[e, a, b} witl1 identity ele1nent e a11d multiplication dcfi11ed 
by ab = ba = ati = l)b = (l. 

Let ll be a l·lrtusci()rfTsp:1cc rt11d L fl tl1e se1nigrot1p of all local ho1neon1orpl1isms 
of JI i11to itself. 

0(11 will <.lc11otc t11c sc111igroup of all open continuous mappi11gs of I-I i11to I-I . 

.. fhcorem 4. Tlierc is 110 1-Iausdorff space H sucli tl1at S is iso111orpl1ic to L H . 

Proof. Let S be ison1orphic ~o L Il. Then L(II = {e,f, g} witl1 e the identity 
n1appi11g a11cl f and g local l1on1eo1norpl1isms SL1cl1 that f g = gj =ff= gg = g. 
Let A be the stibset of II such tl1at for each a EA f(a = g a . Then A is closed. 
A =t= Ji and A =t= 0 since for eacl1 point b E f J-1 we have/ b = g( b . We now prove 

----
that A is ope11. Let p e fl " A, p E A. Let O .be a neighbourhood off p g p such 
that/ is a ho111eo1norphisn1 011 0. 

Let V be a ncigl1bourhood of p such that f(V c: 0 and g( V c: 0. Since p e 

e H , A, tl1ere is a poi11t x E H , A, x e V. Then it follows that f x 4= g x and both 
f x a11d g x) are cor1tai11ed in 0. 

• • • 

Since ff f g we have ff x -·· f g x and hence f is not one-to-one on 0, 
a contradiction. 

Tl1us A is open and closed. 
No \V let ¢ be the mapping defined by 

• 

x for x $ A 

g(x for x E A4 

• 

It is clear tl1at </> is a local-J1omeomorpl1ism of H. Si11ce g(H cf H c A, we have 
</:> =I= f, </> =½= g. Further1nore for eacl1 x ¢ A we l1ave f x ~ g H , since other\vise 
f x = g(JJ).· and l1ence gf x) = g x = gg y g y = f x. Thus g H =t= f H . 
Since ¢ .r1) = g(A) = g H =t= A; we l1ave ¢ ==!= e. This however is contradictory to 
tl1e f,1ct tl1~tt eacl1 local ho111eon1orphis1n ¢ of Ji is contained in L(H . 

r1"'11corcm 5. TJ,e,·e is 110 Ilazlsdorff spc1ce II silclz that S is isotl1orpJ1ic to O(fl . 

Proof. Let 0( 11) = { e, f, g} witl1 e tl1e identity and f a11d g open conti11uous 
n1appi11gs sucl1 tl1at f g = gf =ff= gg g. If A {x x E Ji, j x = g x }, tl1en 
A =t= 0 al1d A is closed. Furtl1ermore g(JI c: f(H c A, f(H and g H ope11. Let 

• 

p E Ji , A, p EA, then f p = g p e g fl a11d he11ce there is an open set V, p e V such 
that f V c: g H . Let x E fl , An V. Then f x e g H and he11ce f x g y . Thus 
g f x = = g g(J1 ) = g y = f x . From this it fallows that x e A, a contra
dictio11. 

Tl1e set ,4 = {."" x E J-!, f(x = g x } is an open and closed set. I11 the same way 
as in the proof of Theorem 4 we now can construct an open continuous mapping q, 

· such that ¢ ¢ O(H . · 
' 

• 

, 
• 

> • 



282 A. B. PAALMAN - DE MIRANDA 
., .. , •·' ~· L, •• ... ·-· •" • .,.. ., __ 

• 

[l] L. Bi,kovsl<.y, Z. fl£1(i1·/i11, /l. P11ltr: On topological representation of sen1igroups and small 
c~1tcgc)rics. M~ t. f}'I.. (:~ts. St-\ V 15 (1965), 195-199. 

[2] J. tit• Groot c111cl 1~. J. }Viii.:: Rigid continua and topological group-pictures. Arcl1iv. der Math. 
[) ( 1958 ), 441-- 4-t6. 

[3] J. ,le Grc>ot: Gr(1ltps represented by homeomorphism groups I. Matl1. Annalen 138 (1959), 
80 -- 102. 

[4] Z. l/(•,!1·/i1, a11,I A. Pul1r: Relations (Graphs) with given finitely generated subgroups. Mh. 
1\1;:.ltl1cr11atik 68 ( 19()4 ), 213-217. 

[5] Z. JI etl,·lin a11cl ..,,1. J>,,ftr: Relations (Graphs) with given infinite sernigroups. Mh. Mathematik 
68 ( 1964), 421-425. 

• 

[6] Z. He(/1·li1z a11cl A. Pultr: Rer11ark on topological spaces with given semigroups. Comm. Math. 
Ur1i\'. C,ir. 4 (1963), 161--163. 

[7] A. JJ. de .'vfirc111{lti: Gr;:iph-rcpresentaties van groepen en halfgroepen. Universiteit van 
1-\1nstcrd~1m, Scriptic 1960. 

(8) P. i7<Jpr!1zka, A. Pi,ltr, Z. Hedrlin: A rigid relation exists on any set. Comm. Math. Univ. Car. 
6 (1965)ll 149-155, • 

I 

• • 

• 

• 

t 

• 

• 

• 

• 

• 

• 

• 

• 


