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On a formula of Van der Pol and a problem concerning the ordinates of the
non-trivial zeros of Riemann's zeta function
by

J. van de Lune

ABSTRACT

This report mainly deals with Van der Pol's identity

© n
2 1

Z n  loga’ (a>1)

a +1

and some of its generalizations. One of the proofs of the above identity

leads quite naturally to the question whether the set of non-trivial zeros
(o]

n=1’
where o and A are fixed positive numbers. Some evidence will be given that

of Riemann's zeta function contains any arithmetical sequence {o +n)i}

such a sequence does not exist.






INTRODUCTION. In 1950, VAN DER POL [9] stated

(%) ) 2_ . ) (a>1).

In this report two proofs will be given, one of which leads quite natural-
ly to the question whether the set of non-trivial zeros of z(s) contains
any arithmetical sequence {o + nki}:=l, where o and X are fixed positive

numbers. Some evidence will be given that such a sequence does not exist.

1. VAN DER POL's IDENTITY

Because of the identity
X

n n
(1 - e 2 Yo M (1 + e 2 ) wx

we have for x > 0

2

2k

X

n
) =log (1 ~e®) -log (1 —e 2).

n
(1.1) J log (1 +e
k=1

Differentiating both sides of (1.1) we obtain

-k ) -n

E 7k e—x2 _ e X 2 no x2
& _.o—k _ X !

=1 1 + e x2 1 e 1 - e %2

or
B 2% ™
-k T ox -n X

k=1 ex2 + 1 x2 -1 e -1

Taking limits (n -+ «) we find



0 -k
2 1 1
(1.2) ] —= il , (x > 0).
k=1 e2 XL e -1
In a simular manner one obtains
o n
2
(1.3) ] =—=-——., >0,
=0 2'x e -1
n e + 1
from the identity
n-1 k n
(1 - e X) m (1 +e 2 x) =1-e 2 X,
k=0
Combining (1.2) and (1.3) we obtain
+c0 n
2 1
(1.4) ) — "% (x> 0),
n=-cw e2 X

which is equivalent to (*). Replacing x, in (1.4), by 2t one finds

+o0 S+t -
(1.5) Z e - 1, for all real t,
n=-co 2
e + 1

which is also equivalent to (%).

Remark. Formula (1.2), which may serve to make the well known formula
[ 8, p.23]

oo

(1.6) r(s)z(s) = J (—
0 e -1

1 - i)xs_lds, (0 < Re s < 1),

almost trivial, may also be proved as follows. From

1 Z 4
1-7 cot = e —_— - —_—
( ) ot 2z 5 {COt 5 tan 2]’



one obtains

L an 2

+ L
zn z

9
and from this, using Euler's formulas for sin z and cos z, it is easily
seen that (1.2) holds.

It is well known that (1.6) may be used to prove the functional

equation for z(s), by observing that the function

1 1

JXVIT _ | /2T

f(x) =
is self-reciprocal for sine transforms, i.e.

f(t) =Nﬁ§ J f(x)sin tx dx.
0

This well known result, often proved by means of complex integration

methods, may be proved in an elementary way as follows:

-]

® . _ 1 1 . -
(1.8) J f(x)sin tx dx = JO (;;77?-:—; - §7§?ﬂ51n tx dx =

e 1tx -1tx ®©

1 m e - e kxv2T"
="77+7~5*J0 T L yax =
__ /27 T t _ V2T s 2t _
-t 1l 27 % [ —5 7

k=1 k=271 + t k=1 4k°m° + (t/27)

_ _ V27 V27 1 1 1 T
=TTt {etfﬁ_l'tQ?*E}:\/;f(t)'

The relation

(o<}

eu -1 u k=1 4k2w2 + u2



which is crucial in (1.8) may be obtained directly from (1.7) as is shown
by SCHROTER [ 3 s P. 2047, Putting things together we get, following
TITCHMARSH [ 8 , p. 23], that the functional equation for r¢(s) may be based
almost entirely upon (1.7).

2, ANOTHER PROOF

In order to prove (1.5) directly, define £ : R -~ R by

. AR
£(t) = ) -
n=-o 2n +2—-

e T s

Clearly f is periodic with period 2m. It is easily seen that f is continuously
differentiable on IR so that f may be represented (pointwise) by its Fourier
series

_ s int
f(t) = z a e .

n=-o
In order to find the coefficients in this expansion we compute

t
2m ti 2T e e 2n "
J £(t)e’ dt-j e (z - )dt=
+o—
2T

0 0 . n=-o n
e2 + 1

(n + =—)log 2 + vti
2m

+o0 2m
) J = . dt
0

n=—CD

(n + %%)1og 2

e + 1

27 . Z

n=—oo

+o e+l u log 2 + v(u-n)2wi
e
J du =
n

u log 2
e + 1



+0  en+l u log 2 + vulni
= 21 - Z s du =

t U log 2

n= n o + 1
+o u log 2 + vul2ri
e

= 21 = du =

o ol log 2

e + 1

o s—1

27 w

" Tog 2 J w9 =
Oe +1

2 2 1-
= Tog 7 [(IN(S) = 75 T(8)(1-2)e(s),
where
0 +1
_ 21y _ n"*t
s =1 Tog 2 1 and n(s) = Z 5
n=1 n
Since
I-s 2TV
1 -2 =0 fors=1+ Tog 2 (x v=1,2,3,...)
and

we find that the Fourier coefficients of £ are all zero except the one

giving the constant term 1.

Since the Fourier series of f represents £ on IR, we obtain

f(t) =1, for all t ¢ R,

which is equivalent to (1.5).



3. A GENERALIZATION

In the previous section it turned out that the periodic function

f(t) = z t s (t e R)

is actually a constant. The question arises if there are any other series

of a similar type with a constant sum.

In this section we will only consider the functions fa 8 :R >R,
b

defined by
t
£ (t) = ’
a,8 n=-o eB(n + Egﬂ
e ™4 1

where t e R and «,B > O.
It is easily seen that the functions fa 8
3

* are well defined on R
* 4are periodic with period 27

* may be represented on R by their Fourier series.

Before carrying out any Fourier analysis on the functions fa g Ve will
H

show directly that there are indeed some constant functions fa 8 different
b

from the case a = B = log 2.

Proposition 8.1. 1f £ is constant then the functions ¢ : R~ R,
o, fB k,a,8
(k = 1,2,3,...), such that
oo 4 £
bt eE<n * 7
t =
¢k,a,8( ) nz—w E(n R _t_) 9 (t € IR)’
ek 2m



where

c = c_ for all m € Z,
m

m+k

are also constant.

a t
E(nk + r + EF)

k-1 +o0
e
Proof. ¢ () = ) 7 oc . -
k,0,8 & c_, nk+r B t
* r=0 n= k(nk +r + 21T)
ee + 1
r t
k-1 oo aln + ¢+ 79
= z cr Z = r t =
r=0 n=-—wo eB(n + T{ + m
e + 1
kil r N k'il
= c_- f G + =) (t) - C s
=0 F a,B 'k 2mk a,8 r=0 ¥

which proves the proposition. [J

Hence f _ with o = g = 2282 ( =
0,8 k
the value k.

1,2,3,...) is constant and has

THEOREM 3.1. If %-2 1 and fa 8 is constant then o = B = 12%_2 for some
9
ke {1,2,3,...3}.

Proof. 1f £ 8 is constant then "all" Fourier coefficients of £ g must
9 3
be zero. Consequently the integrals
27
j f(t)evtldt

t
2m ti 2T Sti b 0 g
J £(t)e’ dt=J e -(Z — )=
n=—= g(n + 3=)
o 27 + 1




t .
— +
+oo o ea(n + 21T) vti

7 dt =
n=- ‘0 B(n + 5=)
ee 2T 1

= 27 Z
n=-

4+ en+l  qu+ y(u-n)27i
e
J du =
© ‘n

J+m eau + vu2ri
-0

= 27 eBu du =
e + 1
. G -
_2m .
- 7? W dw =
0 e’ + 1
= _Z_BE I‘(S>(l"21—s)€(s)’ where s = % + Z_TBT\)_ i,

one must have (1—21-5)5(5) = 0, because of the well known fact that the

I'-function has no zero's at all.

It is also well known that (1—21_z)§(z) (on Re z 2 1) is zero only

. . 2tk . 2TV .
in the points z =1 # Tog 2 1, Where_k =1,2,3,... » Thus, s =1 + _E_ 1
must (for v = 1,2,3,...) be equal to one of these zero's. From this it

_ log 2

easily follows that o = B for some positive integer k, which proves

k
the theorem. [J

4, THECASEO<-§-<1

Let us consider the case 0 < ¢ def % < 1, o fixed. Define
400 a(n+t)
t) = t) =
$(t) = ¢, () nZ- 6] ,» (teR).



The average value of ¢ is

Jl 1 400 ea(n-.l-t)
¢(t)dt = J ( )dt =
0 0 ‘n=—x eB(n+t)
e + 1
+c0 n+l eau +0o0 eau
= Z_m J o du = J_m eBu du =
n= no . + 1 e + 1
o g-1 A
-1 w =1
"'s’f v =g

0 e +1

where Al = I'(o)n(o). Hence, if ¢ is constant, as a function of t, then

Al
o(t) = < for all t € R.

Let us first consider the simpler case

e a(n+t) —eB(n+t)
e e .

TORSBNOREI)

n=-—co

The average value of ¢ is

A

7% , Where A2 = T(g).

We will show by means of a complex function argument that ¢ is not constant

for any choice of o between O and 1.

Suppose y is a constant. Then we must have

_B(ntt) A,
e —‘—3— for all t € RR.

Em ea(n+t) .

n=-*
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Replacing eBt by x (> 0) we get

o on O —ean A2
] e x e =3 (x > 0),
n=-—coo
or
+o0 __Bn A _
) e ¥ 7; x 9, (x > 0).
n=—®

Taking Laplace transforms we arrive at

® - X e on -ean A2 © -sX -0
J e ° ( X e e Ydx = 5 j e "x dx

0 n=-w 0
or
e 20 AZ o-1
) —m =5 s ru-o, (s > 0).

n=-© s + e

Since 0 < o < 1 the analytic continuation of the right-hand side yields a
multi-valued analytic function whereas the left-hand side is a single va-
lued analytic function with simple poles in s = —eBn, (n € Z) and a non-
isolated singularity in s = 0. From this we conclude that the left- and the
right-hand side cannot be identical on s > 0, showing that wa,s(t) is not

constant.

Remark. Actually all Fourier coefficients of wa B(t) are different from
H

Zero.

We now return to the function ¢ and suppose that ¢ is constant

+00 eu(n+t) A1
o(t) = nz_w eB(n+t) =2 for all t ¢ IR.

e + 1
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Bt

Again, replacing e ~ by x, we obtain

+00 eanxc A]
n=-e ev'x
or
+00 ean A1 -
) %o g ¥ > (x> 0).

n=-» e X
e
Taking Laplace transforms, we arrive at

7% sc-] I'(1-o0)

]
0~

A +o0 © -g on
J e
0

I
0~

40 o _ , 0 Bn
Q00 J o S¥ {mz (_])m+1e-me x}dx -
0 =1

n=-c

+o m+1 .
an (mZ = l) ) ’ (s > 0).
n=—°° 1 s + me

The analytic continuation of the left-hand side is again a multi-valued
analytic function with only one singularity in s = 0. The right-hand side
seems to have no analytic continuation at all across the negative real

axis., However, we are not able to prove this. We therefore state

CONJECTURE 1. The set of non-trivial zeros of z(s) does not contain a

sequence of the form {o + i} (c >0, A >0).

n=1’

This conjecture is the first step in the direction of

CONJECTURE 2. The ordinates of the non-trivial zeros of z(s), lying in
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the upper halfplane, are linearly independent over Q.

Remark. In [1, pp. 18-25] BOAS and POLLARD discuss functions y(t) for which

*) ) w<n>=J p(t)dt.
n=—oo =00
Defining
2t
wx(t) =< (teR, x> 0),
2%
e + 1
we have
[e] 00 2t
j Y (t)dt = J dt =
—o X —o 2tx
e + 1
_ 1 r du_ _ 1
x log 2 0o + 1 X

Hence, because of (1.4), we obtain

E wx(n) = j wx(t)df, for all x > 0.

Ilz==—c0

In case the function ¢a (t) is constant, we have
9

B
¢Ol’.,6(t) - 8 N
Since
s a(u+t) o g-1
J Z(u+t) du = %‘J 4w = ESE%;Qzl
- De + 1
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we would have another example of (#), namely

du.

0 e0L(n+t) J°° o(u+t)
- e

B(n+t) B(u+t)
e® + 1 e® + 1

n=-—-o
Also compare [5].

5. In section 4 we proved by a complex function argument that if

0,8 >0 and 0 < a

g < 1, then

_eB(n+t)

v (t) = z ea(n+t) o

is not a constant function of t.
It seems to be worth the effort to prove this fact in as many differ-

ent ways as possible in order to discover a method to prove conjecture 1.

Therefore, in this section we will prove once more that wa 8 is not
b
constant (for all a, B > 0).

Let a,B and § be positive constants and assume that

Tt e

n=—o~

B

for all x € R, where C is a posifive constant. Replace e X by t (>0) in

order to obtain

8
1
™|

s Pn
z on o Se” 't ct .

[¢]
Il

n=—oo

Differentiating both sides k times we get

§ on+kfn .k —Gesnt o ao+B o+(k-1)B - 2'_k
e § e =C—B'—B— -————B—-—tB,

n=—m
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Hence, only considering the term corresponding to n = 0, we see that
(0 =2

B

éke_St < Co(l+0)(2+0) ... (k—1+o)t_0_k

or

§5e 70K oo (140) (240) ... (k=140).

+ .
Now let t = 5593 Then we obtain

o
k-1

) <

k —(k+c)<k+o>k+o
€ 5

k o g
T § < Co(l+])(l+2) eee (14

1 1
o(l4s+. ..+ —__——) - olog k
< CokO e 2 k=1 .

Now observe that

n! ~ o " V2m, [7, p.200 7,
and

1 +-% + %-+ oes +-% - loé n<l.

It follows that

k -k — k o
vk 5——EET——EEE e 0(]+E) (1+§) < CceG 60 V27,

However, it is easily seen that the last inequality is false if k is

large enough.
The above method of repeated differentiation, applied to the function

¢a 8 (see p.8), did not yet lead to any proof of conjecture 1. However,
3



trying to do so we obtained some results which are interesting in them—

selves. They will be described in the next section.

1

X
e +1

6. SOME REMARKS ON THE FUNCTION

1

e +1

. Then we have

Let £(x) =

(k) k+1
Proposition 6.1. £ 7/(x) = ) -
r=1 (e"+1)

c
r . .
——32——;-, where the coefficients

c (k = 0,1,2,...3 1 ST < k+1) are integers satisfying

k,r

6.1) e . = (-DE = k!
: Kk, 1 ’ Sk, k+1 :

and

(6.2) Ck+1,r = (r—l)ck’r_1 - rck’r.

Proof. Mathematical induction. [J

k+1 -
Definition. P, (z) = rgl Ce,z? *

Propogition 6.2. P,  .(z) = z(z-l)Pi(z), (k = 0,1,2,...).

k+1

Proof. This follows easily from (6.2). [
k+1

Proposition 6.3. Z Cryr = 0, (k=1,2,3,...).
r=1 ’

Proof. Mathematical induction, using (6.2). [

k+1

Proposition 6.4. ) re, . =1, (k=0,1,2,...).
r=1 o T

Proof. Since Pk+1(z) = z(z—l)Pé(z), (k 2 0) we have

Pk+1(o) - Pk+1(l) = 0.

15
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Hence
P! (z) = e ® 7 R @y
k z - 1 z
. v — Dbl (1 1 =
and it follows that (z -+ 1),Pk(l) = Pk+1(1) or Pk(l) 1. Hence
k+1
Z Te, . T 1, (k=20). O
r=1

» K
Proposition 6.5. P, (z) = (-1) +lPk(l—z), (k = 1,2,3,...).

Proof. The proposition is true for k = 1 because Pl(z) = z(z-1) and
Pl(l—z) = (1-2z)(-z) = z(z-1). Now suppose that the proposition is true

for k £ m. Then we have

m+1

P (z)

-~ z(z*l)P&(z) = z(z=1)(-1)

P!(1-2) . (-1) =

z(z—l)(-l)m+2Pé(1—z) - (—1)m+2pm+l(1—z)

and the proposition follows by induction. []

Proposition 6.6. PZk(%) =0, (k=1,2,3,...).

Proof. This follows immediately from proposition 6.5. [J

1 k 22k -1
Proposition 6.7. Py _,(5) = (-1)7 =—— B,

where Bk is the k-th Bernoulli number, defined by

z z2 24
= ] z+%?—%H+HW(M<M.

-1
2

Proof. For x > 0 we have



-x
f(x) = - ] = —2 e X -e 2x + e 3% _ + vee

e+ 1 1+ e

Hence

f(k)(x) = (--1)k {e® - 2% 7* + 3% -+ ...},

and it follows that (compare [3 , p. 4921 and [4 , p. 2941)

17

L ZZk C2k-1,r _ ¥ Sok-1,r _
k=172 r=1 2t r=1 (e0 + l)r
= £ 2D 0y = 1im £H D () =
x>0
- (_I)Zk—l lim {e—x_ZZk—le—2x+32k—le-3x - ...
x>0
k
(-1)'B
= —n(1-2k) = -(1-22%y (1-2k) = (2%%-1) e
Proposition 6.8.
B = (cnyk 2K 221‘ ®2k-1,r
k 22k Ly p21 oF
Proof. This is a restatement of proposition 6.7. [
Remark. The numbers c .may be computed very quickly by means of formula

k,r
(6.2).
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Table of ¢

k,r
N o 2 3 4 5 6
0 1
I 1
2 1 -3 2
3| -1 7 -12 6
4 1 -15 50  -60 24
5 | -1 31 -180 390 =360 120

Therefore, Proposition 6.8 furnishes a direct method to compute the

Bernoulli numbers. For example

2 -1 1 1
B, = {5+t =%
1 T2, 272 s
By =73 G J% * _{3 * J%} = 3%"
2" -1 2 2 2 2
Definition. The (Stirling) numbers bk r (k = 1,2,3,...5 1< r< k), are
3

defined by means of the following factorial expansion of the function xk

(compare [6 , p. 901)
X = bk,lx + bk,zx(x-]) R bk,kx(x—l)(x-Z) eos (x-k+1).
This expansion is possible and is unique.

1 TP tand b o=y g T

k)

Proposition 6.9. b

n =

IA

(k = 1,2,3,...53 2 £ 1
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Proof. Use mathematical induction. [

Definition.
1 - °
8 r = DT %k,r’ (k = 0,1,2,...;3 1 <1 < k+1),
Proposition 6.10. Belr = -1 ra, .

Proof. This follows easily from (6.2) [

Definition. o = (-l? 4y

Proposition 6.11. %ert,r = %,r-1 toroy Lo

Proof. This is an immediate consequence of proposition 6.10. O
Proposition 6.12. O r = bk+l,r

Proof. This follows from the observation that

and the fact that o, and bk . satisfy the same recurrence relation
H H

(see propositions 6.9 and 6.11). [
Proposition 6.13

_\k+l T
ST G Puiiy RS ()

k,r =1

Proof. Mathematical induction, using proposition 6.1. [I

Proposition 6.14. (compare [ 6, p. 226])
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k+r
- = (_1y\K*T _ (=D
Proofe by v = %p,e = O Ay 2 T DT Skel, e

and the proposition follows from proposition 6.13. [J

Proposition 6.15.

T\ _2k
2% %F r (-1) o/
2251 p21 n1 2"

k
B, = (-1)

Proof. This is an immediate consequence of propositions 6.8 and 6.13. O

Finally we prove

Proposition 6.16. If p is a prime larger than 2 and if 2 < r < p-1

then c is divisible by p.

p-l,r

. -1
Proof. Since Coml,r = D - bp n

H

it suffices to show that p r!bp .
3

or, using proposition 6.14, that

Lot

P

Now observe that

r r
nzl ( l)n<n>n nzl ( l)n(n>(n n),

because of
r

) (-1)“(;'):1 =0, (r=2,3,4,...).
1

n=

Now, applying FERMAT's theorem [ 2, p.63], the proposition follows. []
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