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b t . f . 0 < x <. l I.i•t. ~ .... (.r,,) !Jc ,t ser111c11ce of 1·eal 11u1n. ers . sa 1s y111~ = • n ~

1 

_ 
(ii "'I. 2 . ... ). 'l'!1e11 1; is saicl to be 111ell distribitted in [O, 1 [ _(111 Germa1 • 
·•11t,i,·/1,nri.~.,;iy f/leicl1verteilt''; Ifr,A,VI<A [5], PE'l'ERSEN (10]) if 

1 11 -f· sV 

li111 ~ _L Xi",/l((a:n) = f] - X 
,V-,oo 1V n ,,/t-/-I 

li11l1lK 1111ifilr111l\' i11 /1. , 0, 1, 2, ... fc)r every i11terval [!X, /3[ C [(), l [, Xr,x,flr . . 

lt'lilg . 111 o I • ti c•l111r,0 cte.r1·stic fu11etio11 of t]1is u11te1·val. 

l,t•t /"' ... ~ fr I lie tl1e i11fi11ite cli1uensio11al u11it c11be, i.e. I oo is tl1c 
n~-I IT 

"° Kf>t 1lt· 11ll 1-1(}f!IIC11ccs t=• (:r11 ) witl1 O<~:rii< I (n= I, 2, ... ), a11cl letµ== n=I µn 

1,ti tl11~ ctJ1111ilt1ted J)roduct 111easure on 1
00 

wl1e1·e eacl1 µii is Lebesgue 
111e11s11rc~ 1l11 J (cf. [3] § :JS). J.,et rp be tl1e 1nappi11g of· I co 011to [O, I] 
<ltifitt(•cl l,v 

• 

an rl.1i + I . 'tl · 't ltlt - -\Vlltll'tl (1 1
1 •= /1i;tn], I.e. an 1S . 10 Ulltque 111 ege1• SllC 1 la n '·~ Xn ·,. 

( 11 ·.,.... I . 2. . .. ) . 

l<'rlr 1t11y rea,l 1111111l1er :r, let {x} de11ote tl1e fractio11al }Jart {x} = x - [x ]. 
l{t•ftirri11g to a res11Jt i11 [7] DO\VIDAR a11d PETERSEN sl1owed in [2] that 
,t gi,,e11 stit111e11oe t EI 00 is ,ve]l distrib11ted i11 [O, l [ if a11d 011ly if t11e 
1:1eq11e11cEi r1 = ( {ri ! q;(t) }) is ,vcll distrib11ted i11 [O, l [. Furtl1ermc1re tl1ey 
Kl11J\\'etl tl111t tll(• sequer1ce ( {n ! ex}) is well distrib11ted i11 [O, 1 [ for· 
,t1•11l111<Jst Il(l ,x . .f-Ie11ce, i11 a, certai11 se11se, almost 110 seq11c11ce ~ is well 
<1istril111tccl i11 L (), I[. 

()l11tior1sl.)', tl1e t,vo 11otio11s of ''rtlrriost no'' as 11se<l i11 t]1is statement 
<lil tl1ti ci11e l1a11<l a11cl i11 tl1e se11se of product 111easure on I 

00 

011 tl1e other 
l11t11ti <io 11cit qltitti coi11cicle. :b1or i11sta11ce, tl1e set of all sequences ~ E I= 
,,·itl1 ;1:1 = (l, l11t,ri11g 1,00-1neasure zero, is 1napped by rp 011to (0, 1 ], its 
irr11tgt1 tl1t1s l1avi11g µ-111eas11re 011e. \Ve sl1all sl10,v, however, that it actually 
foll(>\\'s fro111 Dt>,vidars a11d Peterse11s res11lt tl1at 1i

00

-almost no seque11ce 
~ is ,,·ell c.1ist1·ili11ted i11 [O, I[. \Ve sl1all also give a direct proof of tl1is 
statc111e11t,, 11si11g esse11tially a11 arg11me11t em1)loyed by DowrnAR a11d 
1~1:<;'r1<Jits1cN i11 orcler to s11ow t11at the seq11ence ( {JcnO}) is not well distributed 
i11 ((), 1 [ for a11y integer k a11d any real number 0. Tl1is argu1ne11t also 
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carries through in the case of seq11e11ces i11 a11y co1111)11ot HJtLlS(lorff HJ>11ot1, 

so that tI1e theoren1 and its l)roof ,vil! l)e give11 i11 tl1is 111c1re go11oral st1tti11g. 

Theorem 1. The 11icippi1ig cp is a BrJrlll-1i1ec1s'lt1Y1ble tra.risjrJr111at1:(J11 r11i 

] 00 orilo [O, l] and 

µ(B) = µ=(rp-1B) for every Borl'l-set 13 C [(), l ]. 

Proof. Let 5l..'\ be the a-algel)ra of ]3cirtil-sets ir1 [O, l) 1111cl let ~~00 liti 

the cc)rrespondin.g a-algel}ra of 111oas11r,1ble sets i11 lro. It s11ffict'S tci sl111,v 
that, for every !'.XE ]O, l], qi-1[0, t\:[ E moo 1:111cl Jloo(q,-1[_(), (X[) =·!'.X. 'l'll(l 
Ct)rreSJ)011cli11g statements ,vill t}1en folio,,' fo1· eve1·y fi11ite 1111i(111 t)f clisjt>i11t 
l1alf-ope11 inte1·vals [,x, fJ[C [O, 1 J a11cl, liy [:{] § 15 11,11cl § 1:{A. f<1r 1111 
Borel sets B. 

We observe tl1at for every 1x E ]O, l] \\'e l111vli eitl1t1r a 1111iqt1e ex111111i-;i<)ll 

or 

(1) 
, 

an 
n! 

( 0 ~;: Gn -, ~ 11) 

for 1 :S 1i ·i /i; 
for n = le 
for le ,::: ri <~ oo. 

The set A of a havi11g two eXJ)a11sions is cou11table a11cl cle11sc i11 [O, 1 ]. 
Let 11s first ass11Jne that .x is of tl1e fo1·1n as give11 i11 (1 ). 'l'he11 

a2 (l2 -1- 1 -
2' 2 

X •• ~ X 
a1c-1 a1c-1 -\- l [ c11c a1c · I l 
k-1' k-1 x k' le x 

x [o, k I 1 x [o, " 1 2 [ :< .•. . ; + C --\- • 

u J X X .•• X 
ak-l Clk-1 + 1 [(ltc - 1 a1c [ 

X-,--- X 
lc--1' k-1 le 'k 

X k 1 x lc+l.l[x ... 
k-1-I'. lc-t-2 

and 

cp-1[0, .x[ = IX 0 
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' 2 
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(,ve defi11e [O, O[ to be tl1e e1npty set). Tl1eref'ore, <p-1 [O, ex[ E m00 

a11d 

For an 

-l , __ ~ __ ~ llk _ = , 
µoo(cp [O, ex[) - 2t I 3! -f-- ••• + le l O ,:x. 

k 

we 1>ut 1X1c = ,I ~ a11d obtai11 
,i-1 n. 

00 

cp-1(0, cx[ = U rp- 1[0, O:k[ Em00 

k=l 

µ 00(q,,-l[O, ,x[) = 1in1 µ 00(cp-l[O, cxk[) = lim rx1c = ex. 
le - -">- co k -, oo 

Corollary 1.1. µ 00-almost n.o sequence f El00 is well distribided 
in [O, I[. 

Proof. Let EC ! 00 be tl1e set of all f that are ,,,ell distribt1ted in 
[O, I[. As DoWIDAR a11d PETERSEN [2] l1ave sl1ow11 ,ve have µ(g;E) = 0. 
Let B :=) cpE be a Borel set of Lebesgl1e 111easure O (cf. (3] § 13B and 
§ 15). T11e11 '"'e 11ave EC rp-1r:pE C r:p-IB a11d, by tl1eo1·em 1, µ00(r:p-IB) = 0 
,vl1ich i1n1Jlies µ00 (E) = 0. 

Now let X be any compact Hausdorff si:lace satisfying the seco11d 
axio1n of col111tability a11d let µ be a 11or1ned Borel measure on X. 
Let X00 be the co1n1Jact topological p1·odl1ct space of countably many 

co 

copies of X, i.e. X== IT ~Y1i with ,,,,_Yn=X (1i= 1, 2, ... ), and let µco be 
n-=l 

tl1e oon11Jletion of tl1e 1>roduct measu1·e 011 X 00 cor1·espo11ding to µ. 
A seque11ce ~ = (X1i) E X00 is said to be µ-unifornily d1:stributed in X if, 
for eve1·y Borel set E C X ,,,hose bou11dary l1as µ-measure ze1·0 a11d for 
h = 0, we l1ave 

(2) 
I N+lt 

li111 -N L XE(Xn) = ft(E) 
N-->oo n=I+h 

(XE agai11 de11oting t11e cl1aracteristic f u11ction of' E) ; ; is said to be 
µ-well distribiited in X if, for every such set E, (2) holds uniformly in 
h= 0, 1, 2, .... Equivale11tly we may requi1·e 

I N+h 
]i1n -N L f(xn) = .I' f(x) d1t(x) 

N->oo n=I-~h X 

for every co11ti11uous complex-,ralued fu11ctio11 f on X a11d for h = 0 resp. 
ru1ifor1nly in li=O, I, 2 ... (cf. [5], [6]}. 

Let T be the 1nappil1g of X 00 011to X00 defu1ed by T(x1, X2, ••. )= 
= (x2, xa, ... ). It is well lr110,vn that T is measttre preserving a11d ergodic 
with respect to µ00 (cf. [4]). A sequence ,; E X 00 is called completely µ­
uniformly dist1·ibuted (ICoRoBOV [8]) if the sequence (T11,;) is µ 00-u11iformly 
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distribt1ted in Xoc,, ,vhicl1 i1n1)lies, i11 particl1lar, tl1at t is µ-l1niformly 
distributed in X. 

Tl1eorem 2. Sitppose tlia,t µ is not r1, poi1it m.easit·re. If tl,e seq1tence 
t E Xoc, is co11ipletely µ-·1inifo-t·mly distribiited iri X, theti ~ is not µ-well 

distribitted i1i X. 

Proof. Si11ce µ. is not conce11trated i11 011e poi11t 1ve ca11 fi11d an 01)e11 
set E C X sucl1 tl1at O < µ(E) < 1. \Vithout loss of gene1·ality ,ve may 
assl1me tl1at tl1e bou11da1·y of E l1as µ,-111easure zero. (Let, for i11sta11ce, 
x 1 and x2 lle t,vo diffe1·ent points of tl1e support ofµ a11d let f be a U1·ysol111 
functio11 sttcl1 that /(x1)=0, /(x2}=l. 'fl1e11 we may JJ11t E={x: /(x)>s} 

00 

for a suitable choice of e, 0 < e < 1 ). Let N be give11 a11d let F 00 = TI F n 
n=l 

wl1ere F 1,=E for l<;n<N a11cl Fn=X for n>N. Tl1e11 F 00 is oper1 in 
X

00 
and its bour1dary has µ 00-meas11re zero. Fl1rtl1ern1ore, we 11ave 

0 < µ
00

(F 
00

) <..::: 1. Since tl1e seq11e11ce (Tn~) is by assu1n1)tio11 µ00-1111ifor·1nly 
distributed i11 X

00
, tl1e1·e exists a positive i11teger hN such that T"N; E F 00 • 

He11ce, for every cl1oice of N, ,ve l1ave 

1 N+hN 
N L XE(Xn)-µ(E) = 1-µ(E)>O. 
1 ,i=L-t-l!N 

ThlIS, the seque11ce ; cannot be ,vell clistrib11ted. 

Corollary 2 .1. 
almost no sequence 

Sitppose t}icit µ is not a point 1neasure. 
t E X 

00 
is µ-well clistributed i1i ~'t. 

Then µ 00 -

Proof. By the i11diviclual ergodic tl1eo1·e1n, µ 00-almost all seque11ces 
~ E X

00 
are completely µ-u11.iforn1ly distributed i11 X ( cf. [5] § 6, [ 1 J 3) 

The assertio11 tl1e11 follows fro1n theore1n 2. 
Tl1e t,vo statements ''the sequence ~ is µ-well distribitted in X'' and 

''the sequence (Tn~) is µ00-well distr·ibitted in X 00 " sl1ot1ld well be dis­

tinguished : 

Corollary 2.2. Suppose that µ is not a point measu,re. Then there 
is no seqiience ; E Xro B'UCh that (Tn~) is ft00-well distributed in X 00 • 

Proof. Sucl1 a sequence ~ would, i11 particular, 11.ave to l1e completely 
µ-u11iformly distributed in X 011. tl1e 011e l1and, and µ-well distrib11ted i11 
X 011 the other hand, a co11tradictio11. 

The last corollary is also a conseque11ce of a result of OxTOBY ([9] 
tl1eore1n 5.5) which, extendecl to not necessarily 1- l transforn1atio11s 
a11cl applied to tl1e shift transformatio11 T i11 X 00 , essentially asserts tl1at 
the seq1tence (T 1i~) is µ

00
-well distributed i11 X 00 iff µ 00 is the only T­

invaria11t 11ormed measure 011 X 00 (t11is remarlr is due to J. CIGLER wl10 
also, for special sequences in I 00 , has used a reasor1ing similar to tl1eore1n 2 
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i11 11. tit!!{ 11t tl1e l\iatl1e1na.ticn,l Ce11ter i11 i\.msterda1n in Febr·1,1.a.ry 1964). 
(11Jroll11ry 2.2 ,tlso Cl111t11i11s tl1e stateme11t of DowIDAit arid PETERSEN 

tl1at tliti 8t!<}llt~11ce ({k: 110}) is IltJt well distributed i11 [O, 1( for any real 
1111111 lJer O 1t11tl tt11y i11tege1· k > 1. I11 order to see tl1is one l1as to identify 
[t), l] (via. k·-tttlic ex1Ja11sio11) witl1 tl1e i11finite 1)1·od11ct space of the discrete 
sJi,tc<.: cc>11t1ti11i11g le ele111ents, ea.cl1 ca1·ryi11g measure 1/k, and to observe 
tl1at i11 [O, I [ 11111Iti1ilic,1tio11 (1uod 1) l1y k amou11ts to applyi11g the 
sl1ift t1·1111sf<.)1·11111tit>11 T i11 tl1is J)l'oduct SJ}ace ( cf. [ 4 ]) . 
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