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1. Introductioén.

In his book "Eine neue Methode in der Analysis und dezen Anwendungen"
[ﬁ] P. Turan proved the following Theorems:

I. (Satz VII)

Let b1, u..,bn;z1, ‘...,zn be complex numbers and m > -1 an integer.
Then there exists an integer v with

m+ 1<v<m+n,

such that n

(1.1). |b1z: .. + bnz;l z{——J£-— . Ib1 * .o *D [, min Izj|v.
2e(m+n) J=1,ee0,n

II. (Satz IX)

Let 2z

and b

15 eesZy be complex numbers with |z1| > |z2| > eve il an’

1’
Then there exists an integer v with

'°°’bn arbitrary complex numbers; me Z, m > -1.

m# 1 <v<m+n,

such that n
(1.2). [b,2) + ... + b 2] 3{———%———-—] . min b, *+ +oo + D]
2he” (m+2n)) j=1,...,n ‘ J
: v
° m.ax I Zjl °
J=Tsecean

n
In 1958 I. Dancs [2] proved that the factor [—-—ﬁl——} in (1.1)
2e(mtn)

n-1
may be replaced by 71,; [-—3—3 . In 1959 E. Mekai [3] and in 1960
2e(m+n

N.G. de Bruijn E{l found independently the best possible value for this

constant, viz.

n-1 . . -
m+

yoo2d (" o
j=0 !

For applications, this best possible value is not very handy and in

practice, Turédn's or Dancs' result will do very well.
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n R
After a first improvement of the factor — in (1.2) by
: 2he“(m+2n)

ViT. S8s and P. Turdn [5], in 1964 I. Dancs [6] proved the following
generalization of theorem IT:

(ITa) Let Zys ++.,Z be complex numbers with |zi| <1 (i=1,2, ..., n)

and 0=|1—z1

< ]1—z2| < oo 5J1—Zn . Let m be a non-negative
integer; let Bj be polynomials with complex coefficients and of
degree kj with kj < m+2 (j=1, ..., n) and let k=k + ... + k +n.
Then there exists an integer v with

m+ 1<v< m+k,

such that
v v 1 k-1 k-1
IB,](\))Z1 + s + Bn(\))Zn| z'-é—l—{- (m) j=I{l]’.I"1“,n |B1(0)+ eoe +Bj(0)|‘.

In this report the following generalization of I and refinement of
(ITa) will be proved:

Theorem 1 Let Zys eees 2 be complex numbers # 0 and m an integer,

m > -1, Let Bj be polynomials with complex coefficients and of degree
kj(j=1, ee.,n). Let k=k
with

1+ cee +kn+n. Then there exists an integer v

m+ 1 <v <m+k,

such that .
v v ko1 v
|B1(\))z1 + ...t Bn(v)zn| 3}E§R;;3;y) . B1(0) ool * Bn(O) s 50 ?'..’nlzjl .

Theorem 2 Let z., ..., z be complex numbers # 0 with lzil <1 (i=1,...,n)

1’

and 0=|1—z1| §_|1-22| S e f__|1—zn

. Let m, Bj and k be as in theorem 1.
Then there exists an integer v with
m+ 1<v<m+Kk,

such that
k-1
B, (v)z) + veu 4B (v)2)] > 1 (o)
1 1 **T Tn n' =T ‘Be(mtk)

The proof of these theorems is based on a combination of ideas of I. Dancs

and N.G. de Bruijn, see Bﬂ resp. [4].

min |B1(O)+ . Bj(O)].

J=1,70.,n



2., Proof of theorem 1.

The following well-known lemma will be essential in the proof of both
theorems 1 and 2.

Lemma 2.1 (Schwarz-Stieltjes).
Let g € R[t] and h#0.
Define Ag(t) = g(t+h) - g(t) and AMg(t) = A(A“’"1g(t)); U= 2,3, cene

Then if h > 0 there exists 6: a < 6 < a+hu or if h < 0 there exists
6: atph < 6 < a
such that
(a"g()),_, =1n". g(e) , u=1,2,3, ...

Proof of theorem 1.

We may assume without loss of generality that min |z.|=1.
j=1,...,n

Consider the points z1,z1(1+e), ...,z1(1+k1e),z2, ...,zn,zn(1+e), coes
zn(1+kns), where e > 0 and z,, ...,z are ordered in such a way that

.They form a set of points {E.}.k

Order this set such that 1= [£.]| < [g,] < «ov < [E, [
Define' uj = - ';—T 9 vj=1’ oo-’kﬁ
Jd
and
k k ”
(2.1) f(z) = I (1+zuj) = 1 (]fg—).
j=1 =1

The function f has no zeros in the domain |z| < 1, so we can write

1 (1) 1

m = izo ai Z ’ 'ZI < 1.
We put
, -1 T i
(2.2) h(z) = (-1)"" {1-£(2z) | a; ' z'}.
m i=0 1



i

It follows from (2.1) and from the definition of the coefficients
(1) ypmt e
H

that Wwe can write (2.2) as

a
m+k
_ (2) v
(203) hm(Z) - Vzln+1 a \) Z .

Further we have hm(gj) (_1)m_1 for j=1, ...,k and hence

(2.) (a5 (140ce)) (-1)" 1, 5215 eeansu=0,1, Luu ks

If we apply lemma 2.1 to hm(zjt) with h=e,a=1, then we obtain:

for all j,u. (-. 0) there exists 6. with 1 < 0. < 1+u.e such
JoH 5 UJ# Ju - Ju . J
J J
that

. . M.
J. d J - ‘d )) -
Z. “¢€ h 6. z.) = (A" h (tz. =

J m ( Juj J) ( m( J t=1

= e (o)) = (m (e, (142D + e (1) Ty (a),
for j=1, ...,n;uj=1, ""kj°
Substitution of (2.4) gives:
(2.5) h 9 (8. z.)=0, j=1, TRPLHIL PP
In the sequel we follow the usual convention that

(v ) =0 if v < uj.

From (2,3) and (2.5) it follows that

m+k
2 v .
) a( ) ") 2 e;uv = 0, =1, veesniu =1, oo,k
v=m+ 1 v Llj J Jj J

If we define
m+k
8. (e) =) a(i) )z .{e%:‘—1} ,



then

m+k (2) v v
(2.6) ) a (" Jz, +8, (e) =0, =1, ...,n;uj=1, ...,kj.

v=m+1 v uj J Juj

For Gju (e) we have the estimation

J
m+k
. 1k} m+k +k 2
6. () < 2™ o | ™ {(ee)™ R} T 2],
Juj v=m+1
We use the abbreviation
+ +
s(e) =2 ™™ |z | ™ {(14xe) 1),
Hence
§(e) —+ 0 if € —> O,
Write Bj in the form
5
t .
(.79 B,(¢) = ) s G s 3=1, vou,n.
ne=0 J J

Multiplying (2.6) by bju and summing over uj=1, ...,kj we obtain

J
kj m+k kj
) Y a(i) )zl b, o+ Z* §. (e)b. =0.
p.=1  v=mt1 S R BERTRES L M
J J
From this and (2.7) it follows that
m+k j
I {3,(v)-5,(0)} a(i)z; # L () =0, =1, ...,
v=m+l 9 us=t Mg IHy
Summing over j=1, ...,n and substituting
° v
S = B.(v)z. ives
Vv -21 J( ) J &
J-—
m+k n m+k n k.
23 'Y . J
Z Sv a(i) - Z Z B.(0) a(i)zY + Z' 2 §. (e)b. =
v=mt1 j=1 v=m+1 9 J JEV =T Jus My
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Substituting (2.3) and (2.4) we obtain

k
n m-1 m+k (2) n j
) B.(0).(-1)" = ) s, a8y * D) 65 :(EDb
j=1 9 v=m+1 =1t T I
Therefore we have
k
n m+k n J m+k
2 2
1] sl D sl @I+ T T sl | T o]
) 3 v v L e Ju . v
J=1 v=m+1 J=1 uj—1 J Vv=mti
k
n j m+k (2)
s{ omax s feste) I D foo I} T falls
m+1<v<mt+k J=1 uj=1 J  v=m+i
i.e.,
s, 11 2,0
(2.8) max S| > - v B.(0)| + o(e).
mi<v<mtk 0 R a2 5=t
v=m+1 v
m+k (2) v
Now recall that we had defined nm(z) = z a' 'z from
K v=m-+1
= (2) _ _(2) .
f(z) = T (1+zu.). Remark that a =a " (E,, eees & )
5=1 J v v 71 k
From this definition it follows that the determination of an upper
. mtk
bound for ‘a(3)| can be done in the same way as in [A]. (Note that
v=m+1

N.G. de Bruijn only uses the given number of points and that these
points have absolute value > 1).

Hence we obtain

m+k k-1 . . . -1
(2.9)  § ¥ <] 22 (") 5.(39§?$5%Y ‘

v=m+1 J=0

If we substitute (2.9) in (2.8) and let €= 0, then we obtain the

statement of the theorem.



3. Preliminary lemmas.

Before giving the proog of theorem 2 we need several lemmas.

‘Lemma 3.1 For fe R[ﬁ], f monic and of degree n, the following
statement is true:
b-a
max |£(x) | 3_2(-ﬂf0 .

a<x<hb

Proof: The statement follows immediately from [B], VI §7, Aufgabe 62,

Lemma 3.2 Let § be a positive real number.

n n
Let f(z) = -E (z—zj) and ¢(x) = .g (x—|1-zj|) With 2,25, «ees 2
§=1 J=1
given complex numbers.,
Let r, be defined by
- max.- |o(x)] = |¢(ro)| » Ty minimal, r, > O.
0<x<3$§
Then we have for z on the circle |1—z| = ro that
P!
2(2)] = 2(p)
Proof: |f(z)| > |$(|1-2])|. Apply lemma 3.1 to ¢(x) with a=0 and b=$.

Corollary 3.2 r, # |1-zj|, J=1, veey N

In the following we suppose that the numbers Z1sZps eees 2 satisfy

|zi] < 1 (i=1, ...,n) and that 0 = |1-z1| < ]1-z2I < eees |1-zn

Furthermore, every empty product that may occur in the sequel has to be
read as 1.

Lemma 3.3 Let & be a real number, 0 < § < 1, Let r, be defined by lemma

0
3.2 and let the natural number 1 be chosen such that

< |1-z

O=|1—z1| < l1-—z2| < eiw _<_l1-zl| <r | < oo [1-2 |,

0 1+1
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Let 0 < u < 1 and let j1,j2, ...,ju be u distinct numbers chosen from

{1,2, ...,l}. Then we have for 1-z'=ro
ln M Gn
E'Z vo(emrg) T (zezs ) 22 () .

J=1+1 i=1 i

$(x)
h (x-|1—zj 1)

Proof: Define P(x) = , Wwhere jk runs through

the sequence {1,2, ...,l}\ {j.} " . Hence |1—z. I <r <1,
1. J 0
1=1 k
for all jk from this sequence.
Using lemma 3.2 we have for |1—z| =T,
) " 2| > lotr)] 2 26)
(z=2z.) T (z-z, )| > [P(r.)]| > [¢(xr,)]| > 2(F) .
TR A TR ) 0 0 5

Lemma 3.4 Let the function g be holomorphie inside and on the closed

Jordancurve L and let ZisZps seesly be given points inside L. Then

g(z) = e + e1(z-z1) L el—1<z-z1) .o (Z_zl-1) +
+ (Z'—Z1) e oo (Z—zl)gl—1(z)
for 1=1,2, ...,n,
with
1 (z)
eu=2ﬂi ? )g dZ, u=0’1, 00 g 1—1,
]-J (Z"Z1 .'.(Z_Z]J'i"])
and

=]

g,_4(2z) = 2;7 4;, gt) dt.
. (t—z)(t-z1)...(t~zl)

Let P be a polynomial of degree not exceeding 1-1, with P(zi)=g(zi),
i=1,2, ...,1. Then

P(z) = eg * e1(z-z1) + ol + el_1(z-z1) cee (z—zl_1).
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Proof: The proof is straightforward; see [9], Ch I 87.

Lemma 3.5 (A. Markov).
Let Q € !R[x] and of degree k. Let further

la(x) | <1 for 0 <x <6 , where § is a positive number.

Then

2
la" (x)] igl{—— , for 0 < x < 8,
$

Proof. The statement follows immediately by applying |8|, VI, Aufgabe
83 to the polynomial P(y), defined by
§
P(y) = Q(—g' (y+1)).

Lemna 3.6 Let Z19%5s ...,ale.w and let § be a real number with
0<6<1,
Define vy by n 14k.

y(x) = T (x ~ |1-2.|) 9 , where the k,'s are non-negative

j:‘] J dJd

integers.
Further, let ry be defined by

Iy(r0)|= - max. ly(x)], r, minimal, r, > O.

0<x<38

Then the following statement is true.

‘ K
If lzi.-—zjl < -2-;5 , then

|1_zi| <r, ~— I1—zj| <rye

Proof. Let k=n+k1+ o +kn be the degree of Y.

Applying lemma 3.5 with Q = -1\-\:{- , where M=ly(ro) |, gives

2

(3.1) ly'(x)| < for 0 < x < &,



t
From v(t) = “Y(I‘O) + J y'(uw)du
r

-10-

0

we obtain that if X is a zero of y with O < %, < 6, then

X

v(rgy) = - J Y' (u)du.
o
o1
Hence M = |y(ro)] j_|x0—ro| max |y (u)| __gﬁéw- Xy Tql e
0<x<$§ 8

From this it follows that |xo-r

ol

>

cannot have a zero in the interval

(r

8
0,2

§
r. o+ --—)ﬂ[o 6].
2k » 0 2k2 ’

Let zi and Zj be such that

(3.2)

lzi~Zj| <‘“§§ >
2k

and suppose that X, = |1-zi|< r

. 8
First suppose that r; < /2.

0

and that x. = |1—z.| > r
J J -

and we may conclude that vy

0-

From corollary 2.3 it follows that X, # Ty

8

Since X is a zero of Y it cannot lie in (ro,ro + ::3) ,

>
hence Xj 2ry

2k
$

2k

§
+ —5 But then we would have

lz.-2.] > |x.-x.| > , in contradiction with (3.2).
1] 1] 2

2k

Similarly we are led to a contradiction in the case that r

This proves lemma 3.6.

8
> =
0—2
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Lemma 3.7 Let 6,z1, cees zn,k,y,rO,M be defined as in lemma 3.6 and

let € be a positive real number.

Let k.
n d
Y(x) = T I (x - [1-(1-u.e) z.]),
Jj=1 uj=0 J J
and let
Ej:jﬁjf’:';ﬁ—uje)zj, j=1,2, ...,n;uj=0,1, cees kJ..
I g, -¢&, | < L and if € is sufficiently small then we have
JH. JVv. 2
J J bk
- £, & 1-E. R
[1 eJuj| < g |1 szjl <z,

Proof.The functions ¥ and ¥' are continuous functions of e with

climy ¥(x) = y(x), uniformly in x on [0,6].
and

L ¥'(x) = y'(x), uniformly in x on [0,§].

Thus for all n > O there exists ¢

1 91(6,n) such that

[(x)=y(x)| < Mn for e < €5 X € [0,6]
[¥! (%)=y' (x)]| < Mn for e < €5 X € [0,8].

Let x, be a zero of ¥ with 0 < X5 < 8.

On the one hand we have

(3.3) lv(zg)| > M(1-n),
on the other hand

t
Wo) = blmg) + | v (wan
r
0
and hence
(3.4) lv(r )| < |x.-r.|. max |u'(u)| <
0or = 00y, <u<é -
( 2Mk2

< max {lY'(u)|+Mn}
0<ucx<s

I A

| %grol {7 + mn}.
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Choose n sufficiently small; then from (3.3) and (3.4) it follows that

§ §
|x.~r | > —= (1-2n) > .
0700 = 52 b2

Hence for e < €, the function ¥ has no zeros in the interval

(r-= ., r

2N [0,8].

O 1® 0 1
Let € < €,5 suppose that Igju. - EjV‘I < h62 s but that
J J k
x, = |1-g. | <r_ and x. =|1-. |>r.
. . 0 V. v. =70
JUJ JUJ J j dJ 3

Now in the same way as in the previous lemma by this supposition we

are led to a contradiction.

Lemma 3.8 Let G,Z1

lemma. Let r be defined by

s ooy zn,k,y,rO,M,w be defined as in the previous

lv(r)| = max |w(x)|, r minimal, r > O.
0<x<§

Then there exists a real number 82 > 0 such that for all e < 22 the
function y has no zeros between r and rye
Proof.

Let us recall the definitions of y and y:

n 1+k.
y(x) = T (x=|1-2.]) J
=1 J
k.
n J
v(x) = T I (x=|1-(1=u.e)z.|).
3=1 uj:O J J

Since the function ¢ also depends on €, we write it as we(x).
Let M = Iy(r0)| and M (¢) = Iwe(r)
Since we(x) —>y(x) for € — 0 uniformly in x for xe[O,Gj, it follows
that M (e) — M for e=—> 0.

From the definition of r we see that r=r(e); further it follows from the

definitions of y and ¥ that
volx) = v(x).

Hence wo(r(O)) = y(r(0)).
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On the other hand from M*(e) —>» M for ¢ —> 0 we see

log(x(0))] =M = |v(x)

Thus since r and r, both are taken minimal and positive r(0)=r0.

In other words sl§m0 r(e)=ro.

This yields: there exists a real positive number €, such that

X, < r(e) < X1 41 for e < e,,

from which the statement follows.

4, Prdof of theorem 2.
Define Eju = (1-uje)zj, J=1y eaey n;uj=0,1, ""kj’

J
/\ Al n ‘j
f(z) 1 i (z—(1-uj€)zj),
j=1 u.,=0
J HJ
k'
n g
Wx) = B0 (x-[1-g. D),
j=1 w=0 I
dJ
n 1+k.
glz) = T (z-2z.) 9,
=17
n 1+k.
y(x) = T (x=|1-2.]) 9.
=1 J

Let § be any real number, with 0 < § < 1,
Define rq by

M= IY(rO)I = max ly(x)], r, minimal, roy 2 0.
0 <x=< §

Let 1 be the natural number defined by

0=|1—Z1| i |1-22| i e o0 f_ |1—Zl| < I'O < |1—Zl+1| i non:/i l1-zn °

Let € be defined by the lemmas 3.7 and 3.8.

1°%2
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Now choose € < min {e s€ns —§—4 .
1272 hk3

Hence we can apply lemma 3.8 and we obtain

O=|1—E10| = |1-£20| e 2 |1-E

10l < io < |1-e

l+1,0I f--"'<-f-|1_£n ’
o ‘ -0
Since € < 3 we have
Lk -
g - & l<—§— J=1, eees N3U.,V.=0,1, seay k
juj j\)'j hka H b 9 ’j’j 2') * j’

and therefore by applying lemma 3.7 we obtain

/

- ’1—€ju-| <r0’ j=1, LRI l;UJ=0,1’ RO IR kj
d
(1%
11—€juj' > ro’ j=1+1’ 000 o n;uj=0,1’ LECI Y kj'

}

Order the set {E.

i in such a way that

J=1s eeey n;uj=0,1, ooy kj

Jd
] r

0=]1-g1| 5_...§_|1-gs] < , ]1-gs+1| < eee < |1-£k .
We see from (4.1) that s=l+k1+ cee +ki.
Define k Kes (1) kesi
(.2) F1(z) = 0 (z-£.)= ) c: ' z .

. i L i

1=s+1 =0

It is easily seen that

(1) k~ .
(4.3) ey 7] < is), 120,11, oess k-5,

Let FZ(Z) be a polynomial of degree <:is+1 with

(b.4)  F(E,) = —— i=1, ..., s

2'°1 m+1 ’
£, F1(5i)

1

From lemma 3.4 it follows that

(4.5) F2(z)=e0+e1(z—£1)+ ces +es_1(z—61) cee (z-ES_1) with
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e\) = 2:]_].- ?v — dz ) :\):O"], oo s=1.
l1-zl=ro Z F1(Z)(Z—§1)...(Z—EV+1) .

Lemma 3.2 yields

s k
lv(|1-2])] 3,2(30 , |1-z|=r0.

Further, since € < e, we have the fdllowing inequalities

k
l£(2)] > [w(]1-2])] > |v(|1-2])] - Mn z_2(§0 - Mn, for [1-zl=r0.

According to lemma 3.3 the same holds true for the function

F1(Z)(Z—€1)...(z—£

\7)+1), V=0,1’ LRI IEY 8-1.
i,e.
5 K
|F1(z)(z-51)...(z-—£v+1)] > 2(p) - Mn, for |1—z|=ro;\)=0,1, ceey s=1,

From the representation of the coefficients e, as a contour integral

we derive
k-1 k
(4.6) levl < 1k . 1 —7 roie(%) """1"'511'1" {1+Mn()_-6;) b,
2({%) i (17%g) (1-8)

v=0,1, «e., S=13 n sufficiently small.

Write the function Fz(z) as
s=1
(5.7) F(z)=] o) 2,

v=0 v

Using (4.5) and (4.6) we obtain

(4.8) 'c(i)' < eyl + e I(“}”) +oen * e |('s"‘1) <

v+1 s=1'"g=y= -
s 1 el ~ )
< (U+1) W 2(-(-3-) {1 + Mn(E) }, v=0,1, e0e,y s=1,
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Define

(b.9) F

m+k
(2)=2"*"F (2)F, (2) = (3),,
32. Z 1Z 2Z v£m+1 (o] Z

Note that c(3)=c(3)(€).
v v

From (4.9), (4,2) and (4,7), it follows that

m+k k-s s=1
I 1B T ey e®
1

v=m-+1 =0 v=0

Using (4.3 and (4.8) we obtain

m+k k-1 k

3) 8 1 L
t10) T 1B <ndy A e ]

v+ v 4 (1_6)m+1 é
It follows from (4.2),(4.4) and (4.9) that

_ 31 for i=1, ..., s
FS(gi) - {; for i=s;1, .:.,k.
i.e.
_ Q1 for j=1, «vey, L3u.=0,1, o0, k.

(ho11) FylUugedz5) = o por jmat1, o0l ndu;=0,1, ces ks

Now apply lemma 2.1 to FQ(zjt) with a=1 and with h=-¢;

u=uj,j=1, ...,n;uj=1, ""kj‘ Then it follows that there exists

0. with 1-uje < e.u < 1 such that

JUj Jj
we W15
(we) 9 2-33 Fy(z,t) =
3t Y £=6.
Jus
H. M.
= Fy((1-uge)z;) - (1J)F3((1-(uj-1)s)zj)+ cer +(=1) JF3(zj),

for j=1, ...,n;uj=1, ey kj'
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By (4.11) the latter expression is 0. Thus we find that

m+k

v, v .
z c(g) (: )z. ©. =0, J=1, eeesn3l.=1, Ju.,kK..
v=m+1 J J ] d J

As in the proof of theorem 1, we define the following function
m+k

: 3) v v

(4.12) 6. (e) = ) (v.)c( z {6, ° -1},

Hj vam+1 MV OB JMy
Then we have

m+k

(4.13) ) (v.)c(3)z.v . (e) =0 J=1, eeesnzt =1, oa.,k.e

v=m+1 HJ vVod J”j ’ ’ ? dJ >3
From (4.12) it follows that
(1) ]85, (e)] < 2E(1-(1-ke) ™) il |(3)|

J v=m+1

J=1, ...,h;uj=1, ey kj;e sufficiently small,
Write the polynomials Bj in the form

(4.15) Bj(t)= ) b..(t.), J=1, vauy M.

Multiplying (4.13) by bju and summing over uj=1, cees kj yields
J
J m+k
nae) v 1 )e(3), z b J{:
uj=1 J v=m+1t 7 J uj= J J

(€)=0, " j=1,.04v,n.

Substituting (4.15) in (4.16) and summing over j=1, ..., n yields

e n ),
(k7)) ] ) Bj(v)c Ny Z z b, Gjuj(e) +

v=m+l j=1 3=1 uJ-1 j

n m+k
- Z Z c(i)b.0 z; = 0.
j=1 v=m+1 A
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Using (4.11) we see that

DU SN I 5,00
¢ " 'b..z. = b. . F_(z.) = b. = B.(O).
j=1ovmmer V90 52003000 oy 0o g2y
Therefore
mtk  n o (3) B k, 1
(4.18) 1" (] Bz, )e'l’+ I ] b, 8. (e)= ] B.(0).
\)=m+1 j=1 J J V j=1 uj=1 Juj JUJ j=1 J
Now we use the estimations (4.10) and (4.14).
Hence we obtain
1
min |B.(0) + ... + B.(0)] < 7} |B.(0)] <
. 1 J — 2. d -
J=1, «eoynn J=1
k
m+k n n J
<1 T B e T T s ()] <
vemtl §=1 9 d j=rug=t N9
n s m+k .
< max | 7 B.(V)z.” + 2m+k(1_(1_k€)m+k) DTS |c(3)l <
m+1<v<m+k =1 J J Jals Jpj» v=m+1

d

n k-1 k
{m max |} Bi(v)z"| a<e>}u,<-§-> —-‘—)5;1-{1+Mn<§-) }

+H1<vimtk  3=1 (1-6

where a(e)=2"E(1-(1-ke)™¥) T | b,
SSTPRRC LY
’.,j J

From the definition of a(e) we see

a(e)=o(e) for € + 0.

We recall that 6 was an arbitrarily chosen real number, 0 < § < 1,
that n had to be chosen sufficiently small, i.e. n < nO(G) and that €
had to be taken small accordingly, € < So(n,é)°
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First let € + 0. This yields

min  [B,(0) + ... + Bj»(O.)I <
J=1s eeeyn

OO WO PIAT| N G R YT
< {max B.(Vv)z. |f.4.(5) 1+Mn(=) |.
“mHl<v<mtk  j=1 J J S (1-5)m+1 8
Then let n —> 0. This yields
(4.19)
min IB”O)+...+B$0H.SH%J — max IZvath.

J=1, veeyn (1—6)m+1 m+1<v<m+k j=1

Finally, we take 6 in the most appreciate way. If we determine the
. . - L .
maximum of the function x* ' (1-x)™ we find that for m > 0, k > 2 the

best choice for 6 is

_ k-1

m+k

Substituting this in (4.19) we obtain the statement of the theorem.
For m=-1 or k=1, theorem 2 is trivial.

This completes the proof.
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