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MA THEJ\1 A TICS 

ON THE \'OLtTME OP CUMPUl'NJ> CON\"l<~X BOlHE~ 

BY 

('. <,. LEhKEltKEHKEl; 

1('"llllllUnicatod I,~- Pr·of .. J. J<'. Ku1,-<:.I\ at th,· llH'•'ting .,f .la111mry 2li, 19fi7) 

l-~1-cently MAHLER [l, :!J <fon·lopPd ,1 1iurnlwr i~<·nmetrical theory .of 
t'<Hnpound com·cx boclies. One of t hf• problem:-; lie d,,alt with wai-; to 

ol,1n.in <'stimates for t,he volnme ol th(• -;u-cnlled comp,,nnd of a gin•n 
number of convex bodies. In thi:-; notv I :-;hall gin· a fur1 lwr contribut.ioll 
to this problem. 

Let l ".:c~ vs. ·n I and S - G)- and let A·n 1• !{ ·!i •..• K''" ht> any /! bounded 

C'!o-,ed convex bodies in R", synunetri<· aho11t tJw ori,dn. Th<'ll the compuunrl 
of thf's<-' p bodfos, dPnot.Pd by K, is detined ,id fulhm "· For any p points 

x1111 = ( ~:,,l' ,f.,2 .... , X,n) (;i; .. l, :: , .... /'I 

in R,. let [X11 l, X 12i, ... , X 11 • l denote tlw point (n•dor) in RN whos<• 
co•ltdinate1:; a1·<\ given by t.l1(• X <h·t.errninant:l 

( I ) (l ·, 1, 1 ·. v2 - .... vii:S::n), 

takPn in sonw <lefinitt• order. Then K is the eom·(•s hull oft.he set ofpointR 

( :1) 

E= [Xm, X 12 ··, ... , X 1P'l with x(n; ·: /{"" 

W c furt,her write P ""'" (; ~ : ) and p n t 

)I 

Q= V(K; { TI r(A'"' 1)} 
'1 ''1"11 

(:-r== L :1, ... , p). 

- I' I' 

MM!LER [I J proved that, if t lw bodies K 1"l are identical, the quotient (J 
ha:-: positive upper and lower bound,; which only depenrl. on n and p, 
,rn<l gave inter<-'sting applicatinnH of thi:,; n·Rult. He fort.her Rho·wed that 
iu t.he getwral case of nonid.r-ntic-al bodi0s thNe ii-; no su<>h upper hound 

for Q. On the .other hand, he <.·Rtabli:-;hc!{ the 1•,i,-;t,ence of a positivt• lowt·r 
hound for Q only dE>pell<:ling on 11 and p ill the casP that the bodieH K 1''1 fall 

intil two classeH of identical bodies [2]. Hen• I shall deduce t.hP following 
!!.i·neral 

Theorem. There exists a positive c(m,stant c only depending on n and p, 
,,ffh that always Q>c. 

l n fact I shall prove that one can take c =-- l / N [. 



In the following we shall denote by mt•>, 7%"\ ... , m;."1 the successive 
minima of K("> with respect to the lattice of points with integral coordinates 
(:n:= 1, 2, ... , p). We shall make use of Minkowski's well-known inequality 
for the successive minima of a convex body, according to which we have 

n 
(3) { II m(:l}. V(K<"1) ;i 2" (n= I, 2, .... p). 

•-1 
Further, for :n: = l, 2, ... , Ji let 

(v-~ l, :!, .... n) 

be n points with integral coordinates such t,hat A. 1"· 1 ' . ..1 1"· 2\ ••• , A. 1"·"1 are 
independent and that 

(4) (v = J, 2, ... , n). 

:For our purposes, it is convenient, to arrange the determinants (I) in 
lexicographical order. We arrang(• in the same order the set,s of integers 
(vi,v2, ... ,v:i>), where 1Sv1 ...:i12 < ... -.v:1>~n. au<l in this order df'>not,e 
these sets by 

{ V1,;, l'2,i• • • ·, 11v,d (i:c,1,2, ... ,N). 

Thus. if I~ i <h~ N and :-r is t,he lowest index with v,._, i= v,,_ ;, we have 
V,,,;<V,.,;-

An arbit.rary V<:ctor i X111 • x,~ ..... , ..:\'. 11'1 ). where X1·'' ., (x_~]• ,l'.:,2, .•. , .t:,.,.) 

(n = 1, 2, .... p) can he br(JkPn np into n 11 + I proje\·tionfl a;; follows. Let 

the first projeetion lw built up fr,im tht· tirnt (;: __ :) <'Onlpont•rib. i.(•. the 

quantit,ies ( l) with l\ - l. ~,mihtrly. let t ht• st•c(md proj(•ct.ion consist of 

the next c: ~ ~) components. i.e. th(• quantities (I) with i\ i: generally, 

let tht> qth projt•etion consist uf the qna.ntities ( l) with 

1,1 ,c. q (q - 1. ~ ..... ·n· p+ I). 

\\'e shall dt·rn>te the lhwar subspaces of R:,;. in which these projection:­

lie and which sueces:-1in·i_v havp dinwn,-;ions (;~!), (;:=;), ... , (;=!), hy 

R 11 \ R 12l, ... , R("- p-+ 11 re>ipeetin·ly. The values of these riimen:;ions ar<· i11 

accordance ·with t-lw fomrnla 

( n -- I ) ('' • ~ \ 
J' ... 1 , ' , /' l } 

(p-1) (IL) 
. . . , p -· I "~ 7J • 

In the course of tlw proof of our t,heorem we shall choose in a suitabk 
way .'f\7 sets of p points. ouP in NWh K'"1• such that the N corresponding 
points in K are independent and determine a polyhedron whose volunw 
has t.he required order of magnitude. 'l'he following lemma. is essent ia!. 

Lemm a. ]~et p, n. m fie pos1"ti1 1e integers with I · 11-;. n '.s.: m, and let 



w ~ n + f!· Let there be gii•en p ,,ystems of m. ve.ctors 

Bu,,µ) - (b(", µ> b'"· ,,, b'·"'· 11>) - l > 2 , .... , 11 

(.11 ""'1, 2, ... , m; :n= J, 2, •.. , p) and s1tppose tlmt for n= l, 2, ... , 7J th-e 
11,atrix formed by the vectors B!n:u, B1"• 21 , ••• , B<".m1 ha8 e:tactly rank n. 1,et 

thP positive integers v,,,, be defined as above (n"' I. 2, ... , 11: i-"" I, 2, ... , N). 
Then there exist N sets of p po,ntii•f' intP,ger8 '.-":: m, 

(5) {p.1,;, /lz,;, ... , µp,;} (i - I,:!, .... .V) 

sny, 8'Uch that 

I. µ,.,i~v .. ,,-1-e for :n= 1, 2, .... JI and i-.,-.1, 2, .... 1 . .V 
2. the N vector.'! LBU,1•1,;l, Bt2, 1'2,;l, .... B1"·''11.,>J 

in the SJXJ,Ce RN are linearly indeperulent. 

Proof. We first remark that, if the assertion:, of the lemma hold for 
some set of vectors B!n,,,i. they remain true for each other set of pm, 
vectors obt,ained by subject,ing all vectors B'"· 1' 1 to a non-singular trans­
formation Q of R,., with the same sets (5). For then the vectors entering 
in 2 are all subjected to the adjoint transformation of 1(,·, which likewise 
ii; non-singular (see MAHLER [I]}. 

The proof of the lemma is by induction on p. The lemma is trivially 
true for p = I, sinoc then RN coiucideA with R,, and we need only to take 
n positive integers 11u1, µ1~1, ... , µ!'" with increasing or<ler of magnitude, 
such that the vectors Bu,i,m, are independent. Now !tit p be a fixed integer 
- · 1 and suppose that t,lw lemma is trut) with p- I instead. of p (and 
arbitrary n, m,). 

In virtue of the hypothesei:; of our )(:'mma we can chorn;;e n, poHiti v-e 
integers p1, ,,2, .•• , µ .• with I :~·;µ1 <µ2 •.• <- 11,, :Sm, such that the vectors 
B'1·µ 1l, s<i.µ,i, ... , B(I,,,,., a,re linearly i11deµf.111dP11t. By the above rumark it 
is no loss of generality to suppose that the:·w vectors an• the unit vectors 
in R,., i.e. that, 

B(l,1,,l-=(l, 0, 0, ... , 0), B(l.µ,•=(0, I, o, ... , 0), 

... , B11 µn' = (U, 0, 0, ... , I). 

We now consider the points 

(6) 

in RN, where m 2, m3 .... , ·mii are arbitrary pm,itivf: int,egf\l'H ~; m. Since 
H<l,µ,>= (1, 0, 0, ... , 0), these points all lit• i11 the subApace Rt1' and, as 

points of W1>, they have the form 

where we ha\'e put 



(:it= 2, 3, ... , p; µ= 1, 2, ••• , m). Clearly for fixed :it the vectors .8'"·1>,1:Jcn, 21, ••• 

.•. , l:J<","'1 form a matrix of rank n-1. Further the sets {v2,.'i• v3.,, ••• , vP.i} 

with i = 1, 2, ... ,(;=!)a.re j~st those for which 2 ~v2 •• ·· v,_ 1 ... < .-i,.1 $.n. 

So, by our induction hypothesis. there are (;=D set.a of /' I potiitive 

integers ~ m, {!½.,, I¼.,, ... ; µp,,} say, such that the vectors 

are linearly independent and that µ,._,~(v,.,,-l)+(e+l) 0"'l'n,,·r(! for 

n=2, 3, ... , p and i= I, 2, ... , (;:=_~). We finally take p1,,=µ1 for 

i= 1, 2, ... , (;=!)• Th(',n the vectors [B'1·''1.1\ B'~• 1'i31, ••• , 8 11'-~ •• , 1] with 

i= 1, 2, ... , (;=!) are linearly independent and are a1l lying in R'-11, 

whereas µ,._.~v ... ,+e for n= I, 2, ... , p. 
More generally, we consider the points 

(7) 

with arbitrary positive integers -m2, m3, ... , m1,~m and a fixed positive 
integer q~n-p + l. These points are all lying in the linear subspace of 
RN, which is the direct sum of the subspaces Rm, Rl21 , ... , R<q> (actually 

only certain(;=!) coordinates of these pointR can differ from zero). Now 

the determinants (1), for whi<>h v1 '"~q, are just those coordin&tes of the 
point [X(l), x<2>, •••• X'i>1] whic-11 make up the subspace R1«> .Hence, since 
B(I·µ«> is the qth unit point, the projections of the points (7) on E(«l have 
the form 

where IlOW B-(n, µl - (b<"' µ) b1"· µ) b(n, µ)) (.,.,. - 2 3 p · µ - 1 9 m) - a·t·l ' <1+2 > ,. •• , n. • ..,- , , •••, , - , •, .... , '"' 

Clearly for fixed n the Yectors 

[B-Cn, ll rnn, 2) ,B<"•"'l] , .c:,· ., ••• , 

form a matri2e of rank n-q. Further the sets µ2,,, l¾.i• ... , µ,,,, with 

i= (;=!) + (;=D + ... + (;=i-1) +io, 1:;;;;. :;;;; (n-q) -"o- p-1 

are just those for which 

So, by our induction hypothesis, there are (;=~) sets of p-1 positive 

integers ~ m, {!½.,, !¾.,, ... , µ1>_,} say, such that the vectors 

[B-,2.,,2 ;l DIS,µ3 ,) B-11',Pj) ;lJ , ,D' I, .... , . 
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a.re linearly independent and that ,u,. .• ~(v,._,-q)+(e+q)=v,.,,+!? 

( i= (;=!) + ... + (;=i-1) + 1, (;=~) + ... + (;=i-1 )+2, 

.... (;=~)+ ... +(;=n). 
We finally take µu=µq, for the indices i considered, so that 

/l1,i;£q+() 0·"'VU +-e. 
Then the vectors 

[ Bil. µl ;) D/2, 1'2 ;) B<p. l'p ,) ] 
' - 'D' . ~ ' ..• , , ' 

and even their projections on R<qJ, are linearly independent, whereas 
these vectors are all lying in the linear subspace of RN which is the direct 
:mm of the spaces Rm, R<t,, ... , R1a1, and moreover µ,.,,;£v,.,,+ e for the 
indices i considered. 

Applying the last result with q •=-I, 2, ... , n -- p + 1 we immediately get 
the assertions of the lemma. 

Proof of the theorem. The compound body K does not alter if we 
permute the bodies Km, Kl2>, ... , K<11>. We shall choose a definite arrange­
ment of these bodies. Let 6 denote an arbitrary permutation of p elemwits 
and put 

where the product is extended over all sets of positive integers {v1, v1 , ... , vi,) 
with 

We further form the product of /(6) over all permutations 6. One readily 
verifies that 

11 ,. 

II /(IS) ={II IT m~"l}<11-ll I/(n-11> ! 

I@; n-1 ~-1 

Hence there exists a permutation 6 for which 

1J n 
/(€,)~{II II m~"1 y1v . 

.rr-1 ,,_l 

By the initial remark, it is no loss of generality to suppose that 6 is the 
identical permutation. So we may suppose that 

(8) 

We now consider the lattice points A<",'1 introduced earlier. For 
n= 1, 2, ... , p then vectors A 1"' 1', A 1"· 21, ... , A in.nl are linearly independent. 
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Applying the lemma, with m = n, we obtain that there exist N sets of 
p positive integers, 

(i=l,2 .... ,N) 

say, such that the following two properties hold : 

I. µ,.,;, ;-;;;; 'JI,., i (n= 1, 2, .... p; (i= 1, 2, ... , N). 

2. the N vectors 

(9) E'•l = [ A (l,'µ1 •;l A(2.'"2 ,> A'"•'", ,·11 ..a. • ' t , ••• , . 

in RN are linearly independent. 
The points am clearly have integral coordinat.t>s. So. by th.,. prof,lf\rty 2, 

the 2N-hedron whose vertices are given by theAe poin~ a.nd t-hetr rt•tifo(•tions 
in the origin, has volume ;;;; 2-s/N!. 

By (4), for all :n: and 11, 

Put 

Then 
H<i>=[(mn, )-1 411:µ 1•;! (m'2, )-1A<!,µ,:;l (m'"' )-1A'"'"11 ,,] 

1'1.-1 • ' ' µz,.;, ' '••·• Pp,; ' 

is a point of K. for i=0 l. :?, .... N. So the 2-"-hedron with vertioos ± H 1' 1 is 
wholly contained in K. Heu<-+' we have 

.. 
For each :n:, the successive minima mi"\ ~'"1, ... , m~'f1 form a. non-

decreasing sequence. Hence. by the property 2, m~~' ;;ii; m:.:.i (:re= 1, 
2, ... , p; i= 1, 2, ... , S). Then it follows from (8) that we have 

Finally, applying (3) with n= 1. 2 ..... p, we get 

V(K). {V(K<ll) V(Kl:!.l) ... V(Klfll)}-P/J> ;;;; 2N 2-•PJ•1Nt 

This proves the theorem, with c ·~ 1 / Y !. 
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