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MA THEMATICS 

ON A CONVOI.,UTION OF SEQUENCI~S IN ..:\. UO.:\Ii:>.\C'l' ClltOUP 

BY 

C¾ILBERT J:-Il'!.:J~l\IBf~llC¾ 

(Co1n1:r11u1ic11te<l by l'rof. J . .I.<'. l{cJl{Sl\1,\. at tl1c rnoeti11µ; r1f J,',·l>r1utr}' 2\l, l!IG4) 

I~et ~Y be a (11t>t 11ecess11rily cr>1nr11t1 tttti vc;) cc >111 I >itct ll,t1 l8<l1 >rfi' to1)o­

logictt1 gr<J111> wit}1 11nit e a11d let G1(X) lie tl1e Bi1111icl1 HJ111,<:<· (1111cle:;r 1111if1>1·111 

1101·m) of co11ti1111ous corn1)lex-,,ral11ed fu11ctio11s <}11 ~Y. \ \' l: 1le11<Jtc· !Jy' l' tl1<1 
set of 11ormed 11011-11egative regular 13orel 111(;asures ,J11 _;,;_, i11 1>111·ti(:11l,1r by 
ft tl1e 11.ormed I-Iaar 1neas11re 011 X. Idcr1tifyir1g 1neas111·e8 ,t11c] cr)1·res1ic111cling 
f1111ctionals 011 O(X}, we shall \Vrite 

P(/) = f f(x)dv(x) for v E V, f EC'(.){). 
X 

A sequence {xn} C X (0 ~i; n < oo) \vill b(, cnJ!ti<l 1;1l111r11r1ble ( 1•-s1t1il>nable) 

exist8 'f 1· l ? / ) /) 1 - lIIl AT_,_ l .L., , (.l' 11 - l'( -
.'l-,oo l\ , n-"o 

f'fll' flll / E C'(X). 

A /.t-sl1m1nable seque11ce will l1e callee! itrii/01·1,1!.11 lli .... tri/J11fell (11.d.). For 
technical reaso11s a11cl ,,:itl1out l<)ss of ge11cra,Jity ,ve sr1itll a,l,v;1,ys J>tlt 
Xo=e. 

In V co11volution (*) is defi11ed r>y 

V1 * P2(/) = .r J /(x.1/) (l'JJ1(x) dP2(y) f<>r all / E ('(.Y). 
' -xx 

If {xn} a11cl {Yn} are v1-SllilllnalJle 1111tl 112-Sllllllllitrlle Sf\(jll('Jte(•;-l l'{\8fl{lCti,l(lly 
the proble111 arises \vhether tl1ey rr1,ty l>e 11s,icl i11 s1rn1f, Htlr1;.iil>lc1 ,v·rty t<J 

co11struct a P1 * P2-sum1nrtble seque11ce {z 11 }. ()f C(l11rst• <Jilt\ \\"<lltlcl <~xr>ect 
that this ca11 be do11e usi11g in so1ne ,vay tl1e scit (Jf 1111 11r1.>clt1c:ts XtYJ 
(O~i, j<oo): 

e Y1 Y2 Ya Y4 ... 
X1 X1Y1 X1Y2 X1y3 , , , 

(1) X2 X2Y1 X2Yz ... 
xa xay1 ... 

\ ... ~ 

In [6] it has been sl10,v11 that i11dcricl tl1e sri<111,incc 

(2) ) .. ~ ( 

obtained by joining successively tl1e finite sequences in ( l) c<>11rtected by 
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l1roke11 lir1e seg1ne11ts as i11 tl1e f()llo,vi11g sl-:etcl1 (3) meets tl1ese requi1·e­
me11ts: 

(3) 

0 0 
I 

0-0 

0 
I 
0 
I 

'0-0-0 

0 
I 
0 
I 
0 
I 

t)-0-0-0 

0 

0 

0 

0 

\0 0 0 0 0 

On occasio11 cif tl1e colloq11i11111 011 1111iforn1 dist1·il)11tio11 at tl1e Niatl1e-
111atical Cle11te1·, Amstercla111 ( 1963/64) it l1~ts l1ee11 JJoi11ted 011t to 1ne l1y 
L. I<.urPEitS tl1at it ,,;ould see111 n1t)re 11at1.11·al to co11siclor the sequence 

,vl1ich is ol1tai11od by joi11i11g i11 tl10 a1·ray ( 1) successively the finite 
diagonal seq11e11ces co1111ected by lir1c segme11ts i11 tl1e follo\vi11g sketcl1 (5): 

0 

(5) 

I 0 

As Prof. I{11iper·s has comm1111icatcd to me, in an u111}u))lishetl JJa,per 
he l1as 1>roved i11 tl1e case c1f tl1e additive group of 1·eals mod 1 tl1at if 
Xn=nx (a ir·1·atic)11al), Jfn=n/3 ((-J 11rl)itra1·y), tl1en the seq11e11ce {xn} * {Yn} 
as defirLed i11 ( 4) is 11niff)r111ly rlistr·ibt1ted n1od 1. He conjecturer! that a 
sin1ila1· res11It ,\'ould l1oltl i11 tl1e case of' a ge11eral compact gro11p X. l11 
fact, a ge11e1·alizatio11 of tl1e j11st mo11tio11ed tl1eorem to tl1e case of k 
seq11cnces {a,tn} ( l < i <::: k) in a compact 11011.othetic group l1as bee11 
castablisl1ed i11 tl10 meantime by L. I{uIPERS a11d P.A. ,1. ScHEELDI~EK [10]. 

I11 the prese11t paJ)er for tl1e case of two seque11ces tl1e eve11 sl1a1:per 
stateme11ts a1·e proved t]1at, if {xn} and {Yn} are v1-su1nmable and v2-
sumn1able seq11ences respectively, tl1en {xn} * {Yn} as defu1ed i11 (4) is 
v1 * 112-summable (theorem 1) ancl that u11iformly distrib11ted seque11ces 
n1ay be characterized by tl1e pro1)erty of IJroducing a summable ( even 
u11iforrnly clistributed) sequence whenever composed by co11volution (4) 
with a11y given seq11ence (theorem 3). It sl1ould be mentio11ed l1ere that 
tl1e co1·respo11di11g stateme11ts ftre tr11e if co11volution is defi11ed as in (2) 
{ [6 J theorem 1 a11d 2; the hypotl1esis of X being 2nd cou11table is super·­
:fluous for tl1e 1>roof of theorem 1 and may be replaced by the assumptio11 
of existence of u.d. sequences i11 tl1eorem 2). Still, a11 i11itial segment of 
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ler1gth a1)})roxi11111tc1ly 2N of eacl1 of tl1e seq11e11ces (2) or ( 4) is r1ecessary 
i11 <)r(ler tc> cover a11 i11itial seg111e11t of ler1gtl1 N of tl1e other seque11ce. 

1'1111s it see111s 11ot to lJe JJossil)lc si1n1)ly t<) tlecl11ce tl1e state11,e11ts £01· 

0110 crf tl1ese seq11e11ces frc>111 tl1e corres1Jo11di11g staternents for tl1e otl1er 
seq11e11ce. 

Tl1e lll'oofs of tl1eore111 1 1111d 3 flJllo,,r the same li11e as i11 [6 J, b11t i11volve 
secci11cl cl rel er (i11 }llace of first orcler) Cesaro mea11s. \:Ve sl1all tl1erefore 

11eed a special case t)f tl1e follovi'i11g ler111na, ,\·l1icl1 is stated witl1 tl1e 11s11al 
11otatio11 for Cesaro 111ea11s ([4] 5.4). 

I.,e111n1a 1: Let l.::> 1 be a,n integer, let {xn} be a seq·1te1ice in ~Y, a1id 
let f E (;(X) l>e fJive1i. Th.e1i 

(6) /(:r11 ) ->- i:x (0, k) 

if and orily if 
(7) (0, I). 

l'roof: 'I'l1e i1111Jlicatio11 (7) =--,. (6) is tl1e well l{110,v11 stateme11t tl1at 
(0, k) i11cl11des (C', 1) ([4] tl1eore1n 43). Tl1e in,1)licatio1, (6) ~ (7) follo,vs 
fro1n tl1e fact tl111t f is bou11clecl ([4] tl1eore111 70). 

The seq11e11ce {xn} is i1-su1n111able if f(x 1i) -,- i1(f) (0, 1) frJI' all / E O(X). 
Accorcli11g to Ie1n1na 1 ,ve co11Jd also l1ave defi11ecl v-s11mn1a)Jility of {xn} 
by f(xn) -+ i1(f) (0, k) for all f E O(X) (le> I). Tl1us, as far as co11ti1,uo11s 
f1111ctio11s are co11ce1·11ecl, all s111nmatio111uotl1ods (C, k) (le> I) are equivaler1t 

for seque11oes i11 a compact gror,p. For the case of reals 1nod 1 this res11lt 
is due to CrG LER ( [ 2] tl1eoren1 1). 

For k· = 2 we obtai11 i11 partic11la1·: 

Lem111a I': Let {xn} be a sequence in X and let f E O(X) be given. 
Tlie1i 

(6') 

if and orily if 

1. ? (N+I-n)f( ) 
llll L, -------'- Xn = (X, 

N-->-oo 11=0 N + 2 
2 

Theo1·em 1 : Let {xn} and {Yn} be v1-su11imable and v2-su1nmable 
sequences i1i X respectively. Then {zn} = {xn} * {Yn} is v1 * ·v2-si1,m1nable. 

P1·oof: Mal{ing use oftl1e well lc110,vn criterion of Weyl ([9] theorem 
4) we have to s110,v that, u11der tl1e h)rpotheses of tl1e tl1eorem, for every 
irreducible unitary represe11tation D of X tl1e equation 

I. 1 ? 
1m L, D(zn) = vi * v2(D) 

N-oo N+I n-o 

holds. We de11ote the degree of D by r. 

I 
! • 
' •. 
I 

I 
' I 
I 
! 
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Let 13 > 0 be given. Usi11g tl1e well kr1ow11 euclitlea11 1natrix 11or111 

IIAJl=[2: Jak,d]1 =[trace (A*A)J½ (see [8] § 1) 
k~ e 

we cl1oose 1V 1 sucl1 that 

(8) 
. N N-t-l-n 
Jl111(D) - _L --- JJ(a.:n)II < e 

n=O N +2 
'J ~ 

(9) !1112(D) -

Tl1is is JJt)ssible becalise of Ollr ]1y11otl1esis a11cl le1111na l'. 

If 1V is give11 we cle11ote by N' tl1e i11teger 1111iqt1ely clefir1ed by tl1e 

i11equJ1lities 

(10) 
(N' + l)(N' -! 2) - (N' + 2)(N' -f- 3) 

-",,N-Ll< 2 . 2 - I • 

(\Vithout loss of' generality we may assume N' > N1). As indicated by 
tl1e followi11g arrajr ( 11) 

(11) 

N 

e .............................................. y.1-v~ 
• • 
• • 
• 
• 
• 
• 
• 
• 
• • • 

• • 

• • • • • 

• 

XN'-N1 ·····• ···•••··· ······ X,V'-N1YN1 

• 
• 
• 
• 
• 
• . 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 

• 

• 

• 

• • 

• 

• • 
• • • • 

• 

••••• 

• • 
• • 

• 
• 

• • 

• • 

• • 

••• XN'+l-,tIYAf 
• • 

• • • • 

• • 
• • 

• • 

the sum .I D(zn) deco1nposes as follows: 
n-o 

N N1-l i N' i 

I D(zn) = .I .I D(xN'-iYi) + I .I D(XN'-iYi) + 
n=O i=O i=O i=N, i=O 

(12) 

--

Note that .11/ < N' and that As vanishes if N + 1 = 

A-I 

+ .I D(XN'+l-JYJ) = 
i-O 

+ Aa. 

N'+2 
2 

. According 

. ' 
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to (12) we also deco111pose the differe11ce 

1 N 1 -1 i 

- N --l- l _L .L D(xN--i;1/1) + 
• •=O i=O 

+ N ~Ii~' (i-I-I) [1
1
1 * 112(D) - i-~ 1 i~ D(x.v•-tYt)] + 

lvl +I 
+ N -1- 1 'Jl1 * v2(D) -

' 

1 ~ D ) N ' £., (XN'+l--JYJ + I i=O 

and investigate tl1e bel1aviour of every term B1c as N-+ oo: 

l!B 'I O. 1· N1(N1+l) 0 
· 1i ->- s111ce N 1:1,;, 2(N + 1) = 

IIB II s N1(N1 + I) 11r-+ o 2 
- 2(N +l) 

. M+l (N'+l)-2 
IIB,111- 0 s111.ce, by (IO), N + 1 s (N' + l)(N' + 2)-+ 0 

M+I ~ 
IIB5II s N + I )Ir-+ 0. 

We still l1ave to i11vestigate B3• Because of 

v1 * v2(D) = J J D(xy)dv1(x)clv2(y) = v1(D)112(D) 
xx 

we can w1·ite 

1 N' 

Ba= N + l i.?;, (i + l}[v1(D)v2(D)-D(xN•-t)v2(D)] -f-

I N' 

+ N 1 L (i+I)D(xN'-i) + i=N1 

,vhere, since D is unitary, 

I N' 

IIB7II ~ N 1 ! (i+ I) D(x,v•-i) + i=N, 

1 N' 

1 i 
v2(D) - . 

1 
.2 D(y1) 

i+ i=O 

1 i 
v2(D) - . 

1 
.2 D(y1} 

i + i=O 

(B1) 

(Ba) 

(Es) 

N ' I L (i--1- 1) 
T i-N, 

l N' 

< 'N' 1 ! (i+ 1) s s e 
l + i=N, 

because of (9). 
Furthermore, we have 

• 

! 
' ,, 
' 

' 
i 
' 
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B _ (N'+l)(N'+2) 
6

- 2(N+l) 
N' 
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i+l v1(D) - I 
i=o .lv' -1- 2 

2 

J N,-1 

+ N + I i~ (i+ l)D(xN'-t)i•2(D) 

where 

N' 

D(:r1v·-i)l v2(l))-- (13s) 
...J 

(]19) 

IIBs!I < v1(D) - I 
i=O 

i+l 
N'+2 

2 

D(xN'-i) llv2(D)II < sllv2(lJ)il (becttttse t>f (8)) 

IIB9JI -+ o (as B1) 

N1(N1+ 1) 
!1B1oll < 2(N + l) llv2(D)II-+ 0. 

Combi11i11g these estimates, ,ve obtai11 

-1- [[Bsll -1· Ii Boll+ IIB1oll < (l -i- [l1•2(D)i1) e 

for all N that are sufficie11tly large. Since s was arbitrary tl1is proves 
tl1e theorem. 

We note tl1e follo,vi11g ap1Jlication, ge11eralizi11g a tl1eore1n of Ecil:l\1ANN 

([3] theorem 8): 

Theorem 2: Let the elertients a, b EX be given. The seqiterice {<in}*{bn} 
is unifor·mly distribitted if ancl 011,ly if the seqilerwe {bn} * {an} i8 ·1t1iifor11ily 
distributed or, equivale1itly, if aru:l only if, for every no1i-trivicil ·i1·red1tcible 
unitary representation D of X, 

ranlc {[D(e)-D(a)] [D(e)-D(b)]} = 
= 1·ank [D(e)-D(a)] + 1·ank [D(e)-D(b)] - degree D. 

( 13) 

Proof: Let Y and Z be the closed subgro111)s of X ge11erated liy a a11d l; 
respectively. Let r; and l; be the correspo11di11g no1·med Haar 111easures 
on Y and Z and define 

r;'(E) = r;(E n Y) 

l;' (E) = l;(E n Z) 
for all Borel sets EC X. 

Tl1en we have r;', l;' EV and the seq11e11ces {an}, {b11 } are t7'-sun1111able 
a11d l;'-sumn1able respectively. Thus, {an}* {bn} is 17' * l;' -suminable a11d 
{bn} * {ctn} is 1,;' * 17'-summable. As sho,v11. i11 [7], 171 * C' = µ is equivalent 
to l;' * 17' = µ and ( 13) is a necessary and su:fficie11t co11dition for 17' * 1;' = /t 
to hold. 

, . 
• 

! 
' ' 
I • 
1 
! 
' • I 
~ • • • ' ,, • ·;, 

' • • • • ' ' ! • 
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We 11ote tl1at ( 13) is i11 1)a1·tic111ar satisfied, if at least one of tl1e matrices 
D(e)--.D(ct), D(e)-D(b) l1a,s degree Das ra11l{, i.e. if" either D(ct) or D(b) 
does 11ot ]1ave Eiger1value l (cf. [5] theorem 2). 

T ll e ore m 3 : SuJ>pose tliat there exists a 1.t1iiiormly distributed seqiience 
in X and let the seqiience {a:n} C X be given. The iollouJing ,statenie'tits ctre 
eq·uivalent : 

a) The seqiience {xn} is 1.iniior1nly clistributed. 

b) The seqiience {a:n} * {Yn} is su1n1nable for every sequence {Yn} C X. 

c) Tlie seqiieiice {a:n} * {Yn} is iiniio1··;nly rlistributed io1· every seqitence 
{Y1i} C X. 

Proof: We sl1all use tl1e 11otatio11 as in tl1e J}roof of tl1eore1n I. 
a)=?- c): Let {zn} = {xn} * {Yii}. \Ve l1ave to sl10,v tl1at, fo1· a11y non­
t1·ivial irreducible u1litary represe11tatior1 D of X, 

(14) 
1 N 

lim N 1 1 D(zn) = 0. 
N-+oo + n=O 

Sir1ce the co11t1·ib11tio11 of the last (possibly i11co1n1Jlete) diago11al i11 ( 11) 
} ,V 

to the ave1·age N -l-} 1 D(z1.) is small (B5 in the proof of theoren1 1), 
• n=O 1V'+2 

we 1nay co11sider i11tegers N of tl1e form 
2 

-1 only (see (10)). 

Given e< 0 we cl1oose N1 s11ch that 

(15) 
1 N 

N 1 1 D(xn) < e + n=O 

\Ve co11sider tl1e decomposition 

for all N > N1. 

1 N I N,-1 i 1 N 1 i 

N _ 1 1 D(zn) = N 1 _1 _1 D(XJYN'-i) -1- N 
1 

.1 1 D(X1YN'-1.) = 
f- tt=O + •=0 7=0 + i=N, j=O 

= ~ + ~ 

We have, for N'--+ = 

This proves (14). 

c) => b) trivial. 

<e by (15). 

b) => a) S1.1ppose b) holds but {xn} is not uniformly distributed. 

Two cases may ha1)pen: 

• 

, 

! 
' l 
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I) 
1 

TheNseq11e11ce {x,i} is not sl11nn1al)le ,1t all. Sel{ict f E ()(X) siielt tlin,t 

N + 1 2 f(xn) diverges. Co11sicler tl1e sec111e11cci {zn}, {:rn} * {e} (?/n ~·· e 
n-o N' _,_ 2 

for all n 2: 0). For N + I = 
2
· \Ve get 

I N N' • l 
"' i -I-

N + 1 n~o f(zn) = i~ -N-,--1--2- f(x,v•-1). 

2 

Tl1e left member converges by l1y1iotl1esis b), tl1erefc)re sc> clt)(ls tlie riglit 

b l N 
me111 er. By lemma l' tl1e same l1as to be true for N + 

1 
I /(:r

11
), 11 

contradictio11. 
n=O 

2) The seq1-1e11ce {xn} is v-su1nmable a11d v cfa ft. Select f E O(X} s11cl1 tl1i1t 
,

1
(/) ¥ µ(/). Let the seql1e11ce {Yn} be llniformly distributecl. 1'11e11 {.i:

11
} * {Yn} 

is unifor1nly distributed by tl1eoren1 I and { x,1} * { e} is v-st1111111aliltl. 
If we join alter11atingly fi11ite sections (of aplll'O}lriately i11creasi11g le11gtl1) 
of the seq11ences {Yn} a11d {e} we ol>tain a 11e,v seq11e11ce {;Yn'} \Vitl1 tl1e 
proper·ty tl1at for { z11 '} = { Xn} * {Yn'} tl1e seq11e11ce of tl1e 111e,111s 

l N 

N 1 2 f(zn') oscillates betwee11 v(/) a11cl /t(f), a co11tradictio11. + n-o 
We 11ote that tl1e existe11ce of u11ifor1nly dist1·il>11t{~d seqt1e11ces is i11 

particular establisl1ed u11der tl1e l1ypotl1esis of tl10 seco11d axio111 tif 

countability ([8] theoren1 7). 

Oonvolutio11s of seque11ces l1ave also bee11 investigated by J. PoPICEN 

[11] a11d recently by G. BRAUER [l ]. 111 l1is paper Brauer stt1dies tl1ti 
possibilities of defi11i11g convolutio11s of sequer1ces of real 1111111bers s11cl1 
that for certair1 s11mn1al}ility metl1ods ¢ tl1e functio11al equatic111 

(16) 

is satisfied for ~111 seq11e11ces in tl1e don1ai11 of f. 111 fact, ( I 6) also 1n11lct}s 
se11se i11 our 1)rese11t co11text if ''fu11ctio11als'' <pn 011 suitable do111ai11s Br1 
of seque11ccs i11 X are considered wl1ich are of tl1e for1n 

I N 
f n{sn} = lim N 

1 
I D(s,i) 

N-+oo + n-o 

(D a fi11ite dirne11sional represe11tatio11 of X). Tht1s, (2) a11d (4) (lefi11e 
co11volutions of sequences in X with the pror)erty tl1at (16} holtls for 
all <pD (D runs tl1rough all fi11ite dimensional rep1·esentatio11s of X) a11d 
for all seque11ces {Sn}, { tn} i11 n SD, 

1) 

However, tl1ese sequences do 11ot form a linear s1}ace ( on wllicl1 tl1e 
rpn act as linear fu11ctionals) ,vithout considerable a111ou11t of icle11ti­
fication. Thus, the i11vestigations in [l ], [11] and in tl1e !)resent note 

. ·-----------

. ' 
I 
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ai111 i11 diffcre11t directio11s a11d the definitions of co11volt1tio11 as given 
ir1 [l J a11<l [l l J arc 11ot ,l])l)licalile i11 tl1e situatio11 ,ve a1·e co11ce1·11cd vvitl1. 
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