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Lot x be a Mmam differentiable manifold of clase 03
adnitting an aw complex stracture '’ defined by the temser field
738 o2 class

(1a1) | Ff‘ Pl wwal,

where the Latin mﬁim Dy 9 Jo By 1 @ run oy the range 192pesey
yB4Tgeess2n and A5 denotos the unit tonsore °

gince the eigenvelusse of the tensor ?f‘ satiofying (1.1) ave +1
and =i, the intreoduction of s tenoor ?ik satisfying (1.1) is equivalent
te the introduction of two mmiually linesrly independent inear ficlds
Z3,%e complex conjugate to each other emd of compl ,

Ae Lichmerewioz [11,12] chowed that it is alwaye possidle %o give
an almoot-fernitian structure B3y, %o an alooot complox manifold x%n

(12) 3?;3 :s'*"z"@K B1x ® By *

It we put

{1e3) Pypp = ?ik By v

then it is eanily sveen that ﬁ‘m io anti-oymmetrdic in its lower indices.
Ve oall slmoete-dlernitian space & manifold vhich aduits an alwost

complex structure ﬁ';_“ and m alnost-Hermitian structure g, that is, a

positivo definite metrie ds® = gy, 451 a5 P sattsfying (1.1) and (1.2),

s

1) The notien of an aluvet mylm structure was introduced by Cs Ehrose
monn. See Lo mﬁ@mm&. Ce Throammnm (§,5]« The mumber between brackets
; m the end of the papers
2) 4s %o the MWM@* we follow Jehs Scheuten [15]1.




o

The anti-oym of the tomsor P, and eguation ma} ahw m&
the operstion vﬁ W" v changes a veotoy v inte a vector orthogimal
o it and does not change i%s lemgth.

We now pud

(1e8) Pgan =3 31y i

then ?éi” iz a covariant tensor antiegymmetric in all ite indices.
Jeneting by . the operation ﬂsf W&mt differentiation with

regpeet %o the @hrm%wml syabols {3 3 formed with Bape WO GO write

{1+4) nloe 4n the form

{'h»ﬁ) Jih = 3 '% [3 yﬁhj »

In an almost-flormitian space, when the tenseor P Jin veniches idone
tically, the W w ealled on almont-KEhlerian spaces

{1e6) E‘*?h ek

The theorem ecssontially &quﬁ.mlmt 4 this was stated by de Hhem,
m&w; Libornanm [?@33 Pelomenn, Fr¥#liche: [3]9 Calabi, Spencer (1],
nggenheiner [ 6§ '] end Hodge [M, The tenoor H" was intreduced by
msmm [13] and o oguation of the form %hﬁ) wao glven by Bolp
pann end Frélicher [ 3.

Egquqgtion {1.6) can be written alse in the Pozn

(1#?} 3;? - 2 ﬁ' 3 (V )xl?{_‘] “VA] yi“)

or in covarisnt ferm

(148) M"k e 2 P8 (T 4 Py = Taq Pyn)
¢ | Ryan = “ien 5 10 %0n ~ Vi Pa)

souns gulte reasen h%a o expeet that Thoeoren 1.1 may be true
mwammvg“wm Mamwatmw@”m@v;{w,wﬁ
we 40 not yot have the proof of this favk.
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In en almost-Hermitian (almost-KEhlerian) space of class C°, when
the Kijemhmis temsor N}3® veniches identimlly, the space is called a
peendo=-Hermitian (ngamwian) spaces. Following Theorem 1.1, a
psendo-Hermitian (pssudo-Kfhlerian) space ¢f class C is Hermitian
(Kmerian).. ;

The relations between these spaces may be seen in the fellowing

diasgramg

Almost complex ,  Almost Hermitian  Almost K&hlerian
structure structure >  g¥ructure
Ccznhaf class C° with) 8y With A (%3370
. o o aB slnels
By Bit= - 4y PP e y=ayn
’.h .Qh th
N};P=0 P B
A4
Pseudo-complex > Pseude~Hermitian —— Almost Kihlerian
structure structure structure
] &y With ‘ 0 3 Pyp1=0
slnelt
;P ey ey
v ‘ v \L
Complex structure > Hermitian strue- ——Kéhlerian struce
ture ture
8y With 0 qrihfo
elnelt
7' e ey

In an almost-Hermitian space, it is easily seen from (1.5) and
{1.8) tha'k if V:, Py Venishes, then the tensors rjih and Hjih vanish
alsos

Conversely, since we have from (1.5) and (1.8)

(1.9) Nygn = 2 (BJ% Uy Byq = B Pyypgds

(3

we can easily see that if two tensors P.,, and K;ih vanish, then
\V4 3 Fih vanishes also. Thus we have ﬁ




Let us now intreduce an sffine connexion ?i in our almoste
Hermitian space and put
h h peoh
(2.1) r;:t“{n% + Ty e
then the torsion tensor is given by

‘ noh L] h
(2»2) = rmi] = Q[—Ji] ®

Dmnating by §73 the operation of covariant differentiation with
respect to rii’ in order to have ‘73 8yp = Oy 1% is necessary and
sufficient that we have

which is equivalent %o

where
; ﬂ > ,Qk ‘.k
(2.5) yon 2 15 e Sy 851" e

On the other hand, inbrder to have V3 Pip = 0p it 18 neeaaaary
and sufficient that we have

.1 .1
(2.6) V_-«; Fip =23 Fan = Tgn Fin =
or what smounts to the same
(2.7) \V4 PRI Y rhl - 2 :w'l 0.

We cannot solve equation (2.7) without putting further conditions
on Tsih' Putting some further conditions on wjih or rather on

(2.8) 2n 3 2, Bt

we shall try to solve equation (2.7) with respect %o Tyin+ From now on,
we assume anly'c73 rih‘m 0 and not ~g73 8in = O,



We first aseume that
/

(301) . @j(ih) = 0,,
then we have from {2,7)
(3.2) Ry = d Uy Ty
or.

4 ° .1
(3.3) Tyqm = % (V:I Py 005

and consequently , .

From {3.4), we get
(3+5) 5;; ﬂ’x“hﬂ”%(‘;z Py 1)?:“1&

Since Fy, ?*3* = gy and consequently
(Vv Byp)mgt + r;f‘(va RN
equation {3.3) shows that %(m}” 0 and mmm&nﬂy the connexion is
netriec and we have
(346) Vj Eip =9 vj Bip = O
Prom (1+9) and (3.3), we find

(3e7) %/31;. = E Wy -4 T NP
. Time we havey for an almost-Kihlerian space,
(3.8) LEE 2 PR

f@r a pamﬁ@mﬁammmm space,

(3.9) R R APt

end for a ymmm space,

{3.10) %{3% = O



e

In the last case the conmnexion ?i becomes Riemannian.
In a Hermidian space tensors 84y and F;%ﬁavu the components

» 0 g . s % 0
(311) 81y= . e x
& b'e 0 O e,
regpedtively and comsequently the temsors ?,, and pih def gil E,ih the
components
0 ~ig 0 + ig *
(3.12) Pyp= x , P

respectively with respect to a complex coerdinate system (zz, z zx)u
where the Greek indices x, , 5 4 run over the range 1,24eeey0
and Xy 45 9 F S the range M+ly B+25000 92N

Tms for the Christeffel symbols ;& we have 4!

(3.93) * =8 * ( &8 y , % 8% & % 29,
b 4 = g = 8

and four similar ewpressions for = . oy = and * .
We shall demote in the following by the asign "conj." the fact that we
have siniler formlas ss complex conjugates of the formmlas already
written.

For the tensor ?Jih and 4 xih we have respectively

(3.14) P _=+2i & . conje
r ,=+21 8 conje

4) See for example Jebe ﬁwh&utqn 15 -5 Pe 396,



and
i Oy conje
?&K = - 2 1 £ conje
(3+15) % _ o |
# ﬂﬂnje
?‘K o 0, QMJO
Thue for the temsor (3.4), we have
{3.16) pesX o 0, preX X , peeX 0, X L 0 conje

and consequently, for the components of the affine connexion

h h ae e
(3117) ji = ji & ‘331 ]
we have
(3.18) ¥ e = # ¥ = ¥ conje

the other 's being zero.

. This is the effine comnexion intreduced by A. Lichmerowicz 12
in an almost~Hermitian space. In a Hermitian spacey this conmnexion
seems to be a natural one becamse this connexien is obialned from
Biemennisn connection g‘i = 5; requiring 3 ?‘f‘ = 0y that is,
requiring ix = = = Oy the other 's keeping the same values.

In a classification by Scheuten ( 15 p. 396, formula (3.6)),
this corresponds te the case

‘3*?9) gﬁgx o Q* 3911 = - % g X 3 v ﬁﬂwx - 0’ ﬂmj.

Ve next assume %that

{441) P {j4n)=0
then we have from (2.7)

{4,2) wjih m e % ( i ?ﬂ.h + 1 ?3h = h FM)

or
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and consequently

(4e4) ?Eih =ed( yBpe Ty g By Me
Prom (4¢4), we get

(45) ﬂsf? = 3;”‘ =-d( 57y) b,
From (4.3), we find

(446) IR PR S 5 Ioh N

Thus combining (1+9) and (4.6), we find
ol

Thus we have, for an almosi-Kfhlerian spacey
(4.8) wﬁih = § ﬂhﬂi‘
and for a pseudo-Hermitiam space
(4+9) yap = = F F]T By

:MXn the case ¢f pseudo-Hermitian space, the tensor mjih satisfies
{2+3) and consequently the comnexion ig-metric and we have

(4410) 5 84p = Os g Fyp = O
Finally we have, for a pseudo-Eihlerian space,
{4+11) Tyin = O

and the conmexion becomes Riemanniane

In a Hermitian space, in addition to formulas (3e11)={3.15),
we have following expressions for 3 Fynt
{4e12) F =0, P_=0, P_=0,

xxm-ﬁ-zi m:jn



Phms, for the temser ?31' we have

waox = 8 Z &

. conde
(4213) F =g T & ' conje
2°°% =0, conje
7°°F =g ¥ & . conj.
and consequently for the comnexion
ww Bk em
we have
(415) .8 & X .0, * 20, * =0, conje

This is the affine connexion introfuced by Jehe Schouten and
Ds W?)thg 16 and used recently by 5.8, Cherm 2 and P. Libermanm
10 .

In a classification by Schouten, { 15 , p. 396, formula (3.6)),
this corresponds to the case

{4416) gt =g £ , 8 T=0, 8% =0 conj.
§ 5¢ Zhe G Yo cOnnexLODe

We finally assume that
then we have from (2.7)
(542} N R AN TR n Py
or

»1

(3.3) R AN R PR e R L

and consequently

" esh 3¢ Foo = 4 Poo + P, ) PR,
(5+4) 230 =80 s Fn=- a0t 1%y

5) See also G. Legrand 9 .
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From {5.4) we get

@ﬁmﬁ) 3;& E;h gih .

From (5.3) we find

N 1 3

. (543) and (546)¢ we obtain
{547 INCE 3 AR Rt ANPE T SR SR LIRS PO R
On the other handy we have fW {1.5) A
{548) A S T == 37 L
Substituting this dnte {(5.7)s we find
{549) By = B Hygy + 3 230 r;} BE R e

Thus we W;&@ﬁ' agn almost-Kihbebiax Spacey

{5011) , miegte,, .

wdo-llermitian space, the tensor € is smtie
mww in an its mam@a and consequently satisfies (gd) and the

£§ﬂ13) d % = Q’

Finally we havey for s poeudo-KEh
{’%»13) t ﬁ.ﬁfﬂi = 0, «

Mammmﬁmﬂw*mm* for the temser




| Jo

. gﬂiﬁx‘ = - g x5 g ;'!
an = -g X v m3.
(5.14) WK
f" == ﬁ* MJQ
: =z
mﬂ!x = & msi

and consequently, fm the mnmmﬁs of the affine Mﬂm

tﬁm’ﬁ) ?i = ?" 3;" ¥
we have ,};‘%; |
(5,15) x = & a8 ’ b 4 = O’ x = 0" x - 2 2 g

eonde

In a elassification by Jed. Schouten ( 15 D 396, fnrmh {3+6)),
this corresponds to the case

(5.1?) 8’*3 = & & # 3*‘5‘ 5= -8 8 ‘ 'y

s X . Qg, conge
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