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MATHEMATICS 

PRIME FACTORS OF THE ELEMENTS OF CERTAIN SEQUENCES 
,,-.-- OF INTEGERS 

I 

BY 

C. G. LEKKERKERKER 

(Communicated by Prof. J. F. KoxsMA at the meeting of March 28, 1953) 

I. Introduction 
Very recently by VAN DER PoL our attention was drawn to the following 

property of recurring sequences 1 ). 

If w, OJ are two coprime rational integers, different in absolute value and 
not equal to zero, and if 

( 1. 1) (n = 0, 1, 2, ... ), 

then each element u.,,, with a finite number of exceptions, contains a prime 
factor q, which does not divide any of the elements u~, u2, ••• , u,._1. 

One may ask whether this result may be generalized. In the following 
we shall show that this is possible indeed. The restriction, imposed on 
w, w, to be coprime can be removed completely. Moreover it turns out 
that the result remains valid if for w we take a real quadratic integer and 
for OJ its conjugate. So we obtain the following theorem a proof of which 
is the main object of this paper. 

Theorem. Let a, b be two non-vanishing rational integers with 

(1. 2) a 2 + 4b > 0 

and let w, OJ be the roots of the equation 

( I. 3) x2 - ax - b = 0. 

Then the sequence of rational integers 

( 1. 4) 
wn-wn 

u =--n w-w (n = 0, I, 2, ... ) 

has the property, that for each positive integer n, with a finite number of 
exceptions, there exists a prime q with 

qi uni qtum form= 1,2, ... ,n-l. 

Preliminary remarks. In view of a# 0 and a2 + 4b > 0, the numbers 
w and OJ evidently are real and different in absolute value. Since inter-

1) Cf. L. E. DICKSON, History of the theory of numbers, (New York, 1934) Vol. I, 
especially the results of A. S. BANG (p. 385) and of G. D. BIRKHOFF-H. S. VANDIVER 
(p. 388). 
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changing w and OJ does not affect the assertion of the theorem, we may 
suppose without loss of generality 

(I. 5) I w I > I OJ I-
From (I. 3) it follows that w, OJ satisfy the relations 

(1. 6) w 2 = aw + b, OJ2 = aw + b. 

Using (I. 6) we deduce from (1. 1) that the integers un satisfy the 
following relations 

(1. 7) (n = 0, 1, 2, ... ). 

The sequence {un} is determined uniquely by (1. 7), so by (I. 1) and 
( I. 7) the same sequence is defined. 

By means of the relations (1. 7) the following formulae can easily be 
proved by induction 

(1. 8) (n = I, 2, ... ). 

With the aid of the last relations a certain kind of addition formula 
can be deduced. Let µ be a positive integer, v a non-negative integer. 
From wµ+• = wµ•w• it follows by repeated application of (I. 8) for v > 0 

Uµ+•w + buµ+•-I = (uµw + buµ_ 1 ) (u,w + bu,_ 1 ) 

= uµu,w 2 + b (uµu,_ 1 + uµ-I u,) w + b2 uµ-I u,_i, 

hence by (1. 6) and (1. 7) 

Uµ+,w + buµ+•-I = (auµu, + buµ u,_ 1 + buµ-l u,,) w + 
+b(uµu, + buµ-l u,_ 1 ) 

= (uµ u,+1 + buµ-i u,) w + b (uµ u, + buµ-l u,_ 1). 

The same relation holds with w replaced by w. Hence by (1. 5) we may 
conclude 

(1. 9) 

Since this relation also holds if v = 0, (1. 9) is valid for µ > 0, v ~ 0. 

2. Some lemma's 
Elsewhere 2) periodicity properties, modulo an arbitrary positive 

integer m, for the sequence defined by (1. 7) are studied extensively. These 
properties partially coincide with some of our lemma's; for the sake of 
completeness however we shall give a proof of all our assertions in section 3. 

Lemma I. Let q be a prime. If qt b, then there exists for each positive 
integer t a positive integer c = c(q!), such that 

(2. ~) q1 I u,,. if and only if c(qt) In. 

If q I b, qt a, then q I Un only if n = 0. 

2 ) H.J. A. DUPARc-W: PEREMA.NS, Reduced sequences of integers and pseudo­
random numbers II, Rapport Z. W. 1952-013, Mathematisch Centrum, Amsterdam 
(dutch). 
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Before stating the other lemma's we introduce the following symbols 
which will appear to be useful. · 

If q is a prime and / an arbitrary positive integer, then 

(2. 2) A(q, !) 

denotes the number of factors q which are contained in f (possibly 0). 
Furthermore, if qt b and n is a positive multiple of c(q), we write 

(2. 3) 17(q, n) = A (q, c~)), 
so 'Yj(q, n) denotes the difference in the number of factors q, contained 
respectively in n and the smallest positive integer c with q I u0 • 

Lemma 2. Let q be a prime with qt b. Then there exists a positive 
integer k = k(q) with the following properties 

(2. 4) A(q, u,,) = 0 if 'c(q) t n 

(2. 5) A(q, u,,) = k + 'Y}(q, n) if c(q) In, 

except when we have simultaneously 

q = 2, A(2, Uc( 2>) = 1, 17(2, n) = 0; 

in this case the right hand member of (2. 5) must be replaced by I. 
Lemma 3. Let q be a prime with q I b, q I a. Let a, fJ be the positive 

integers 

( 2. 6) a= A(q, a), fJ = A(q, b). 

If 20< < fJ, then 

(2. 7) A(q, u,,,) = (n - l)a (n = 1, 2, ... ). 

If 2a ;),: fJ, then there exist a positive integer d = d(q) and a mono­
toneously increasing function cpq(x) = %(a, b; x), defined on the set of 
non negative integers x, depending on q, a, band assuming integral values 
only, with the following properties 

(2. 8) 

(2. 9) 

n-I . 
A ( q, Un) = - 2- /3 1f d t n 

A (q, u,,) = ~ fJ + cpq(A (q, J)) 
I 

if din~ 

(n = I, 2, ... ). 

Although generally spoken no definite statement can be made about the 
values of cp0(0) and cpa(l), the following formula holds in each case: 

(2. 10) cpa(x) = x - I + cpq(l) (a,= 1, 2, ... ). 

Lemma 4. 

(2. 11) 

Suppose g = (a, b) and put 

g = ql, ql, qla 
1 2 · • • 11 , 

where qi, q2, ••• , q" are different primes and li, l2 , ••• , l" are positive integers. 
Let n be an integer > I and put 

(2. 12) 
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where Pv p2, ••• , p, are different primes and r1, r2, ••• , r, are positive 
integers. Put 

(2. 13) 

(2. 14) 

(m = 1, 2, ... ), 

where ii, i2, ••• , ik are positive integers with I ~ i1 < i2 < ... < ik ~ s 

(1 ~ k ~ s) and 

(2. 15) 

(2. 16) 

Then we have 

n 
m= ' 

Pi,Pi, · · .p,k 

Y; = min (A (q;, a), ½ A (q;, b)), 

ek=(-l)k (k=l,2, ... ,s). 

(2. 17) Vn V i1 • V 'i1, '1,2 • • . V i 1, i 2, ... , '1,k k ••• ~ [rr(l) ( • )]'• [I1121 (. . )]'• [Il(k) • (. . . )]' 

... [v (1, 2, ... , s)]'s < K. (q[' q~• . .. q;a)tnl, 

where the product rr(k) is extended over the sets ( ii, i2, ... , i~) with 
1 < i1 < i2 < ... < ik < s and where K = K(a, b) is a constant not 
depending on n, whereas <p(n) denotes Euler's <p-function. 

Lemma 5. Given a finite number of non vanishing integers Xv x2 , ••• , xw, 
we have the following formula 

(2. 18) ~ {xi, X2, ... , xw} = [TIil) x.J-''. [I112) (xi,• x,,n-•· ... 
( ... [Illk) (x,,, xi,, ... , x,JJ-•k ... [(X1, X2, ... , xw)]-•w, 

where the product rr(k) is extended over the sets ( i1, i2, ... , ik) with 
1 ~ i1 < i2 < ... < ik < w, sk is defined by (2. 16) and {ai, a2, ••. , an} 
and (a1, a2, ••• , an) denote the least common multiple and the greatest 
common divisor of ai, a2 , ••• , an respectively. 

3. Proof of the lemma's 
Proof of lemma l. Suppose qt b. We can find two positive integers, 

n and n + h >n say, with 

(3. 1) un+h = Un (mod qt), Un+h-1 = Un-I (mod qt), 

since the number of pairs of classes of residues modulo qt is evidently 
finite. If n > 1, then from (3. 1) and the recurrence relations (1. 7) we 
deduce bun+h-2 = bun_2 (mod qt), which by assumption implies un+h-2 = un_2 

(mod qt). Using this relation and the second part of (3. I) we can proceed 
in this way, until we find uh = u 0 == 0 (mod qt). So the existence of a 
positive integer h with qt I uh is secured. Let c be the smallest positive 
integer with that property. 

Using the above argument reversed we see u20 = u0 (mod qt), etc. 
So we have 

qt I uhc for h = l, 2, .... 

If on the other hand qt I u,. for a certain positive integer n, then put 
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n = he+ r, where 0 ;:;; r < c and h is a positive integer. Then by (1. 9) 
we have un = uhcu,+1 + bu,ic_1u,, hence qt I buhc_1u,. 

If q was a divisor of U1ic_1 , then from buhc_2 = U1ic - a1thc-l and q t b, 
we ~ould obtain q I uhc-2, hence also q I uhc-3, .•• , q I u1 ; this is a contra­
diction, since u1 = 1. Hence we have qt uhc-l· From qt I bu,.0 _ 1u,, q t b, 
qt U1ic-i it follows that we have qt I u,. Hence, by the definition of c, we 
have r = 0. So the first part of the lemma is proved. 

Now let q I b, qt a. 
First we .have qt u1. Secondly, if qt un, then qt un+I (n = 1, 2, ... ), 

since from q I Un+I and q I b I bun-i = u 11+1 - aun would follow q I aun , hence 
q I un in view of q t a. This proves the second part of the lemma. 

Proof of lemma 2. The relation (2. 4) is a restatement of the part of 
(2. 1), implied by the words "only if". 

We now prove, that if q is an odd prime (2. 5) is valid, when we take 

k = k(q) = A (q, Uc(q)). 

Let n be a positive integer with c(q) I n, i.e. q I un. Put h = A(q, un)­

Then u,,, = eqh with qt e, h ~ 1. Applying (1. 8) we find 

(3. 2) 
~ Uqn(J.) + buqn-1 = (J.)qn = (unw + bun-1)q 

( = bqu~_ 1 + ebq-Iu~=½ qh+ 1 w + ... + eqqqhwa. 

In the last member for j = 2, ... , q replace wi by u1w + bu1_ 1• Since for a 
prime q > 2 the coefficient of w1 in the right hand member of (3. 2) 
contains at least the factor q2h+i for j = 2, ... , q, we obtain 

(3. 3) 

where a1, a2 are two rational integers with 

The relation (3. 3) remains true if we replace w by w. Hence we have 

(3. 4) uqn = eba- 1 u~=l qh+ 1 (mod qh+ 2). 

In view of qt e, qt b, qt un-l we may conclude 

(3.5) A(q,uan)=h+ I if A(q,un)=h>0. 

In particular we have A(q, Uqc(q)) = k + I. If n is a positive integer 
with c(q) I n, then by the first part of lemma I, we have A(q, un) ~ k. 
If moreover r;(q, n) = 0, then we do not have A(q, un) ~ k + 1. For from 
A(q, uac(a)) = k + I, A(q, un) ~ k + I and the first part of lemma I would 
follow A(q, uc(a)) = k + 1, which is a contradiction. This proves (2. 5) in 
the case r;(q, n) = 0. The validity of (2. 5) for other values of r;(q, n) now 
is an immediate consequence of (3. 5). 

We note, that for positive integers t, on account of the first part of 
lemma I and the relations (2. 4) and (2. 5), we have the following formula 

(3. 6) c(qt) = qmax(O,t-k) c(q). 
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If > tl · (3. 2) is valid,· it has the form q ~= ::..,, • ien agam 

b b2 2 + ebu 2"+1 + 2 2· 2h 2 U2,.W + U2n-l = U·n-1 n-1 W e W • 

Hence we have for c(2) I n 

(3. 4a) (h = A (2, Uc( 2)). 

Since 2h > h + 1 only if h ~ 2, the deduction of (3. 5) remains valid 
only if h ~ 2. Thus in the case q = 2, A(2, Uc(2>) ?: 2 the formula (2. 5) 
can be proved with k = A(2, u 0d by the same argument as before. 

Finally suppose q = 2, A(2, uc(2l) = 1. Then put ( 

k = k(2) = A (2, U2c(21) -1. 

At any rate by (3. 4a) we have 4 I U2c(2>, hence k ?:= 1. If 2c(2) I n and 
moreover 4c(2) t n, i.e. 17(2, n) = 1, then by the same argument as before 
we may conclude A(2, u,,) = A(2, u20(21 ) = k + 1. From the las.t relation 
and (3. 5) we infer the truth of (2. 5) in the case 17(2, n) ?: l. If 17(2, n) = 0, 

then A(2, u,,) = A(2, uc(21) = 1. 
Proof of lemma 3. If 2C< < {3, then from u 2 = a, u3 = a 2 + b it follows 

that (2. 7) holds for n = 2, 3. If A(q, u,.) = (n - l)C<, A(q, u,.+1) = nx, then 
we have A(q, u,.+2) = (n + l)C< on account of 

u,.+ 2 = au,.+ 1 + bu,., A (q, au,.+1) = (n + 1) ex, 

A (q, bu,.) = {3 + ( n - I) iX > ( n + I) cX • 

Hence, by induction on n, we see that (2. 7) is true for n = l, 2, .... 
Now suppose 2a = (3. Using the same argument as above we see, by 

induction on n, 
n-1 

(3.7) A(q,ufl)~(n-I)a=-2 {3 (n=l,2, ... ); 

however it can not be decided by that argument whether in 
equality sign holds. We put 

(3. 7) the 

* - !!. b* - ..!!__ * - o * - u,. a - <f'' - q2"'' Uo - , u,. - q(n-11"' (n = l, 2, ... ). 

Then a*, b*, u: are integers satisfying 

qta*,qtb*,ut = O,uf = I,u!+ 2 = a*u!+i + b*u!. 

Hence on the sequence {u!} lemma 2 can be applied. So there exist two 
positive integers c* = c*(q) and k* = k*(q), such that 

A(q, u!) = 0 if c* tn 

A(q, u.!) = k* + A (q, ~) if c* In, 
with the exception that A(q, u!) is always equal to I, in the case q 0= 2, 
A(2, u:.(21) = 1, if n has a value with c* In, 2c* t n. From these facts 
follow (2. 8), (2. 9), (2. 10) if we take 

Pa(0) = -½/3 + k*(q) or - ½f3 + I ( 
<pq(I) = -½P + k*(q) + I 
9Ja(x) = X - I + Pa(l) 

(x = 1, 2, ... ). 
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lt ahould be noted that 1/1 ill in~. In view of the IWIIIUmption Is - /J. 
Finally w-e trNt the 0at11e 1"1 > fl. Fint we prove, by induction on •• 

the following fonnulM 

(3. 8) A(q, u,.) - "; 1 fl if "ill odd / 
t l (" .,,. l, !, ... ). 

(3. 9) A(q, u,.) ~ ~ + "; /J if • ia even J 

If tit - I or ::?, (3. 8) and (3. 9) respectively are trivi&Uy true. If • ill a 
positive integer and (3. 8), (3. 9) hold for 11 - f• - I and for • ... .., 
napeetively. we deduce 

A(f, -...s11) - A(f, a-.,.+ 1>-.,._ 1) - A(q, h..,_ 1) - •/J, 
ainoo we have 

and 
A(q, -.,..,) - A(q, a-.,.+1 + h.) ~~+mp. 

Bo (3. 8) and (3. 9) an, proved. 
In order to determine exactly the value of A.(q, •.) if• ia even, we now 

deduce a recurrence relation for the numben -.,. (m - 0, I,!, ... ), 
ualoguou.a to the relations ( 1. 7) for the numben u,.. Uaing ( l. 7) dh 
• - 2m, 2m + 1, 2m + 2 and eliminatin8 ..,_+1, ~. we obtain 

-..u "" ht.+a + a(a"-H + Ot1.s.t1) - (a1 + 26) "-u - b,. 
In view of a 1 lie, a I "1 we have a I -.. for all M. 

We put 

(3. 10) a• """ o/, b• = - ~• U: - 0, < - Of'-:"!:u) (m - l, 2, ... ). 

By the last remark and (3. 9) the numben a•, b•, 1'! are in~. 
Furthermore we have tr;' - 0, ~ - l, 

( a•.,.• + t.,• .. • ..,. (a1 +!1»)1r1t .. +:1 _ b....,_ 
, - +1 -.. ? • cifiiJ 1" · ar• -uJ 
' ' J (tt1+t6)1r1t..+~ W:a.+, • 
~ = ar-+lii = ar•+ill = ........ 

(3. 11) 

From (3. 10) follo'WB qt o•. Bo lemma 2 can be applied on the sequence 
{•!}, i.e. there exist positive integein c• - c•(q) and .t• - t•(t) such that 

.A(q, -,:) - 0 if c•t•, 
A(q, •!) - .t• + A (t, ~) if c•j•; 

in the o&ee q - 2, !a > p, .A(2, •:..i.,) - l however we have .A(q, -,:) - 1 
if c• I 1111, tc• t •· 

A further property of the aequenoo {U:} is the faet, that the number& 
c•, .t• can be detennined exaetly (except for the number t• in the cue 
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q = 2). By repeated application of (1. 8) we find in the case q > 2 

U 2qw + u2a-i = w2'l = (aw+ b)q 
Q q 

= L (~) a"w"ba-n = 2 (!) a"(u,,w + bu,,_ 1 ) bq-n + bq, 
n=O n=l 

q q 

U2a = 2 (!) a"ba-nu,. = 2 X,,., say. 
n=l n=l 

By (3. 8) and (3. 9) we have 

A(q, X 1) = A(q, qaba- 1) = 1 + o.: + (q - 1) {J, A(q, Xa) = q a + q;I (3, 

A(q,X,.) = 1 +ni:x + (q-n) (3 + n-;1 (3 = 1 + na + (q-1- n;l) fJ 
if n is odd and 2 ~ n ~ q - I 

n-2 
A(q, X,.) ~ 1 + ni:x + (q - n) (3 + IX + - 2- fJ 

= 1 + (n + 1) i:x + (q-1- ;) fJ if n is even and 2 ~ n ~ q - I. 

Hence ill view of IX > ½fJ we find 

so 
A(q, X,.) > A(q, X1) for n = 2, ... , q, 

A(q, U2q) = A(q, X1) = 1 + (X + (q - 1)/3, 

hence A(q, u!) = I. Since q is a prime, from this relation and lemma 2 
follows qt u;:'.. for 1 ~ m ~ q - I. This shows that we have c* = q, k* = 1 
in the case q > 2. For arbitrary m we now have 

(3. 12) A(q, u!) = A(q, m). 

In the case q = 2 however, we have ut =a*= a2
; 2b, which only implies 

A(2, u;) ~ I. Hence we only may conclude c*(2) = 2. For even m we get 

(3. 12a) 

Taking d(q) = 2, <pq(O) = IX - {J, <pq(x) = x + gi,1'0) if q > 2, 

d(2) = 2, (1)2(0) = i:x - {J, 12(1) = IX - fJ + k*(2), 

(x=l,2, ... ), 

the relations (2. 8), (2. 9), (2. 10) follow from (3. 8), (3. IO), (3. 12), (3. 12a). 
This completes the proof of the lemma. 

Proof of lemma 4. Let the left hand member of (2. 17) be denoted by 
M 1 and let q be one of the prime factors q1, q2 , ••• , q,, of g. Let ,x and /3 
be given by (2. 6). In the case 2,x ~ fJ let d and qiq(x) be determined by 
lemma 3. In order to evaluate A(q, M1 ) we distinguish the following five 
cases according to the values of i:x, (3, n 
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Putting -½/3 = b0 , <pq(A (q, ~)) + ½/3 = b1, we fincl 

... + (-l)'·(½P PiP:··Ps + bo) 3) 

=¼/Jn•[l-""(1)_!__+ ""(2)_1 __ ... +(-1)" 1 ] 
~ ~ p;, ~ Pi,Pi, P1P2 ... Ps 

+ b0 • [ 1 - G) + G) - ... + ( -1 )•] + b1 • [ 1 - ( ; 1) + ( 8;) - ••• + ( -1 )81 ] • 

Since the coefficients of b0 and b1 vanish in view of s ;;?= 1, s1 ;;?: 1, we find 
A(q, M1) = ½/Jtp(n). 

Case IV. In view of (2. 8), (2. 9) and the assumptions of this case we 
get 

A(q, v,,) = ½ /Jn + <pq ( A ( q, ;i)) 

l
½/Jn+<pq(A(q,;1)) ifi1 >1,i.,~s1 

A(q, v (i1, i2, .. ·, i.,)) = ½ f,1n + <pq ( A ( q, ;q)) if i1 = 1, i1c ~ 81 

½ pn - ½ p if i., > 81• 

Hence, putting 

- ½/3 = b0, <pq( A (q, d;J) + ½/3 = b1, <pq( A (q, i)) - %( A (q, ;J) = b2, 
we find (in the finite sums writing down only the first terms) 

S 81 81 

A(q, M1) = ½Pn + b0 + b1 + b2 - L (½P ;, + b0) - L bi - _L b2 
i1=l i1=1 i1=2 

Thus we find the same result as in cases II, III. 
Case V. Now we have in view of 'i = qt, assuming t ~ 1 

A(q, v,,) = ½Pn + 'Pa (A (q,i)) = ½Pn + <pq(t) 

. . . { ½ p n + <pa ( t - l) if k = 1, i1 = 1 
___ A_(q_, v(i1, i2, ... , i"')) = ½fin -½P if i"' > 1, 

3 ) If 81 is equal to 8, then the terms with 81 are the last terms of this sum. 
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since there are r;, factors q contained in the number {x;1 , X;,, •.. , x;10} and 

since there are (:=~) admissable sets (i1 , i 2, ••• , ik) with i1 = I, (;:=~) 
admissable sets (i1, i2, ... , ik) with i1 = 2, etc (k = 1, 2, ... , w). 

Hence the total number of factors q, contained in the right hand member 
of (2. 18) is equal to 

\ l _ (w;l) + (w;l)- ... + (- l)w-2 (:=!) + (- l)w-1} "l + 

+ { l _ (w;2) + (w;2) _ ... + ( _ l)w-3 (:=!) + (- l)w-2) T2 + ... 

... + (1 - 2 + 1) Tw-2 + (1 - 1) 'Z"w-1 + "w 
= Tw = A(q, {x1, x2, ••• , xw}). 

This being true for each prime q the lemma is proved. 

(To be continued,) 
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-i Proo/ of tM ~ 
Let {u.} be the sequenoe defined by (I. 1). We oons.ider a fixed integer 

n > I. Let the f&ctoriution of n and g - (a, b) be given by (2. 11) and 
(2. 12). Then, on account of" > 1, by lemma. l the primeB q1, q1, •.. , q,. a.re 
also conta.ined in "•· We put 

(4. 1) 

where q.,+1, ••• , q.,+w &N primes, different from each other and dift'erent 
from q1, q1, ... , q., and where '1, t., ... , l..u are positive in~ (in our 
notation we have t1 - A(q1, u.) for j - 1, 2, ... , o + -r). 

Furthermore ,ve put, "• being given by (2. 13), 

"• l "--~ (m - 1, 2, ... ) 

(4. 2) u(i1 , ••• ... ,,1 ) = u_, tZ(i1 , , 1, ... ,,11 ) - 11. with 

m=- 11 (l~i1 <i1 < ... <i1 ~a), 
Pi,.Pi,, .. Pi., 

hence, vtit, i1 , ... , i1) being given by (2. 14), 

(4. 3) ti(i1, ••• ... , i1:) == t,(•1, i1 , ... , i1:)• tl{i1, i1, ... , i1 ). 

Our method of proof consists in oons.idMng all thoee prime factors 
q1 of U., which a.l8o divide one of the numbers "a, tis, ... , ,_1 ; we suppose 
the fMtors of u. in (4. l) to be arranged such that the prime factors with 
that property are given by 

( 4. 4) '11, (J9, .. . , q.,, q.,+1, ... , f.,H, (0 ~ Tl ~ T). 

If we can show that for ea.oh •• with a finite number of exoeptions, the 
corresponding number 

(4. 6) 

is smaller than I, I, then the theorem is proved. 

') The integen u. Md also the in~ a_ below can be ~ve f'or some 
indices •· So in •4. I) it YI ~ to t.ab the abaolut.e value. 
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If 'h is a prime with q + I ~ j :::;; a + 't'i, then it does not divide both 
a and b, henoo on aooount of CJ.; I u,. and lemma 1 we have CJ.; t b. Again by 
lermn& l, this implies that the values of m with CJ.; I um are given by the 
multiples of,. certain positive integer, c(q1). Since CJ.; is one of the numbers 
(4. 4), c(q1) is a, proper divisor of n, hence c(q1) I np,-1 i.e. q1 I u(i) for at 
least one of the nWllbers i = 1, 2, ... , s. So, by (2. 13) and (4. 2), the 1 

primes q.,+1, ... , q.,+r, all a.re contained in {u(l), u(2), ... , u(s)}. 
We now prove 

(4. 6) l A(q,, ,> -A(q;, {u( 1 ).' u(2), ... , u( s)}) = 
.. JO or l always ( J = a + 1, ... , a + -r 1) 

(0 if</.; -=I= Pi, P2, .. ,p, 

Consider a prime q1 with r; + 1 :::;; j :::;; a+ T1• Let i0 be an integer with 
1 ~ 't ~ a, c(q1) I n.p.;-1• Then, by lemma 2, A(q1, u(i0 )) = A(q1, u(i0)) is 
equal to A{q1 "i.) == A(q1, u.,) if q1 -=I= P1o and equal to A(q1, u,.) - 1 if 
CJ.1 - p,. Hen-00 we find that 

A(q;, {i(l), i.(2), ... ,u(s)}) = max A(q1, u(i)) 
,-1.2 •...• s 

ie equal to A(q,, "i.) if <I, differs from Pi, p2, ••• , p, and is equal to A (q1, u_) 
or A(q,, -.)-1 if q1 is one of the primes Pi, p2, ... , p,. This proves (4. 6). 

From (4. 6) we immediately conclude, M being given by ( 4. 5), 

(4. 7) 
~JI:::;; q~ qt ... q;, · P1P2 ... p, · {u(l), u(2), ... , u(s)} 
( ~ 1H,. {u(l}, 1£(2), ... ,u(s)}. 

Next, in order to apply lemma 5, we determine the greatest common 
divisor ('ll(ti), 'li(ii), ... , u(i1)), where ii, i2, ... , ik are integers with 
l ~ti< is< ... < i•:::;; s. If q is a prime and tis a positive integer such 
that g' I (tl(ti), tl(iz), ... , tl(i1:)), then q is one of the primes qa+1• ... , qa+-r,, i.e. 
'l t I>. From qt b, q1 I u(ii), q' I u(~), ... , qt I u(ik) and lemma 1 it follows 
tha.t c(q') divides n~1, n.p;;;-1, ... , np,;1. hence divides also n• (p,1 p., ... p,,.)-1, 

i.e. f 1 I tt(i,,, i,, .. ,, ~), which in view of qt b implies q1 I u(i1 , i2 , ... , i1:)­
If on the other hand we have q' I u(ii, iz, ... , ik), then we also have qt b; 
furthermore q' I t&(i,,, ~ ... , ik) yields-q1 I u(ii_), q1 I u(iz), ... , q1 I u(i,.), hence 
'11 I tl(ti), qt I 'l"i(ia), ... , q' I tl(ik) in view of qt b. By these considerations 
we learn 

(u(ii), 'll(is), ... , u(ik)) = I u(ii, i2, ... , i,.) 1. 

Applying lemma. ii, (4. 2) a.nd (4. 3) we obtain 

{u(l), 16(2), ... , u(s)} = 
= l[Il(ll ti(~)J-li ·[Il(t) u<i1, ia)]-•• ... [u(l, 2, ... , s)J-s I 
= cnm v(•1)J"• · [IJ<2> v(i1, i2W' ... [v(l, 2, ... , s)]•s • 

l[rrm.,.,i...)]_., [Il(l!l .,1· • )]-• [ ( I 
""l.•l • , · ""'1, is ' ... . u 1, 2, ... , s)]-•s . 
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In virtue of lemma 4 from (4. 7) we now get 

M Kn(q{• q~• ... qYa)9'Cn) 
(4. 8) ~ a 

---:: I [II<1l u(i1)]••·[II<2> u(i1, i 2)]'• •.• [u(l, 2, ... , s)]"•I · 

w 
Put z = I - I. Then by (1. 5) we have 

w 

(4. 9) O<z<l. 

For each positive integer m and e = ± I from (1. 1) and (4. 9) we obtain 

I (w-w) u,.,1· = I w"'-w"t = I w I"" ( 1 - (~r)" ~ lw 1"13 (1-z"'l. 

Hence we get 

so in the right hand member of (4. 8) the numerator is minorised by 

I ~n I I w 19>(11,). (1-zn). rr(l) (1-z"P~l) ... (l -zn(P,V, ... v.>-1). lw-w 1-1+(D - .... 

Each number n · (P;, P;,, ... p,k)-1 is a positive integer, whereas in virtue of 
the uniqueness of factorization in the ring of rational integers to different 
sets (ii, i2, ••• , ik) belong different numbers n• (P., P;., ... p,k)-1. Hence 
in the last relation the product of the terms involving z is minorized by 

00 

TI (1 - z"'), which in view of (4. 9) is a convergent infinite product 
m=l 
with a positive value B. This number B obviously does not depend on n; 
it can be computed by means of theta series. Returning to (4. 8) we may 
conclude 

(4. 10) 
M Kn (qi' q~• ··· q~a)q,Cn) 
--<-lu,.I B lwl 

By (1. 3) we have I cow I = I b I, so by (I. 5) we get 
Furthermore it follows from (2. 15) 

qy, qY• qYa :,::::: (qA<a,.blqAlq,,b) qA <aa.bl)i :,;::: I b I• 
1 2""a""' 1 2 ···a -....::: · 

I co I> Vlbi-

So the number 0 = I~ I qr• q~• ... q-;;a is positive and smaller than 1, whereM 

it does not depend on n. 
The exponent of 0 in (4. 10) can be estimated by means of a result of 

E. LANDAU concerning EuLER's <p-function. LANDAU proved 6) 

( 4. 11) lim inf cp(n) log log n =; e-0 , 
n-+00 n 

where C is EULER'S constant. Hence 
_n_ (~ log log,,,_ logn Jog log") 

n (YP<n) = 0Jog log n n n log e 

&) E. LANDAU, tlber den Verlauf der zahlentheoretischen Funk.tion ip(x), Archiv 
<.lcr Mathematik und Physik (3), 5, 86-91 (1903). 
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tends to zero for n -> =, since O is a fixed number between O and 1 and 
since the form between brackets has the positive limes inferior e-O• 

This proves the existence of a positive integer n0 , such that M < I if 
Un 

n > 110 , which establishes the truth of the theorem. 

Final remarks 
l. In order to find in a concrete example the exceptional integers n, 

which do not possess the property mentioned in the theorem, we can not 
use ( 4. 11) as it stands, since it does not provide the construction of an 
index n0 such that .llf < I u,, I if n > n0 • We consider for instance the case 
a= b = I. Then {u,,} is the sequence of FIBONACCI, and g = l. Thus no 
primes qi, ... , q<f occur; "\\Titing n * = Pi p2 ••• Ps and inspecting the relation 
(4. 7) and the proof of (4. 10) we find 

..!._ M < n* (J:)"(n) 
u,, B w ' 

where 

I+VE • 00 • (t) 3-Vis 
w = -.>- = 1,618 ... , B = II (I -zm) with z = - = - 2-. 

... ,n.=1 (JJ 

The formula 

00 

II ( l - zm)3 = 1 - 3z + 5z3 - 7z6 + 9z10 - llz15 + .. 
m-1 

gives very rnpidly the value B = 0.473 .... 
l 

Hence ·u,, .l,,f 1s certainly smaller than 1, if we have 

i.e. 
10log B + rp(n) 10Iog w - 10log n* > 0, 

0.209 <p(n) - 10log n* > 0.325. 

Using the last relation and a table of FrnoNACcr's sequence we easily 
find that the exceptional values of n, i.e. the values of n such that u,, 
does not contain "new" primes, are given by 

n = l, 2, 6, 12. 

2. Of course it is not necessary for t,he proof to use the relation ( 4. 11); 
't . ffi . Kn* 
1 · 1s su c1ent to show that we have "730rp(nl < 1 (K, B, () not depending 

on n; 0 < l) for almost all values of n and this can be done by elementary 
methods. 


