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The Truncated Average Limit and some of its applications in analytic

number theory

by

J. van de Lune

Abstract

In this report the concept "Truncated Average Limit" is introduced as

follows. Let {an}:=1 be a non-negative sequence and define the functions

¢ and ¢ by
;B
¢(A) = 1im inf — ) min(ak,A)
n > =1
and
; B
®(A) = lim sup — ) min(ak,A).
n > o =1 =

If 1im ¢(A) = 1im ®(A) = L, then L is called the truncated average limit
Ao Ao

o]

of the sequence {an}n=1

This concept can be extended to arbitrary complex sequences. Subsequently

this limiting process is applied to various number theoretic sequences

. . o - - log n S
involving the sequence {An}n=1’ where X, 1 and An Tog gn, (n=2), g,

being the largest prime divisor of n.






1. The truncated average limit and some of its elementary properties

Notation: If a and A are real numbers, then we will write (a,A) in-
stead of min (a,A).
Let {an}:=1 be a given sequence such that a, 2 0 for all n. Also let

A > 0 be given. Then obviously

os%ri (a.k,A)sA.
k=1
We now define
®(A) = 1im sup 1 % (a ,A)
oo D peq F 2
and
.1 T
o(p) = lli;inf o kZ1 (ak,A).

It is clear that 0 < ¢(A) < ¢®(A) < A and that ¢(A) and ¢(A) are both mono-

tonically non-decreasing functions of A. If both lim ¢(A) and 1lim ¢(A)
exist and are equal to, say, L then we write

L = tal(an),
and L is called the truncated average limit of the sequence {an};=1.

Proposition 1.1. If a, >0 forn=1,2,3,... and tal(an) =3 and A 2 0,

then tal(lan) = \a.

Proof. The case A = 0 is trivial. If A > O the result follows immediately
from the identity

%oy

o~

n
(Aak,A) =) . % ) (ak,x), (A=20). O
1 =



Proposition 1.2. If a, b and A are all 2 0O then

(a,2) + (0,2) < (atb,8) < (a,4) + (b,4).

Proof. Straightforward verification by cases. [

Proposition 1.3. If a > 0 and b 2 0 for n = 1,2,3,... and tal(an) and
tal(b ) exist, then tal(a +b ) = tal(a ) + tal(b ).
n n n n n

Proof. This follows easily from the inequalities (A = 0)

1 A A
sz1 {(ak’g) + (bks'é')}

IA

1 n

o~ 8

< Ek=1 {(ak,A) + (bk’A)}' 0

Proposition 1.4. Suppose {an}:___1 is a real sequence such that

a = Pn - Nn = Qn - Mn’ where Pn’ Nn’ Qnmand Mn aze 20 foz n = 1,2,3,;.. .
Suppose also that all the sequences {Pn}n=1’ {Nn}n=1’ {Qn}n___1 and {Mn}n=1

have a finite tal, called P, N, Q and M respectively. Then we have

P-N=Q- M.

- = —-— + - + . . . . .
Proof. Pn Nn Qn Mn’ hence Pn Mn Qn Nn Using proposition 1.3

it follows that tal(P_) + tal(M ) = tal(P_+M ) = tal(Q +N ) =
n n n n n n
= tal(Qn) + tal(Nn) and the proposition follows. [

If {a_} _. is such that & =P - N and P_ and N_ are > 0, both
n n=] n n n n n

sequences {Pn}n= and {Nn}:=1 having finite tal's (say P and N respectively)

1
then we write TAL(an) =P - N and P - N is called the Truncated Average
n=1"
that this definition makes sense.

Limit of the sequence {an} From the previous proposition it is clear



Proposition 1.5. If a 20 forn=1,2,3,... and TAL(an) exists then also

tal(an) exists and equals TAL(an).

Note. It is trivial that if tal(an) exists then also TAL(an) exists and

equals tal(a_).

a
n

Proof. Suppose TAL(an) = a., Then there is a decomposition a, =P - N
such that P_ 2 0, N 20, tal(Pn) =P, tal(Nn) =Nand P- N = a. From
proposition 1.2 it follows that
1 17
—_ < — + - =
o L (asa) <o ) (g ,2a) - (N ,4))
k=1 k=1
1 v 1 %
=— ) (P _,2a) - — ) (N_,A).
n =1 k k=1 k
Hence
n n n
limsup 1§ (a,8) s limsup 1 § (P,28) - lim inr 1 ] (m ) =
N k=1 o k=1 nre k=1 F
def
= ¢ (28) - ¢,(a)
On the other hand we have
;B n .
T )L (aa) 2o b (a4 ,8) - (W ,A)) =
k=1 k=1
n n
1 1
== 1 (P,A) -~ 1 (n,a)
k=1 k=1
and it follows that
1 ? 1 ri 1 il
lim inf — (a, ,A) 2 lim inf — (P, ,A) = 1im sup — (N ,A) =
o T Eq K nro D=1 E nsw  Tx=1 F
def



Since
lim ¢ (A) = lim @1(A) =P
Ao 1 Ao

and ’
lim ¢2(A) = lim @2(A) =N
Ao Ao

it follows that tal(an) exists and equals P - N = a = TAL(an). 0
Proposition 1.6. If TAL(an) = a and TAL(bn) = b then

TAL(a +b ) = a + b.
n n

N_where P and N_are > 0 for n=1,2,... and let
N and P - N = A. Also write bn = Q - M where Qh

n
and M are 2 0 for n = 1,2,... and let tal(Qn) = Q, tal(Mh

n
) =M
Q - M =Db. Then a * bn = (Pn—Nn) + (Qh-Mn) = (Pn+Qn) - (Nn+N%). Since

= + = + 1
tal(Pn+Qn) P+ Q and tal(Nn Mn) N + M, we obtain

Proof. Write a = Pn
tal(Pn) = P, tal(Nn)

and

TMA%HM)=(HQ)-(MM)=(BN)+(@M)=a+b. O
Proposition 1.7. If TAL(an) exists and A € R then
TAL(xan) = A TAL(an).

Proof. The case A = 0 is trivial. If A > 0, write Xa_ = AP_ - AN_ and if
n n n

A < O,write Aa = (—A)Nn - (-A)Pn, where P and N have the same meaning as

as in the previous proof, and the proposition follows easily. [

Proposition 1.8. If {an}:=1 is a non-negative sequence with finite limit a,

then tal(an) = a.

Proof. Since lim a_ exists, there is a number G such that a_ < G for
n>® n n

all n. Take A = G and observe that then



n

1
z (aksA) = -I;

k=1 k

5=

a.k.

1

e~

Hence ®(A) = ¢(A) = a for A =2 G, and the proposition follows. [
Remark. Actually we proved that if O < a < G and the Césaro limit of

o .
{an}n=1 is a, then also tal(an) = a.

Proposition 1.9. If 1lim a_ = a then also TAL(a_) = a.
e D n
. . - . - _
Proof. Since a_  is bounded, say [anl < G, we may write a_ (an+Gh) G,
where G = G for all n. Then a_ + G_ 2 0 and lim (a_+G ) = a + G. Also
n n n n>e ‘n n

)
Gn > 0 and lim Gn = (. Hence tal(an+Gh) = a + G and tal(G ) = G. Conse-

-~ )
quently TAL(an) = (a+G) - G =a. O

Proposition 1.10. If a <b , for all n ¢ W, then
<
TAL(a ) < TAL(b )
provided that both sides exist.
Proof, Write a = Pn - Nn and bn = Qn - Mn where Pn’ Nn, Qn and Mn have
their usual meaning. Then P - N <Q -M orP + M <Q + N . Thus,
n n n n n n n n

since the proposition is evidently true for non-negative sequences, we

1 + < +
obtain tal(P_ Mh) tal(Q Nn) or tal(Pn) + tal(Mn) < tal(Qn) + tal(Nn)
or TAL(an) = tal(Pn) - tal(Nn) < tal(Qn) - tal(Mh) = TAL(bn), proving the

proposition. [

Remarks.

1) If {zn}:=1 is a complex sequence then we can define
= ] + 1
TAL(zn) TAL(Re zn) i TAL(Im zn)

provided that the last two Truncated Average Limits exist.



2) It is easy to construct sequences for which the TAL exists whereas the
Cesaro limit does not exist; it turns out to be much more difficult to
construct a sequence for which the converse is true. However, an exam-

ple for such a sequence has been given by P. van Emde Boas.

2. Number theoretical background for the applications

For a proper understanding of the applications, we will have to di-
gress on a topic from analytic number theory. '

Let g, be the largest prime divisor of the natural numbgr n(= 2),
whereas g, = 1. Let G(n,o) be the number of positive integers m such that
m < n and &n < mu, where o is any given real number. It can be shown

[L2], [ 4] that the limit

G(a) = 1lim l-G(n,u)
nseo O
exists and is continuous on the real line. Furthermore G(a) satisfies the

equation

6(7=)

Q=

G'(a) =

for 0 < o < 1.

If we define y: [0,°)> R by

1 if 0 £ x <1

G(7) if x > 1,

y(x)
v(x)

1
X
then y is continuous and satisfies the difference-differential equation
y(x=1)> (x > 1).

From this it is easily deduced that y also satisfies the relation
b
x *» y(x) = J y(t) at, (x 2 1).

x-1



From this equation it follows that y(x) > O for all x > 0 and using the
difference-differential equation once more, it follows that y is monoton-
ically decreasing on the interval [1,x).

The Laplace transform § of y can be computed explicitely as

S
-z
§(s) = f e > y(x)ax = exp {y + J < 2_1 dz}
0

which is an entire function (y is Euler's constant). Using the inversion
formula for Laplace transforms it can be shown [ 4] that
Xv(x)
y(x) = —=—r, (x > 1)
(x log x)
where li%»gup y(x) < 1. Informally speaking: y(x) tends exceedingly fast

to zero when x»>», We have for example [ 5 ]

0.4 » 10-3&63_

y(1000)

This concludes our excursion into number theory.

We now define the sequence {Ak}:=1 as follows:

A, =1
1 A\
log k . . . .k .
A = EEEEQL" (implicitly g, =k), if k > 2.

In the remainder of this report we will consider a number of sequences (in-
volving the above Ak's), which have Truncated Average Limits, whereas in
several cases it may be very difficult or even impossible to show that
these sequences have Cesdro limits. In the next section we first derive

some general theorems concerning this matter.

3. Applications

Proposition 3.1. If the function f:[1,o) >R is such that the integral



A
j (x)ay(x), (A>1)
1

exists as an ordinary Riemann-Stieltjes integral, then

A
lim~ § £(r ) = - J £(x)dy(x).
n k
n->o k<n y
Ak<A

Proof. On the interval [1,A] we construct a partition 1 = ag < a, < a, <

< ... < a < a_ = A and define
r-1 r
M = sup f(x),
Va4 <x<a
and
m = inf f(x).
Vo a4 . <x<a
v=1 v

A
Since J f(x)dy(x) exists we may choose the subdivision of [1,A] such that

1

A
r
L, tre, )va)) < - [ flaay() + e
v=1

1

and

r
L om tylay_-y(a)} > - | fx)ay(x) - e.

v=1

—_—

We now write

r
1 1
o Lty =1 ] I 0y
k<n v=1 a <A, <a
A <A v—; kv
<n

and observe that



1 v 1+
1y 1 s0pst I om =
n v=1 a <A, <a o v=1 a <A, <a v
-1k v=1""k v
k<n k<n
r
_ 1 1 4
=< L M {6(n,——) - G(n,3)}
=1 v=1 v

which follows from the fact that for all v the number of natural numbers

k satisfying the conditions k < n and a,_q < Ak <a is equal to
1 a1
G(naa ) - G(naa )'
v=-1 v
17 1 1 S 1 1
Since lim = ) M {G(m, ) - G(=—)r = ) M {a( ) - G(—)} =
n v a a v a a
n->o v=1 v=-1 v v=1 v=-1 v
r
= ] u yla,_) - y(a)} <

v=1

f(x)dy(x) + €

A
|
a—

we obtailn that

n->w k<n

A
lin sup 1 ] £0) < - f £(x)dy(x) + e.
)
Ak<A

In a similar way one also proves that

n-> k<n

Ak<A

A
1lim inf i- Z f(Ak) > - J f(x)dy(x) - e.
1

Since this holds for all € > 0, the proposition follows. [J

Proposition 3.2. If the function f(x) is bounded for x > 1 and the inte-

gral f1 f(x)dy(x) exists as a Riemann-Stieltjes integral, then



10

n k

1 7 [
lim — ) f(A,) = - J f(x)dy(x).
n->o k=1 1

Proof. Let |f(x)| < M for x 2 1. We write

n
1y 1 1
- f(r ) == ) f(x) += ) f£(xr)
D=y KB KB gy F
A, <A A=A

and fix A > 1 such that Mey(A) is small. We then have

A

+ J,f(X)dy(X)I +
1

)
k=1 k<n k

1 [ 1

T3 f0) + [ el < 1T 1 0
1

Ak<A

+1 7 Je0]+ I sy
k<n A

>
Ak_A

According to proposition 3.1 the first of these right-hand terms can be
made arbitrarily small by taking n large enough. The second term is not
larger than %-G(n,%) which tends to Mey(A) as n - «, whereas the third

term 1s at most

-M J dy(x) = Mey(A).
A

From this it 1s clear that

(o]

) = - J f(x)dy(x). 0O
1

Ly
lim — £(x
nreo k=1 k
THEOREM 3.1. Let the non-negative continuous function f:[1,») -+ IR be such

that

f £(x)ay(x)
1
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exists as a Riemann-Stieltjes integral and let lim f(x)y(x) = 0. Then
X0

tal f(An) = - J f(x)dy(x).
1

Proof. If f(x) is bounded, the assertion follows from proposition 3.2.
Suppose therefore that f(x) is not bounded. Since f(x) is bounded on

bounded intervals we can define
u(A) = sup {a | f(x) < A for 1=x<a}

for every sufficiently large A > 0. The following statements are easily

proved to be true:

1.  u(A) is an increasing function of A such that lim u(A) = =,
A->o

2. f(x) < A for 1 < x < u(4a).

3. f(u(a)) = A.

Now construct a subdivision 1 = a_ < a, < ... < a = u(A) of the interval

1 < x < u(A). Then we have

1 N 1 n
7 L (O )8) 25 ) ) (£(2),A) =
k=1 v=1 a <A <a
v-1""k v
k<N
;B
= T Z z f()\k) >
v=1 av_1sxk<av
k<N
1o 1 1
> ﬁ Z m\) {G(N,a ) - G(Nn'a"—_)}:
v=1 v=1 v
def .
where m % inf f(x), and consequently
v a <x<a



12,

N

n
. . 1
lim inf — (£(X_),A) 2 m {y(a_ .) -y(a)}.

N N k§1 k v£1 Vv v=-1 v

Since the mesh of the subdivision may be taken as small as we want, it fol-

lows that

def . . .1 N
¢(A) =" lim inf N Z (f(Ak),A) > - f(x)dy(x).

N0 k=1

Hence

lim ¢(A) = - J f(x)dy(x).
1

A->

On the other hand we have

1 ¥ 1 B 1
= 1 (£(x),A) <% ) ) £(A) + + ) A <
N k=1 k N v=1 a _<\ <a k N A, 2a =p(A)
v=1""k v kK- on M
k<N k<N
1% 1 1 A 1
< N z M\) {G(N,a ) - G(Nsa_-)} + ﬁ G(Na_a—-):
v=1 v=1 v n
vhere M = sup f(x). Letting N - «, it follows that
V' a  <x<a
v=1 v
def ¥
o(A) "= lim sup T z (f(Ak),A) <
N> k=1

IA

n
LM Ay(a ) - y(a )} + Ay(a ) =
v=1

+

£(u(A)) y(u(a)).

n
vz1 Mo {y(a ;) - y(a )}

From this 1t is clear that

u(A)
o(4) < - f(x)ay(x) + £(u(a))-y(u(a)).
1
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Hence
lim ¢(A) < - J f(x)dy(x).
A->co
1 [ee]
Consequently lim ¢(A) = 1lim ¢(A) = - J f(x)dy(x), proving the theorem. [J
Ao Ao 1

THEOREM 3.2. If f(x) can be written as f(x) = p(x) - q(x) where p(x) and
a(x) are continuous and non-negative for x > 1 and lim p(x)y(x) =

X—>

= lim q(x)y(x) = 0 while the integrals

X—>co

fp<x>ay(x) and f a(x)ay (x)
1 1

exist as Riemann-Stieltjes integrals, then
[ee]
TAL f(Ak) = - J f(x)dy(x).
1

Proof. This is an immediate consequence of theorem 3.1 and the definition

of the Truncated Average Limit. [J

In order to obtain some concrete results concerning theorems 3.1 and
3.2 we will derive a number of integrals involving the function y(x). The
corresponding results concerning Truncated Average Limits will only be
stated occasionally.

First we give a few simple examples.

Example 1. Note that

. T ay(x) = —Ty'(x)dx= - T =1y (x-1)ax = Tﬁx-)dx
1 1 1 0

-—
1}

so that

8

- | log(1+x)dy(x) = - J log(1+x)dy(x) =
0



1k

= - log(1+x)y(x) | + J r(x) g oy,
x+1
0 ©
Hence
- J log(1+x)dy(x) = 1 or tal(lOg(1+An)) = 1.
1
Example 2. - (l'+ ‘l—ﬁdy(x) = 1 or tal(;L + ) = 1.
x  x+] A A_+1
n n
1
For the proof see theorem 3.3, taking s = -1.

Example 3. - J x dy(x) = e’ or tal(An) = eV,
1

where y is Euler's constant. The proof will be given on page 17.

Remark. It seems that the integral - IT i-dy(x) can not be evaluated ele-
mentary. However, it will be shown that the value of the integral is lar-
ger than y, disproving a conjecture that its value is y. We have (compare

section 1)

1
——— 8
RS
[ol}
=
ol
n
—
c
o)

(]

c
]

]
[}
2
£
(o L ——
1
—
=2
[
g
]
|
—
=2
c
g

Since G(u) is convex on 0 < u < 1 (ef.[ 51) we also have, using table 1 in

L5171,

1 1/3 1/2 1
J G(u)du = ( I + J + J )G (u)du <
0 0 0 1/2
1 1 1
G(<) G(z) + G(3)
1 3 r_1y 2 3.1
<3 2+(2'3) > * 3 log 2 <
<005+o.u+0.35<01L



Hence
- J i-dy(x) > 1 -0.4=0.6>y.
1
Definition.
a(s) = J x°y(x)dx, (Re s > -1)
0
and

B(s) = - j gsdyix), (s e C).
0

Proposition 3.3. B(s+1) = (s+1)a(s), (Re s > -1).

Proof. If Re s > -1, then

a(s) = J x y(x)ax = J y(x) d 3
0 0
LSt T st
v ] ] o
0 0
_ 1 s+1 _ B(s+1)
- - S+1 J X dY(X) - S+1 . D
0

Note. This formula also provides the analytic continuation of a(s).

Proposition 3.4. For every s e € we have

J (x+1)%y(x)dx = (s+1) J x°y(x)dx.
0 0
proof. 8(s+1) = - | ¥ lay() = - [ 5 ay() -
0 1

15
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1)ax = | x°y(x-1)ax =

J s+1
= - X
1

J (x+1)%y(x)ax.
0

I

Also B(s+1) = (s+1)a(s) = (s+1) f; x°y(x)dx and the proposition follows. [J

Proposgition 3.5. oa(n) = l— (n\ » n=1,2,3,...
. k 0 \/
Proof. J (x+1)Py(x)dx = f 7 (x)( Z (E) Kyax = (11:\- alk).
0 0 k=0

On the other hand f (x+1)%(x)dax = (n+1)a(n), and it follows that

na(n) = z (n\ al(k). O
k=0

Proposition 3.6. For n=0,1,2,3,..., a(n) is a rational multiple of e’

Proof. o(0) = fg y(x)dx = §(0) = e’ (see section 1). The assertion now
follows from proposition 3.5 by induction. [

n

Proposition 3.7. B(n+1) = z ( \ a(n , 1=0,1,2,3,...
k=0 &/

Proof. In (the proof of) proposition 3.5 we saw that
% /n
(a+1)a(n) = ) <>a(k).
k=0
Since (n+1)a(n) = B(n+1) the proposition follows. [J

Proposition 3.8. B(0) = 1 and for n=1,2,3,..., B(n) is a rational multiple

of eY-
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Proof. Clearly B(0) = - f: dy(x) = 1. The remaining part follows from pro-
positions 3.6 and 3.7. 0O

- Y. 2y = 5aY . 3y 2 9
Examples. tal(An) el tal(xn) 2e! tal(An) Z e

-

Proposition 3.9. The number e' is rational if and only if there exist two

integers a and b, both different from zero such that

f (ax+b)dy(x) = 0.
0

Proof. This follows easily from proposition 3.8 and the fact that
B(1) = a(0) =e'. O

THEOREM 3.3. For all s € C we have

J {sx® - (x+1)° + 1} dy(x) = o.
1

Proof. According to proposition 3.4 we have

J (x+1)s.-1 y(x)dx = s J xs_1 y(x)dx, (Re s > 0).
0 0

The left-hand side can be rewritten as

0=

J (x+1)571 y(x)ax = j F(x)a(xe1)® =
0 0

- L en® | - [ Gen®arto -
0 0

=-§-§juﬂﬁwm>=
0
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- 1o ey,
1

Also
s J xs_1y(x)dx = J y(x)ax® =
0 0
= y(x)x ‘ - J xsdy(x) = - J x dy(x)
0 0 1
Hence

1+ J (x+1)%ay(x) = s J x°dy (x)
1 1
and observing that - IT dy(x) = 1, we obtain
J {sx° - (x+1)° + 1} ay(x) = 0, (Re s > 0).
1

Since the left-hand side is an entire function of s, the proposition fol-

lows by analytic continuation. [

1 T (n+1
Proposition 3.10. B(n+1) = o ) ( r ) B(r), (n=1,2,3,...).
=1

Proof. In theorem 3.3, take s = n+1. This yields

(n#1)8(n+1) = = 1 = [ (1) lay (x) =
1

]

1

+
™
o
SN’

+

I~
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Hence

n

L (%) st o

r=1

n B(n+1)

From theorem 3.3 we obtain

J {cnnxn cn(x+1)n + cn} dy(x) =0
1

where <, is a complex constant. Summing over n we get (formally)

J ) {cnnxn - cn(x+1)n +c} dy(x) =0
/

n=-o

o]

or, writing f(x) = Z cnxn,

IN==00

I {xf'(x) - £(x+1) + £(1)} ay(x) = o.
/

In order to study to what extent this formula is valid we first prove the

following:

THEOREM 3.4. Let the following conditions be satisfied

1. F(x) is R-integrable over every interval of the form [a,T] where

a < T, a fixed

2. F(x) 20 for x = a

3. for every n = 0,1,2,3,..., un(x) is R-integrable over [a,T]
. uh(x) >0 for x > a
un+1(x) . . .
5. un(x) is monotonically non-decreasing for x > a, (n=0,1,2,3,...)
6. z;=0 c un(x) converges uniformly on every interval [a,T]
T. o<y, 9 17 F(x)u_(x)ax < =, (0=0,1,2,3,...)
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(o o]
8. zn=0 c Y, converges.

Then we have (compare [3, pp.81-83] and 6, p.47]) that

© T

v def .. v
F(x) { ) cu(x)}dx = 1lim I F(x) { ) cu(x)}adx
J n=0 nn T>co0 n=0 nn
a a
exists and is equal to zz=0 c Yn"
T - - T
Proof. J F(x) {nZO cnun(x)} dx = nzo c. J F(x)un(x)dx =
a a

Hence it suffices to show that

1lim z c J F(x)u (x)dx = 0.
n n
T n=0 T

Summation by parts yields

E c J F(x)un(x)dx =
T

0 n+1

Ayt @ Ll
= ——-J F(x)u (x)dx + ) A { J F(x)u
Yo T n=0 Yn+1 T

(x)ax - — J F(x)u (x)ax},
n
T

where An = Zw= First we observe that

n %x Yk’

A [ee]
1im —Q-J F(x)u.(x)dx = 0.
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Now we show that for n = 0,1,2,...,

! T F(x)u

1
n+1(x)dx -3 J F(x)un(x)dx > 0.
n+1 T n g

This inequality is equivalent to the following one
® ®
Y, J F(x)un+1(x)dx = Yo J F(x)un(x)dx > 0.
T T
The left-hand side can be rewritten as

o]

J F(x)un(x)dx . J F(x)un+1(x)dx - J F(x)un+1(x)dx . J F(x)un(x)dx =
a a T

T
T w w
= {[ F(x)u (x)dx + J F(x)un(x)dx} J F(x)u , (x)dx +
a T T
T © ©
AJ Fou i+ [ B, ax) - [ G Goax -
a T T

T
(x)dx - J F(x)un+1(x)dx . F(x)un(x)dx =
a

H——38

Tu (%)
= | F(x)u (x)ax - J E+2x) F(x)un(x)dx +
r =
T [o]
u L (x)
- J ﬁlgx) F(x)un(x)dx J F(X)un(x)dx >
a T
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Hence
lim sup z An , {Y1 J F(x)un+1(x)dx - #L-J F(x)u (x)dx} <
T n=0 n+1 n T
< lim su E A . ! F(x)u . (x)dx - — | F(x)u_(x)dxb +
B P n+1 Y n+1 Y n
T>o0 n=0 n+1 T n T

co

+ 1lim sup )

F(x)un(x)dx}'s

H—— 8

1 1
AW’ { j F(x)u,, , ()ax -
T n

T>oo n=r+1 Yn+1

<0+ 1im sup M_ - z { J F(x)u +1(x)dx - -—-J F(x)u (x)dx}
T>c0 r n=r+1 Yn+1 n Yn n
T T

. 1
= 1lim sup Mr ” J F(x)ur+2(x)dx <M,

T->0 r+2

T
where M_ = sup |A 1] Since lim Mr = 0, the theorem follows. [J
n>r n r->o

THEOREM 3.5. Let {cn}:=1 be a non-negative strictly increasing sequence

of real numbers such that the two series

©o

nZ1 Cncn

(o
n

© “ o
x = dy(x) and ) c, J (1+x) * ay(x),
n=0 1

—*— 8

(where the coefficients c  are complex) are convergent. Then, defining
n
£(x) = ) c X

assuming that this series converges uniformly on all intervals [1,T], we

have

J {xf'(x) - £f(x+1) + £(1)}dy(x) = 0.
1

Proof. In theorem 3.4 take a = 1, F(x) = -y'(x), u (x) = x 7,
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o
(n=0,1,2,3,...), Y, = 11 X ndy(x). Then it is easily verified that all

conditions are satisfied. Thus we get

0 © (o] 0
J xf'(x)dy(x) = ) c o, f x Yy (x).
1 n=0 1

g
n

Now apply theorem 3.4 with a = 16 F(x) = -y'(x), un(x) = (x+1) -,
(n = 0,1,2,3,...), y_ = ® (x+1) ndy(x). Again the conditions are satis-
n 1

fied and we obtain

P w b o
J f(x+1)dy(x) ) c f (x+1) "dy(x).
1 n=0 g

Also

[ttt =~ 2 =~ 1 ¢ [ arto.
1
Combining these results we obtain

f (x'(x) - £(x+1) + £(1)}ay(x) =
) |

= Oio {cnon T Xc’ndy(x) -c, T (X+1)0ndy(x) te, T dy(x)} -
= ) ) )

1}
o~
(e
s

o “ o (e}
J {onx Bl (x+1) T+ 1}ay(x) = 0,
1

and the proof is complete. [J

4. Miscellany

In the remainder of this report we derive some integrals involving

y(x), which are of a somewhat different nature.
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Proposition 4.1. For all s € C,

© S
-z
F(s) = J e "y (x)ax = exply + f = 2_1 az}
0 0
and

o -S
dy(s) _ e =1 5(s)
ds s :

Proof. See [ 41 or [ 1, pp. 16-22]. [

Proposition 4.2. For all s ¢ €,
- j e ay(x) = - J eSXay(x) = -1 + 5-5(s).
0 1

Proof. Integrate by parts and use proposition 4.1. [

Proposition 4.3. For Re z > -1,

B(-z) = ?Tf%zy J e_ssz§(é)ds.
0

Proof. For Re z > -1 we have

r(1+z)B(-2) = { T e_uuzdu} {— T x—zdy(x)} =
0] 1

0
[ u,u, z
= - { e (&) du}dy(x) =
J J X
1 0
T 7 Cex s
= - { e s xds}dy(x) =
J
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= - T g2 { T e_sxxdy(x)}ds = T s?e™%5(s)ds.
0 1 0

For the last step above use the second part of proposition 4.1 and prop-

osition Lk.2. 0O

Proposition 4.4. For Re z > -1,

[ 1 e %% 1 —s., -
J ;:; dy(x) —_— e y(s)ds.
0

Proof. — dy(x)

el
+ |—
N
1
—_ 8

1}
O——8
[
9}
N
——
—_—8
D
|
[&2]
p_,N
=
X
——
o]
2]
]

8

e 5% [ e °% ay(s)
=~ (=1+s§(s)) | - J —— (s =5+ §(s))ds =
0 0
1 1 —SZ =Sa
= - =+ — R
~ J e e "§(s)ds

0

According to proposition 4.3 taking z = 0, we have
-Sa
J e y(s)ds = B(0) =1,
0

and the proposition follows. [

Remark. In the proof of the last proposition we saw that



26

-s(z+1) (s)ds,

<

-SZ “ 1 1
-1+ = - — 4+ —
J e " (-1+s¥(s))ds ~t J e
0 0
or, equivalently, for Re z > O,

J e %59 (s)ds = é-[ e—S(Z+1)§(s)ds.
0 0

Defining

o(z) = J e *%§(s)ds for Re z > 0
0

we find that ¢(z) satisfies the difference-differential equation
. _ 1
'(z) = - ;'¢(Z+1)9 Re z > 0

Related to this fact is the

OPEN QUESTION: Is there any meromorphic function h(z) # O satisfying the

equation
' _ 1
h'(z) = - —~h(z-1) 2
Define the continuous function k(x) by

k(x) = 1 for 0 < x < 1

k'(x) = — k(x-1) for x > 1.

1
X

v
o

Proposition 4.5. 0 < k(x) < 1+x, X

Proof. It is almost trivial that k(x) > 0 for x = 0. For 0 < x < 1 we have
k(x) = 1 < 1+x.
For 1 < x £ 2 we have k(x) = 1 + log x < 1+x. Assume that k(x) < 1+x

for 0 £ x £ n. Then for n < x £ nt+l1 one has
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k(t-1)dt

ot |—

x
k(x) - k(x-1) = J
x-1

or

t

X X
k(x) = k(x-1) + J L og(t-1)at < x + f
x-1 X

and the proposition follows by induction. [

Proposition 4.6. The Laplace-transform K of k converges absolutely for

Re s > 0 and

=)
-2

R(s) = expl J EZ— dz - log st.

S

Proof. Similar to the proof of proposition 4.1 (compare [ 1, pp. 16-221]).

Proposition 4.7. y * k = i, where x denotes convolution and i is the

identity function: i(x) = x.

Proof. According to proposition 4.1 we have

T e_Z—1
§(s) = exp{y + J — dz}.
0

Observe that

s ©
Y + J e -1 dz - J §;I—-dz - log s,
0 S

because both sides have the same derivative, and that for s > 0,

oo

[ e ” -z T -z
J = dz + log s = e log z + J e log z dz + log s =
s s

O
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n
|
]
I
]
=
O
(8]
n
-+
0n—-38
0]
=
O
(4}
N
Q
N
]

which, for s - 0, tends to

[ee]
-z
f e log z dz = - v.
0
Hence

[oo]
-z
7(s) = exp{- J g;— dz - log s}
s

and it follows that

F(s)*k(s) = exp(-2 log s) = = 1(s).

s
2
s

Thus ¥°K = 1, and the remarkable relation y * k = i follows easily. [J

Final remarks. The differential equation for y(x) is obtained, see [ 4 7,

using the Prime Number Theorem. The question arises if conversely the PNT
also follows from the properties of y(x). The sequence'{yk};___1 is strong-
ly related to y(x) and indeed some properties of this sequence would have

a certain influence on the distribution of the primes. For example, we

have shown that tal(i_) = e, Suppose we could show that lim l—Zn A=
n 1 on n>e n 4k=1 "n
= eY, or even the weaker statement lim sup —-Z _, A_ < o, Then it is an
n->-® n #k=1 'n

easy excercise to show that there are infinitely many primes.
Numerical calculations, performed by C. DE VREUGD at the Mathematical

Centre, indicate that indeed

1 n
1lim o Z Ak = e,
n->oo k=1



However, we are not able to prove this.
The notion of Truncated Average Limit can easily be generalized to
more general measure spaces. However, we will not pursue this subject

here.

Addendum

Just before the printing of this report it was shown by P.van Emde
Boas that the truncated average and the Cesiro limiting processes are in-
dependent, i.e. the existence of one of the limits does not imply the
existence of the other and from the existence of both it does not follow

that the two limits are equal. For details see

P. van Emde Boas, The truncated-average limit and the Cesdro limit
are independent, Mathematical Centre Report ZW 21/TL, Amsterdam.

Finally J. van Rongen recently proved that indeed

For details see

J. van Rongen, Mathematical Centre Report ZW 22/TL4, Amsterdam.
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