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1. Introduction

A quantifier in a boolean algebra A is a closure operator C in A
having the additional property that C(-Ca) = -Ca for every ae€A (''every
open element is closed"). It is natural to introduce a partial ordering
in the set Q(A) of all quantifiers in A in the following way: Clé C2 iff
Claé 02

Another natural definition would be: C,s€ C_ iff C, ¢ C, = C_ (here

1 2 1 2 2
<=Cza = Cl(Cza)). It is shown in section 4 that

a for every a€A,

© denotes composition: C1
both definitions are equivalent, and that furthermore they are equivalent
to the following one: cls C2 iff the subalgebra Cl(A) of A contains the
subalgebra Cz(A) of A,

As is well-known, every boolean algebra A can be considered as the
algebra of clopen subsets of a zero-dimensional compact Hausdorff space
X. A quantifier C in A can be interpreted as an open- and - closed equi-
valence relation € in X, or as_aucéntinuous decomposition D df X. These
facts are exposed in section 3. As the set of all equivalence relations
in a space X is partially ordered (Rl< R2 if ley implies szy), in this
way again a partial ordering is induced in Q(A). This partial ordering
also turns out to be identical to the previous ones (see proposition 9
in section 4).

An interesting problem is the following. The class of all equiva-
lence relations in a set X is a lattice under the partial ordering men-
tioned above; The subclass Cl(X) of all clopen equivalence relations is
not a sublattice, not even an (upper or lower) sub-semilattice, as is
shown by examples in section 2, In thése examples, X can be taken as a
zero-dimensional compact Hausdorff space. However, it is still possible, -
of course, that C1(X) is lattice-ordered by € . To the best of my know-
ledge, this is an open question.

Because of the fact that the partially ordered set Q(A) is order-
isomorphic to the partially ordered set €1(X), the problem just stated
is equivalent to the following one: is the set Q(A) of all quantifiers
in a boolean algebra A always a lattice under the partial ordering
described above? It would already be of interest if it could be shown
that Q(A) always is ;n upper semilattice (which I suppose is true); I

did not succeed yet in proving this, however,
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In the last section, the fact that two quantifiers C1 and C2 in a

boolean algebra A commute: Cla 02 = C2° Cl’ is shown to have some con-

nection with the partial ordering of Q(A). In fact, if Clc2 = C2C1, then

C1 and C2 have a 1l.u.b. in Q(A), and this l.u.b. is Cch' However, as is

shown by an example, C1 and C2 may have a l.u.b. even if they do not

commute.
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2. Open and closed equivalence relations

Let X be a set, and R an equivalence relation in X. If A < X, then
R[A]: {‘x’ ¢X: xRy for some yeA} . Instead of R[{ x}j we write R[x] . The

decomposition
X = U R X
xeX [ j
is denoted by DR'
As is well-known (see e.g. [4] ), the equivalence relations in a set

X are lattice-ordered by the relation & ,

(2.1) Rlé Rzé#(Vx,yeX) (ley-+ szy).

We have

(2.2) x(RlA R2)yé ley and szy;

(2.3) x(R1V Rz)y<==> there exists a finite chain

¥Ry X s Xy RoXos XpRiXg,eensXy Ryy.
It is clear that

(2.4) A= ®VR) [A]le>a=r [a]l=7r,[a].

If we define

(2.5) s = a; 52y o R, [ s?a]; %2 - R2[82n+1A] ;
then

X n
(2.6) (R, VR [a]= |) s™a.

=0

Remark: It should be kept in mind that in general
(Rll\ Rz)[A] # Rl[A]n R2 [A] The equality holds, however, if A consists

of at most one point.

Now let X be a topological space. An equivalence relation R is called

open (closed) if R[A] is open (closed) .whenever A is open (closed). In a

different terminology (cf. [6] , [7] ), R is called open (closed) iff D

is a lower (upper) semicontinuous decompositdion).
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The relation R is called clopen if it is both open and closed (i.e.

iff DR is a continuous decomposition).

The decomposition space, obtained from X by identifying points in

the same DR—set, is denoted by X/R, and is always supposed to be provided

with the quotient topology.
Then the identification map 7CR: X — X/R is always continuous; it

is open (closed) iff R is open (closed).

are open, then R.v R_ is open.

Proposition 1: If R1 and R 1 9

2
Proof. If A is open, then every s™A is open, where the s? are defined as
in (2.5); hence [ | S"A = (R, 'Ry A is open.

=0
It is not true, ta general, that R, .. R, is open if R1 and R_ are.

1 2 2
Example 1. Let X be the unit square, i.e. the set of all pairs (x,y),

0%,y ~1, with the euclidean topology. Put
(x,y) Rl(u,v)<h7 X = Uu.

A second equivalence relation R, will be described by means of the cor-

2
responding decomposition DR . The sets of DR are the straight-line seg-
ments joining the points (a?o) and (2a,0) 2 (0¢:am;%), and the segments
joining the points (a,0) and (E%l ,0) (%i"ac 1.
11

¢ b

fig.1

Then both R1 and R2 are clopen., The equivalence classes of RlA R2

are all singletons {(x,y)} , X # 0,1, and the two segments )

{(O.,y) : OSySl} and {(1,3’) : 08y« 1} . Hence R AR, is not open.

Proposition 2. If X is a normal Hausdorff space, then R. A R is closed

1 2
if R

1,R2 are closed.
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Proof. We use the fact that an equivalence relation R is closed iff each
equivalence class R[xJ has a neighbourhood base consisting of saturated
sets (see e.g. [1; pag.62).

Let A, = R [x] (i=1,2), and let U be an open set containing A N A
The sets A_,A

1772
Al\ U and AZ\ U have disjoint neighbourhoods V

20
are closed, as X is a Tl~space; the disjoint closed sets

,V as X i1s normal. The

1°°27
neighbourhood UUVi of Ai contains an open set Wi such that Aic.w =

i
= Ri[Wi] (i=1,2); it follows that

= A
AnA, W AW, = (R R_.z)[wl"wz]‘: u.

Hence Rll\Rz is closed.

Remark. I do not know whether the assumption that X is a T -space is

4
superfluous or not.

It may happen that Rl’Rz are closed while R1VR2 is not.

Example 2, Let X be the discontinuum of Cantor. We will define two

clopen equivalence relations R in X such that R, UR_ is not closed..

1°R2 1Y By
These equivalence relations will be defined by means of the correspond-

ing decompositions.
Represent X in the canonical way as a subset of the unit segment.

For n=0,1,2,... we define the subset An of X as follows:

n

An={x€X:].—%ﬁX€1—-a}.
3 3

The decomposition D will consist of the sets Ao; A % (n=1,2,...);

J
1 2n-1 A2n
and {,1} . The decomposition D will consist of the sets A, UA

R 2n 2n+1

(n=0,1,...) and the set {].} . ﬁoth DR and DR are continuous, i.e. Rl

and R2 are clopen, But thiR is not ciosed, for the set A is closed

(even clopen) while (R1V Rz) [AO] = X\~{].} is not closed.

We are particularly interested in the case where X is a zero-

dimensional compact Hausdorff space, and R, ,R, are both clopen equi-

1°7°2

valence relations,

Let C1(X) be the set of all clopen equivalence relations in X,
(In another terminology, Cl(X) is (in 1-l-correspondence to) the set of
all continuous decompositions of X.)., The set C1(X) is partially
ordered by € .
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It is shown by example 2 that, even in the case where X is zero-
dimensional compact Hausdorff, Cl(X) need not be a sublattice of the
lattice of all equivalence relations in X. However, the two equivalence
relations in example 2 have a l.u.b. in Cl1(X), namely, the universal
relation (the relation that holds between every two elements x,y «X).

We will denote the l.u.b. and g.l.b. in C1(X) by ? and ¥ .

Examp‘le 1 can be easily modified to show that Rll\ R2 need not be

clopen, for R R € C1(X), even if X is a compact Hausdorff space. One

s
can e.g. takelx to be the set of all rational points in the unit square,
instead of the full unit square.

In example 1 (modified or not) R, and R, have a g.1.b. R ¥ R, in
C1(X), namely the identity relation:

x(Rl'Jr Rz)y &S X =y,

The following problem is still open:

Problem, If X is zero-dimensional compact Hausdorff, is it true that
C1(X) is lattice-ordered by ¢ ? I.e., for R ,R,&CL(X) do R 0 R, and
Rl\t R2 always exist? If not, is Cl(X) at least a semilattice (upper or

lower)?

Proposition 3. Let X be a compact Hausdorff space, A a clopen subset of

X, and R two clopen equivalence relations in X. The set (R1VR2) EA]

l’R2
is closed (and then also clopen) iff (R1VR2) [A]= SnA, for some integer
nzo0,

Proof. All S"A are clopen, hence if (R, V R[A] = s"A, then (R, VR[A]

is closed. Conversely, suppose (R VR )[A] is closed.

Assume Sn+lA £ S A, for all n>1. Then the clopen sets s"A AN Sn+1A

are non-void, for n = 0,1,2,... (we put S A @) . Let x € s"a\ s 1
(n=0,1,...); the sequence {xn} has a limit point a in the compact set
(R,VRy) [24]. ) .

Let n be the smallest integer » O such that a €S"A; then STANS” 'A

is a neighbourhood of a that contains only one x’n. This is a contra-

+
diction; hence we conclude that s™ lA = SnA, for some n>1, It follows

at once that (RlV Rz)[A} s"a.



i

In the case of example 2, there are two pathological facts. In the
first place we saw that (R1V'R2)[AO] is not closed, where A0 is a clopen
set. In the second place we may remark that even for the one-point sets

1ike-{()} , (RIV‘RZ)[O] is not closed. Hence g/hlv R2 is not even a Tl—

space.

Of course, if X/h is a Hausdorff space, and X is compact, then R is
closed. For if W is the identification map, then ™ is continuous; if A
is a closed subset of X, then A is compact, hence T(A) is compact, and
therefore closed. It follows that REA]:‘N_l(nKA)) is closed.

Something can be said also if it is only assumed that X/h is a Tl—

space.

Proposition 4, Let X be a zero-dimensional compact Hausdorff space, and

let R be an equivalence relation in X. If R [x] is closed, for every

x 66X, and if RtA] is closed, for every clopen subset A of X, then R is

closed.

Proof., Let x €X, and let U be a neighbourhood of R[x]. We must show that
there exists neighbourhood V of R[x] such that V = R[V]and VeclU.

As R[XJ is closed and hence compact, U contains a clopen neighbour-

hood W of R[x]:
R[x] € wecuU.

Then R[X\\WJ is closed by assumption, and disjoint with REXJ ; hence

W= X‘\REX‘\W] is an open neighbourhood of R[x] . Of course W is contained

in U.

I was not yet able to answer the following question: is the assump-

tion that X/h is a T -space really necessary in the case interesting us,

1

i.e. the case R = R1V'R2, R1 and R2 being clopen? (In that case R itself

is open.). In other words:
Let R1 and R2 be clopen equivalence relations in a zero-dimensional
compact Hausdorff space X. Let (R1V Rz)[A] be a clopen subset of X if A

is any clopen subset of X. Does it follow that R,V R, is closed?
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3. Quantifiers and equivalence relations

Definition 1. A quantifier in a boolean algebra A is a transformation

C : A~ A with the following properties:

(i) CoO = 0;
(ii) a&Ca, for all aeA;

(iii) C(a ACb) = Ca ACb, for all a,beA.
The set of all quantifiers in A is denoted by Q(A).

Proposition 5. The quantifiers in a boolean algebra A are exactly the

closure operators in A having the additional property that every open

element is closed:

(3.1) C(-Ca) = -Ca, for all aeA,
A proof can be found in Halmos [3] .

Definition 2. A subalgebraB of:a boolean algebra A is called A-complete

if, for each aeA, the subset {beB P b2 a} of A has a g.l.b, in A,
and if this g.l.b. belongs again to B.

Proposition 6. (cf. Halmos [3] ): If C&Q(A), then C(A) is an A-complete

subalgebra of A. The correspondence C—»C(A) is a l-l-correspondence,
between the set of all quantifiers in A and the set of all A-compilete

subalgebras of A,

If B is an A-complete subalgebra, the corresponding quantifier C

is defined by

(3.2) Ca=/\{beB, asb}.
Examples of quantifiers are given by

Proposition 7. (Varsavsky [5] ). Let X be any set, and let A be the

boolean algebra of all subsets of X. Let R be any equivalence relation
in X. The operation CR : Y—>R [Y] (YcX) is a quantifier in A, and
the correspondence R-—é’-CR is a l-l-correspondence between the set of

all equivalence relations in X and the set Q(A).

If A is any boolean algebra, the zero-dimensional compact Haus-

dorff space of all ultrafilters in A, provided with the hull-kernel



topology, will be denoted by T(A).

If a€A, then 2= {UeT(A) : uaU} is a clopen set in T(A); if F is
a filter in A, then F -—-{UGT(A) : FcU} is closed in T(A).

The mapping a—>& is an isomorphism of A onto the boolean algebra

e
of all clopen subsets of T(A). If S is a closed set in T(A), then 8 = N S,

It is a result of Davis [2] (cf. also Varsavsky [ 5] ), that there
is a l-l-correspondence between the set of all subalgebras of a boolean
algebra A and the set of all those equivalence relations R in T(A) such
that T(A)/R is a zero-dimensional compact Hausdorff space, This cor-

respondence is the following.

If B is a subalgebra of A, the corresponding equivalence relation
R is defined by

(3.3) U1RU2 <> Uln B = Uzn B.

If R is an equivalence relation in T(A) such that T(A) /R is zero-
dimensional compact Hausdorff, the corresponding subalgebra B of A is
defined by

(3.4) B={bea : R[Q]mg}.

Furthermore, if B and R correspond, then T(B) and T(A)/R are homeo-
morphic; and for ScT(A) we have

A ~
(3.5) R[S]:S#S:n{b : beB andScb}.

Proposition 8. (Halmos [3] ). Under the correspondence just described,

the set of all A-complete subalgebras of A corresponds with C1(T(A)).

Let CeQ(A), B = C(A), and let R€Cl1(T(A)) correspond with B; this
relation will be denoted by C . Then the following holds:

A N\
(3.6) CL[a]=Nbes : a¢b}=Ca.
Conversely: let C €Q(A), and let R be any equivalence relation in T(A)
AN
such that R[Q]: Ca, for all aeA, Then it follows that R is clopen, and
hence that R = C,
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4, The partial ordering of Q(A)

Definition 3. 1In Q(A), we define a partial ordering ¢ by

(4.1) C, ¢ Czé-:?Cla éCza , for all aeA,

(It is evident that this is indeed a partial ordering).

Proposition 9, C1$ Cz<=> Czo C

1= C2@01° 02 = 02@9

= < ¢ < C
> C,(A) C, (A)ys= x

f. A C. £ . €A; K3 : « = .
Proo Assume 1 C2 Take a €A, Cla Cza @Czcla CZCZa Czasczcla,
hence C,C, = C

271 2°

Assume Czcl = 02. Take a&€l; Cza = c2C2a = CzClCZa; hence
Cz(Ccha /\-Cza) = Czclcza A- Cza = 0. Thus CICZaA—Cza = 0, or

£ i £ i =
Clcza Cza. As certainly CZa\ Clcza, it follows that Clc2 Cz.

It is trivial that C]'C2 = C2<‘==> 02 (A)c:C1 A). N

A
v < . - A v .
Assume Cl 62. Then, for a€A: Ca Cl [a]C Cz[a] Cya;
. c s . <

hence Cla £ Cza. This implies Clg Cz.

Assume 614 CJZ. Then there exists a point Ue&T(A) such that
. e 9 : ¢ .
(fl [_U] AN 62 [U] £ @; 1let vel [U]\ CZ[U]‘ . As iU} is closed and
@2 clopen, the set (32 [U] is closed; V ¢ GZ[U] , hence (as T(A)
is zero~dimensional) V has a clopen neighbourhood & that is disjoint
with C,[u]. 1t follows that ve C, [8]. asueC [v]ec C [d]

we must have:
A . . AN
(4.2) c,a=Cla]¢C,[a]=cha;

i.e. Cla$ Cza. Thus 014 02.

As it follows that Q(A) and Cl1(T(A)) are order-isomorphic, it
is natural to denote the g.l.b. and l.u.b. in Q(A), as far as they
exist, by t and T ,respectively.

The main problem of section 2 turns out to be equivalent to the

following problem about quantifiers:

Problem. Is Q(A) lattice-ordered by £ , for every boolean algebra A?
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Remark. Suppose Cl,CzeQ(A) have a g.1l.b. ClAC2 in the partial ordering
£ of Q(A). Then ClA C2 SCi (i=1,2); hence

(4.3) _ (c /\Cz)a$C aACza, for alle a €A,

1 1

In general, however, (Cll\ Cz)a #C,a ANC_a, as a ——>-Cla AC,a need not be

1 2 2

a quantifier.

Example 3. Let A be the boolean algebra of all subsets of the unit
2
square X = [0,1] . If aeA, then let C1 be the union of all horizontal

straight-line segments intersecting a, and let C_,a be the union of all

2

vertical straight line segments intersecting a. Let Ca = Clancza. Then
C is not a quantifier, as it does not satisfy the condition C(a n Cb) =

= Ca n Cb, for all a,beA,

c1a.{

NN

&
fig.2
If a,b are choosen as in figure 2, then b = Cb; a nCb = @, hence

C(ancCb) = @; but CanCb # 4.

In this example it is immediately seen that Cl'lr 02 exists and is
the identity quantifier:

(Clb 02)a = a,

for all aeA, Similarly, Cl‘l‘ C2 exists and is equal to the unit quanti-
fier:

(c ¢ ce = X,

for every a # @.

As a consequence of proposition 3, we have:

Proposition 10.. If L”lv ez =Cl ) 6’2, then for each aeA there exists

a non-negative integer n such that
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n
(c + c)a = (clcz) a,

n
H .
ere (0102) a stands for clczclcz...clcza, a being preceded by 2n

quantifiers in total.

In particular it follows, that for every az A there exists an n: O
such that

n n
(4.4) Cz(ClCz) a = (clcz) a ;

if n is any non-negative integer with this property, then (Clcz)na =
= (le Cz)a. We can also write:

: V k
(4.5) c,leya= YV (ccpa.
k=0
As long as the question following proposition 4 has not been

answered, the following problem remains open:

Let Cl,C2 be quantifiers in a boolean algebra A. Suppose that for
every a ¢ A there exists a non-negative integer n such that (3.10) holds.
Is it then true that the mapping C : A ->A defined by

@ k
(4.6) Ca = \/ (clcz) a
k=0

is a quantifier?

If C is a quantifier, then it is immediate that C = le‘Cz, and
o 4 _ <
that Cl @2 = C’l v @2.
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5. Commutativity of quantifiers

Proposition 11. Let A be a boolean algebra, and let C

1902&'Q(A) . Th.en‘

C1 o C2 « Q(A) <& C1 (C2 < C2 A) <= Cl(Cz(A)) < C1 (4) n02 (A) =
&> Cl(CZ(A)) = Cl(A) n Cz(A) <>
<> Cl'f C2 exists, and is equal to Clo Cz.

Proof. Suppose C.C_&Q(A). Then, f €A: =
1S5 Q , for any a clczasczclczasclczclcza

= Clcza; hence Clc2 = CZClCZ’ implying that Cl (C2 A» C C, (A).
Suppose C1 (CZ(A)) ciCZ(A). Certainly clczo = 0, and a€£C,C_a, for

1 2
a a C"A A () C (: = (: i | (o] (o] OoOwWSsS | ‘

C,C a C = = = =
1 o AC,C,Db) c,c, (a AC,C,C,Db) C1(Cza AC2C1C2b) C, (C,a /\Clczb)
= Clcza AClczb; hence ClczéQ(A) .

It is trivial that C (C,(A)) = C,(A) A c,(A)=cC (C,(A)) &C (A nC,(A)
<> C, (C,(A))cC,(A).

Assume C1 (C2 Q) c C1 (A) n C2 (A); it then follows that Cl (CZ(A)) =
= Cl(A)nCZ(A), for if a & Cl(A) N CZ(A)’ then 2 = C,a = C_a =

1 2
= €

Suppose le 02 exists and is equal to 0102. Then certainly

Clczé Q(A) . Conversely, suppose C Cze-Q(A). Then it follows (see the first

1
part of the proof) that C,C, = C,C Cz, and hence (by prop.9) that

172 21
i = <
szé ClCZ' As certainly ClClC2 C1C2’ we also have Cl\ clcz. Now let
C&Q(A) such that cls C and CZS C. Then C = clc = CZC = CchC, hence

£ 5 ¥ . .
C,C,€ C. This shows that clf C, exists and is equal to C,C,.

Proposition 12. Let A be a boolean algebra, and let C € Q(A). Then

1'%
cclé Qa).

ClOC =CzoC &> C

0 °C, €Q(A) and C

1 1 2

Proof. If C,C,€Q(A) and C,C, &Q(4), then C/C, = clT c, =¢ Con-

12 ch’
= i c,0=0
versely, assume 0102 = Czcl' Then Clczé Q(A) . For certainly Cl 2O ,

and aéClCZa, for all a €A,and

— AN = A C =
Clcz(a/\Clczb) = Clcz(a /\Czclb) Cl(Cza Czclb) Cl(cza Cl 2b)

ClCZa l\Clczb.
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If ClC2 = CZCI’ then C ‘1\C exists., The converse is not true, however:
Cl"‘ C2 may exist while 0102 # Czcl This is shown by example 4. Before ex-
hibiting this example, we describe the general construction behind it.

Let A be the boolean algebra of all subsets of a non-void set X. One
can construct quantifiers in A as follows.

Let ¢: X«-»X be an involution (i.e. 6 ¢ &= identity map); for a€X,
let Ca = au ga (where 6a =i & X xea}). Then C is a quantifier in A.

It is immediate that C¢= (P and that a « Ca, for all a&€ A, We now
show that C(anCb) = Ca n Cb, for arbitrary a,b€A.

C(a nCb)

(an(bu b)) sc(an(bu b)) =

((anb) u(aneb)) u (ecan(buch)) = (as & is 1-1)

(anb)Vu(angb) VU(canb) U (6 aash) =

((auda)ab) ¢ ((avga)Aob) =

1l

(avca) n (buUGb) = CanCb.

This construction is applied in

Example 4. Let X ={G,@,‘}’,J} ; define 5‘1, €yt X—-»X as follows:

Ta=u, 6'1{3:',’, sy=p 6‘13‘=c";
sp=)s ouf =%, =79, 6,I=0.

Let A be the boolean algebra of all subsets of X; if a®A, let Cia =
= auv S'ia (i=1,2).

As A is finite, Q(A) is finite, hence Cl'f‘ 02 exists. However,

c,c, #£¢c,C,, for
2 2 {u7ﬁ9!§;

1 1 clcziot}= cliu,f}
c,C { % }= c, {u} (a4}
(One verifies at once that C 1'02 is the unit quantifier:

(C"C)a-X for every a # @.)

1]

Topologically the situation is very simple; the discrete space

X "is" the Stone-space T(A) of A. The decomposition corresponding to

C]. is given by x={a}u{ﬁ,)’}l){5};

the decomposition introduced by C2 is given by

e-{aptuindd

There is only one decomposition of which both are refinements, namely

the decomposition having X as its only component.
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