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ALMOS"r PERIODIC FUNC'J'IONS AND DINI'S "l'Hl•~OiiEl\:I 

DY 

GII~BER'l' HEL1\1BEltG 

(Cornmtu1icatod by Prof. J. Ji'. I{oKSMA at tl1e 1neeting of Jant1a1·y 25, 1964) 

Let .Ly l)e a toJ)Ological g1·oup ,vitl1 t111it e a11cl lot i{ be the co1nplex 
algelJra (1111de1· poi11twise 01)e1:atio11s) of ftll co1111}lex-val11ecl conti1111<)t1s 
almost periodic (a.p.) f1111ctio11s on X. 111 the fc)llovvi11g we sl1all ttlw[tys 
assume tl1e grou1J X to be n1axi111ally a.p., tl1at is, to possess sufficiently 
1nany co11tin11ous a.p. f11nctio11s in C)1·der to distingt1isl1 }Joints (if X is 
not 111aximal1y a.p., tl1en it may be replaced by tl1e 1naximally a.JJ. factor 
g1·ot1Il of X witl1 1·espect to tl1e no1·1nal s11bgroup Z = {x EX: /(x) = /(e) 
for all / E 'ill}). It is well l{now11 tl1at, in this case, a continuous a11.d 
isomo1·1Jl1ic i1nage of X may be i1nbedded as a de11se st1bg1·ol111 in a com1Jact 
g1·oup X* (its ''Bol11· compactification'') in sucl1 a way tl1at \2{ is th.e 
restriction to X of the set Ct(X*) of all com1,lex-valuecl continl1ous 
functions on X ([13] 410). :i\if.oreovet', X* is ltniquely determined by X 
U}) to a topological iso11101·pl1is1n; i11 particular, X* = X if and only if X 
is com1,act. Furthe1·n101·e, if µ* is tl1e 1101·malized I-Iaa1· n1eastu·e 011 X* 
ancl if/* E C&(X*) is tl1e continuous extension of a given f1u1ction f E W, 
then (M denoti11g the n1ean val11e on '2() 

Mf = S f*(x)dµ*(x) for all / E 2C. 
X* 

Of course, the properties of M of bei11g linear, positive a11d no1·111ecl 
011 \2l may be stated a11d proved witl1out any reference to tl1e Bol1.1· 
compactification of X. By a11 application of the Daniell exte11sion proce­
dure as described e.g. i11 [13] 12, tl1e mean value M could actL1ally be 
written as a LeJJesgue (i.e. countably aclclitive) integi·al over X (in. JJlace 
of X*), if it ,vould only possess the following additional property of 
monotone co11ti11.uity: 

(I) If {fn} is a rrionotone decreasing sequence of non-negative /1.inctions 
fn E W that converges pointwise towards 0, tlien lim Mfn=O. 

n-• oo 

The validity of (1) is in fact a necessa:ry and sufficient condition fo1· tl1e 
representability of M as an integral over X {[4], [6]) unless we ,vant 
to use the concept of an integral witl1 respect to a finitely {but not 
necessarily countably) additive measure 011 X as done in [l] 4 and [11] 2. 

For a compact gr<)t1p X tl1e validity of (I) is a conseque11ce of the 
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hou11ded11ess of JVl (im1llied by tl1e otl1er 111cir1tit111ecl JJro11et·tios of· 1.W) 
ft11d of tl1e validity (in tl1is special case <lf. a cri1111ln,ct grcJtlJJ ..:Y) of tl1e 
so-called ''Tl1eorem of Dini'' ([13] 16A} fc>l' 2{: 

(2) If {/,11 } is a ·monotone decreasing seqite1ice of 1iori-1iegative fit1ictions 
fn Em tliat converues pointi1Jise toivards 0, tlieri {/,i} corlverge,c; 'tlni­

formly. 

In fact, even a sl1a1·pe1· ve1·sion of Di11i' s theore111 is t1·l1c in tl1is case 
([2] p. 105): 

(2') If {fv} is a dow1iwards directecl set oj no1i-neacitive /11,nctions Iv E fil 
tliat converges pointi1,ise toivards 0, tlie1i {fv} co11,1;erae8 un1:fornily. 

He1·e ''do'\V11wa1·ds di1·eoted'' mear1s tl1at for a11y tw(J f11nctio11s /v1 , /,,. 

tl1ere exists a functio11 /,,. :::;min (/,,
1

, fv.) a11cl c<in·,,e1·ge11ce is 111ea11t with 
respect to the 1Ja1·tial Ol'dering :S.: clirecti11g the set {i,,}. 

It l1as already bee11 poi11ted 011t by BocHNElR [1] t!1at, if .,'{ is not 
compact, it will in general not be possible to ,v1·ite ,,.~;[ as a L(1besg11e 
integral (,vi.th 1·espect to a s11itable countably a,dditive n1easu1·c) ove1· X. 
As a conseq11ence, (1) a11d (2) '\vill not be true in ge11eral. Tl1is combin~1tio11 
of facts seems not to be too ,vell lcnown si11ce statemc11ts to tl1e co11ntrary 
have 1·ecently bee11 JJublisl1ed and revic,vecl (er1·011co11sly) as 1·esults 
[7] [7a] [7b]. 

It is indeed possible to give toJJological c1·iteria for tl1e valiclity of (2) 
a11cl (2') (wl1icl1 conditions u1 tu1·n imply the validity of (1)). Let us denote 
by X 1 tl1.e completely regular topological space obtained by endowing 
the set X witl1 tl1e wealr topology ind11ced by the fu11ctions in SJX. We 
note that SJ( is identical witl1 tl1e set of all bou11ded con1plex-valuecl 
continuo1.1s f11nctio11s on X1 ([14] theo1·e1n 2, critet'ion 2 a11cl its co1'ollary). 
Tl1eore1n 2 i11. [4] states (besides me11tio11i11g several otl1e1' necessary a11cl 
sufficient conditions) tl1at (2) holds if and only if X1 is pseu<loco1npact 
i11 tl1.e sense as defined by Hli:r\.VITT [10] (i.e. if a11cl 011ly if 'i!( is actually 
the set of all con1plex-valued continl1ous functions 011 X1). Tl1.eo1·e1n 4 
in [9] states that (2') holc1s if and 01tly if X1 is compact. Tl1us, as soon 
as SJ( is 11.ot simply the set of all complex-valued conti1111ol1s f1.1nctio11s 
on a (pseudo-)compaot gro1.1p X1 (in wl1ich case JJ.f is actually tl1e Haar 
integ1·a1), Dini's tl1eorem (2') (resp. 2)) cannot l1old for ~{. It should be 
mentioned here that tl1e investigations in [4] a11d [9] witl1 respect, to 
Dini's theorem have been extenclecl in the meantime by FLACHSl\iEYER [3]. 

Tl1e fact tl1at the statements (1) and (2) (resp. (2')) are not valid i11 
general seems rather startling at first sight and al~s for explicit cou11.ter­
examples and fo1· some intuitive explanation. In [l] 5 BOCHNER considers 
the sequence fn= (si11 x/n}2 consisting of no11-negative conti11uous a.p. 
functions on the real line, converging pointwise towards O everywhere, 
and being ruriformly bounded by 1, whereas Mfn=½ for all n~ 1. This, 
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,,ia Lel)£1sg11e's tl1eore111 011 tlomi11atetl co11vergc11ce, (lispr()Ves tl1e valiclity 
c>f ( 1) a,11cl ( 2). Hc)wevcr, t,110 seqt1e11ce {f n} itsc,lf is 11ot 111(>11ott111e 011 tl1e 
e11tire real lir1e ( ove11 if it is ever1t11,illy 111011cito11() <)tl evc1·y 1Jt>l111clecl 

i11 t(11'V l1 l). 
A si111ple di1·ect col1r1terclxa.1111>le for tl1e st,1te1ue11ts (1) a11tl (2) is 

ol>tr1.i11ed i11 t,he ftill(>wing ,vay: l,et X be tl1<i 11dditive gr(>1111 of' i11tegers 
a11d let (fo1· 11i>·I, k a11 arbitrary i11teger) Ek,1n lie tl1e set of ttll i11tegors 
co11g1·11e11t k rnl>clulo m. Tl1e cl1111:actt1ristic f'1t11ctit111 Xk,ni of Ek.in is r1.p. 
()11 ..:Y (cve11 pe1·icJclic ,vitl1 pe1·it><l rn,). Its 111ea,n val11e ]JI[ Xk,m is exact.ly 
eq11al to I/11i. Let {r11,,} be a seq11ence of positive integer·s s11cl1 tl1itt 

00 1 
s= I - < 1. 

i - 1 111,,t 

Let, fu1·tl1e1·n1()l'C, tl1e wl1ole grr)11p (1f i11t,egers l)e arra11gccl i11to tL seq11cnce 

{lei} (1 <i). vVe set 

/1,= 1-rnax (Xk,,m, : 1 <:'.i sn). 
• t 

Tl1e11 / 11 is a.1>. 011 X (eve11 periollic ,,vith period eq11al to least co111rnon 

multiple of nii, 1 sis n) and 

Tl1e seq11e11ce {/n} is monoto11e dec1·e11si11.g a11d ,ve ]1ave 

li111 f n(x) = 0 for· all x EX 

lin1 M f n "2:. I -- s > 0. 
n-+oo 

Tl111s tl1e seq11ence {In} does 11c1t converge 11nifor1nly, even 

n1ax f n(:r) = 1 for all nz I. 
mEX 

'l'he ex1)lanation f<)I' tl1is seemingly patl1ological sit11ation lies in the 
fact that, eve11 if the seque11ce {/n} converges monoto11ically towa1·ds 0 
eve1·yv,vhe1·e on X, co11verge11ce of tl1e co1·1·es1)011dil1g co11ti11ous f'11nctions 
f1,* on tl1e Bohr com11actificatio11 X* of X n1ay take place 01tly on a 
very sn1all s11bset of X*. Tl1is ge11eral bacls:grouncl of the preceding special 
example is somewlrat clarified in the pr·oof of tJ1e follo,ving theo1·em: 

Tl1eo1·e111. : Let X be a a-co111,pact non-conipact maximally a.p. topolo­
g,ical group an,d let O < e < 1 be given. Tlieri there exists a monotone decreasing 
seqitence of non-negative continuous a.p. functions fn'?c 1 on X such that 

lim fn(X)=O fo1· all x EX 

li1n M f n ~ I - s 

max /n(x)=l for all n~l . 
.,~x 
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P1·oof: Let cp be tl1e contint1011s ison101·pl1is111 i111l1eclcli11g X into its 
co 

Bol11· co1n11actification X* and let X = U C; (G'i co1111Jact). The11 <p(Oi) 
i=l oo 

is com11act a11d closed i11 X*. 'l'he1·efo1·e <p(X)= U cp(Ot) is a Bo1·el set 
i-1 

in X*. TI1e crl1cial fact is that <p(X) has l:-Iaa1· 111e11su1·e fl i11 X*. I11 01·de1· 
to s}1ow tl1is we folJo,v t]1e reaso11i11g of GJ~IOI{SBERG [5], so1ne sligl1t 
m.odificatio11s bei11g clue to tl1e fact tl1at we c1o not asst1111e ... Y to be locally 
con1pact and abelian. Suppose µ*(cp(X))>O. Tl1en tl1e1·e exists a11 index 
i 2 1 s11ch that cp(C)i) l1as positive J-Iaar· 1neas11re i11 X* a11d tl1.e compact 
set [<p(Gt) J. [rp(Oi) J-1 C tp(X) co11.tains a.11 01Jen 11eigl1bol11·l1ciocl of t11e ide11tity 
in X* ( [8] 61 (3)). 'l'l1us rp(X) is locally co1npact, ope11, a11d cle11.se in X*. 
As a consequer1ce we get X* =qi(X). By Bai1·e's category tl1core111 ([12] 
p. 200), tl1e1·e 1n11st be an inclex j > l sucl1 that rp(C1) contains an open 
set U i11 X*. 'l'l1e conti11uous ison101·phis1n rp is a hon1.oomorphis1n on 
the ope11 set rp-1(U) in X and, si11.ce U 1nay be tra11slatocl arbitra1·ily over 
X* =<p(X), on t]1e whole of X. Th11s Xis botl1 co1111Jact a11.d 11011.-co1npact, 
a co11.t1·adictio11. 

In 01:der to simplify tl1e nota.tio11 ,ve sl1all ide11t,ify f1·on1 no,v 011 the 
gi·ou1) X and its i111age rp(X). For eve1·y i?. l, let 11t be a11 ope11 set in X* 
contai11ing Ci a11d l1aving the property tl1a.t µ*(V1,)<s/2i (V-t clenoting 
the closu1·e of Vt i11 X*; such a set Vt existH since µ* is 1·egular ( [8] 64) 
and since X* is normal). Let tl1.e fl1nction li1,* E C(X*) be cl1.ose11 i11 sucl1 
a 1vay that 

O<hi*(x) ::=;: 1 

1 

0 

for all x EX* 

£01· XE C1, 

fol' X (/= Vi, 

Let Yti be tl1e restriction of Yn *=max (lit* : 1 < i < n) to X. Then tl1.e 
seque11.ce {!ln} Cm: is monotone increasing and converges towa1·ds 1 every­
wl1ere on X. However, 

n n 
Mgn=Jgn*(x)dµ*(x)S:: L J h1,*(x)dµ*(x)~ _Iµ*(V.1)<::e 

X* i=l X* i=l 
fo1· all n;?;; l. 

n 

The open complement of U Vi in X* is not e1npty since it has positive 
i=l 

Haar measure. Sii1ce X is dense in X* we have even 

min Yn(x)=O 
~tX 

for all n 2 1 . 

The sequence fn= 1-gn has therefo1·e all the p1·operties mentioned in 
the theorem. 

TI1e theorem applies, in particular, to every countable maximally 
a.p. group and to every compactly generated abelian grourJ, tl1us also 
to every connected locally com1)act abeliai1 group. 
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