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Consider Laplace's equation in four dimensions
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the transformed equation is
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Separate according to V(y,z,yﬁ,}/) = U(y,z) ¢(7£)§Y(yz). We

get the equations
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Any homogeneous solution of (1.2) i.e. any solution satisfying
%, 2
vl 4+ 2z U o gy 1.3)
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will be called a hyperspherical harmonic:

We will restrict ourselves to those values of k,m,n for which
the four quantities k + m + n are nonnegative 1ntegers. Fpom
(1.2) and (1.3) either the derivatives with respect to y or to z
may be eliminated. The result is an ordinary second order
differential equation. This shows that the pair of egquations

(2) and (3) has two linear independent solutlons.
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In order to solve (1.2) and (1 3) we substitute

U=y oy
Then W(y,z) satisfles
° My My oY oy 2M 1.4)
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y;;i + g—;ﬂ = (k +m+ n)w 1.5)
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We now try to find a function W(y,z) satlsfying the initial con-
ditions W(0,0) = 0. Applying a Laplace transformation we find, if

W(y,z) == W (p,q), that
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p” —% + q2 2+ (emp + 2nq)W = 0 1.6)
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which equation is solved by
~-2m_-2n

preg S S | £ (1 - i) 1.7)
(k = m - n)! P q
- - _ '
and pi&ﬁ + q _:w = -(k +m + n)w 1.8)
which equation specializes solution (1.7) into
—  pTemyen 1 1k -m-n
W = (- k-
(k = m - n)! P q
k-m-n ] {AM=-1N-8 2n+s
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s=0 s'(k-m-n-s)! p q
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Hence W(y,z) = , (-1) yk+m n-s_2on+
s=0 s!(k-m-n-s)!(k+m-n-s)!(2n+s)!
The corresponding U{y,z) will be denoted by Pim’“n(y,z)
K-m-n 8
=, - L - K-n-s_s+n
P M (y,z) = Y (=1) yo S

5=0 s'(s+2n) ' (k+m-n-s)!(k-m-n-s)!

k+n-s_s-n

k+m+n s
(-1) 251 4. 10)

s=0 s! n)'(k+mn-g)! (k-m+n-s)!

(s-2
Because of the factors (s-2n)!(k-m+n-s)! in the denominator the
terms for which 0 & s 2 2n and k-m+n < s ¢ k+min vanish. Replacing

8 by s+2n we find

m,n k-m-n (_1)s+2n

Pk (y,z) =

yk—n—szs+n
§=0 (s+2n)!s!(k+m-n-s)!(k-m-n-s) !
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= (-1 ™ (y,z) 1.11)

In the same way we find

m,n -m,n 2n_m,-n 2n_ -m,-n
Pk ( :Z) = Pk g (y,z) = ('1) Pk (Y:z) = ("1) Pk ! (y,z)

1'12)

If in (1.10) we replace s by k+mi+n-s it is easily seen that
m +m+ ,

P (y,z) = (-1 TR (g, y) 1.13)

Formula (1.10) can be easily generalized to a form valid for

arbitrary values of k,m,n. This generalization is

PR (y,z) = -
k 5
1T (-2n) T[(k+m+n)'TI(k-m+n)
n
(L) F(-k-m-n,-k+m-n;1-2n;-2) 1.14)
z Yy
We have found
Pl (y ) =kE?in (-1)° k+n-s_s-n
K §=0 s!(s-2n)!(k+m+n-s)!(k-m+n-s)! 1.10)
k+m+n 3
Hence y Mz nPE’%gzﬁs < (-1) (%)k-m+n—s(%)s-2n
§=0 8!(k+m+n-s)! 1.15)
.2m_2n
T S (.1 - j_)k+m+n 1.16)
(k+#m+n)! p q
mgen k+m+n k-m-n
= 3 (a-p) (ra) 1.17)
(k+m+n)!
and therefore (
2(m+n)
m,n, .y _ .mn 0,0 -
P (v,z) = vz ff;ﬁff;ﬁ'Pk+m+n (v,2) 1.18)
since, from (1.16)
0,0 . 1 g 1\ k-+m+n
P020 n(y,2) == 14
Kmn (k+rm4n)'  p  q
Again, from (1.17)
Pm,n(y z) = 1 ym”n ﬁQ(m+n) ( 0 J )k+m+n(yz)k+m+n
2 = 3 “ } N - N
K (k+m+n)! ~‘ym"2n dz Jy
1.19)
We also have
mn_m,n 2n.m_n_ -m, -
vz B (y,z) = (1) R T (y,2)
2n_-2m_-2n
.. - k-m~n -k+m+n
e LB 8 (gop) (pa)

(k-m-n)!
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. -1 fad ¢! lc~n faetn) K-m-n ~k~m-n
e (i i (2e) T pa)
-m-n)!
or Px’n(y,z) -
2n_-m_-n 2 (m+n) S
(=1) % - — ( 1 - = )k-m~n( z)k+m+n
(k+m+n)!“(k-m-n)' <y =z z R 1.20)
Finally, if m = n we find from (1.17)
-mz—mpi,n (y,2) = 1 (q-p)k+2m(pq)"k
(k+2m)!
m
m,m z +
or P’ (v,2) = éy ) : )k 2m(yz)k 1.21)
k! (k+2m)! z 'y
Having established the image of ymznPﬁ’n(y,z) it is easy to find
numerous recurrent relations. We derive a few.
From
am 2n 1 PN
(k+m+n)~£~—i——~ (— - l)k,m+n =
(k+m+n)! p g
S D TV T 9m 2n-
m-1_2n 1 i)k+m+n 1“ pﬁmqan 1 (1 i 1)k+m+n~1
(k+m+n-1)! p q (k+m+n-1)! p q
follows
i Jm,n ‘ _ : Y
(k+ﬂ+n)ik (v,2) = Vyfg_g’n( z) - zPE:? 2(y,2) 1.22)
and by aid of (1.12)
. il _1
(k-min )P (y,2) = B30 (y,2) - V2B i3 (y,2)  1.23)
i il
(k+m—n)?§’n(y,z) - v?&_i’n(y,z) + ‘zP§:2+2(y,z) 1.24)
- { 2
(k-m-n)E[ " (y,2) = yEp 9 T (y,z) + ZP212+%(y,Z) 1,25)
Addition of (1.22) and (1.25) yields
ey, pMEl,n m-4,n m,n+ m,n-3
CKPK (3’:“) = d(')k-—'l Ek—%’ ) +\Z(Pk,’_% ° - Pk_’_é a)
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. The Laplce equation (1.1) has a solution

Vo= f(x, - 1xy)

Let
v o= 2% (xy - )P o (Ve 4 Ve TH Vel 4 Vaglt )Rk
2.1)

Then
Vo= (2)t Py, E M7 ) 2.2)

m,n
Assume this formula to be valid for k. Then

2k+1

2k+1 .
(x, -ixy) =

2

(2k) (Ve +Vye T D VaelT (Ve t ) 3 pmn(y, 5 )e2t(m i)

Il

(2k)r'V‘PE’nT /. e2i{(m+%)7’+n7}'+ -21{(m—* +n7}

V}{GZi;m/ + (n+3)¥} ~21{m7°+ ??H

_ ST om0 m+3,n \ /D om,n-5 m,n+3 (my +ny)

= (2k)! wabb(Pk S 2> )-Nz(Pk’ 2 - P’ 2) ] ]
m,n N

because of (1. 26)

It is easily seen from (1.10) that P9’ = 1. Hence our formula

is valid for k = 0 and therefore for all values of k
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Another approach is to replace (1.2) by a set of aequivalent

differo-difference equations. Consider the set

b I U i 4 _$
"'—‘""" ymtjx}: s = fy’m ’UZ‘Q““L,n — ZnUm o1 = K»n EUIIE:S
v | o c 3.1)
- -m-1} e -n-i +4
Vmﬁunmjrxbyﬁm Zrm%nzzr1%%§é
/,y e ‘:Z —e
Indeed we have
mo . 1-2m m, M, N, m T-m m,n -m,.m,n
v — (¥ — vy ) =y — (y == sy U
y y y ;‘y
2 n ) o.m,n m2 m,n
— ity - K} L ’
=yl = U U
y y N
but also
! o -2n T 1 - ~l§ -3
ym (y1 m yruﬁ,n) _ ym v m+‘UE_E’n _ Uﬁ:?
oy By Ly 2

In the same way we find
n _;_(?1—2n_;*”num,n) L 2 yen O gmen QEUm,n - _y™n
- B . ° Tk - “\\»E k \ k z k k-1

which shows, that any function which satisfies the set (3.1) is
a solution of equation (1.2)

Reading the lower formulae (' 1) the other way round we find

-m_-n,m,n -n . - o+E m-ion
z U S A— U ?
Kk J ans

Dy
-n BL:H 0.n

Y'r\—' Kl
d S 2m “ktm
’nnd )
— ‘ ‘ Z—n+EUO,n“‘f‘
yém . K+mts
‘ e
2m+2n

. 0,0 { ()
- ,em .on Uk tmen (3.2)

Hence every solution of (1.2) can be derived by differentiating

the solutions of

(y—2) + — (z=—I) = 0 3.3)
¥ sy Z A

The homogeneous solutions of degree k+mi+n of this equation are

y L, & - 5
g /¢ (v,z) = **g“"2~*—g'yk S(-Z)q
gﬁos’ (k-a)!
Qg:O (y,z) =) =02z 1ny+; ¥ (k- %e°f (s) yk~s(‘z)s 3.4)
s=0 s!“(k-g)!
k
- w2 0 v 2y L (kos)= ¥ f8) yk=8(g)®
y

ST0 51°(k-s) !¢
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The functions Pﬁ’n(y,z) follow from (3.4) by means of the differ-
entiating process (3.2)
A special value 1is

g’ %y,z) = 12 3.5)
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L. Pinally we establish some relations between hyperspherical har-
monics and Bessel's functions. It 1s seen without difficulty
that (1.2) is satisfied by a product of Bessel's ordinéry and

modified functions

The image of Bessel's func%ions is given by 1
m S -2m_p "y - om B
v sz(Q\/y) R ymlgm(E\Jy) — p P
Hence 11
m_n 2 N . -2m_-2n 1
vV zZ Igm(E\/y)Jgn(e\/z) e pTelg TP 4
- -2
5§<§> 2mq n (1 i 1)3
s=0 ! P d
m n55 2n . m,n
= y"2" > _(-1)%" Pyl (3,2)
s=0
o>
\/ oy 2n< m,n
or Igm(E /y)Jgn(E\/z) = (-1 g:aPSim+n(y,z) 4.1)
In the same way 1 1
m n Ya N/ 2w -2n. p T Q
vz Ion(2Vy)I, (2V2) = e P @
i "'2m —21’1
== (-1 - D
gt p a
m_n 2n s.m,n
= vz (-1) 4~é‘1) Poimin(Vs2)
\/ 7 on v S m,ﬁz
or J,,(2Vy)I, (2Va) = (-1) 5;6(—1) Peimin (Y52) 4.2)
According to (4.1) we have
e t
N T < -~ s+m~-t_t+n
Igm(2\/y)J2n(2\/z) =, I (=1) zo0

s=0 t=0 t!(s-t)!(t+2n)!(s+2m-t)!

. - ) : tr y i
3m12m(2\/y)J2n(2\JZ) =§m 5 (-1)"liny-2 ¥ (s+2m-t )] ys+m-tzt+n
~ 520 t=0 Ci(e-t)i(te2n)i(stlm-t) ! ) o)

. s t ) :

Jnlgm(Q\/y)Jgn(g\/z) S5 (-1) {1nz—2‘%(t+2n)J< ys+m4%t+n

4 5=0 £=0 t!(s-t)!(t+2n)!(s+2m-t)! )

In (4.3) and (4.4) put m=n=0 and subtract (4.3) from (4.4).Then

by use of the known relations

N 4

o n Con
{Bn.n(zﬁnﬁa‘ﬂ%ﬂz)sL:TH%JZ)

N 8

we find
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, , ’;
1,(2Vymg (2 z) -k (2Vy)i,(2Va) =
. g; t lnz-lny+2 f (s-t)-2 % (t) s-t_t
=0 t=0 (-1) 2 (a-0)12 y
=5 Q9%0y,z2)
§=0 °

cem+2n
Apply the operator "“;EE“T"EE to both sides of this equation. Then
\y }2:

by virtue of

AN/ on_ -n .
7r Jo2 V) = (D)7 I, (2Vy)
'y
L en .
‘ n_-n -
—r No(2Vy) = (-1) Ty N (20 y)
'y :
, en . |
y<h I(2Vy) =y I, (2Vy)
. Z2n
[ B -n ) \
— Kp(2Vy) = vTK, (2 V)
Ny .
We have
en -m_-n | : AT ) -
(T 1 (R V(2 Ve) - k(2 V)ap,(2Ve) | -
-m, =i AT i
o ~;'Q'M3ir“n—r1(y”)
or
Igm(?'V¢)Nqn(2 VMd - Kgm(z V§)Jen(2\/5) _
on< .m,n
(=172 Qsim+n(y:7») 4.5
8=0
because

QM (7,2) = 0 1f ko mm
In the same way we derive
Jom(2 VYK, (2 Vz) - N, (2Vy)I (2 Ve) 2

(-1 2 (-1 QR (y,2) 46

<=0 S+m+n



