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Critical points of the degenerate operator in elliptic singular perturba-

tion problems

by

P.P.N. de Groen

ABSTRACT

In this report we deal with the asymptotic behaviour for € + 0 of the

solution of the elliptic boundary value problem
€L2® + L]® = h in G, ® prescribed at 3G,

on a bounded domain G c IR2. When ¢ + 0, the uniformly elliptic operator

eLZ + L] degenerates to the first order operator L] which has critical points
in the interior of G, i.e. points at which the coefficients of the first de-
rivatives vanish. We construct a formal first order approximation for the
simple types of critical points of L] and we prove the validity under some
restriction on the range of the zero—th order part of L]. In a number of
cases we get internal layers of nonuniformity (which extend to the boundary
in the saddle-point case) near the critical points; this depends on the po-
sition of the characteristics of L1 and their direction. At special points
outside the range, in which we could prove validity, we observe ''resonance',
a sudden displacement of boundary layers; these points are connected with

the spectrum of €L2 + Ll'
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1. INTRODUCTION,

In a closed and bounded domain G c ]R2 with a piecewise smooth bound-

ary we consider the linear elliptic boundary value problem
(1) EL2® + L]® = h, & prescribed at 3G,
L, :=p(x y)—a- + q(x y)—a— - u
] b Bx b ay 3

is
2
a uniformly elliptic 2nd order partial differential operator: the quadratic

which depends on a small positive parameter € and a real parameter u. L

form associated with its principal part is positive everywhere in G. L1 is
a first order partial differential operator which is allowed to have criti-
cal points in the interior of G, i.e. points at which the operator degener-
ates to zero—-th order. Our aim is to study the asymptotic behaviour for

€ + 0 of the solution ¢ of (1). We will restrict ourselves to problems in

which existence and unicity of the solution is ensured by a maximum princi-
ple (cf. [111).

Most work on the singular perturbation problem (1) is done for an oper-
ator L1 without singularities; e.g. ECKHAUS & DE JAGER [4] prove that then
® is approximated by the solution of the reduced equation (set € = 0 in (1))
in the major part of the domain and that a simple boundary layer of width
0(e) is located along a part of the boundary. The characteristics of L] and
the direction in which they are traversed play a decisive role in the loca-
tion of the boundary layer. These characteristics are the curves {(x(s,t),
y(s,t)) | t constant}, directed in the sense of increasing s, where the trans-
formation (s,t) + (x,y) locally is a smooth diffeomorphism of the plane
which transforms L] into —5% + g(s,t) while the quadratic form associated
with L2 remains positive. At a point at which a characteristic enters the
domain the approximation takes the given boundary value and its evolution
inwards along the characteristic is governed by the reduced equation Llu =h.
At the point at which the characteristic leaves, the value thus obtained
has to be matched to the prescribed boundary value by a boundary layer term.
The validity of such an approximation can be proved if neighbourhoods of

characteristics which are tangent to the boundary or have more than two



points in common are excluded. When a part of the boundary coineides with

a characteristic, a parabolic boundary layer of width 0(/e) is formed along
it, cf. [4] §4.2. GRASMAN [5] constructed an approximation which is valid
also in a neighbourhood of a point at which a characteristic is tangent but
does not enter. When a characteristic enters at a point where it is tangent
to the boundary, we can construct an approximation by regularization as

was proved in [6].

Singularities of L1 make the problem much more complicated as was al-
ready pointed out by DE JAGER [9] and by the author [7]. We may expect that
these singularities produce internal nonuniformities (''free boundary layers')
since at such points the operator L1 degenerates to zero—-th order, though
it will appear that this is not always the case. Here also the position of
layers of nonuniformity depends of course on the direction in which the
characteristics of L] are traversed. The approximation again takes the
boundary value at a point at which a characteristic of L] enters the do-
main and its evolution along the characteristics is governed by the reduced
equation. At parts of the boundary where characteristics leave the domain
an (ordinary) boundary layer occurs. If characteristics end in a singular-
ity an internal nonuniformity is formed in a neighbourhood of that point.
Characteristics also can start at a singularity, in which case we do not
know a priori at what value the solution of the reduced equation has to
start. Furthermore, characteristics having a large distance at entrance may
run very close to each other eventually; since the boundary values at en-
trance can differ considerably, we have to expect in this case too internal

nonuniformities in which these differences are matched.

We will construct here (formal) first order approximations to the solu-

tion of (1), when G contains a single nondegenerate singularity of L. , cf.

s
§2.a; the validity of the approximation will be proved by the maximu$ prin-
ciple, when p is larger than some bound, determined by the spectrum of ELZ +
+ Ll' At special values of u below this bound the formal approximations ex—
hibit the phenomenon of ''resonance', as it was called among others in [14]
and [15] for the analogous type of singular perturbation problems in ordi-
nary differential equations. In order to exclude additional difficulties

caused by the form of the boundary, we always assume that the characteris-—
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denote characteristics with their direct-
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the free and //// of the ordinary boundary
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tics of L] are nowhere tangent to the boundary (except in §7.c). After

some preliminaries on types of singularities of L1 and on the maximum prin-
ciple in §2, we treat the case L] has a saddle-point in §§3-4, a node in
§§5-6 and a vortex in §7. In §8 we.deal with cases in which G contains sev-

eral singularities of L. and with the phenomenon of '"resonance'" and in the

appendix §9 we derive a]number of inequalities on special functions we need.
A qualitative summary of the results can be read from the figures (page 3,
fig. 1) in which the domain G and some characteristics are drawn. The sha-
dings /// and \\\ indicate the positions of the ordinary and the free boun-
dary layers respectively. The numbers and the + and - sign refer to the dif-

ferent types of L] as displayed in §2.a.

2. PRELIMINARIES.

a. The singularities of the first order partial differential operator

L] 1= p§§-+ qé% + r are connected with the singular points of the system

of ordinary differential equations

dx d
(1) s = P(%y), E% = q(x,¥);
its integral curves are the characteristics of Ll' Let the origin be a non-
degenerate singular point of (1), i.e. p(0,0) = q(0,0) = 0 while the deter-
minant of the Jacobian matrix J of (1) does not vanish at the origin. The
type of the singularity is determined by J(0,0), for which we have the fol-

lowing standard forms (cf. [8]):

1. saddle-point: J(0,0)

|
H

2. nodes: a. J(0,0) =

|
H

b. J(0,0) =

l
H

3. vortices: a. J(0,0) =

O = s > = OO =0 >0

— — ~— ~— ~— ——
® -

(
(
(
c. J(0,0) = %(
(
(

b. J(0,0)



STERNBERG proved in [12] that (1) can be transformed into a linear
equation by a smooth coordinate transformation, if the eigenvalues of
J(0,0) are in the same open complex half plane which does not contain the
origin and if one of the eigenyalues is not an integral (#1) multiple of
the other. Hence we may assume without loss of generality that J is con-
stant in the cases 2a, 2c, and 3a and in case 2b if X & WN\{1}. It is
noted, that in general (1) cannot be linearized by a sufficiently smooth
transformation, if the singularity is of saddlepoint-type or is a vortex

of type 3b.

b. The maximum principle will be the tool, by which we will prove the valid-
ity of the constructed approximations. Let L be a 2nd order uniformly el-
liptic operator on a bounded domain G, whose zero—th order part is nonposi-
tive, and let the quadratic form associated with it be positive. The maxi-
mum principle may be formulated as follows: "If a twice continuously differ-
entiable function ¢ attains a positive maximum in an interior point P of G,

then Lo(P) < 0." (cf. [11] ch. 2, th.6). From this one easily derives

LEMMA 2.1. If @ and ¥ are twice continuously differentiable and <if |o| <V
at the boundary of G and |Ls| < =LY in the interior of G, then also |®| < v

in the interior of G.
REMARK. Vv is called a barrier function for ¢.

PROOF. If & — ¥ attains a positive maximum in the interior of (G, then

L(¢-y) < 0 according to the maximum principle. This is in contradiction to
the assumption L® > LY and so & - ¥ does not attain a positive maximum in
the interior of G. Since ¢ - ¥ is negative at the boundary, we have ¢ < V¥

everywhere in G. In the same way we prove -0 < v. []

When the zero-th order part of L is positive somewhere, then we can
prove the following generalization (cf. [11] ch. 2, th.10): "If there exists
a positive function W such that LW < 0 in all of G and if L® = O, then &/W
does not have a positive maximum in the interior of G." This results in the

generalization:

LEMMA 2.2. If L is an elliptic second order operator whose associated quad-

ratic form is positive in the domain G and <f there exists a positive func-



tion W such that LW < 0 on all of G, then every 02 function & which satis—
fies |Lo| < -LW in the interior of G and |é| < W at the boundary satisfies

also |¢] < W everywhere in G.

. + . + . .
PROOF. The functions U~ := -W = & satisfy LU > 0. According to the maximum
principle U /W does not attain a positive maximum in the interior of G. Since
they are nonpositive at the boundary by definition, they are nonpositive

everywhere and the theorem follows. [J
c. notation. The entier of a real number a, denoted by lo] is the largest
integer smaller than or equal to o.

Let f(x,e) and g(e) be real functions with x € R" and € € IR, then we define
f(x,e) = 0(g(e)) for € + a

if there exists constants M > 0 and €. > o such that If(x,e)] < M[g(e)] for

0
all ¢ ¢ (a,eoj; this equation holds uniformly for x ¢ G c R™ if M and €0

can be chosen independent of x if x ¢ G. We define also the small 0,

f(x,e) = 0(g(e)) for € ¥+ a by lim f(x,e)/g(e) = 0.
eva

A real function f on a domain G ¢ R" is called (of class) Ck for k=0,1,2,
etc., if its k-th derivatives are continuous in G. It is called uniformly

Hblder continuous with exponent o ¢ (0,1) or c* if

If(x) - f(y)l = O(Hx—y"a) for y > x uniformly for x e G.

It is called C% with o > 0 if its [aJ-th derivatives are Ca—ra].

The symbol (a)n is defined for complex o and nonnegative integer n by

(oc)n = a(a+l) ... (a+n-1) = T'(o+n)/T(a).

Frequently we will use in estimates the function Ra’ defined by

(2) R () :=1 if le) <1 and R (1) := le|® if |e| > 1.

The boundary of a domain G is denoted by 3G.



We will denote consistently parts of the approximations to be constructed
by the following letters (perhaps with indices, tildes etc.):

u for parts of the outer expansion

v for parts of the free boundary layer terms

w for parts of the ordinary boundary layer terms.

3. AN EXAMPLE OF THE SADDLE-POINT CASE; PERTURBATION BY A.

We study the boundary value problem

- 9 _ 9% _
(la) L€® = ehd + X yay h(x,y)

on the square

2
G := {(x,y) ¢ R | x| <1, |y| <1}
with boundary conditions
(1b) d(x,x1) := fi(x) and d(xl,y) := g+(iy) t g (2y).

The boundary functions are continuous at the cornerpoints, i.e.
(1) £.(1) = g, (#1) + g_(x1) and £ (-1) = g (F1) - g_(F1).

The degree of smoothness of £ and h will be determined later onj e is

+? 8y
a small positive parameter.

Our aim is to construct an asymptotic approximation for € + 0 to the
solution ¢ of (la-c) which is uniform with respect to (x,y) € G. This con-
struction is performed in a number of steps. First bounds for the solution
will be given and information will be drawn from it on the location of the
boundary layers. Then the outer expansion and the boundary layer terms will
be calculated in the homogeneous case (i.e. h = 0) and correctness of the

constructed approximation will be proved. Finally the inhomogeneous problem



is reduced to the homogeneous one.

a. Bounds for the solution can be derived with aid of lemma 2.1. As a bar-

rier function we use the solution ¢ of (cf. §9.a)
P+ Ep' = -1,  w(xl/VE) = 0

it is bounded by 1 - log € and has the asymptotic representation

2
v(x/Ve) = -log ]x[ + 0(€/x2) for %? >

as is proved in (9.5). If K, is the maximum of |[f | and |g, + g | and K
1 + + - 2

is the maximum of |h|, then we conclude from

I@(x,y)] < K1 + sz(x//g) for all (x,y) € 3G
and

[LoGup| = [hGoy | 2 Ky = L (R +K0(x//e))

with aid of lemma 2.1, that &(x,y) is bounded uniformly on G by K1 +
KZW(X//E)-

A better bound can be obtained for the function

¢ (x,y) := o(x,y) - g, (xy) - xg_(xy)

It is zero at |x| = 1 and because of the continuity conditions (lc) there

exists a constant K3 > K2 such that
[6(x,7)] < Kou(x/Ve)  at 3G

and such that

fL€¢(x,y)] = Ih(x,y) - Le(g+(xy) + xg_(xy))! > —K3 = LEK w(x//g).

Hence by lemma 2.1



(2) |o(x,y) - g, (xy) - xg_(xy)]| < K3w(x//g) everywhere in G.

Since the C ~-function Y satisfies Y(x1//e) = 0 we may conclude, that the
derivatives of & at x = *1 are bounded independent of & and that no bound-

ary layer is to be expected there (at least in a first order approximation).

b. The outer expansion u is, assuming h = 0, a solution of the equation of
the first order
Bu _ _ du

X3x Yy - O

The characteristics are the family of hyperbolae
Xy = constant

(oriented with the direction of increasing |y|) and u is constant along
each of them. Since we did not expect a boundary layer at x = xl, u will

satisfy the boundary conditions there, i.e.

(3a) uo(x,y) = g, (xy) + ﬁ-l— g_(xy).

This expression in general does not satisfy the boundary conditions at y =

= t1 and is not continuous at x = 0, which is the dividing line of the two
families of characteristics originating at x = +1. Hence (ordinary) boundary
layers have to be located at y = +1 and an internal region of nonuniformity
or '"free boundary layer' at x = 0. Though (3a) will appear to be the cor-
rect expression for the lowest order term of the outer expansion (i.e. the
approximation outside the boundary layers), it does not have an expedient
form since it is not continuous at x = 0. Later on we need this term to be
of class C3, hence we subtract a part that is not C3 and try to find a free
boundary layer term which approximates this part outside the boundary layer.
We define

g (x) 1= g_(x) - g_(0) - xg'(0) - 5x'g"(0) - 4x'g"" (0)
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and take

3b) ) 1= g (xy) + = g (xy)
( u, (x,y) := g, (xy T=[ &%

which is of class C3 everywhere on G.

c. The free boundary layer term v is calculated in the local coordinates

]

(¢,y) with x £/c. In these coordinates LE takes the form

2 2
3 ] 3 9
| = — + E— - y— + £e—=}
ag2 9E oy By2

v is, still assuming h = 0, the solution of the lowest order part

2
d d A
(4a) <;§+%E'Y51V-m

with asymptotic behaviour

1.2

(4b) v(x/Ve,y) ='T§T 1g_(0) + xyg! (0) + ox 3,3

7 8l(0) + £y g (0} +

+0(1)  (et0).
By the substitution
(52)  v(E,y) = vg(8) + yv () * yov,(E) + yOv, ()
the equation (4a) together with the condition (4b) separates into
(5b) Mov, i= v+ Evl — kv, =0, k=0,1,2,3,

with the asymptotic condition

(k)

(5¢) vk(x//g) ~ TET‘ﬁT g_ (0).

The solutions, given in §9.b, are



v, (£) = —1- e 2% () () Fp(€)

and we find

& 2% S,

(5d) V(E’Y) = '

Il o~

k=0

where s denotes the minus—sign if k is even and the plus-sign if k is odd.

d. In the ordinary boundary layers u, + v is matched to the boundary condi-

1
tions at the upper and lower boundaries. Since the construction in the lower
boundary layer is exactly the same as in the upper one, it will be assumed
that with a term W, in the upper boundary layer also its counterpart ﬁi in
the lower boundary layer is known. In the upper boundary layer we take the

local coordinates (x,n) in order to match u, to the boundary condition f

1 +
and the local coordinates (£,n) to match v to zero, where x = £/e and y =
= l-en.

In the coordinates (x,n) L€ takes the form
1
L == (——— + —

and we have to solve w](x,n) + ewz(x,n) + .... from the equations

with
wl(x,O) = f+(x) - uo(x,l) and lim w](x,n) =0
n>eo

and

R O O S A O

;.2 on) "2 *3x ~ Mam) M1

n
with

w](x,O) =0 and lim wz(x,n) = 0.
n>e
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This results in

(6a) wl(x,n) = exp(-n) {f+(X) - ul(x,l)}
and

Bul(x,])
(6b) wz(x,n) = -nexp(-n) {%n(ul(x,l) - £ () + X+

xfl(x) + ul(x,l) - fl(x)}.

In the coordinates (£,n) the operator L8 takes the form

2 2
1 (3 9} . 2 d d
L —._<__+__ 4+ —_— g_._.n_
8n2 an/ agz 3E on

and we now have to solve z](g,n) + ezz(g,n) from the equations

oan
with
ZI(E,O) = -v(£,1) and lim zl(E,n) =0
n—>00
and
2 2
I
an g
with
zz(g,O) =0 and lim z,(g,n) = 0.
n—>co
This results in
(7a) zl(E,n) = -v(g,1) exp(-n)

and
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dv(E,1) |, 37v(E,1)

9g BEZ

-nexp(-n) {v(g,1) + v (€) + 2v,(E) + 3v3(€) + Inv(g,1)}.

+ %nv(i,])} =

-nexp(-n) {v(g,1) + &

(7b) zz(é,n)

Hence the ordinary boundary layer solution is

(8 w(x,n) = w, (x,n) + ew,)(x,n) + z (x/Ve,n) + z,(x/Ve,n).

e. A proof of the validity, still assuming h = 0, of the first order approx-

imation AO, consisting of the functions constructed in c-d-e,
1- -~ 1+
Ag(x,y,8) 1= u (x,3) + v(x/VE,y) + w(x, =) + @(x,—),

will now be given with aid of the maximum principle.

In the interior of G we have the following estimates:

(9a) Leu] = ebu, = 0(e) uniformly in G;
32
(9b) Lv = e—5 Vv = 0(e) wuniformly in G,
£ -
since by (9.18-19a) the functions v, are 0(1) uniformly in G;
2 2
= o9 9 _ 9 a_ a _ 2 _
(9¢) LEW = eaxz(w] + ewz) + e(xax nan)w2 + e(eax2 + X nan) z, =

0(e) uniformly in G,

as easily follows from the definition of Vs W, and z, and from (9.18-20).

At the upper boundary (y=1) @ is exponentially small and
ul(x,l) + v(x/Ve,1) + w(x,0) = f+(x),
as follows from the construction of these functions, hence

Ao(x,l,s) = f+(x) + 0(e).
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At the right—hand boundary (x=1) we have with aid of (9.16)

u (1,y) + v(1//e,y) = g, (3) + g_(y) + 0(e)

and from (lc) we see that in particular

£,(1) - u (1,1 = v(1/Ve) = £.(1) - g, (y) - g_(y) + 0(e) = 0(e),

such that

w, (1,(1-y)/e) = 0(e)
and analogously

@, (1,(1+y)/e) = 0(e).

At the other parts of the boundary we have analogous estimates; hence at

the boundary of G we have the uniform estimate
(10) Ao(x,y,e) = ¢o(x,y) + 0(e) for (x,y) e 3G.
With aid of lemma 2.1 and the barrier function

K_(1 + p(x//e))

in which the constant K is related to the constants in the order terms in

(9a~c) and (10) we derive:

THEOREM 3.1. Let ¢ be the solution of the boundary value problem (1) with
h = 0 and let the boundary value functions f:t and g, be of class C3, then
¢ 7s approximated by A uniformly in G,

O(e) for x =268 > 0,

o(x,y) - Ao(x,y,e) = 0(ev(x/Ve)) = {
0(e log €) for all (x,y) € G.

f. When the inhomogeneous term h(x,y) in (la) is not zero, we construct a

function B, bounded by K2(1 + y(x/V/e)), where K, equals the maximum of |h|,

O’
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such that

LeBO = h + 0(e log €), uniformly on G.

This reduces the problem to the case dealt with before.

The reduced equation Llu = h has solutions of the form
X y
(11a) f (e, S £ and (11b) —f nZ,e) S5

the first expression being in general discontinuous at the line x = 0 and
the latter at y = 0. To the same purpose as in §3.b where a part of the
boundary condition was subtracted in order to get a sufficiently smooth
outer expansion, h is split into different parts. Define the difference

expressions
(12a) (D h) (x,y) := (h(x,y)-h(0,y))/x and (Dyh)(x,y) := (h(x,y)-h(x,0))/y.
When h is C2 the operators D and D commute; Dzh Dzh and UXD h are contin-

uous and equal the respectlve second der1vat1ves at (O 0) and xz(Dzh)(x,y)

and y (D h)(x,y) are C but xy(D D h)(x,y) is still C . Furthermore we have
(12b) h(x,y) = h(0,y) + X(th)(x,y).
Continuation of this rule, when h is C8, results in the splitting

(12¢) h(x,y) =

Il >~

nyJ(th(x) +yh, (x) + hQ) + xaqu (x,y)
520 j i j 4

in which the functions hj, Hj and h? are defined by

pt = 03Iy (x,0),
] X y
- o pdtlni
hJ (y) : (Dy th) (O ,y) ’
_ nind
HJ (x,y) := (DXDyh) (x,5),

hY
]

Hj(0,0).
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Clearly all parts of (12c) are of class C5 at least.

We substitute each part of expression (12c) in (Ila) or (11b) and try
to find a lower bound of integration such that the integral is of class C%.
Such a lower bound does not exist for hjxjy', j=0,1,2 or 3 and for these
parts we have to take in account the behaviour of their responses in the

free boundary layer. For the remaining parts we find, if h is C8

x
(13) uz(x,y) i= xay4 J Ha(t,xyt—])t-]dt +
x/| %
3 X y
k + -
+ ) (xy) {[ h, (t)dt - J (t)dt}.
k=0 0 k 0 hk

. . . 3 . . . e
This expression is of class C~ everywhere in G, hence it satisfies

3 0k k
(14) (eA + L )u, = h(x,y) - Z h'xy + 0(e).
1772 Lok
k=0
Outside the line x = 0 the function u, is much smoother; since x y H4 is CS,

u, is C5 too for x # 0, so uz(il,y), which have to be subtracted from the

boundary values given at x = %1, satisfy the smoothness condition on the

boundary values of theorem 3.1.

g. The part v of the free boundary layer term due to the inhomogeneous term

h is a solution of the equation

2 3

d d 3\ ~ 0 k k -

(15a) (——— +ES -y-)Jv= ) hxy (x=£Ve) .
L O =

Again we take

~ 3 k~
v(E,y) = ) ¥ v, (E)5
k=0

this results in the equations, cf. (5b),

ik k'

~ _ .0
(15b) Mkvk = hk e*g

From the equations, (with integer p, 0 < p < k)
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(16a) M (EP9) = —€P + (p-lEPy + p(p=1)E” 2y + 2peP Ny,
(16b) M (EP0T) = =Gerpr1DEPY" + p(p-DEP2y" = 2peP7 ",
(160) M (P = (pk)EP + p(p-1)gP

it can be inferred, that an exact solution of (15) consists of a suitable
linear combination of Ekw, Ek—]w', Ek—z, Ek—zw, ... ¥ and ¢'. Hence

~ _ 0
(164d) Vv, = how
- .0 - '
v, = —h] e(Ey+y")

; = —h2€£2w+....

~ 0 3
Vg = -h3€/E€ Y+....s

since the lower order terms in v, and ;3 are of order 0(e) uniformly on

G (e.g. e%kgk_lw' = 0(e) for k = 2 as follows from (9.6)) and since we
have the estimate (from (16), (9.6, 7 and 9))

1
Mkezkgkw(g) = 0(e) uniformly on G for k 2 2,

we may skip the lower order terms in ;2 and 33. Clearly we have for ;, con-

structed thus:

S ARRIOP

0 oy k=0

(17) Lv=
uniformly on G; besides we have at the left- and right-hand boundaries
(18) v(1//e,y) = 0(e),

since ¥(1/Ve) = 0 and y'(1/Ve) = 0(Ve), cf. (9.4).

The function B(x,y,c) is now defined by

B(x,y,e) := uz(x,y) + ;(x//z,y).
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h. The result can be stated as follows. If K(x,y,e) is the approximation of

theorem 3.1 to the boundary value problem

Lo=0
o(x,51) = £,(x) = uy(x,%1) - v(x//e,tl),
o(xl,y) = g (2y) = g_(2y) -uz(il,y),

then we may conclude from (14), (17) and (18) with aid of the barrier func-

tion eK(y+1) and lemma 2.1,

THEOREM 3.2. The solution & of the boundary value problem (1,a-b-c) has the

uniform approximation for e + 0

~ 0Ce) <f |x| 26> 0,
o(x,y) = A(x,y,e) + B(x,y,e) + {
0(e log €),

if £, and g, are C3 and h s C8.

i. Remarks.

1. Since ¥ is of order unity outside a fixed neighbourhood of x = 0, the
approximations of ¢ in both theorems are of order 0(e) outside a fixed
neighbourhood of the line x = 0. Moreover it is clear from the construc-—

tion that the approximation of ¢ in this region can be written in the

form
X % xy, dt
o(x,y) = g, (xy) + g_(xy) + J h(t,>?) — +
¥ =T (x/]x]) et
v exp(22) L5, (g, (- g_(x)—fx h(t,%) S‘E}+
£ 1 x (x/]x]) t
+ eXP(—]—Z—X) {f_(X)-ng(-X)-ﬁg_(-X)-Jx h(t,-%) %} +
X (x/]x|)

+ 0(—%), £+ 0,

X
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This agrees with the result obtained in [4] theorem VII.

2. Higher order approximations can be obtained for this special problem by
iteration, if the parameters of the problem are sufficiently many times
differentiable. The process however becomes prohibitively laborious: for
a second order approximation the expansion of h in (12) has to be pur-

sued up to 0(x12y]2).

3. If hg # 0, the solution ¢ tends to infinity at the line x = 0, when ¢

tends to zero, due to the singularity of Ll'

4. THE SADDLE-POINT CASE; PERTURBATION BY AN ELLIPTIC OPERATOR.

In this section we generalize the results of §3 to the Dirichlet prob-
lem for the operator LE 1= ELZ + L] on a bounded domain G, where L2 is uni-
formly elliptic and L] has a single singularity of saddle-point type. We
did succeed in determining the free boundary layer terms in the first ap-—
proximation only if we assume that L] takes the form

d 3

(1a) L, := x— - Ay§§

1 % -1 with A <0 and u > -1, u constant.

i.e. the coefficients of gi and 5; are linear in x and y; we have to as-

sume also that the coefficient a(x,y) in L2,

32 82 32 2
(1b) L = a— + 2b—=— + c—5 + lower order terms, a > 0 and b~ < ac,
2 2 9%y 2
90X oy
satisfies a(0,y) is constant; by a rescaling of ¢ we may take a(0,y) = 1.

If these assumptions about the coefficients are not made the separation of

variables in the equation of the free boundary layer, cf. (3.4a - 5), is not
possible and we are not able to calculate the free boundary layer terms ex—
plicitly. Positivity and ellipticity of L2 are ensured by a > 0 and b2 < ac.
Since the lower order parts of L2 do not add any new difficulty we will skip
them in the sequel. We have to take u > -1; for smaller values of u we can-
not prove the validity of the constructed approximation by the maximum prin-

ciple, since barrier functions do not exist when u < 1.
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a. The problem now is to find an asymptotic approximation to the solution

& of the Dirichlet-problem

9 B _
(2a) L€® = (€L2 + X Xyay o =h

on the unit-square
2
G={(x,y) ¢ R" | |x| =1, |y| <1}
with boundary conditions
(2b) d(x,x1) := fi(x) and &(xl,y) := g+(y) t g (y),

which are continuous at the cornmerpoints (cf. 3.lc); furthermore f,, g,
and h are sufficiently smooth. For convenience the splitting of the bound-
ary conditions at x = %1 into a symmetric and an antisymmetric part is
chosen somewhat differently from (3.1b).

As in §3 a free boundary layer has to be located along the line x = 0
and ordinary boundary layers along the lines y = %1, the construction is

not essentially different but the amount of calculations is increased.

o . . *
REMARK. The construction can be generalized easily for a domain G , whose
boundary can be parametrized by four curves, (a+,t), (a_,t), (t,8+) and

(t,8_), in which a_ and Bi are sufficiently smooth functions, satisfying

£
(3a) a+(t) > 0> a_(t) and B+(t) >0 > B_(t)
(3b) iAtul(t) > ¥ai(t) and itB;(t) > F8(t) (non-tangency condition)
(3¢) in the j-th quadrant there is one point (Xj’yj) at which two

curves meet.

In order to make formulae not more complicated than necessary, we will in-
dicate in some remarks how this generalization works. By the conditions (3)
the tangent to 3G jumps at the cormer points (xj,yj). If the boundary is

smooth and hence is tangent somewhere to a characteristic, we have to add
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the local analysis of GRASMAN [5] in a neighbourhood of that point.

b. The outer expansion is a solution of the equation
Liu=h, uly) =g () g (y),

. A .
whose characteristics are the curves |x| y = constant. It is solved for

x # 0 by

) uoCey) = [xl"g, (x'y) + =[x Tg_(x|*y) +
X
Ay XM dt
+ [ h(t,yOH D" =
/%)) eor

If u > 3 this is of class C3 at x = 0 and no free boundary layer terms ap-

pear in a first order approximation; if u < 3, a suitable decomposition of gy
and h has to be made. Define Dx and Dy as in (3.12a). Let 1 be the set of

pairs of integers

1 +y and k < [4-ul}

I :={(k,1) | 1=0,1,20r 3, ke N u {0}, k
and define the constants h? by

0 1
hl o= (DiDyh)(0,0) if (k,1) ¢ I  and h%':= 0 otherwise.

* %
Defining furthermore, if h is sufficiently smooth, i.e. h € ¢t s

B

hy () i= (01; D 1) (x,0) with  m = o] + 1,
h, (y) = (Dk vnk h) (0 with n, := max{0,l (k-u)/1]+1}
k y Xy ( ,Y) k s s
% * * * * *
h™ (x,y) = x° y" (DZ Dg h)(x,y) with m := max{0,[4-ul} and
*
= nm*,

we get the splitting
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*
m -1 n
z xmkykh G+ TRy )+ T iy e ey,

(5) h(xsy) = 1
k=0 k=0 (k,1)el

* *
* g Cp—max{n ,m ,1}+1

When h is CP then h and the other terms of (5) are at

least as smooth. We now define the part u, of the outer expansion by

2

*
n -1 1 -kA-u-1
(6) uz(x,y) i= z xmkyk f tmk

0

T (xt)dt +
k=0 hk

*
m -1 n 1 =(k-p)/x-1 _
- Z xky k f tnk hk(yt)dt +
k=0 0
x
+ f h*(t,yxxt A)xut H 1dt.

(x/|x|)

If h € C3 n CP with p 2= m+n” it is easily seen that u, is C3, furthermore

2
. . o 0 k1 . . .
u, is a solution of Llu2 = h Z(k,l)elhlx vy~ , hence it satisifes
(7) Leu2 = h - ) ? kol s 0(e) uniformly in G.
(k,1)el

Outside the line x = 0 the function u, is as smooth as h™ is. Since u, needs
not be zero at the boundary of G we have to subtract its value at 3G from
the given boundary value, in view of expansion (9a) u (il,y) is required

to be of class Cn n C , s0o h has to be of class cP w1th

p := maX{B,n +2,2n —l,m +2,m +n }. When I is not empty, the approximation

v of a solution LEV =z hoxky1 might be nonzero at the boundary too.

(k,1)el

This approximation is a part of the free boundary layer expansion to be con-

structed in the next subsection and it has the asymptotic behaviour, cf. (15),
~ - 2 -2
(8) v (x/Ve,y) = y(x,y) + 0(e/x") (ex © + 0).

Define G, by

G,(y) =g, (y) + 2{u,(1,y) + v(1,y) ¢ u,(=1,y) £ y(=1,9)},
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it then remains to find a splitting of the solution of

L]u =0, u(tl,y) = G+(y) t G_(y)
into a part which is C3 and a part which is the asymptotic form of a part
of the free boundary layer expansion. So we expand Gi’

n -1

. + 3 * + ] .

(9a) 6, = J gyl + iy, & =c3 /i,

520 3 3

% *

and G, is O(yn ) for y - 0. Finally we define as in (3.3b)

(9b) u, Goy) o= [xMel(x My ¢ xlx [P (x]y)

C[(B—U)/kj+]; hence u, satisfies

which is C3 if g, are C3 n i

(9¢) Lu =0() and wu(tl,y) = G (y) £ C (y).

REMARK. In case of domain G  we change the lower bound TET»(= +1) in the
integrals by ai(y) and we define o, as the inverse functions of

y = ylai(y)lk. If pi(y) are the boundary values given at the part of the
boundary parametrized by (ai(y),y), then

0+(xly) if x>0

u(x,y) := (x/a ())¥p (1) with t(x,y) := { N
* * o (|x|"y) if x <0

solves Llu = 0 together with the boundary conditions at (ui(y),y). The

functions G, now are defined by

G, (y) * G_(y) = {(x/a (1) (P () + (uy#v) (o, (1), _ -

c. In the free boundary layer we take the local coordinates (&,y) with
£ = x//e. The lowest order part PO of Ls in these coordinates is
2

3 3 3
Py = =5 + B3 - vy

- .
0 3¢ oy

We now have to solve
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(11a) Pv =0,

where v(&,y) is determined by its asymptotic behaviour for & -+ «,

-
n -1
+ - Ak k 2
(11b) v(x/Ve,y) = lx]u ) (g, + X g )| x|y + 0(e/x).
k=0 k X k
Because of the assumption a(0,y) = 1 on the coefficient of az/ax2 in L2 the

operator PO admits separation of variables as in (3.5ab) and (3.15ab). With
aid of (9.10) and (9.16) we find as in (3.5d)
n* 1
XS VI S - -
- 2
(11¢) v(g,y) kzo € y {ngkx+u(€) + ngkx+u(€)}'
Since a(x,y)-1 = 0(x) = 0(£/e), we see with aid of the estimates (9.19) and

+ ] . .
(9.20) on Fa and their derivatives:

32 _ 52 52
(12) (L -P)v = {(a=1)— + 2/eb—r + rc—}v =
£ 2 9Ly .2
o9& oy
1.1 1.1 1
= 0@ R (2) + 2R () + e!TPVR (8)) =
p-2 n-1 u
{0(6) if  p>1
= 141
0(gz+2“Ru_](g)) if -1 << 1.

When T is not empty we have to consider also the equation

(13a) Py = ) h?xkyl, (x = e/e),

0 (k,1)el
with asymptotic behaviour (8b), ;(x//g,y) = y(x,y) + O(ax—z). To v we can
add any solution of the homogeneous equation (lla), but this changes G, and
hence also condition (11b) in such a way that the sum v + vV is not affected.
Since however all terms of the asymptotic expansion are estimated separately
we add the condition that outside the free boundary layer v is of the same

order of magnitude as v + v is, i.e. that y(x,y) is of order unity.

We get a particular solution of (13a) inserting v(£,y) = Z(k 0 Iyl;k(a)'
€
The equation then separates as in (3.15b) in ’
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kek o Lith (1,k) « I.

DOl

ngl(i) = hge
The solutions are given in (3.164d),
(130 e (® = Ry ik A and v © = e @@ v,
Since LE-PO still contains derivatives with respect to £ we cannot obtain

as good a remainder of (LE-PO); as in (3.17). In fact we find from (3.16a-c)

and (9.6-8) the estimates

0(/er_,(x//e)) if k =0,
(14) (L-Py'¥, (x//D) = ¢ 0(ew(x//))  if k=1,
LO(E) if k = 2,3.

From (9.4-5) we derive

hgxkyllog x + O(e/xz), hence
(k,1)el

(15) Y(x/Ve,y)

]

Z h?xkyllog X.
(k,1)el

Y(XSY)

~ oo 3 . . e
It has to be remarked that v and v are C —-functions in both variables since
they are finite sums of products of nonnegative integral powers of y and &

with ¢ and with confluent hypergeometric functions.,

d. In ordinary boundary layers, located along the upper and lower boundaries,
we have to match up tu, vt v to the boundary condition f,; for this we
take the local coordinates (x,n) with n = (l-y)/e in the upper and n = (y+1)/e
in the lower boundary layer. We assume again that every term w, constructed
in the upper boundary layer has a counterpart W in the lower one, constructed
in the same way.

In the upper boundary layer we have to solve (approximately)

(16a) Lew(x,n) =0
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with boundary conditions

(16b) w(x,0) = §+(x,x//g) and 1lim w(x,n) = 0.

N>

where E+ is defined by
(16¢) B, (x,8) 1= £, - u (x, 1) - u,(x,1) = v(E, 1) - v(E,D).

. 1 . .
Since a C -function Q(x,y) of two parameters satisfies

=

3 =4
5t §§)Q = I= Q(x,x),

X=y

we can deal with the parameters x and £ = x/Ve, on which the boundary con-

dition for w(x,0) depends, as if they were independent variables, when we
d 1 2

9 . .
replace oy o the expression for LE by % + 7E se

n in the coefficients of LE and expand these coefficients into powers of €,

If we also substitute

we get
o 1
(17) Lo=—Ny+ =N+ N, + /EN3 + ey,
in which
2
~ ) 3
NO . = CO ‘—'—~2 Aa—ﬁ,
on
2
d 3
N] .= (Zbo —8—5—5; - X;SE)’
2 2 2
~ ) ~ 3 ~ 9 9 ]
N, :=nc, —= + a, —= + 2b —— + Xx— + An— - u,
2 1 an2 0 BE2 0 9x9n 9% on
2
N = 2nb 0
3 1 3¢dn ?
e 32 ~ 2 ~ 52 — 32 ~ ~ 32
N, :=n"c, —5 + na, —= + a—; + 2n/eb + 2n(b,+nb,)+— ;
4 2 an 1 ag2 8x2 2 3E3n 1 2°9x%9n

the coefficients and their expansions are defined by
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~ ~ ~ 2 2~
c(x,en) := c(x,1-en)-2b(x,l-en)+a(x,l-en) = co(x)+enc](x)+€ n cz(x,en),

b(x,en) 2a(x,1-en)-2b(x,1-en) = gO(X)+en§1(x)+eznzgz(x,€n),

a(x,en) a(x,1-en) = zo(x)+en§1(x,en).

. . . . . 2
A necessary condition for this expansion is that the coefficients of L2 are C".

1 -
Now we set w(x,n) = Zi=0 szkwk(x,g,n) (with £ = x/Y¢)
and solve successively for k=0,1,2 and 3, treating formally the parameters

¢ and x as independent ones,

k-1
(18a) NOWR = - z

N, .w.
j20 K713

with boundary conditions at n = 0
wo(x,€,0) = £, (x,6) and w (x,£,0) =0 for k=1,2,3
and for large n (i.e. outside the boundary layer)

lim w(x,&,n) =0 for k=0,1,2,3.

r]—)oo

By this we get the remainder

f bk i/ 1+31 ¢

(18b) L ey, = e 2 X N ow. .
€ k=0 ko120 =141 K LTkté
From (18a) we find

(18c) wo(x,i,n) = §+(x,i) eXP{—An/ZO(X)}

and the calculation of the other Wy which all contain the same exponential

factor as v does, is straightforward, cf. [4] §3.4. A necessary condition

in order that the iteration (18a) makes sense is that the functions vy

sufficiently smooth. The coefficients of Nk for k=0,1,2,3 and f are C” with
of (18a). When the coeffici-

are

respect to & and n and so do the solutions W

ents of L2 are C3, the coefficients of NO and N1 are C3 with respect to x
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and those of N2 and N3 are C2; furthermore f and its &-derivatives are C
with respect to x. Since N contains only a first x—-derivative and N N1
and N do not contain any x—derlvatlve, it follows from (18a) that Vs W,
and thelr g- and n-derivatives are C in x and w, and w. are C , SO (18b)

2 3
is continuous in all its variables. It satisfies the estimate

" 0(e) + O(ev(x/Ve)) when u = 0,
wk={

1
(19a) L Z g? 141y

0(e) + 0(e Ru(x//g)) otherwise.
In order to prove this formula, we first estimate the part N,w. of it. From

470
(16c), (12¢), (13b), (9.9) and (9.18) we find:

0(1) + 0(p(x/Ve)), when p = 0 for € + O,

E(X,E) = { 1
0(1) + O(EZURU(X//E)), otherwise for £ + 0.

By (9.19-20) and (9.8) we find that all £-derivatives of f and its first,
second and third x-derivatives are of the same order at worst. All deriva-
tives of the exponential factor of v (cf. 18c), that occur in N4WO, are
bounded by a constant uniformly in (x,n) ¢ [-1,1] x [0,»). Although the co-
efficients of N are of order nz, the exponential factor in W, ensures
existence of a bound for N,w_, which is uniform in n ¢ [0,®). So H4WO is

470
of the same order as f is. In exactly the same way we show that all other

~

terms of (19) are of this order too; hence (19a) is proved.

Finally we show that this local first order approximation w in the up-
per boundary layer is small at the other parts of the boundary. From (16c)
and the continuity of the boundary conditions, cf. (2b), at the cornerpoints
we find that §+(il,i]//g) = f+(i]) - g+(l) Fg (1) + 0(e) = 0(e), hence
from (18c) we see that wo(il,i]//g,(l—y)/e) = (0(e). By equation (18a) with

k = 1 we see that v, contains the factor 8§+/8€ linearly and that the re-
maining part is uniformly bounded for all e. By (9.8) and (9.19-20) we see
that each term of v + G’ which is itself of order O(e26 6) for Ig] 1 and

for some §, has a g-derivative of order 0(526 6= 1) for Igl > 1 and hence of

order 0(Ve) at £ = +1//e. So 8f+/8€ (= v/3E + 85785) is of order 0(/e) at

£ = +1//c and hence w](t],il//g,(l—y)/e) too. Since furthermore v, and Vs



29
are bounded at x = %l independent of € and y, we have derived:
(19b) w(xl,(1-y)/e) = 0(¢) uniformly in y, for € ¥ O.

From the exponential factor in w we see furthermore that w is of an order

smaller than every positive power of € at the lower boundary,
(19¢) w(x,2/¢e) = o(en) for every n € N.

REMARK. In case of domain G* we take the boundary layer coordinates (x,n)
with n = (8+(x)—y)/e in the upper and n = (B_(x)+y)/e in the lower boundary

layer.

e. The validity of the formal approximation ¥, which is the sum of the outer
expansion and the free and ordinary boundary layer terms constructed in the

subsection b-c-d,

(20) Y(x,y) = u (x,y) + u2(x,y) + v (x/Ve,y) + v(x/Ve,y) +

+ w(x,(1-y)/e) + W(x,(1+y)/e),

will be proved by the maximum principle (cf. section 2.b). This approxima-

tion satisfies, cf. (7), (9¢), (12), (14) and (19a),

LEW =h + 0(e) + 0(e%+%uRu_l(x//g)) +
< + 0(ev(x/Ve)) if X + u is integral}, (e+0),

uniformly with respect to (x,y) € G; at the boundary of G it satisfies

Y(x,*1)

fi(x) + o(en) for every n € W, cf. (18a) and (19¢),

v(tl,y) =g (y) £ g_(y) + 0(e), cf. (9c), (11b) and (19b).

When ¢ is the solution of the boundary value problem (2), these formulae

result in the uniform estimates, valid for e + O,



30

(21a) L€(®—W) = 0(e) + O(€%+%URU_1(X//E)) + <+ OCep(x/Ve)) if A + u

is integral)
in the interior of G and

(21b) (¢ - ¥) G = 0(e), (e+0),

at the boundary. With aid of lemma 2.1 or 2.2 and a suitable barrier func-
tion we derive from this an estimate on the difference of the solution ¢
and the constructed approximation ¥. When u > 1 we apply lemma 2.1 using
C]€ as barrier function, if X + u is nonintegral, and C]e + Czew(x//z), if
A + u is integral; in here C1 and C2 are suitably chosen constants. When

u < 1 the terms O(ey), if present, and (0(e) in (21a) are contained in the

third one. By (9.19-20) we deduce
(22) LF (x/Ve) = (v=wF, (x/Ve) = 0GR _ (x/V0))  if |x| <1,

which by (9.18a) is negative if -1 < v < u. Hence, when 0 < u < 1 we can
apply lemma 2.1 with a constant times E%+%UF:_1<X//E) as barrier function;
from (9.18a) it follows that this function indeed majorizes the (O-term of
(21a). When =1 < p < 0 we apply lemma 2.2 with barrier function C€%+%UF:(X//E)
in which -1 < v < pj; formula (22) gives the additional negativity condition,
which has to be satisfied. By formula (9.18a) this barrier functionmajorizes
the O-term of (2la) for every v with -1 < v < p £ 0. We now can state the

theorem we have proved:

THEOREM 4.1.
If G 28 the unit square (=1,1) x (=1,1),
L, s a uniformly elliptic 2nd order operator on G with C3 coefficients,

2
L, := a82/8x2 + 2b82/3x3y + c82/8y2 + lower order terms, with a(0,y) = 1,

2
¢ 7g the solution of the boundary value problem on G:
(EL2 + x3/9x = Ayd3/3y = w)d =h, x >0, ¢ > 0, u > -1,
with boundary conditions
P(x,t1) = fi(x), o(tl,y) = g+(y) t g _(y), ® continuous at (£1,1),
3 3 [(3-u)/A1+1 D .
where fi e C7, g, € C"ncC and h ¢ C° with

p := max{3,[ ([4-pIl-w)/2]+2,2[ ([4=n]=u) /AT+1,[6-pu],[5-ul+l (T4=pI-w) /211,



31

Y 7s the formal approximation of ¢, defined in (20),
then Y is an asymptotic approximation of ¢ for e v 0 which is uniformly

valid in G of order

(23a) ¢ -y = 0(e) if u > 1 and A + p nonintegral
0Ce), x| = X, > 0,
(23b) o - ¥ = 0(ev(x/Ve)) = { } i1f w21 and X +u integral
0(e log ¢), otherwise,
141 0(e),|x| = Xy > 0,
(23c) ¢ - y = ((e? zuRu_l(x//E)) = { } If O<u<l,

0(e® 2“), otherwise,

3 (1+p-v)
0(e? )olx| 2 x, > 0,y .
(230) 4 -y = (et R(x/f)) { 0 L if

O(E 2“), otherwise, [ -1<veuso.

1 if |t] <1
In here R satisfies R (t) = { as defined in (2.2). In the
v v £V if |e] =1

IA

[\

estimate (23d) we can still choose the parameter v freely within the con-
straint =1 < v < u; the smaller we choose v, the better the order—estimate
becomes.

The size of the remainder in (23) increases as p decreases; the re-
mainder in the free boundary layer becomes of order unity when u decreases
to ~1 and no estimate 1is obtained when p = ~1. This indicates that the re-
gion p < -1 is beyond reach of the method of proving the validity used here,
in which the absolute error is estimated. Estimates of the relative error
however might be expected to have a larger u-range, for ¥ is of order
O(EZUR (x/Ve)) and hence by (23) the relative error is 0(Ve) independent of

2 (1+u- )) outside for every

u 1n51de the free boundary layer and 0(e
v e (=1,u) n [u=1,u). This conjecture however is false; in the next subsec-
tion we will show that the boundary value problem (2) has (nonzero) eigen-
functions in the range u < -1 and that hence barrier functions satisfying

the conditions of lemma 2.2 do not exist in this case.
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f. The spectrum o, of the boundary value problem (2) is the set of complex
numbers u, for which the homogeneous boundary value problem (2), i.e. fi =
=g, =h-= 0, has a nontrivial solution. (Since the inverse operator is
compact for every € > 0, every point of the spectrum is an eigenvalue.) We
will study here the spectrum of the operator Te’ defined on the space B of
C2—functions on G which are zero at 3G,
(24) T u := eAu + XQE - yqz with u € B.

€ 9xX dy

The eigenfunction equation Tgu = WU, u| 0 = 0 is reduced by u(x,y,e) =

= X(x,e)Y(y,E)exp(yz/Ze) to

S€X = eX" + xX' = X X(xl,e) = 0,
SEY = eY" + yY' = UZY’ Y(i],E) = Oa
with p = My oyt 1. SE is a selfadjoint operator on the space of func-

tions f on (~1,1), which have an absolutely continuous first derivative,
which satisfy f(-1) = £(1) = 0 and have the norm "f"2 = fl] ]f(t)!zexp(tz/Ze)dt.
So its spectrum O(SE) is real.

Since S€ is invariant under the operation x - -x, its eigenfunctions

are symmetric or antisymmetric; the eigenfunctions are solutions of
(25) eX" + xX' - XX =0,

hence X equals ]Fl(—%k;é;—xz/Ze) or xlFl(%—%x;3/2;—x2/25). The first solu-
tion has no zero's in the range 0 < x < «», when X > -1, and k zero's, when
-1-2k < » < 1-2k; when A tends to —-1-2k from below, the largest zero is sent
to infinity. Hence the equation lFl(—%A;%;—l/Ze) = 0 has exactly one solu-

tion, X (¢), in the A-interval -1-2k < X < 1-2k and lim A (g¢) = =2k-1.
2k=-1 e+0

2k~-1

In the same way the equation Fl(%—%A;B/Z;—I/Ze) = 0 has exactly one solu-

1
tion AZk(e) in the interval -2-2k < X < =2k, which satisfies lim X2k(€) =
= =2k. Hence o(S ) = {), (&) I k ¢ N} and lim A, (e) = -k. e+0
€ k ev0 K
The statement on the zero's of the solutions of (25), cf. 9.10, are

proved exploiting the relations (9.16-17) and the fact that F;(t) and F;(t)



33

are solutions of the 2nd order ordinary differential equation (9.10), which
. . + . .

is analytic in t and A; hence Fk(t) are meromorphic functions of A and t by

definition (9.15) with poles for X = -1,-3 etc. and A = -2,-4 etc. respec-—

. . . . . + .
tively. Furthermore their zero's are simple and interlace. Since F, and its

A
. . + . .
derivative do not have a common zero, we can solve FA(t) = 0 resulting in
an at most denumerable set of zero's tk(k), which are themselves meromor-—
phic in A, which do not cross each other and do not have finite accumula-

tion-points (for fixed 1). When X is restricted to a compact subset A of an

interval (-1-2k,1-2k), k ¢ W, F; satisfies uniformly F;(t) = |t]x(]+0(t—2)),
so the union of the ranges of all tk(x) with A ¢ A is compact. Hence F; has

only a finite number of zero's on A and all these zero's are bounded analy-

tic functions on some neighbourhood of A. Since they cannot vanish or co-
+

A
or A > =1. A zero can disappear at infinity only, when A tends to 1-2k for

alesce, the number of zero's of F, is constant for 1-2k > X > -1-2k, k ¢ IN

some k ¢ IN. For the same reason the number of zero's of F, is constant,

A
when X > =2 or -2k > A > -2k-2 (keIN).

+
From (9.12) we see that FA does not have zero's, when -1 < A < 0, and
that F, has a zero at t = 0 only for 0 > A > -2, Since F. has at least one

A A
extremum in (0,x) for O > A > =2, by (17) F; has at least one zero in (0,«)

for -1 > X > -3, When -1 > X > -2, F

. +
has no zero's in (0,~), hence F, can-

A A
not have more than one, for the zero's of F; and FA interlace. So F; has ex-
. . +
actly one zero in (0,®) in the larger A-range -1 > X > -3 also. Now FA has

at least one extremum in (0,») for -1 > A > -3 and we can continue the story
ad infinitum proving the assertion on the number of zero's. When A = 1-2k
(ke ) exp(—t2/2)IFI(—%A,%,—tz/Z) equals - apart from a constant factor -
the (2k-2)-th Hermite-polynomial which has k — 1 positive zero's, so the

largest positive zero of F (%A,%,—%tz) with -2k-1 < X < 1-2k is sent to
1

infinity when A tends to } - 2k from below, while the other converge to
the zero's of the Hermite-polynomial and remain bounded.

The spectrum of T€ is the set {u(e) | u(e) = Ak(e) + Am(e) + 1; k,me IN}.
Its largest element tends to -1 (from below), when ¢ + 0. To this largest

eigenvalue, ZA](E) + 1, belongs the eigenfunction

B (x,y,e) i= eXP(yz/Zs)IFl(-%A](e);%;—xZ/ZE)lFl(-%Al(s);%;-YZ/ZE),



34

which is nonnegative on G; hence
(T_-wE, = (24,(e) +1 - WE,,

which is nonnegative on G if p < -1 and e sufficiently small. When a bar-
rier function W would exist, which satisfies W > 0 and (TE—u)w > 0 on all of
G for all sufficiently small ¢ > 0 and p < -1, this contradicts the gener-
alized maximumprinciple, cf. §2.b, for by this principle El cannot have a
positive maximum.

In this section we have constructed an approximation to the inverse
operator (TE~A)_] for A > -1. Since this inverse operator is meromorphic
in 2 and has poles for X ¢ G(TE), while the constructed approximation does
not, this approximation cannot be valid near these poles. It remains an
open problem whether we can indicate subspaces of the range of TE in which
the construction remains valid. By comparison theorems we can prove that
the largest element of the spectrum of eLz + xgi - Ayé% tends to -1 also,
when ¢ + 0, cf. [16].

g. In the gemeral situation, where Ll has such a saddlepoint-singularity at
the origin that it cannot be reduced to the form of (la), we can do much
less than before. Namely we cannot calculate explicitly the approximation
in the free boundary layer.

What we can prove is that in a part of the domain, which has a nonzero
distance to the free boundary layer independent of €, the outer expansion
together with the matching terms in the ordinary boundary layer approximates
the solution to the same order as ¢ approximates ¥ in (23) outside the free
boundary layer. In order to prove this we first estimate the solution on
the whole domain by some suitable barrier function (as used before). Then
we locate an artificial boundary roughly half-way between the chosen sub-
domain and the free boundary layer, which is C3 and C3—connected to 3.

At this artificial boundary we pose some arbitrary C3 boundary condition
which is C3—connected to the condition at 3G and which is bounded by the
estimates on the solution. Finally we calculate the outer expansion and

the ordinary boundary layer terms as is done here and e.g. in [4] and prove

validity by the barrier function used before. The influence of the
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part of the boundary layer term, that originates at the artificial bound-
ary, is exponentially small in the originally chosen subdomain, independent
of the boundary condition chosen at that part of the boundary; hence it
can be skipped in the approximation of the solution without change in order
of the remainder. ‘

About the behaviour in the free boundary layer we can say little. When
L1 has the form L] 1= xp(x,y)é%-—hyq(x,y)§§ - u with » > 0, u > 0 and
p(0,0) = q(0,0) = 1, we conjecture that the solution of L]u = h, u(xl,y) =
= gi(y) is of order 0(x") for x » 0 and of Holder-class CU-_(S (with respect
to x) for every 8 > 0. Then we can regularize (cf. [6]) u, i.e. convoluate
it with some suitable e-dependent C”-function which approximates the Dirac-
- §-measure when € + 0. The resulting function, together with its matching
terms to the given boundary condition in the ordinary boundary layers, ap-
proximates both the solution of the boundary value problem as well as the
outer expansion plus its matchingltefms in the ordinary boundary layers.
§U‘§5)

The order of approximation is 0(e . Assuming the truth of the conjec-

ture mentioned above, we can prove this by the same method as is used in

[4].

5. CHARACTERISTICS OF STABLE NODAL TYPE

In this section we study the Dirichlet-problem for the operator
Ls := ELZ + L1 on a bounded domain G where L2 is a uniformly elliptic 2nd

order operator of positive type. L, is a first order operator with one

1
singularity in the interior of G which is a non-degenerate node and we may

take for it (cf. §2.a)

) 9 _ * L0 9 _
Ll =X * Xyay L or L] =X+ (x+y)ay u
with X > 0 and u > 0; also we may take X < 1. The boundary of 5 is smooth

and nowhere tangent to the characteristics of Ll' We start with the simplest
problem exhibiting these features and then try to generalize the results
obtained.

In this section we will use both rectangular and polar coordinates
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(x,y) and (r,¢) to describe the points of the domain. They are related by
(x,y) = (r cos ¢, r sin ¢) and we will change from one set to the other

without further notice.

2 _ .9 3
a. Let G be the unit disk in R, L2 := A and L] =X F Yy We try to
approximate for ¢ + O the solution ¢ of
(1 L€® := EL2® + L1® =0, ®(cos ¢, sin ¢) = £(¢)

where f is of class C2 in ¢.

The characteristics of L1 are straight lines pointing to the origin,
along which the solution u of the reduced equation L]u = 0 is constant. We
see that u cannot satisfy the boundary conditions and also be continuous at
the origin. It appears that we have to take u(r cos ¢, r sin ¢) = £(¢) and
that a region of nonuniformity arises around the origin. In fact we will

prove:

(2) o(r cos ¢, r sin ¢) = £(¢) + 0(er—2).
With the barrierfuncztion.Ker_2 we estimate & - f on the annulus 2/e <r <1.
From the maximum principleit follows that ¢ is bounded by maxlf(¢)|; fur-

thermore we have

LEr“2 = -2r—2(1~25r~2) < -r for r > 2/e.
Hence we can choose K such that
-2
lo - f| < Ker for r = 1 and r = 2/e

€

and such that

L Ksr_2 < L (o -f) = er_zf" < =L Ker—z,
€ e e £

from which (2) follows using the maximum principle again.

So we may conclude that there is no loss of boundary conditions at all;
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due to the focussing effect of L] the value at the boundary is propagated
nearly unmodified to the origin along the rays of the circle and it is
there that all difficulties crop up. If we try to find a solution near the
origin by usual boundary layer techniques and we take the 'natural" coor-
dinate stretching o = r//e (thé only significant one in the sense of
ECKHAUS [3]), we find that this stretching does not produce an equation of
simpler type nor simplified boundary conditions.

By separation of variables in polarcoordinates we can find the exact
solution expressed as the infinite sum S of confluent hypergeometric func-

tions, cf. §9.d and exponentials

[oo]

k| ik 2
(3) So(f£30,0) = ) af o [kl gike g (3] 5[k +15-407)
0 il KK "1
where p := r/Ve, fk are the fourier coefficients of f,
2m .
_ 1 -1k
fk = 2'} J f(e)e do
0
and a, are normalizing factors
-1 -1
a i=e ZIk]lFl(%Ik slk[+15-1/2¢).

Clearly S, converges absolutely and uniformly in each disc. The central

0
region of nonuniformity has a very complex structure, for each term of the

Fourier-expansion the behaviour in the "free boundary layer' is different.

REMARK. If G is a more general domain with smooth (Cz) boundary which is no-
where tangent to the characteristics and o(r cos ¢, r sin ¢) = f(¢) at the

boundary, then it is easily seen that (2) remains valid and that we have
(4) &(r cos ¢, r sin ¢) = SO(f;r//E,¢) + 0(¢e)

uniformly on G.

b. The most general problem in which the region of non-uniformity can be

treated similar to case (a) occurs when we have X = 1, and hence
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L] 1= r;; -~ u (o > 0). By a linear transformation of the x-y-plane we can
make the principal part of L2 equal to A at the origin. For G we take the
unit disc again, a generalization analogous to the remark in (a) being ob-

vious. So we have the boundary value problem

2 .
(5) (EL2 *rs - u)é = h, ®(cos ¢, sin ¢) = £(9).
First we conclude from the maximum principle,using a constant as barrier
function, (when 1 = 0 we have to take X(r//g) as defined in (9.22)), that

¢ is uniformly bounded by a constant (by K, + sz(r//g)). As in the saddle-

1
point case we now try to find a particular solution of the equation L]u =
= h, hence

T
. -1-
u=r" [ h(p cos ¢, p sin ¢) p Udp

and bounds of integration are to be found such that it is Cz. Therefore we
expand h, which is of class C4,

X 1 N i ak+1h
hix,y) = Z h 1 yo o+ h (x,y), h 1 (0,0),

=-—'——T—_———.—
0<k+1<2 k kLo kel axkay
such that the remainder h* is of order 0(r2) for r ¥+ 0 and we continue h*
in the plane such that it is zero outside a fixed neighbourhood of G. In
order to define a particular solution of L]u = h which is C2 in all of G
we have to distinguish between different values of u.

If v > 2 then

L _
(6a) u, (%,y) ) “%%T:“— - J h*(xt,yt)t—]_udt

0<k+1< H 1
and if u < 2

hklxky1 1 . -

(6b) uz(x,y) ) T + ( h (xt,yt)t Hae.

O<k+1<2 " 0

k+ 1y

. 2 .
In this way u, becomes a C"~function. When p equals one of the integers

0,1 or 2, (6b) is a solution of
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(6c) L.u, =h - 2 h xkyl.
172 kl
k+1=p

For the remainder of h we cannot find a particular solution (of the
reduced equation) which is C2 (it contains always a factor r'log r), so
we have to go into the central region of nonuniformity for it. We take the
local coordinates (&,n) with € = x/Ve, n = y//g and define p by p2 = Ez + n2
(hence p = r//e). We now expand L8 formally into powers of €:

2 2

9 3 ] 3
T e . RN S PTR ¥
€ 852 8n2 o

in the remainder the coefficients of the first derivatives are uniformly
bounded by C and the coefficients of the second derivatives by Cp, where
C is some positive constant, independent of £,n and e. By definition of

(9.22) we have

1 3 32 5 ) _
(E%"B_p+pa_p}>((p)" 1,

hence by (9.24-26) the function v, defined by

(8) v(x,y) := _zk+1=u hklxkylx(r//g)
satisfies
1
O(e®r_,(x/Ve)) if u=0oru =1
k1
(9 LEV = zk+1= h Xy +
0(ex(x/Ve)) if p =2

and it 1s zero at 23G.

It now remains to construct an approximation to the problem

ng =0, 3 (cos ¢, sin ¢) E(¢) = f(¢) - uz(cos ¢, sin ¢).

The reduced equation

£(4)

L]u = 0, u(cos ¢, sin ¢)
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is solved by
(10) u(r cos ¢, r sin ¢) = ru%(¢).

. 2 .
If uw > 2 this is of class C°, hence Le(u0+u1) = h + 0(e). Since uy + u,
equals f(¢) at the boundary we conclude using lemma 2.1 and ¢ times a con-

stant as barrier

THEOREM 5.1.
If w> 2, £ s of class C’2 and h of class Cé, then the solution o of (5)

has the uniform asymptotic approximation

(1) d = up t o, + 0(e) (e ¢+ 0).
It is remarkable that this first approximation for ¢ does not show
singular layers at all, though (2) has the appearance of a singular pertur-

oin (10) smoothes out the

bation problem. The reason is that the factor r
angular dependence of the solution of the reduced equation on the boundary

data. This effect is not restricted to the case u > 2; we have

THEOREM 5. 2.
If 0 <u<2, f¢ C2 and h € C4, then the solution ¢ of (5) has the asymp—

totic approximation

2
(12} o(x,y) = u, (x,y) + u,(x,y) + {1 z h Xkyllog(x2+y—) if u= lor 2}
1 2 k1 )
k+1=u
1y )
<{O(€2 ) Zf u >0, u * 1,2
1. . .
+ <0(e®Moge) “f u=1or2 } uniformly in G
LO(E) Zif r =8 >0 and u > 0.

In the proof of the uniform estimate we regularize the approximation and
1
prove with aid of’lemma 2.1 and Ce?" as barrier function for some constant
C, that this regularization is an approximation of ¢, cf. §4.9 and [6]. The

estimate on the annulus 0 < § < r < 1 is proved in the same way as formula

(2).
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c. For an analysis of the structure of the nonuniformity in the center we
again take the local coordinate p = r//g; the reduced equation in these co-
ordinates is

,
1 3 3 1 3 3 A\
(;;a‘ppap*“z AR A
P

The asymptotic behaviour of its solution v has to be

Ly oy
vips®) = € p E(@)(1 + 0(1)) (p > =, e+ 0).

Hence by separation of variables we find (cf. §9.d)

[o o]

~ * |k| _ik 2
(13) vGou) =5, o) = ] a Fo Ko™ B Gk -gusllens-405).

where

27
1 ¥y -iké -1 -Hk]
= 5 J f(d)e d¢ and a =€

£, . IF](%Ik —tus|k|+135-1/2¢).

In order to prove that SU + u, approximates the solution ¢ of (2) with aid

2
of the maximum principle, as usual, it remains to find a bound for

e(LZ—A)Su(%;r//E,¢) or equivalently for eDSu where D represents the opera-

9 I 3 82 32 1 2
tors 530 ;-55, r—, 3189 and-? —5- From (9.34) we have:
or ¢
52 - 4 /ERU_I(r//E) ; 2| |
(14) er— S (f3r/ve,9) < = ) k7| f
ar2 u 3 Ru(l//t) Koo k
4 b+ e "
< g et R (x/Ve) max{f () | ¢ e [0,2n]}.

It is easily seen that we have at worst the same estimate for the other

operators too.

Now we can state the theorem:
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THEOREM 5.3. If G is the unit disc,

L2 78 a untformly elliptic operator on G with C2 coeffictents, which
equals A at (0,0),

b s the solution of the boundary value problem

+ yué - weo =h, &(cos ¢, sin ¢) = £(¢),

3
(eL2 + xX= 5y

90X

where b e C and £ ¢ €, and (o) := £(o) - uy(cos ¢, sin ¢),

then © has the asymptotic approximation

(15) d(r cos ¢, r sin ¢) = u2(r cos ¢, r sin ¢) +

+ v(r cos ¢, r sin ¢) + SU(?;r//E,¢)

(O(e) Zfu>1, u*2,
0(8%({//E)) ifu=2,
+ < 0(€?+§URU_1(r//E)) if -1 <uc<1,
0(e?Roy (x/Ve)) ifu=1,
0(5%(]+U—v)) forr =268 >0 Zf -2<v<ypc<l,

where Ru as defined in (2.2) and x in (9.22).
REMARK. For =2 < u < -1 no estimate is gotten of the absolute error in the

region of nonuniformity, while the relative error is still of order 0(/2).

In order to prove this we use lemma 2.1 when u 2 0 and lemma 2.2
otherwise. As barrier function we take Ce if p > 1, u # 2 and Coe +
+ Czax(r/fg) if y = 2, with suitably chosen constants C] and Cys if

-2 < u < | we use the barrier function gClwv,
| 2 !

W (r,e) = F (=zv3l;-r /25)/1Fl(-zv;l;-1/2€),

with v ==-11if p=1, v=u-11f -1 <y <1 and v e (-2,u) if -2 < p < -1,

This function satisfies, cf. (9.14c) and (9.33-34):

9 .
(epr + T T u)wv = (v—p)wv <0 if v <y
1
- - 2
e(L,=0)W, 0(e Wv)

0 < Ce%vRv(r//E) < wv(r//E) < E%VRv(r//E) if -2 < v <0,
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where C is a positive constant, C < 1. The theorem then is a consequence
of the estimates (6c), (9) and (14).

Here also the p-range in which we can prove the validity of the approx-
imation (15) is restricted to u > -23; -2 is the limit of the largest eigen-

value ul(e) of
(16) (el + x> + y2)0 = po, 0(cos ¢, sin ¢) = 0
2 x  Yiy ? ? ’

In order to calculate the spectrum of (16) we mention without proof that
the regular solution pk]Fl(%k-%u;k+l;—p2/2) of equation (9.27) has 1 posi-
tive zero's (1l € N) when -k-21-2 < p < -k-21, the largest of which is sent
to infinity if p increases to -k-21. So, there are functions ukl(e)

(with ukl(e) + -k-21 if ¢ + 0) such that ]Fl(%k—%u;k+l;—l/2€) = 0. Hence
(), ke W v [0}, 1 € N is in the spectrum of (16) and its eigenspace

Hr1
is spanned by

“+iko_k 191 . L2
e bo 1F](zk 2ukl(e),k+], r=/2¢).
d. If the parameter X in L] = xgi + Ayé% - U is not equal to one (assume

0 < X < 1) we cannot give detailed information on the structure of the cen-
tral nonuniformity. The best result we can attain now is the analogue of

the theorems 5.1 and 5.2. So we have the problem on the unit circle

E'—U]q):h’

- 9
(17) LEQ = [eLz + X Ayay
d(cos ¢, sin ¢) = £(¢), (f is 2m—-periodic),

where 0 < A < 1 and 0 < y.

o A '
The characteristics of L. are the curves a|x! = By, (a,B € R). We

L oelu/a]

now assume that h is of class C and define for nonnegative integers

k,1 with k+A1 < min(2,u) the constants

1 8k+1h

1 1 9
b1 T R sy

The remainder h* in the Taylor-expansion of h,
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!
k1™ Y

IN
—
-

(18) b (x,9) := hix,y) - h if oxC 4y

k+Al<min{2,u}

is continued outside G by a C2—function which is zero if x2 + y2 = 2. A

particular solution of Llu = h is

k 1 2 2/x
(19) wGoy) = 1 by et v L ey leg(xT+y] 7y
) k+Al#u k+Al=u

k+A1l<min(p,2)

fé h*(xs,ysx)s_]_uds if <2,

—fT h*(xs,ysk)s—]-uds if u > 2.

. e s . 2 .
By this definition we ensure that u, is C~ everywhere in G, except when

0

2
p < 2 and k+A1 = u for some pair(s) of integers (k,1); in that case u

IN

2
is of Holderclass C" 8 for every positive § (uniformly in G) and C2 in any

closed part of G not containing the origin.

Since u, need not be zero at 3G, we correct for its contribution and take

£(o) := £(¢) - uz(cos ¢, sin ¢).

2)—]/2A

Define 9, and g, to be the inverse functions of x — x(l-x for
-1
x € (-1,1) and of y y(]—yz) 2} respectively and then define for t > O
and |x| < 2t]/A
-1/x
_ _ N o, (xt )
(20a) ul(x,it) = tU/X{l—o%(xt I/A)} u/ZXf(arccot ! =TT g—+ g
/T]—G](Xt )}
A
and for t > 0 and [yl < 2t
-A
- Ly~ o,(yt )
(20b) u](it,y) 1= tu{]—og(yt >\)} 2"F(arctan 2 + %—1‘%),

100 (vt )

where for arctan and arccot we take the principal value, which have ranges

(- E—, I) and (0,7) respectively. Both expressions for u,(x,y) satisfy
2° 2 (%Y

Llu1 = 0, u](cos ¢, sin ¢) = %(¢), on their domains of definition and hence

)
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coincide on the intersection, for the solution is uniquely determined along

. e . e . . 2
a characteristic by the initial value at the boundary. Since u, 1is C” at

3G, u; 1is also C2 in any closed part of G not containing the origin if

fe C2; in a neighbourhood of the origin u, is of Holderclass M if O<p<2

1

and C2 if u > 2 and u is unbounded if p < 0 and of order O(|x|u+|yIU/A). By
regularization of u, + u, (if u £ 2) and with aid of lemma 2.1 with barrier-
1= 1
function a constant times ¢, e2H S or €2" we obtain:
THEOREM 5.4.
If ¢ is the solution of the boundary value problem on the unit disc
21) (el, + x> + \y2 - W6 =h, o(cos ¢, sin ¢) = £(¢)
2 ax 3y ’ ’ ’
where u > 0 and 0 < A <1, L2 as in theorem 5.3, f € 02 and h e C2+[U/k],
then © is approximated uniformly by u +u, when ¢ + 0 and
0(e) ifu> 2,
1
(22) e(x,y) = u,(x,y) +u,(x,y) + O(ef“ 6) Zf k+31 = p<23k,l e N u{0},
0(e?")  otherwise if 0 < u < 2.
As we stated in formula (2) for the special case A = 1 and p = 0, we can

derive a better estimate on the remainder of (22) outside a neighbourhood

of the origin; we will prove:

THEOREM 5.5.
With the same assumptions as theorem 6.4, except that u > —-1-\, we have

the estimate

(23) 1G6,y) = u Goy) +uyGay) + 0 if x4yl 2650
which holds uniformly on every annulus 0 < § < x2 + y2 < 1, which does not

contain the origin.

PROOF. First we give a rough estimate of ® on all of G using a constant C1

as barrier functionin lemma 2.1 if u > O and a constant C, times Vv(x,y,e)

2
if =1-A < u £ 0 in lemma 2.2. In here v, is defined by
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Vv(x,y,e) o= eV]F (—%v,%,-xz/Ze)]Fl(-%v,%,—kyz/Ze)

1

and by (9.15a), (9.18a) and (9.20) it satisfies, if v > -1,

) P . 1
—_— —_ - = — -— ( 2
(€L2 * x5 + Ayay u)VV (u v Av)Vv + 0(e Vv)'

We conclude from this that ¢ is uniformly bounded by C, when p > 0 and by

Czav when ~1 < v < u/(1+x) < 0. When u_; 0 we now prov; the statement§ u;ing
lemma 2.1 and the barrier function C]er on the annular region 4e < x +y < 1.
When u < 0 we prove by lemma 2.2, that the remainder is bounded by the

barrier function C2€§2+v in the sub-domain x2 > 12¢ and by Czayv—z/A in the

subdomain y2 > 12e/A.

REMARKS .
1. Here also we have obtained the largest possible u-range, for the largest
eigenvalue of ELZ + Xéi + Kyé% on G tends to =1 — X when € + O. This can be

proved by comparison of this eigenvalue to the largest eigenvalues of
a

ch + x§; + )xyéé on the squares |x| < 1, |y| <1 and |x| < 12, v < /2.

2. For L1:=x§%
5.4 and 5.5 if u > -1; we will not give the details in here.

+ (x+y)§§ - 1 we can prove the analogues of the theorems

6. AN UNSTABLE NODE

d )
J ¢ = gy e = —_
We now take for Ll : X Xyay

gularity while L2 remains uniformly elliptic of positive type. So we have

- u, which has an unstable nodal sin-

the problem

(1) (EL2 + L1)® = h, ¢(cos ¢, sin ¢) = £(¢),
where Ll = —xéa - Ay&%-—u with O < X < 1 and p > 0. The character of the

solution is now totally different from the former case. It is even expon-

entially small outside a neighbourhood of the boundary if h = 0, as is easily

seen using lemma 2.1 and the barrier function V¥,



47
2 2
(2) Wv(x,y) c=explv(x” + y~ -1)/e],

for we have, if v is a sufficiently small positive number,

Lewv <0 on all of the unit disc.

So we may expect that the only nonuniformity in ¢ is an ordinary boundary
layer along the unit circle.
The response to the right-hand-side in the reduced equation is
1

A -1
(3) uz(x,y) := —( h(tx,t y)tu dt, wu > 0,
0

which is easily seen to be of the same differentiability class as h is.

This particular solution is not zero at the boundary, so we define
£(4) := £(¢) - uy(cos ¢, sin ¢);

it now remains to approximate the solution of

~

L€© =0, @laG = f.

By the above considerations already we know that its outer expansion 1is
identically zero. In order to calculate the boundary layer terms we take

new coordinates (t,¢) such that

x = e Ccos ¢ and y = e_xtsin b, L] = +é% - u and
82 a2 a2
L2= al(t,¢)g:§ + 2u2(t,¢)5E§$-+ a3(t,¢)g;§ + lower order terms,

where L2 is again elliptic with o, and oq positive and G is transformed in

1
the halfplane t > O with periodic boundary condition. By substitution of
the local coordinate T := t/e and formal expansion into powers of ¢ we find

as lowest order part of Lew = 0 the ordinary differential equation
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2
dw kB dw _
d1(0,¢)—~§ M 0,
dt
with w(0,¢) = E(¢) and lim w(t1,¢) = 0 and its solution is
T3> .

w(t,¢) = £(¢) exp(-t/a,(0,9)).
Let z(t) be a C”-function which is one for t < ! and zero for t > 1, then

we can prove in the same way as [4] theorem VII and [6] theorem I:

THEOREM 6. 1.
The solution ¢ of the boundary value problem (1) has the uniform asymptotic

approximation for e + 0

o (x,y) = uz(x,y) + z(t(x,y))w(t(x,y)/e,arg(x,y)) + 0(¢)

if f,h and the coefficients of L2 are C3 and 2f u > 0.

REMARKS.

1. Higher order approximations can easily be made by iteration of the pro-
cess if f and h are more smooth than mentioned in theorem 6.1, cf. [4].

2. When Ll = xgii-(x+y)§; we get a result that is completely analogous to
theorem 6.1.

3. The largest eigenvalue of EL2 + xéi + Ayé% tends to zero from below,
when € tends to zero from above, hence the p-range of theorem 6.1 is the

largest possible, cf. [16].

7. FOCAL POINTS

In this section we study the operator L] defined by

= (ux—dv) 2 D =l R
L] = (vx )\y)ax + (vy+kx)ay u vr + A3¢ Uy
in which we can take without loss of generality v = #1 and » > 0, or v = 0

and A = 1 (vortex), cf. §2.a. The characteristics of Ll are spirals
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(r = et, ¢ = At + ¢0) inward or outward directed or circles. The cases
v = 1 are completely analogous to the stable and unstable nodes and in the
case v = 0 we will restrict ourselves to a purely characteristic boundary.

L2 is still a uniformly elliptic operator of positive type. We have the

boundary value problem

(1) (€L2 + Ll)® = h in the unit disc, and ®(cos ¢, sin ¢) = £(¢)

at its boundary, where f is 2m-periodic.

a. When v = 1, L] has a stable focus and the nonuniformity of the solution

is located at the origin. The solution of the reduced equation is
u : =1-u
u(r,9) = ruf(¢—xlog r) - r ( h(z cos(¢-\log z),z sin(¢-Alog C))C dc.
r
Completely analogous to theorem 5.4 we have

THEOREM 7.1. The solution of the boundary value problem
(2) (el, + (x—Ky)éi + (y+XX)§£ - e =h, &(cos ¢, sin ¢) = £(¢),

where X > 0, u > 0, L2 18 uniformly elliptic of positive type and f,h and
the coefficients of L2 are C2, has the uniform asymptotic approximation

(for € ¥ 0)

0(e) Zfu = 2,
d(r cos ¢, r sin ¢) = u(r,¢) + { 1
0(e?¥)y <f 0 < < 2.
The analogue of theorem 5.5 is
THEOREM 7.2. With the same conditions of theorem 7.1, except that u > -2,
the solution & of (2) has the approximation (for e + 0)

8 2

(3) o(r cos ¢, r sin ¢) = u(r,p) + O(s:r-z+ ), r = 8¢,

in which § = 0 Zf u > 0 and -2 < 6§ < pu Zf u < 0.

PROOF. For -2 < p < 0 a rough estimate of ¢ is derived from lemma 2.2 with
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aid of the barrier function

e 6]F](—éé,l,-r2/2€), 2 < &<y <o0.

Nl

16
Hence ¢ is of order 0(e? ) if -2 < 8§ < u < 0. With aid of the barrier function
-2+ . . .
€T 2+4 on the subdomain 8¢ < r2 < 1 we then derive formula (3) in case

0 < u £ 0. When u > 0, we use €r as barrier functionon the same subdomain. []

REMARK. Here also the largest eigenvalue of €L2 + (x-xy)éi + (y-kx)é% tends
to -2 from below when € + 0; when L2 = A the largest eigenvalue and the
eigenfunctions are equal to those of €A + rgi, cf. (5.16).

Analogous to equation (5.1) the boundary value problem

(ed + r-é + A-é - u)o =0, ®(cos ¢, sin ¢) = £(¢)
or Yo ? ?

can be solved exactly in terms of an infinite sum of confluent hypergeo-
metric functions multiplied by the Fourier-coefficients of f. As in §5.c
this sum can be used to obtain a better approximation (near the origin) of
the solution of (1) and to derive a theorem which is essentially the same

as theorem 5.3.

b. When v = -1, L1 has an unstable focus. By the barrier function W_, defined

>
in (6.2) we can estimate the solution of (eL2 + L1)® = 0, when § i;Schosen
sufficiently small; we conclude from this estimate that only an ordinary
boundary layer occurs.
The solution of the reduced equation is
r
(4) u(r cos ¢, r sin ¢) = r—u( h(z cos(¢+rlog ),z sin(¢-Alog C)Qu_ldc,
0

which is as much times differentiable as h is. In order to calculate the

boundary layer terms we take new coordinates (t,$) such that

X = e—tcos(kt+¢), v = e—t(sin AE+D), L] = é% - pu and
N 2 2 )2
L2= al(t,¢)522 + Zaz(t,¢)3E5$-+ u3(t,¢)g;§ + lower order terms,
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where L2 again is elliptic with o and Gy positive. G is transformed to
the halfplane t > 0. Taking the local coordinate T := et and expanding into

powers of ¢ we find for the lowest order part of the equation Lew = 0:

2 .
~ dw , dw _
(X](O,(b)de + dt = Uw = 0

with boundary conditions

w(0,9) = £(¢) and 1lim w(t,9) = O.

T->

Defining y(¢) := } + %/(1+4ua1(0,¢)), we find the solution

w(t,9) = £(¢)exp(-18(¢9)).
In the same way as theorem 6.1 we prove:

THEOREM 7.3. The solution of the elliptic boundary value problem

(5) (€L2 - (X+Ay)§§ - (Y'AX)§; - u)® = h, d(cos ¢, sin ¢) = £(9),

where f,h and the coefficients of L2 are C3, L2 s of positive type and

u > 0 has the uniform asymptotic approximation (for e + 0)

(6) o(x,y) = u(x,y) + z(t(x,y))w(t(x,y)/e,arg(x,y)) + 0(e),

1l
—

where arg(x,y) <8 the argument of (x,y) and z is a Cm—function, z(t) =
2f t < L and z(t) =0 <Zf t 2 1.

REMARK. The largest eigenvalue of eL2 - (x+Ay)§£ - (y-—)\x)éé tends to zero,
y

when ¢ + 0.

c. When v = 0, L] has a vortex point at the origin and the characteristics
are neither converging to it nor diverging from it; furthermore the problem

now has a so-called characteristic boundary. From the barrier function
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~ 2 2
Wé(x,y) = exp{8(x” +y - 1)//e}
which satisfies for sufficiently small positive § in all of the unit disc G

Lewé < 0 while Wd > 0,
we see that the solution of (eL2 + L])¢ = 0 with u > 0 is exponentially
small in the interior of G and that a boundary layer is located along the
boundary, whose width is at most of order 0(/e).
A particular solution of the reduced equation of (1), L]u = h, which
is regular at the origin, is
27

u(x,y) = (l-exp2myu) [ h(x cos y+y sin Y,~-x sin Yy +y cos Pe
0

uwdw.

Since Leu = h + 0(e) uniformly in G it remains to approximate the solution
of

L€® = 0, ¢(cos ¢, sin ¢) = F() := f(¢) - u(cos ¢, sin ¢),

which is already known to be asymptotically equal to zero (for & ¥ 0) out-
side a thin layer along the boundary. Substituting polar coordinates (r,¢),
stretching the r-variable near the boundary by r = 1-pVe and expanding LE,
expressed in local coordinates, into powers of e, we get

* 82 9 *
Lo=M, + /eM =)= - = - u + /eM .

€ 0 2 o)

ap

In M* are collected all terms whose coefficients are of order 0(/g) at

least; y(¢) is defined by

y(¢) := a(cos ¢, sin ¢)cos2¢ + 2b(cos ¢, sin ¢)cos ¢ sin ¢ +

+ c(cos ¢, sin ¢)sin2¢;

due to the ellipticity of L2, y 1s strictly positive. So we have got in

lowest order the parabolic boundary value problem
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Mv =0, v(0,9) = E(¢)’ lim V(p,¢) =0 and V(Q’¢) = V(D,¢+2ﬂ)-

p+m

By Fourier-sine transform (cf. [11]: XIIT 5.32)

oo]

(SV)(E,¢) o= W(E:¢) = J V(ps¢)Sin pg dp,
0

. . . . 2 .
which is self-inverse, i.e. S"v = imv, we get the equation

w

o ety (0w = Er(E®)  with  w(E,pe2m) = wlE,0),

which is solved by

¢+27r~ 2 (T
f(t)y(t)exp{ug-ur-¢ f y(o)doldr,

w(E,9) = E(l-exp{—Zw(u+p€2)})_]J
¢

¢

2m
where p := E%-( vy(¢)d¢. By two partial integrations we find that
‘0

1

S(E,0) = EF(H)v () (urEXy (o)) ! - w(E,9)

~ i~

is such that %, %% and é—% and all their £-derivatives are bounded by a
¢ _ ~ ~
constant times E(u+£zy(¢)) 2. Hence v := %-Sw is C2 at least and it decreases

together with its first and second derivatives faster to zero than every neg-

ative power of p (for p » «). From ([10] ch XI) at last we find
vip,0) = §(¢)6XP{"D/E7;?$7} + ;kp,¢)

and from the considerations above it is clear that it satisfies
M = 0(1) uniformly in p and ¢.

By lemma 2.1, using a constant times ve as a barrier function, we find
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THEOREM 7.4. The solution © of the elliptic boundary value problem

(EL2 + X% - ,C%{ =)o =h, o(cos ¢, sin ¢) = £(¢),

where u > 0, L2 elliptic and of positive type and f,h and the coefficients

of L2 are of class CZ, has the uniform asymptotic approximation for e + 0

®(r cos ¢, r sin ¢) = u(r cos ¢, r sin ¢) + v((l—r)//€,¢)z(r) +

+ 0(/e),

in which z 18 a Cw—function, z(t) = 0Zf t < %—and z(t) = 1 Zf t = %u

By inspection of the eigenfunctions of the operator A on the unit
circle with Dirichlet-boundary-conditions, namely Jk(rvkj)elk¢ with k € Z,

Jk the Besselfunction of order k and Vi the j—th positive zero of Jk(v),
J d

we see that these are eigenfunctions of eA + xé% - Vi (= ed + é%) too with

eigenvalues ik + gvi,. Since the set of eigenfunctions of A is complete we
J 3

a—(.b'

all of the halflines {p+ik | keZ, peR, u>0} indicating that in theorem 7.4

did find all eigenvaiues of A + In the limit € ¥+ O the spectrum fills

we cannot go below u = 0.

8. CONCLUSIONS

The analysis of degenerations of second order elliptic boundary value
problems to first order with critical points can be continued in two ways.
We can deal with the more complex situation, where the domain contains sev-—
eral (simple and isolated) critical points, and we can try to enlarge the

p-range.

a. When the bounded domain G c IR2 contains several simple and isolated
critical points of L] 1= p(x,y)éi + q(x,y)é% - 1 with u > 0, we first make
a picture of the characteristics of L1 and their direction. At a point P,
which is on a characteristic that enters G somewhere at the boundary and
that does not pass through a critical point before hitting P, the outer ex-

pansion approximates the solution ¢ of

(1) EL2® + L1® = h, @laG prescribed,
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up to 0(e). In order to prove this we restrict ourselves to a subdomain

G* ¢ G which contains an open neighbourhood of the part of the characteris-
tic through P between the point of entrance and P. Furthermore we assume
that 3G n 3G~ is connected, that all characteristics in G* enter through

3G n BG*, leave through 3G*\3G and are nowhere tangent to 3G™ and that

3G" n 3G and 3G™\3G are smooth arcs. By lemma 2.1 with a constant as bar-
rierfunction we conclude that ¢ is bounded at 3G. Hence we can immediately
apply [4] theorem VII to the restriction of (1) to G*, proving the state-
ment.

A more detailed description of the approximation can be given in some
cases by combination of the results obtained before; in other cases addi-
tional difficulties come in, such that a detailed analysis of the internal
nonuniformities remains as yet impossible. We will elucidate this by an ex-
ample.

Let L1 be the first order operator L] 1= sx(x—l)éa + syé% - 1 with
s = #1 and let G be a domain containing (0,0) and (1,0) in its interior,
such that 3G is nowhere tangent to the characteristics of Ll' We consider

the boundary value problem
(2) (enr + L])Q = h, 9 prescribed at 3G, e > 0.

L1 has a saddle-point at (0,0) and a node at (1,0). This node is attracting
if s = +1 and repulsive if s = -1. Now we divide G into two parts by a

curve (a](y),y) with 0 < ul(y) < 1, which is nowhere tangent to the charac-
teristics of Ll and such that the restriction of L] to the part G1 of G

left of this curve can be linearized (in the sense of §2.a). A second curve
(az(y),y) with 0 < az(y) < al(y), which is nowhere tangent to the character-
istics of L], divides G into two parts, the right-hand part of which is cal-
led GZ‘

When s = -1, we can put an arbitrary boundary condition for ¢ at
(az(y),y) and apply theorem 6.1 to the restriction of (2) to Gz; this re-
sults in the approximation &(x,y) = A(x,y,e) + 0(e) in GZ' At the curve
(al(y),y) we now put the boundary condition ¢(x,y) = A(x,y,c) and apply
theorem 4.1 to the restriction of (2) to G]. In this way we find a uniform

approximation to the solution & of (2) on all of G if s = -1.
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When s = +1, the direction of the characteristics is inverted, hence

we start with the restriction of (1) to G,, putting an arbitrary boundary

s
condition on & at (a](y),y). By theorem 3}1 we get a uniform approximation
B(x,y,e) to ® up to O(e). At the curve (az(y),y) we now get the boundary
condition ®(x,y) = B(x,y,c). To the restriction of (2) to GZ however we
cannot apply theorem 5.3 since the boundary condition near (az(O),O) pos-—
sibly has a derivative of order 0(%). A uniform approximation of order 0(e)
can be obtained only in a subdomain of G, which does not contain a neigh-
bourhood of the node.

As we showed in this example the construction of an approximation to
the solution of the boundary value problem with several critical points is
done in general by reduction of the problem to a number of problems on over-
lapping subdomains, which have to be solved in a definite order, prescribed

by the direction of the characteristics.

b. When the parameter u is below the bound, imposed by the spectrum, we
do not know how to prove the validity of some formal process of construc-
tion of an approximation. The problems in here are quite analogous to those
met in the papers [14] and [15] (among others) in which the analogous
boundary value problems for singular ordinary differential equations with
turning-point behaviour are analyzed.

In the stable nodal case for instance Su(f;r//g,¢), cf. (5.13), is the

exact solution of

(3) (ed + rg% - uao =0, ¢(cos ¢, sin ¢) = £(¢),
if u is not in the spectrum of eA + rgi. When we expand this for u > -3

and u fixed we get for sufficiently small ¢

fPE() (1 + 0Cer 2)) if u> -3 and u # -2,
Su(f;r//5,¢) = { —9 — 9
r (f(¢)—fo)(] + O0(er 7)) + foexp((l—r )/2¢)
if p = -2,

where fO is the mean of f. The reason is that the asymptotic behaviour of

]Fl(a;y;—[s]) for s » ©» is discontinuous in a and y at o« = v = 0,1,2, etc.,
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cf. (9.13) and (9.29). In particular we find that the term with index zero

in the sum S_2 (cf. 5.13) equals £ exp((l—rz)/Za), which is exponentially

large. This discontinuity in the agymptotic behaviour of Su at u = -2 has
to occur because of the fact that -2 is the limit of the largest eigenvalue
u](e) of eA + rgz; SU](€) does not exist for any € > 0 if the mean value of
f is not zero. The same phenomenon occurs at all limit points (for e + 0)
of the eigenvalues, cf. [16].

In the unstable nodal case we find the analogue. The solution of

(4) (eA = T2 - W = 0, d(cos ¢, sin ¢) = £(4)
is ¢ = exp((rz—l)/E)Su+2(f;r//g,¢) and its asymptotic behaviour near p = 0

for sufficiently small € is

£(p)exp((r2=1)/2¢) + 0(e) if u # 0,
o(r cos ¢, r sin ¢) = { 2
£+ (f(¢)—fo)exp((r -1)/2¢) + 0(e),

if p = 0.

In this case too this phenomenon - called ''Resonance' by ACKERBERG &
O'MALLEY [14] in the case of ordinary differential equations, cf. also
[15] - occurs at every limit point of the spectrum (e + 0). This type of
discontinuity is exhibited by all formal approximations constructed here
near the limit-points (for ¢ + 0) of the spectrum (where we could not prove.
validity of the formal approximation). From operator-theoretical point of
view it is clear that the solution of (1.1) itself has to exhibit such dis-
continuity at a limit point (for € + 0) of its spectrum. Let &(f;x,y;u,c)

be the solution of
(5) (sL2 + L1 - e =0, ¢[8G = f

1 with 1im pu(e) = u(0). At the spec-—
e+0
tral point u(e) the solution ¢ of (5) does exist only when the class of

and let u(e) be an eigenvalue of eLz + L

boundary functions f is restricted (alternative of FREDHOLM), moreover it

. . . . . . *
is not unique of it exists. When we approximate u(0) via another path u (e)
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in the u~e plane which does not cross an elgenvalue of aL + L the solu-
tion ¢(f;x,y;u (e) e) does exist for all f ¢ C (G) and is unique for all

positive €. In the limit for € ¥ O however it has to reflect in its beha-
viour also the nonexistence occuring on the neighbouring path u(e) when £

is not in the restricted class.

9. APPENDIX

a. The asymptotic behaviour of Y and its derivatives are deduced from the

integral representation

1/Ve

(1) v(g) := f f exp %(sz—tz)dsdt.
0

g

It is easily seen to be the solution of
(2) y' o+ eyt = -1 & y(£1//e) =

Since Y is symmetric all formulae are stated for positive argument only.

The derivative 1is
, 22
(3) v (e) = j exp (s -&7)ds
0

and for large argument this gives with aid of partial integration

12 8 1 2 _1g2
wl(g) = e 3 € [ ezs ds + 0(8 78 )

G— + 3 3s e?” ds} + O0(e 27 )

-%52 RE ? ! )jg jg -4 }s° -3e?
I

-t oEe™ W,

hence

3

(4) 0D) —§-+ 0¢g™).



Repeated partial integration (cf. DE BRUIJN [1] ch.2 §5) results in the

series

V) - ) Bm g

-2n-1
n=0 2™n! )

Integration of (4) gives

(&) = -log & + constant + 0(5_2), (g » =),

and, since w(]//E) 0 we conclude

(5) v(x/Ve) = -log |x| + 0(52), (e + 0).
X
Substitution s = &-t in (3) gives
& 2
' (g) = f exp(it -tg)dt.
0

2

Since —-tf + it” < -ltg for 0 < t < £ we get

£
0 < -p'(E) < J exp(-}tg)dt = %(l—exp(—%z))-
0

In the same way we get
2 -2
[0 (e)| < exp(-4£%) + 267 *(1-exp(-}£2)).
This results in the estimates

(6) [v' (&) ] =2er_, (&)

(7) lw"(i)[ SZR_Z(E) f for all £ € RR.
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For higher order derivatives we obtain analogously constants Kn’ such that

(n)
(8) v @] <k R_(E).
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Integration of (6) gives

1 1/Ve dr

tdt+2f —t—=1—10g€;

(9) vy < zf
1

0
in view of (5) this is only of value for small £.

. + - . . . .
b. The functions Fa and Fa are defined as the symmetric and antisymmetric

solutions of the equation

(10) y"'"+ ty' - ay =0 (y' = g%)

with the asymptotic behaviour

y(t) ~ 2 for t > + «,

Substitution s = -%tz in (10) results in the confluent hypergeometric
equation
z 2 ’ ds”

Independent solutions of it are Fl(—%a;%;s) and /EIF](—§a+%,3/2,s). Here

1

1By denotes the confluent hypergeometric or Kummer's function, cf. [10] ch.

VI. For vy > a > 0 it has the integral representation
I'(y) ] y-a-1 a-1 so
(]2) ]FI(G;Y;S) =m [0 (]_0) g e dU

and for large negative values of the argument it has the asymptotic beha-

viour

e _ I —a , in(a-y) I(y) ~|s||_jo-v W N
(13) RNCHE Is|) = {F(y—a) s|] © + e ) © ls] F(1+0(s "))
its second term is important only when vy — o = 0,-1,-2, etc.
From the integral representation (12) we easily derive some estimates

on lFl' If o > 0, y~a 2 1 and s = 0, we have
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IA

1
0 < { (l—o)Y—a—lca—le—sodo

[ oa_le—sgdo = F(u)s—u
0 0

and if o > 0, 0 < y=a < 1 and s 2 0, then

, .
(]_O)Y—a—ldu—]e—sodo _

0 < (y-a) f
0

1 1
y[ (l—o)Y a5 1e 90 - sf (I-G)Y—aoae_scdc < yr(a)s u,
0 0

hence we have for a > 0, y=o > 0 and s 2 0O

(14a) 0 < |F (a,1,=8) < T(y+1)s /T (y-a+1).

We can extend this inequality to the case o < 0, y=a > 0 and vy # 0,-1,

-2, etc.; take n := [1-a], then we have for s > 0

|(d/ds)n]F](a,y,-s)| = I(a)n]Fl(a+n,y+n,—s)/(y)n] <

IN

(y+n) (@) T(¥)s /T (y=a+1)

and integrating this n times, using ]Fl(a,y,O) = 1, we find a constant C,

depending on y and a, such that

(14b) | [F,(e,v,=s)| < c(1+s™") for s 20, a <0, y-a > 0 and

vy # 0,-1,-2, etc.

If 0 < y=oo £ 2 and o > 0 we have for s 2 0

1 P
[ (l—o)Y_u_loa 1e 5% > { (l—o)oa—]e SO 5 F(a)s—a(l—a/s);

0 0
since the first integral is decreasing in s it is also larger than
F(a)(1+a)_l_u for 0 < s £ l+a. So we have for o > 0, 0 < y=oo £ 2 and s 2 0O

1

(14c) [F(@,7,-8) = (T()/T(y=a)) min{ (1+0) T %, 57"/ (1+a) }.
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This inequality can be extended to every combination of o and y satisfying
y > a > 0. For negative values of o we can use the same device as used for

(14b) provided y > O:

d Do rlieg) > 2O
_d—g lFl(a’Y’_S) = Y lFl(a+]’Y+1’ S) 2 v C (S)

R
a,y —o-l

and by integration we get

(144d) ]Fl(a,y,—s) > Ca YR_a(s) for every s 2 0, vy > 0 and a < v,

]

where Ca v are positive constants depending on o and v.
3

When o and y are positive and 0 < s < y/a, the power series expansion

of |Fy»

o ()

k k
F. (a,y,~s) = Z ——— (-8) ",
171 k=0 (Y)kk.

is the sum of an alternating and absolutely decreasing series, hence

(14e) 1 - as/y < ]Fl(a,y,—s) <1 if vy > 0, o > 0 and 0 < s < y/a.

From (13) we see
+ fa =1 ., . 1.2 .

(15a) Fa(t) = 22% 2F(5a+§)1F](-§a;%;—§t ), (if a # -1,-3,-5,etc),
- lagl -1 2 . .

(15b) Fa(t) = 229 24 2 (%a+1)t]F1(—%a+%;3/2;—%t ), (if a # -2,-4,-6,etc),

with the required asymptotic behaviour

(16) F:(t) = [e]® + 0(c™%)) and F_(t) = ele)®ha + o).
. - + + -+ -
In particular we have Fo(t) = erf(t/V/2) and FO = 1; FO’ F], F2, F3 etc. are

polynomials of degree 0,1,2, etc.
By differentiation of (10) we find that (F:)' satisfy yv" + ty' +

- (a~1)y = 0 and by (16) and a symmetry argument we find
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aF_ (if a # -1,-3,etc.) and

+ 1
(17) () o

F)' = aF’;_1 (if a # 0,-2,-4,etc.)

The inequalities (14) provide poéitive constants Ca K (k=1,2,3,etc.) de-
9
pending on a such that

+ .
(18a) 0 < Ca lRa(t) < Fa(t) < Ca 2Ra(t) if a > -1,

3 2

(18b) |[F (t)] < Ca’3|t]R (t) if a > -2

a-1
by differentiation we find

- -1 - la+d -1 -1 2 35 2
(F ()" =t F () - 229723 ¢ 2¢ (l-a)F(%a+1)1F](—%a+§;§;-%t ),

hence it satisfies (by l4a-b)

- . . _
(19a) |[E ('] =< C, 4Ramy (O if a > -2
and proceeding in the same way we find in general

(19b) | (0) ™ < D, Roa(®)  if a> -2,

-+ (n) . _
(20) [ (F (£)) "] < D, nRa-n(®) if a> -1,

in which Da , are constants depending on a and on the order of differentia-
3

tion.

c. The function x is the solution of the equation
(21) g+ (C éoy' = -1

which is regular at ¢ = 0 and takes the value 0 at ¢ = 1//§; hence

2

1
(l—exp—%tz)%§ = f (I--exp_-——-)gi (r = ¢v/e).
r

1//e
(22) x(T) := f

s
r 2¢ 7 s
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For O <r <1 and € + 0 it has the asymptotic behaviour

2
(23) x(r/Ve) = -log r + O(%‘exp._gz) = -log r + O(Enr—Zn—l)

for all n ¢ W,

as is easily seen from the last integral of (22). From the first integral

in (22) follows

1

IA

(24) 0 < x(z) < x(0) < -{log e + J (I‘EXP‘%tZ)%§ <

0
- llog ¢ (0 <z < 1/V/e).

IN

Its derivatives satisfy

1 2

(25) x'(2) == (l-exp-z") < CR_Z(C),

" 2 -2 2
(26) x"'(¢) = exp(-z7) - ¢ "(l-exp-z’) < R_,(c).
d. The equation

1 =1 v 2 -2
(27) y'+ (t+cCc )y' - (kK T+ wy =0,
arising from (A + réi - u)e® = 0 by sepération of variables, is transformed

in the confluent hypergeometric equation
tw'" + (k+t1-t)w' - f(k-p)w = 0, (k 2 0),

. . k 2 . .
by substitution y(z) = ¢ w(-iz"). There is only ome solution, regular at

the origin,
2 - K 17,1 1,2
(28) v (2) = o F (GGkmausk+15-3T7)

and it has the asymptotic behaviour (cf. 13) for ¢ » o

zék_%uky u liﬂ(k+u) 2%k+%u -2-u _1C2 2 -2
2 = - -l 2 -
(29) Yk(C) {F (-El-k-'*:iru-—-"' ]') 4 e F( Erk_'- T U) c e } ( ]+O(k G ) ) s

2
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whose second term is important only when p = -2,-4, etc.

Now we derive a number of inequalities on Yie and its derivatives. With-
out further notice we will use in the sequel the positivity of IF](a;y;—x)
for x > 0, vy > 0 and o < y as proved in (l4c-d). We assume also k = 0,

£ 20, u>-1. From (l4e) we find for 0 < gz <1 and k 2

k k k-u C2 3
(30) =2 yk(c) >z (1 - EIT"7§° and especially Z-S yk(l) < 1.

For the derivative we have, using well-known relations (cf. [10] ch. 6.2).

k-1 2 k+1 k- 2

(31a) v (2) = ko | F (Gk-gusk+13-307) = 32 i;%-lF](%k—%u+l;k+2;-%c ) =
k-1 1 1 1 2 1 1 1 2

(31b) =z {u]Fl(zk‘éu;k+1;—§C ) + (k-u)]Fl(ik'zU+1;k+l;‘§C ).

Hence from (31a)

IA

_] .
(32a) yé(c) 34 yk(c) if k > u

and from (31b)

-1 .
(32b) yp(@) 2wz 'y (©)  if k> [u
_ u v, (T)
Since (Z;/a)u satisfies u' = g ]u and (§)|C=1 = §E?§7’ s
=1
we conclude from (32b)
y, (2)
k T U .
(33) 0 < yk(a) < (E) if 0 < ¢ < a and k > |ul.

Formulae (30), (32) and (33) result in

<k’ 1a™M, if 1 <c <aand k> |u,
¥, (2) ky, (2)

@ STy @ |

(34a) |
kyk(C) yk(l) 4

k-1 —u
< . < 2 a ",
Cyk(l) vk(a) 3

kg

if0<z<1<aandk> |ul.
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For the function z, defined by (cf. 31a)

k+2 k
2(2) := oyl (D)=ky, (2) = =42 SR B (bl ke 2,-400)

we can do the analogue of (31) and (32), resulting in
-1 -1 .
(k+2)z z(z) < z'(8) < ug z(z), if k> |uf,

and we get from this as in (34a)

i) Ky @) aCR (@

(34b) S @ - IR (a)

When u > 0 and k ¢ [0,u] we estimate yk(c) and its derivatives from above
with aid of (14b) and yk(a) from below for sufficiently large a with aid
of (l4c-d). Hence also in this case we can find constants C, such that at

k
least for sufficiently large values of a and k € [0,u] we also have

yk(c) (c) -
(34c) ] (a)l < C a R (z), l (a)l k Ru_l(c) and
Cy"k(C) -
—-3,—];—(55— < Cka RU"‘](C)
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