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In this paper we investigate some properties of positive integers n,
which are representable in the form n = ux + vy, where u and v are two
positive and relatively prime integers, and x and y are non-negative in-
tegers ;these integers are called representable or representable by u and v.

Without loss of generality we may suppose u< v,

The following properties are well known. (Confer the appendix.)

A1l integers = (u-1)(v-1) are representable by u and v. The integer
N = uv - u - v cannot be represented by u and v, If an integez n with
0=n <N is representable, then N - n is not, and conversely. Hence
there are 4(u-1)(v-1) non-negative integers which cannot be represented
by u and v.

In what follows P denotes the set of integers which are representa-
ble by u and v and which are < N; Q denotes the set of non-negative inte-

gers which are not representable by u and v. Then P v Q is the set
Oy1544.,N, Further U denotes the set 1,...,u-1 and V denotes the set
Toeaeyv=T1,

In order to deduce properties of the elements of P and Q we define
for any ¢ and any set M the set M+c as the set of all elements m+c where
méE M; further we define the set cM as the set of all elements cm where
m ¢ M, Finally we shall denote the sum of the kth
of a set M by Mk.

We now prove two lemma's,

powers of the elements

Lemma 1. If g€ Q and g ¢ Q+u, we have g ¢ U, and conversely.
Proof, Since q¢ Q+u, either g-u is representable or g-u < O, If g-u is
representable, so is g, which contradicts g € Q. Hence q < u., From g € Q
follows g > O, so O < g< u i.e. g€ U,

Conversely if q € U, the positive integer g is not representable
so g € Q. Further g-u <<0, so g-u éZQ, hence q ¢ Q+u.,
Lemma 2, If g € Q+u and q ¢ Q, we have q ¢ vU, and conversely.
Proof, Since g& Q+u we have g > 0 and since ¢ 4—: Q two non-negative in- :
tegers x and y exist with g = ux + vy. Further from g € Q+u follows g-u €Q.
so g-u = u(x-1) + vy is not representable. Now y > 0, so x-1 <<0O, hence
x =0 and g = vy. Finally from g € Q+u follows O < g-u <L uv-u-v, so0
u<<vy s (u-1)v, Thus 0 < y< u~-1 and q € VU,



-2 -

Conversely since q € vU obviously g 4, Q and further q = vy with
0 <y =u-1. The positive integer g-u is not representable for otherwise
non-negative integers x' and y' would exist with'gq-u = vy-u = ux'+ vy',
hence v(y-y') = u(x'+1), Herefrom follows u\ y-y'! which is impossible
since O <y-y'< y < u-1. Hence q € Q+u.

From lemma 1 and 2 follows the relation

(1) Qv (vU) = (Q+u) v U,
We now rrove also the relation
(2) Q v (uV) = (Q+v) v V.

We therefore deduce two more lemma's.
Lemma 3. If g € Q and g é_‘ Q+v, we have g € V and u/\’ a, and conversely.
Proof., Since q ¢ Q+v, either g-v is representable or g-v < 0. If g-v is
representable, so is g, which contradicts g € Q. Hence g<<v. From q € Q
follows g >0, s0o O << q <V i.e. qg& V, Further since q € Q we have u,f’ q.

Conversely if q ¢ V and u g the integer g is not representable so
g € Q. Further gq-v < 0, so q—vi Q, hence g ¢ Q+v,
Lemma 4. If g € Q+v and q gﬁ Q, we have g € uW, where W denotes the set
[%] + 1,...,v=1, and conversely.
Proof, Since q & Q+v we have g > 0 and since g §é Q, two non-negative in-
tegers x and y exis’vcw% = ux+vy. Further from g € Q+v follows g-v & Q so
g=v = ux + v(y-1) is not representable. Now x%_ 0, so y-1 «<< 0, hence
y =0 and q = ux, Finally from g &€ Q+v follows O<C g-V == uv-u-v, SO
v<<ux < (v-1)u, Thus [%1 + 1< x< v-1 and q € ulW,

Conversely since g € uW obviously g ¢ Q and further q = ux with
[%] + 1 < xg v-~1, The positive integer q-v 1s not representable for other-
wise non-negative integers x' and y' would exist with g-v = ux~-v = ux'+vy',
hence u(x-x') = v(y'+1)., Herefrom follows v l x-x' which is impossible
since 0 < x-x' <€ x £ v-1, Hence g %.Q-w.

From lemma 3 and 4 follows

(3) Qw (uW) = (Q+v) v 32,
where 7Z denotes the set of all elements of V which are not divisible by
u. If in (3) we add on both sides the set with elements u,2u,..., [%] u,

we obtain the relation (2).

We now deduce a formula for Qk for non-negative integers k. First we
mention a few properties of the polynomials B, (x) of Bernoulli which en-
able us to calculate the Uk.

From k
K ouk o (men)E 1= 2 (5P 4
p-o &

follows k=1
(4) > (Eut = uE -
h=0



On the other hand we have

By, (%) = B, q(x=1) = (x+1) (x-1)E,

S0
k

U% = (B, (W) - B, (1)),

hence; using the formula

k+1
(5) Byeiq (X) =-§: (L By,
we get k+; . .
(6) U = ey hz_; OBy = my %_% e, .
We can interpret our result as follows., From the equation (4) taken
for k =1,...,K , which equation is linear in the unknowns UO,...,,UK"1

these unknowns can be found and obviously are a linear compositum of the
right hand members u—1,u2—1,,..,uK—1 of the equations (4). These values
of the unknowns are given by (6).

These results are used now to determine Qk' Taking the sum of the

kth powers of all elements in both sides of the formula (1) we get, since
QA (uV) = (Q+u) ~ U is empty, the relation
Qk R (Q+u)k + UK
henece k=1
2 (BydEh b o (vEo1)uk,
h=0
S0
1—{—:1 (k) Qh _ Vk—"} Uk
2 ‘) Tw=ETE
h=0 : : n . QP
Now if in the equations (4) we replace the unknowns U by'—H and the
k u
right hand sides BEI by X_%l Uk, we obtain the equations (7). Hence by
h
the above remark the values of QE must be found from (6) by cthe same sub-
stitution i.e. "
k K 41
Q- _ 1 ;Ej (k+1) v = 1 gttl 3
uk = k1 =0 t+1 ut+1 k-1t
and substituting in this last result for Ut+1 its value given by (6) we
get k t+1
k_ 15T k+1 t+1 k—t~1 1N bR st
(&) Q= ETT%;O GG (v =) Bt mg;o(sﬂ)(u "B g
To reduce the last member of (8) we first calculate the expression
K t+1
1 k+1 t+1 k~t-1 1 _ t+2
9 mg;)'(tnﬂv =1u Bt m;<s+1)Bt+‘l—s’
Now we have from (5) with x = 1
t+2

t+2
z ( )B = B (1)
so e h t+2~h t+2 ’
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t+2
ST t+2 _ _ (O) _
2 Cn B = Brp(l) = By p(0) = (4+2)51,(0) = 0
- T+
since t+1 2 1, Thus the expression ;7'(g:$ 41 =g vanishes and so does
(9). Hence (8) reduces to
K t+1
k 1 k+1 t+1 k-t-1 1 t+2, s+1 _
. Eﬁﬂ‘%i%(t+1)(v ~Du Bk-t'?ﬁgégg(s+1)u Bii1-s=
k  t41
k+1,,t+ t+1_ k+s-1t
e 2 2 v ), B, Beii_as
t==1 5=0
where in the first sum the term with t = -1 which vanishes, has been
added. Putting k-t = i, t+1-s = J we get
k+1 k+1-1
k+1 k- 1+2 ~i+1_ k—j+1 _
. 2_ Z_ ) (R=142) 2L (o .
(10)
E; k'BlBJ Vk—1+1 uk—3+1 _C
1,920 1yt (k+2-1-3)! !
i+tjg k+1

where
C = 455 e i I GEI+

13 (k+2-1-3)!

i,jZz0
i+jsk+1
k+1 k=j+1 k+1-3
- B. B.
R S E : S
) =0 J! = 1! (k+2-1-])"!
K+1 K=+
= g ;E: Bju Bk+2 (1) - Bk+27;
S T an RN

Here we used (5) with x = 1 and k+2-j instead of k+1.
Now for k+2-j > 1 we have Bk+2—j(1) = Bk+2-j and for k+2-j = 1 we
have Bk+2—j(1) = Bk+2-j+1° So we find
B B

k+1 k+1
C =k (k+1) 1 = "k+1
and then from (10)
o - k1858 k=il k=get | Bkt
350 il jiH(k+2-1-3)! kK+71°
i+j=k+1

This result may symbolically be written in the form
ok - oy {§1+ B, g)k+2 _ (g + §)k+2},_ Ek+1
(k+T) (k+2) u v u v K+1?
where in the ordinary expansion of the (k+2)th powers instead of B nas
to be taken Bh'
If we take k = O we find the above formula Q° = %(u-1)(v-1) for the
number of elements of Q. '




Appendix.

Above we used some results of which easily a proof is given by the
following considerations.

Let as before u and v denote two integers > 1 with (u,v) = 1. Let
(u?v) denote the number of different ways in which the integer n can be
written in the form n = ux + vy with non-negative integersx and y. Then

obviously 0
1 N ( n ) n
= Z
(1-2%) (1-27)  2Zo &7
Since (u,v) = 1 the expression

(1-z%Y) (1-2)
(1-2") (1-2")
is a polynomial in z of degree N+1 where N = uv-u-v., Hence we have
N+1

N
(1=2%V) (1-2) _S(ny,n ET' n oy n+l _
(1-2%)(1-2") %;O(u’v>z n:O(u’V>Z

N

n n N+1y _N+1
- (1—Z)nZ:O<u,v)Z (AT,

Obviously the coefficient of zN+1 is the expansion is equal to 1, so
N
| 71—z n n ZN+1
(11) = ( Yz©r o+ .
(1-2%) (1-2") 5§;o Y -z
Replacing z by % and multiplying by ZN we get
N N
uv
~1 n N-n 1 N-ny_n 1
(12) z = z +om— = z" o+ .
(z9=1)(2"-1) ;ég(u’v) z-1 ;;g(u,v) 2=
Comparing (11) and (12) we get for n = 0,1,...,N
n Neny _
) (u,v) + (U.,V> = 1. the ru?_\b/
Since for all n we have (u?v);; 0, we get forn = 0,1,..., {(u?v) =0 or 1,

so all these integers n are either not representable or are representable
in exactly one way. Further we get from (1)

o) N
zz'( noy,n _ 1 _ N+ g ¥V . (D ygh
n=o %V (1-2%) (1-2") =2 " (1zMy(1-2V) Ao WiV

where for n = N+1 the coefficient of 7

ly =21. So everey integer n = N+1 is representable,
Corollary. If in (12) we take z = 2 we get
N

in the right hand side is obvious-

oWV _y _ _ (N—n)zno
(2%=1) (2V=1) =0 %7
Now the coefficient (5"3) =1 if (unv> = 0 i.e., if n is not representable
and (ﬁj&) =0 if(u?v) 11 i.e, if nis representable., If therefore the in-~

21
| (2%-1) (2V-1)
?orrespond with the non-representable integers and the place of the num-
@ers 1 with the integers which are representable.

ﬁeger - 1 is written in binary scale the places of the zero's



