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Subbase characterizations of compact topological spaces*) 

by 

J. van Mill & A. Schrijver 

ABSTRACT 

In this paper we give characterizations of some classes of compact 

topological spaces, such as (products of) compact lattice, tree-like and 

orderable spaces, by means of the existence of a closed subbase of a spe

cial kind. 

KEY WORDS & PHRASES: supercompact, inter>Val structure, lattice space, 

tree-like, orderable, subbase characterization. 

*) This paper is not for review; it is meant for publication elsewhere. 



1. INTRODUCTION, CONVENTIONS AND SOME DEFINITIONS 

All topological spaces, under discussion, are assumed to be T 1, and 

"subbase" wiZZ always mean a subbase for the closed sets. 

Often, an important class of topological spaces can be characterized 

by the fact that each element of the class possesses a subbase of a special 

kind. For example compact spaces (Alexander's subbase lemma), completely 

regular spaces (DE GROOT and AARTS [13]), second countable spaces (by 

definition), metrizable spaces (BING, cf. [8]), (products of) orderable 

spaces (VAN DALEN and WATTEL [6]; VAN DALEN [SJ; DE GROOT and SCHNARE [14]). 

Such characterizations we shall call subbase characterizations. 

A class of spaces defined by the existence of a subbase of a special 

type is the class of supercompact spaces (DE GROOT [IO]); this class con

sists of all spaces possessing a so-called binary subbase, that is a subbase S 

such that if s0 c S with ns0 = 0 then there exist s0 ,s 1 e: s0 such that s0 n s1 = '/J. 

It is clear that by the lemma of Alexander every supercompact space is compact. 

There are many interesting subclasses of the class of supercompact spaces, such 

as all compact metric spaces (STROK and SZYMANSKI [16]; cf. theorem 2. 6 of the 

present paper), compact order able spaces (DE GROOT and SCHNARE [14]; cf. theorem 

5.2), compact tree-like spaces (theorem4.3), compact lattice spaces (theorem 

3. 2) and products of these spaces. Not all compact Hausdorff spaces are supercom

pact as was shown by BELL [ 2] (see also VAN DOUWEN and VAN MILL [ 7]). 

In this paper we will give subbase characterizations of the above 

classes of topological spaces. The characterization of compact metric 

spaces and compact orderable spaces are due to DE GROOT [11] and DE GROOT 

and SCHNARE [14]. 

An idea of DE GROOT was to represent a supercompact space with binary 

subbase S by the graph with vertex set Sand an edge between s0 and s1 in 

S if and only if s0 n s 1 ~ 0. DE GROOT [12] proved that the space is com

pletely determined by this graph. In our approach we will represent a 

supercompact space with binary subbase S by the graph with vertex set S 

and an edge between s0 and s 1 in S if and only if s0 n s 1 = '/J. This not 

essentially different approach seems to have some advantages (e.g. con

nectedness and bipartiteness of this latter graph imply interesting pro

perties of the space). This graph representation is often helpful to de-
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termine a subbase characterization. 

This paper is organized as follows. In section 2 we give a characteri

zation of supercompactness by means of "interval structures" and show the 

relation between supercompact spaces and graphs. Sections 3, 4 and 5 deal 

with lattice spaces, tree-like spaces and orderable spaces, respectively. 

As an application of section 2 we show that some of the results can be ex

tended to products of these spaces. 

2. SUPERCOMPACT SPACES AND GRAPHS 

We shall first define the notion of interval structure and we charac

terize supercompactness by means of this concept. Second, a correspondence 

between graphs and supercompact spaces is demonstrated. 

DEFINITION. Let X be a set and let I: Xx X • P(X). Write I(x,y) = I((x,y)). 

Then I is called an interval stru.atU'I'e on X if: 

(i) x,y € I(x,y) 

(ii) I(x,y) = I(y,x) 

(iii) if u,v € I(x,y) then I(u,v) c I(x,y) 

(iv) I(x,y) n I(x,z) n I(y,z) # 0 

(x,y EX), 

(x,y EX), 

(u,v,x,y EX), 

(x,y,z EX). 

Axioms (i), (ii) and (iii) together can be replaced by the following axiom: 

u,v E I(x,y) iff I(u,v) c I(x,y) (u,v,x,y E X). 

A subset B of Xis called I-convex if for all x,y EB we have I(x,y) c B. 

If (X,$) is a lattice, then I(x,y) = {z EX x A y $ z $xv y} defines 

an interval structure on X (see section 3). 

THEOREM 2.1. Let X be a topologiaal spaae. Then: Xis supercorrrpact if and 

only if Xis aompaat and possesses a (closed) subbase Sand an interval 

stru.cture I such that eaah SES is I-convex. 

PROOF. Let X be a supercompact space and let S be a binary subbase for X. 

Define I: Xx X • P(X) by 

I(x,y) = n{s Es I x,y € S}, (x,yEX), 
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Then it is easy to show that I is an interval structure on X and that each 

SES is I-convex. 

Conversely, let X be a compact space with a closed subbase S consist

ing of I-convex sets, where I is an interval structure on X. We will show 

that Sis binary. 

Let S' c S such that ns 1 = 0. Then, since Xis compact, there exists 

a finite subset soc S' such that nso = 0. Hence it is enough to prove the 

following: if s1,s2 , ••• ,Sk ES and s 1 n ••• n Sk = 0 then there exist i,j 

(1 ~ i, j ~ k) such that S. n S. = 0. 
1 J 

We proceed by induction with respect to k. If k = I or 2 it is trivial. 

Suppose that k ~ 3 and that for each k' < k the statement is true, Define: 

T1 = s 2 n s 3 n s 4 n 

T2 = s 1 n s3 n s4 n 

If one of the T. 'sis empty, then the induction hypothesis applies. Sup-
1 

pose therefore Ti j 0 (i = 1,2,3), and take x E T1, y E T2 and z E r3• 

Then 

and thus 

But 

x,y E s3 n s 4 n n Sk, 

x,z E s 2 n s 4 n n Sk, 

y,z E Sl n s 4 n ... n sk, 

I(x,y) c s 3 n s4 n n sk, 

I(x,z) C S2 n s 4 n n Sk, 

I(y,z) C SI n s 4 n n sk. 

0 r I(x,y) n I(x,z) n I(y,z) c (S 3 ns 4n ••• nSk) n (S 2 ns 4 n .•. nSk) n 

n (S 1ns 4n ••• nSk) = 

= s1 n s2 n ••• n sk. 

This contradicts our hypothesis. 0 
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For some related ideas see GILMORE [9]. 

Now we turn our attention to the announced correspondence between 

graphs and supercompact spaces. 

A graph G is a pair (V,E), 1n which Vis a set, called the set of 

vertices, and Eis a collection of unordered pairs of elements of V, that 

is E c {{v,w} v,w EV, v # w}. Pairs in E are called edges. Usually a 

graph is represented by a set of points in a space with lines between two 

points if these two points form an edge. A subset V' of Vis called inde

pendent if for all v,w EV' we have {v,w} i E. A maximal independent sub

set of Vis an independent subset not contained in any other independent 

subset. Zorn's lemma tells us that every independent subset of Vis con

tained in some maximal independent subset. We write 

I(G) := {V' c VIV' is maximal independent}; 

and for each v EV: 

and 
B := {V' E I (G) I V E V'} 

V 

B(G) := {B 
V 

I V E V}. 

The graph space T(G) of G is the topological space with I(G) as underlying 

point set and with B(G) as a (closed) subbase. 

If Sis a collection of sets then the non-intersection graph G(S) of 

Sis the graph with vertex-set Sand with edges the collection of all pairs 

{S 1,s2} such that s1 n s2 = 0. The following observation was made by 

DE GROOT [12]: 

THEOREM 2.2. A space Xis supercorrrpact iff Xis the graph space of a graph, 

in particular: 

(i) if X has a binary subbase S then Xis homeomorphic to the 

graph space of G(S); 

(ii) for a graph G, the graph space T(G) 1,s supercompact, with 

B(G) as a binary suhbase. 

Let G. be a graph (j EJ); the swn l G. of these graphs 1s the graph with 
J jEJ J 



vertex set a disjoint union of the vertex sets of the G. (jEJ) and edge 
J 

set the corresponding union of the edge sets. These sums of graphs and 

products of topological spaces are related in the following theorem. 

THEOREM 7..3. Let J be a set and for each J E J let G. be a graph. Then 
J 

T( l G.) is homeomorphic to IT 
jEJ J jEJ 

T(G.). 
J 

PROOF. Straightforward. 0 

We shall now give subbase characterizations of some obvious classes 

of topological spaces; in sections 3, 4 and 5 subbase characterizations 
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of special classes of spaces are given. With each subbase characterization 

we also give a characterization in terms of graphs. 

PROPOSITION 2.4. The following assertions are equivalent: 

(i) Xis a second countable supercorrrpact space; 

(ii) X possesses a countable binary subbase; 

(iii) Xis homeomorphic to the graph space of a countable graph. 

(A graph is called countable if its vertex set is countable.) 

PROOF. Note that each subbase of a second countable space contains a 

countable subcollection which also is a subbase. 0 

A subbase S for Xis called weakly noY'l'Tlal if for each s0,s 1 ES with 

s0 n s 1 = 0 there exists a finite covering M of X by elements of S such 

that each element of M meets at most one of s0 and s 1• A graph (V,E) is 

called weakly normal if for each {v,w} EE there are v 1, ..• ,vk,w1, ... ,w£ E 

EV (k,£ ~ 0) such that: 

and if 

with 
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then 

is not independent. 

THEOREM 2.5. Let X be a superaompact space with binary suhbase Sand let 

X be the graph space of the graph G. The following assertions are equiva

lent: 

PROOF. 

(i) X is a Hausdorff space; 

(ii) Sis a weakly normal subbase; 

(iii) G is a weakly normal graph. 

(i) ~ (ii). Take s 1,s2 ES with s 1 n s2 = 0. As Xis normal (compact 

Hausdorff) there exist closed sets C and D with 

C n s1 = 0 = s2 n D and cu D = x. 

Since Xis compact and C and Dare intersections of finite unions of sets 

in S, we can take C and D to be finite intersections of finite unions of 

sets in S, or, what is the same, finite unions of finite intersections of 

sets in S. 

Since C n s1 = 0, each of the finite intersections composing Chas 

an empty intersection with s1• Now Sis binary and therefore we can re

place these finite intersections by single sets of S. Hence we may suppose 

that C is a finite union of elements of S. Similarly we can take Das a 

finite union of elements of S. 

(ii)~ (i). This a consequence of a theorem of DE GROOT and AARTS [13]. 

(i) ~ (iii). The simple proof is left to the reader. 0 

This theorem now implies the following remarkable fact, which was 

first observed by DE GROOT [12]. 

THEOREM 2.6. The following assertions are equivalent: 

(i) Xis compact metric; 

(ii) X has a aountahZe weakly normal binary subbase; 



(iii) X is homeomorphic to the ~n•aph space of a countable 

weakly nomal graph. 
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PROOF. This is a consequence of the deep result of STROK and SZYMANSKI [16] 

that every compact metric space is supercompact. 0 

Using this theorem we can derive a rather remarkable characterization 

of the Cantor discontinuum C. We call a graph (V,E) locally finite if for 

all v EV the set {w EV I {v,w} EE} 1.s finite. 

THEOREM 2.7. The following assertions are equivalent: 

(i) Xis homeomorrphic to the Cantor discontinuwn; 

(ii)X is homeomorrphic to the graph space of a countable locally 

finite graph with infinitely :many edges. 

PROOF. 

(i) => (ii). By theorem 2.3 Xis homeomorphic to the graph space of the 

following graph (cf. DE GROOT [12]): 

0 0 0 

I I I 
0 0 0 

Figure 1. 

(ii)=> (i). We are going to show that Xis a compact metric totally 

disconnected space without isolated points, whence it will follow that X 

is homeomorphic to the Cantor discontinuum. Let G be a countable locally 

finite graph with infinitely many edges. We will first show that the closed 

subbase B(G) of T(G) consists of clopen sets. 

Take v E V. Since G is locally finite, there are w 1 ,w2 , ••• ,wn E V 

such that 

{w 1, ••• ,wn} = {w EV I {v,w} EE}. 

Now for all i = 1,2, ... ,n the set Bwi is closed, hence U~=l 

too. It is obvious that 

Bw• 1.s closed 
l. 
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n 
X \ U 

i=l 
B = B , 

W. V 
l 

and hence B is open. 
V 

Since it now follows that T(G) is Hausdorff (T(G) being T1 and totally 

disconnected), compact and second countable, T(G) is compact metric. 

Finally we show that T(G) has no isolated points. For suppose there 

is a V' E T(G) such that {V'} = nr=l Bvi• That 1s, if V" E I(G) and 

{v 1,v2, ... ,vm} c V" then V' = V". Let W be the set 

{w EV I {v.,w} EE for some i E {1,2, ••• ,m}}. 
l 

Since G is locally finite, Wis finite. Now the set 

E' = {{v,w} EE I w E W, v EV} 

also is finite. Since Eis infinite there is an edge {a,b} E E\E'. It is 

easy to· see that a i Wand b i W, hence {v 1, ... ,vm,a} and {v1 , ... ,vm,b} 

both are independent sets of vertices, and hence both are contained in a 

maximal independent set, say 1n V~ and Vb respectively. As {v 1, ••• ,vm} 

and {v 1, ••• ,vrn} c Vb it follows that v; =Vb= V'; hence a,b EV'. But 

{a,b} EE, hence V' is not independent which 1s a contradiction. D 

CV" 
a 

Finally we call attention to the fact that there is a natural relation 

between superextensions and graphs (cf. DE GROOT [12]). 

3. LATTICES AND BIPARTITE GRAPHS 

In this section we give a correspondence between spaces induced by a 

lattice and graph spaces obtained from bipartite graphs. Let (X,~) be a 

lattice with universal bounds O and J. If a and bare elements of X then 

[a,b] will denote the set 

[a,b] = {x EX I a~ x ~ b}. 



The interval space of Xis the topological space X the topology of which 

is generated by the subbase 

S = {[O,x] I x EX} u {[x,l] I x EX}. 

Spaces obtained in this way are called lattice spaces. According to a 

theorem of FRINK (cf. BIRKHOFF [3]) the interval space of a lattice (X,s) 

is corrrpact iff (X,s) is corrrplete. 

THEOREM 3.1. Every corrrpact lattice space is supercompact. 

PROOF. Let (X,s) be a complete lattice and define an interval structure 

(cf. section 2) I on~ by 

I(x,y) := [x /\ Y, XV y]. 

9 

This is easily seen to be an interval structure while moreover the subbase 

S for X defined above consists of I-convex sets; consequently Xis super-

compact by theorem 2.1. 0 

A graph (V,E) is called bipartite if V can be partitioned in two sets 

v0 and v1 such that each edge consists of an element of v0 and an element 

of v 1• A well-known and easily proved theorem in graph theory, see e.g. 

WILSON [19], tells us that a gra:ph (V,E) is bipartite if and only if each 

circuit is even, that is, whenever 

are edges in E, then k is even (this characterization uses a weak form of 

the axiom of choice). 

We call a collection S of subsets of a set X bipartite if the non

intersection graph G(S) is bipartite. 

THEOREM 3.2. The follo~ing assertions are equivalent: 

(i) Xis homeomorphic to a corrrpact lattice space; 

(ii) X possesses a binary bipartite subbase; 
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(iii) Xis homeomorphia to the gra:ph space of a bipa:t'tite gra:ph. 

PROOF. 

(i) • (ii). Let (X,:,;) be a complete lattice; the subbase 

S = {[O,x] I x E X} u {[x, I J I x E X} 

is bipartite and binary. 

(ii)• (i). Let X be a topological space with a binary bipartite sub

base S; let S = S0 u S1, such that S0 n S 1 = 0 and nSO 101 nS 1 (this is 

possible since Sis binary and bipartite). Define an order":,;" on X by 

x:,; y iffy ES whenever x ESE S1• 

The relation":,;" is reflexive and transitive;":,;" is anti-symmetric too. 

For suppose that x # y and x:,; y:,; x. Since Xis T1 , there exists an SES 

such that x ES and y i S. However, this implies that there also exists a 

TES such that y ET and T n S = 0, since Sis binary. From this it fol

lows that either SE S 1 or TE s 1• If SE S1 then y ES, since x:,; y, which 

is a contradiction. If TE S1, then x ET, since y:,; x, which also is a 

contradiction. 

We will show that":,;" defines a complete lattice by proving that for 

each X' c X there is a z EX such that z = sup X'. 

Let X' c X. Define 

and 

s; ={TE SI I s n r # 0 for alls Es;}. 

Now ns; n ns; # 0, since ns; # 0 Ins; and also s n T # 0 for alls E so 
and TE s; (notice that Sis binary!). Choose z E ns0 n ns;. This point z 

is an upper bound for X', for let x EX' and let x ET E s1; then TE s; 
and hence z ET. Therefore x:,; z for all x EX'. 

Suppose now that x:,; z' for all x EX' and that z t z'. Then there 

exists a TE S1 with the properties z ET and z' i T. As Sis binary and 
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bipartite, there is an SE S0 such that Sn T = 0 and z' ES. Now, X' c S, 

since otherwise there must be an x0 EX' and a T' E S1 with the properties 

x0 ET' and T' n S = 0. Then, since x0 s z' we have that z' ET', which 

contradicts the fact that Sn T' = 0. Therefore X' c S, which implies that 

s Es;. Butz is, which cannot be the case since z Ens; n nsi. 

Finally the topology induced by the lattice-orderings coincides with 

the original topology of the space X. Indeed, for x EX we have that 

[x,l] = n{s E SI I XE S}, 

as can easily be seen. 

Furthermore 

[O,xJ = n{s E s0 I x Es}, 

for suppose that y s x and that y i s for some S E S0 with X E s. Then 

there exists a T E Sl such that s n T = 0 and y ET. Hence X €. T, contra-

dieting the fact that s n T = 0. 
Also if TE s 1' let 

Then T n nS0 1 0, since Sis binary. Choose z ET n nS0. We will show that 

[z,I] = T. 

If z s y, then y ET since z ET. If y ET and z t y, then there exists an 

SE S0 such that y ES and z i S. However, S n T # 0 and consequently 

SE S0 and z E S, which is a contradiction. 

Conversely, if SE s0 let 

s; = {T €. SI I s n Ti 0}. 

Then Sn ns; # 0, since Sis binary. Choose z ES n nSj. We will show that 
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[0,z] = S, 

If y ~ z and y i S then y ET for some TES, with Sn T =¢.Hence z i T, 

which contradicts the fact that y ~ z. If y ES and y, z then there is 

some TE s1 such that y ET and z i T. Then Sn T ~ 0 and TE s;. Hence 

z ET, contradicting the fact that z i T. 

(ii)=> (iii). Let X be a space with a binary bipartite subbase S. 
By definition G(S) is bipartite and, by theorem 2,2, Xis homeomorphic to 

the graph space of G(S). 

(iii),.. (ii). Let G be a bipartite graph. It is easy to see that the 

binary subbase B(G) for the graph space of G is bipartite. D 

4. TREE-LIKE SPACES AND WEAKLY COMPARABLE GRAPHS 

We now turn our attention to compact tree-like spaces, which are 

characterized with the help of weakly comparable subbases and graphs. 

A tree-like space is a connected space in which every two distinct 

points x and y can be separated by a third point z, i.e. x and y lie in 

different components of X\{z}. Obviously every connected orderable space 

is tree-like; however, the class of tree-like spaces is much bigger, see 

e.g. KOK [IS]. 

A collection S of subsets of a set Xis called normal if for every 

s0 ,s 1 ES with s0 n S1 = 0 there exist T0 ,T 1 ES with s0 n T1 = 0 = T0 n s1 
and T0 u T1 = X. Clearly a normal collection is weakly normal, cf. section 

I. In addition Sis called weakly comparable if for all s0 ,s 1 ,s 2 ES satis

fying s0 n s1 = 0 = s0 n s2 it follows that SI c s2 or s2 c s 1 or 

SI n s2 = 0 (the notion comparable will be defined in section 5). 

A collection S of subsets of a set Xis called connected (strongly 

connected) if there is no partition of X in two (finitely many) elements 

of S. 

LEMMA 4.1. Let S be a weakly corrrparable collection of subsets of the set 

X. Then the following properties are equivalent: 

(i) Sis normal and connected; 

(ii) Sis weakly nomal and strongly connected. 
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PROOF. 

(i) => (ii). Let S be weakly comparable, normal and connected. Clearly 

Sis weakly normal. Suppose Sis not strongly connected and let k be the 

miniMal number such that there are pairwise disjoint sets s 1, ... ,Sk in S 

with union X. Since Sis connected, k ~ 3. As s1 n s2 = 0 there exist, by 

the normality of S, T1 and T2 in S such that s 1 n T2 =, = T1 n s 2 and 

TI u T2 = X. Now s3 intersects either T 1 or T2" We may suppose s3 n TI j 0. 

Hence since s 2 n T 1 = 0 = s2 n s3 , by the weak comparability of S, 

s3 n T1 = 0 or T1 c s3 or s3 c T1. Since the first two cases cannot occur, 

it follows that s3 c T1. In the same way one proves that for each j = 4, ..• 

... , k either Sj c T1 or Sj n T1 = 0. Hence there exists a smaller number 

of pairwise disjoint sets in S covering X. 

(ii)=> (i). Let S be a weakly normal, strongly connected, weakly com

parable collection of subsets of X. We need only show that Sis normal. To 

prove this let T0 ,T 1 ES such that T0 n T1 = 0. Let k be the minimal num

ber such that there are s 1, ... ,Sk in S covering X and such that each Si 

meets at most one of T0 and T1• By the minimality of k we may suppose that 

no two of these subsets s1, ... ,Skare contained in each other. If k = 2 we 

are ready. 

Suppose therefore k ~ 3. We prove that the sets s 1, ... ,Sk are 

pairwise disjoint. Without loss of generality we prove only that s 1 n s2 = 

= 0. Suppose that s 1 n s2 j 0. By the weak comparability they are neither 

both disjoint from T0 nor are they both disjoint from T1. We may suppose 

therefore s 1 n T0 # 0 "'f s2 n T1. Since now s 1 n T1 = 0 = T1 n T0 it follows 

that either SI c To or To c sl. If SJ c To then Ton s2 ~ s, n s2 f 0, 
which cannot be the case since T0 n s 2 = 0. It follows that T0 c s 1 and 

similarly T1 c s2 . We may suppose that s3 n T0 = 0. Since also s2 n r0 = 0 
we have s3 n s 2 = 0. From this it follows that s3 n T1 = 0 and since also 

s 1 n T1 = 0, we have s3 n s 1 = 0. Now from the weak comparability it fol

lows from s3 n s2 = 0 = s3 n s1 that s2 n s1 = 0. which is a contradiction. 

Since there are no pairwise disjoint sets s 1, ... ,Sk in S with union X, 

it cannot be the case that k ~ 3. Hence Sis normal. D 

A graph (V,E) is called noy,rrzal if for each edge {v,w} EE there are 

edges {v,v'} and {w,w'} in E such that whenever {v' ,v"} and {w' ,w"} are 
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edges then also {v",w"} is an edge (see figure 2). 

v" Of------.....;0 w" 

v' 0 0 w' 

0-------sO 

V w 

Fi3ure 2 

Clearly each normal graph is a weakly normal graph (see section I). 

A graph (V,E) is called weakly comparable if for each "path" {v0,v 1 }, 

{v1,v2},{v2,v3},{v3,v4} of edges either {v 1,v3} EE or {v0,v3} EE or 

{v1,v4} EE (see figure 3). 

-- - - :- ~-,...:::: - --- .... 
~ ' 

"' ... ----- .... , " /.,,. '-\ ' 
J ,. .... \ \ o--~o~---01--~o~--o 

Figure 3 

A graph (V,E) is called contiguous (BRUIJNING [4]) if for each edge 

{v,w} EE there exist edges {v,v'} and {w,w'} such that {v' ,w'} i E. 

A graph (V,E) is connected if for each two vertices v,w EV there is 

a path of edges {v,v 1},{v 1,v2}, ••• ,{vk,w}. 

Finally, we call a collection S of subsets of a set X griaph-connected 

if the corresponding non-intersection graph G(S) is connected. 

LE}1MA t: .• 2. Let S be a binary co Uection of subsets of the set X 1.,Ji th non

interisection graph G(S). Then 

(i) Sis normal iff G(S) is normal; 

(ii) Sis weakly comparable iff G(S) is weakly compariahle; 

(iii) Sis connected iff G(S) is continguous. 



PROOF. Note that s 1 u ••. u Sk = X (Si ES, i E {1,2, ... ,k}) if and only 

if in G(S) for each Si,·· .,Sk with {Si,Si} is an edge of G(S) it follows 

that {Sj,Sz,····Sk} is not independent. • 
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If Xis a tree-like space then a subset A of Xis called a segment 

if A is a component of X\{x0 } for certain x0 EX. KOK [15] has shown that 

every segment in a tree-like space is open. In particular every tree-like 

space is Hausdorff. 

THEOREM 4.3. Let X be a topological space. Then the following properties 

are equivalent: 

(i) Xis compact tree-like. 

(ii) X possesses a binary normal connected (closed) subbase T 

such that for all T0 ,T 1 ET we have that T0 c T1 or 

Tl c To or Ton Tl = 0 or To u Tl = x. 
(iii) Xis homeomorphic to the graph space of a connected nor

mal continuous weakly comparable graph. 

PROOF. 

(i) => (ii). Let X be compact tree-like and let U denote the collection 

of segments of X. Since every two distinct points of X are contained in 

disjoint segments, the compactness of X implies that U is an open subbase 

for the topology of X. We will show that for all u0 ,u 1 EU either u0 u u1 = 

= X or u0 n u1 = 0 or u0 c u I or u1 c u0 • To prove this, take u0 ,u I EU 

and suppose that U. is a component of X\{x.} (i E {0,1}). Without loss of 
1 i 

generality we may assume that x0 f x 1• Suppose that X\{xi} * = u. + u. 
i i 

* * (i E {O, l}) (this means U. n U. = 0 and X\{x.} = U. u U.). i i 1 i i We have to con-

sider two cases: 

(a) suppose first that x 1 E u0 • We again distinguish two subcases: 

(a(i)) x0 E u 1• It then follows that dx(U~) = U~ u {x0 } c u1, since 

* 

(b) 

dx(u0 ) is connected. This implies u0 u u 1 = X. 

(a(ii)) x0 EU~. Then dX(u 1) c u0 , since dX(U 1) is connected. There

suppose that x 1 E 

(b(i)) x 0 E u1• 

fore u1 c u0 • 
* . . . u0 • We distinguish two subcases: 

This implies that dX(U0) c u 1, since dX(U 0) 

nected. Hence u0 c u1• 

is con-
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(b(ii)) x0 Eu~. Now we have dx(u0) c U~, since dx(u0) is connected. 

* Therefore u0 c u1 and consequently u0 n u1 = 0. 

Now define T = {X\U I U EU}. Then Tis a closed subbase such that 

for all TO,Tl ET either To u Tl = x or Ton Tl= 0 or To c Tl or Tl c To· 

In particular Tis weakly comparable. To show that Tis binary it suffices 

to show that each covering of X by elements of U contains a subcover of 

two elements of U. Indeed, let A be an open cover of X by elements of U. 

By the compactness of X there already are finitely many elements of A 

covering X, say u1 u u 2 u ••• u Un= X (Ui EA, i E {1,2, •.. ,n}). In addi

tion, we may assume that r/J-# U. ¢. U. for i-# j. We claim that for each 
l. J 

Ui E {u 1,u2, •.. ,Un} there exists a Uj E {u 1 ,u2 , ••• ,u} such that u. nu. -#(/J, 
n i J 

for assume to the contrary for some fixed i it were true that 

Ui n Uj = 0 for all j Ii. As {u 1,u2 , ••• ,Un} is a covering of X it would 

follow that Xis not connected, which is a contradiction. Therefore 

u. u u. 
l. J 

X. Consequently Tis a binary subbase. 

As Xis Hausdorff, by theorem 2.5, Tis weakly normal, which implies 

that Tis normal by lennna 4.1, since trivially Tis strongly connected 

(notice that T consists of closed sets). 

(ii)=> (i). Since Tis a binary subbase we have that Xis compact. 

Therefore we need only prove that Xis tree-like. First we will show that 

Xis connected. Suppose that Xis not connected. Then there are closed 

disjoint sets G and H such that Gu H = X and G # 0 # H. G and Hare in

tersections of finite unions of subbase elements. Since G and Hare closed, 

G and Hare even finite intersections of finite unions of subbase elements, 

or, what is the same, finite unions of intersections. Let m be the minimal 

number such that there are G1, ••• ,Gm such that 

(i) G1, ••• ,Gm are non-void and intersections of subbase elements; 

(ii) G1 u ••• u Gm = X; 

(iii) there is an I c { 1,2, ••• ,m} such that 

u G. 1' (/J ,; u G. and 
id 

l. 
j'1 J 

u G. n u G. = (/J. 
id l. 

jiI J 

We first prove that G. n G. = 0 if 1. # J. Suppose that G. n G. f 0 for 
l. J l. J 
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i # j. We claim that G. u G. = n{T ET I G. u G. c T}. For take xi G. u G .• 
1 J 1. J 1 J 

Then, since G. and G. are intersections of subbase elements there are T0 l. J 
and T1 in T such that Gi c T0, xi T0 , Gj c T1 and xi T1. Now since 

T0 n T1 ~Gin Gj # 0 and T0 u T1 # X (x t TO u T1!) it follows that either 

T0 c T1 or T1 c T0 . Therefore xi T for some TE T with Gi u Gj c T. It 

now follows that mis not the minimal number of sets with the above proper

ty, which is a contradiction, 

Second, we prove that each G. is an element of T. Suppose that some 
l. 

G. i T. Let j # i. Then, since G. is an intersection of subbase elements 
1 1 

and Tis binary, there is a TE T such that G. c T and T n 
1 

sequence G1, ... ,G. 1,T,G. 1, .•. ,G is also 
1.- 1+ m a sequence with 

G. = 0. The 
J 

the above 

properties (i), (ii) and (iii). So again T n Gk= 0 if k # i, hence 

Gi c Tc X\Uk/iGk' which implies that Gi = T and therefore Gi ET. Hence 

there is a collection c 1, .•• ,Gm of pairwise disjoint subbase elements 

covering X and as Tis weakly comparable, and hence by lemma 4.1 is 

strongly connected, this is a contradiction. This proves that Xis con

nected. 

We now will show that every two distinct points can be separated by 

a third point. Let x,y EX such that x # y. As Xis a T1-space we have 

that {z} = n{T ET I z ET} for all z EX and consequently, since Tis 

binary, there exist T0 ,T 1 ET such that x E T0 , y E T1 and T0 n Tl= 0. 
The normality of T implies the existence of Tb,T; Er such that To u Ti= 

= x and Ton T; = 0 =Ton Tl. Define A= {TE T J Tu To= X}. Since x 
is connected we have that Au {T0} is a linked system and consequently 

T0 n nA # 0. We ctaim that this intersection consists of one point. As

sume to the contrary that zO,zl E Ton nA with zo # zl. In the same way 

as above there exist s0 ,s 1 ET such that z0 E s0\s 1 and z 1 E s1\s 0 and 

s0 u S l = X. Since z0 i. SI we have that S l i A and consequently TO u SI -/: X. 

Hence To c SI or sl c T for SJ n To= 0 is impossible since zl E SJ n To· 

However, this implies that s 1 c T0, since z 0 i s 1. With the same 

technique one proves that so C To; but this is a contradiction since 

T' f X. Let {z } = T' n r.A. Then z 0 is a separation point of x and y, 
0 0 0 

since TO and nA are closed subsets of X such that T0 u (nA) = X and 

x ET' and y E nA. This proves that Xis compact tree-like. 
0 
(ii)~ (iii). Let X be a space possessing a binary normal connected 
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subbase T such that for all T0,T 1 ET we have that either T0 c T1 or 

T1 c T0 or T0 n T1 = 0 or T0 u T1 = X. We may suppose that 0 i T and 

Xi T. Then the non-intersecting graph G(T) is normal. G(T) is weakly 

comparable since Tis weakly comparable, as is easy to show. G(T) is con

tinguous since Tis connected. So we need only to prove that G(T) is con-

nected. Let TO,Tl E T, then either 

(a) TO n T1 = 0; 
or (b) TO u T1 = X; 

hence there 

hence there 

= T' n T' = 
0 l 

is an edge in G(T) between T0 and T1; 

are TO and T1 in T such that TO n TO= 

T; n T0 = 0, forming a path in G(T) con

necting r0 and T1; 

or (c) To C TI; hence there is a T2 ET such that T0 n T2 = 0 = 

or 

= T2 n T1, giving again a path connecting T0 and T1 ; 

this case is similar to case (c). 

(iii)=> (ii). Let X be the graph space of a connected normal conti

guous weakly comparable graph G = (V,E). We will prove that the subbase 

B(G) for the graph space satisfies the conditions of (ii). B(G) clearly 

is binary, normal and connected. Suppose now that B ,B E B(G) (cf. secv w 
tion 2), with v,w EV. Let {v,v 1}, ... ,{vk-l'w} EE be a path connecting 

v and w with minimal number k of edges. We prove that always B n B = 0 
V W 

c B. We will show this by induction to k. 
V 

or B u B = X or B c B or B 
V W V W W 

If k = l then {v,w} EE and hence B n B = 0. Suppose that k > I. There 
V W 

is a path of (minimal) length k - l between v 1 and w, hence by induction 

hypothesis either 

(a) Bv 1 n Bw = 0, .i.e. {v,v 1}.{v 1,w} EE. It now follows that 

{v,w} J E (otherwise k = 1) a;d therefore B c B 
V W 

or (b) Bvl u B = X· w • 
or (c) Bvl C B w' 

or (d) B C BVJ; w 

Therefore always B n 
V 

or B c B, for if not, there voulrl be erlBes 
W V 

{v,v'},{w,w'} EE such that {v,w'} / E and 

{w,v'} /_ E, contradicting the weak comparability 

of G; 

since B n Bvl = 0 it follows that B C B 
V V w' 

·now B n Bvk-1 = 0 and hence as in case (a) B C 
V V 

or B C B 
v' w 

then B n B = 0, which implies that k = 
V w 

(contradiction). 

B = 0 or B u B = :X or B C B or B C B . w V w V w w V • 

B 
w 
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COROLLARY 4.4. Each compact tree-Zike space is supercompact. • 

COROLLARY 4.5. Let X be a topological space. Then the following properties 

are equivalent: 

(i) Xis a product of compact tree-Zike space. 

(ii) X possesses a binay,y normal connected weakly comparable 

closed subbase 

(iii) Xis homeomorphic to the graph space of a normal conti

guous weakly comparable graph. 

PROOF. Notice that each graph is the sum of its components. Then apply 

theorem 2.3 and theorem 4.3. D 

An interesting application of this corollary is the following. In [11], 

DE GROOT proved a topological characterization of then-cell In, and of the 

Hilbert cube 100 by means of a binary subbase of a special kind (cf. theo

rem 5.5). ANDERSON [l] has proved that the product of a countably infinite 

nwnber of dendra is homeomorphic to the Hilbert aube, where a denclron is 

defined to be a nondegenerate, uniquely arcwise connected Peano continuum. 

It is well known, however, that a dendron is simply a compact metric tree

like space (cf. WHYBURN [18]). Since the dimension of a dendron is I, using 

our characterization of products of compact tree-like spaces, we are able 

to give a new characterization of the Hilbert cube, thus generalizing the 

result of DE GROOT, mentioned above, for the case of the Hilbert cube. 

THEOREM 4.6. A topological space Xis homeomorphic to the Hilbert cube I 

if and only if X has the follOI.J>ing properties: 

(i) Xis infinite dimensional; 

(ii) X possesses a countable binary connected normal weakly 

comparable subbase. 

00 

PROOF. The necessity follows from corollary 4.5, since the Hilbert cube is 

a product of compact tree-like spaces. The sufficiency follows from the 

fact that by corollary 4.5 Xis homeomorphic to a countable product of 

dendra. As Xis infinite dimensional this must be a countable infinite 

product. Hence Xis homeomorphic to the Hilbert cube. 0 
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5. ORDERED SPACES AND COMPARABLE SUBBASES 

Finally we treat the relations between ordered spaces and comparable 

subbases and graphs. Note that an ordered space is the interval space of 

a totally ordered set (cf. section 3). Hence clearly every ordered space 

is a lattice space while moreover a connected ordered space is tree-like. 

Let X be a set and let S be a collection of subsets of X. The collec

tion Sis called comparable (DE GROOT [11]) if for all s0 ,s 1,s2 ES with 

s0 n s1 = 0 = s2 n s0 it follows that either s1 c s2 or s2 c s 1• A graph 

(V,E) is called comparable if for each path {v0 ,v 1},{v1,v2},{v2,v3},{v3,v4} 

of edges it follows that either {v0,v3} EE or {v 1,v4} EE (cf. figure 4). 

LEMMA 5. I. (i) 

------::..------- ..... ,. ,, ... ..... ...... 

~ ', ' 
I ' ', o .... ' -----1d1------101---o,---o 

Figure 4 

A graph G is comparable iff G is weakly comparable and 

bipart~'.te. 

(ii) Each comparable graph is normal. 

(iii) A collection S of suhsets of a set Xis comparable iff it 

is weakly comparable and bipartite. 

(iv) A comparable collection S of subsets of a set Xis normal 

if it satisfies the following condition: for each x EX 

and each SES with xi S there exists an s0 ES with 

x E s0 and s0 n S = 0. 

PROOF. The simple proof is left to the reader. n 

THEOREM 5.2. Let X be a topolorical space. The foUmJing assertions are 

equivalent: 

(i) X fa compact orderable; 

(ii) X possesses a binaI'IJ graph-connected comparable subbase; 

(iii) Xis homeomorrphia to the graph space of a connected com-

paI'ab le graph. 
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PROOF. 

(i) => (ii). Let (X,$) be a complete totally-ordered set, with univer

sal bounds O and I. Clearly the subbase S = {[O,x] I x EX, 0 ~ x < I} u 

u {[x,l] I x EX, 0 < x $ l} is binary, graph-connected and comparable. 

(ii)=> (i). Let X be a space with a binary graph-connected comparable 

subbase S. Since Xis bipartite (lemma 5.1), S induces a lattice ordering 

$ on X, such as in the proof of theorem 3.2 (ii)=> (i). We only have to 

prove that this order is a total order. Suppose that~ is not total, that 

is for some x,y EX we have xi y and y ix. Consequently there are 

S,T E SI such that: 

x ES, y i S, y ET and xi T. 

Since Sis graph-connected and bipartite there are s1, ... ,Sk such that 

= s n sk = sk n T = 0 
k-1 

with k odd. Suppose that k is the smallest number for which such a path 

in G(S) exists. If k ~ 3 then s1 n s2 = 0 = s2 n s3 and hence s1 c s3 or 

s3 c SI. If SI c s3 then 

which gives a shorter path from S to T. 

The case s3 c s 1 can be treated similarly. 

Hence k = I and consequently Sn s 1 = 0 = s1 n T. Since Sis compar

able, Sc Tor Tc S. This means that either x ET or y ES, which both 

are contradictions. 

(ii)=> (iii). Let X be a space with a binary graph-connected compar-

able subbase S. Then Xis homeomorphic to the graph space of the graph 

G(S), while moreover it is easy to see that G(S) is connected and compar-

able. 
(iii)=> (ii). Let X be the graph space of a connected comparable graph 

G = (V,E). B(G) is graph-connected since G is connected. B(G) is comparable, 

for suppose that Bv 1,Bv2,Bv3 E I(G) and 
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and Bvl ¢ BVJ and Bv3 ¢ Bv 1, 

Hence {v 1,v2} EE and {v2 ,v3} EE; and there are V' and V" E I(G) such 

that V' E BVJ \Bv 3 and V" E Rv 3 \ Rv 1 • 

As v 3 r/. V' there is a v 4 E V' such that {v 3 ,v4 } E E. As v 1 i vu there 

is a v 0 E V" such that {v0 ,v 1} E E. Now 

and also {v0 ,v3 } i E (for v0 ,v3 EV") and {v 1 ,v4 } i. E (for v 1,v4 EV'). 

This contradicts the comparability of the graph G. 

Hence the graph space T(G) of G has a binary comparable graph-connected 

subbase B(G). 

This completes the proof of the theorem. n 

COROLLARY 5.3 (DE GROOT & SCHNARE [14]). Let X be a topological svace. Then 

the following statements are equivalent: 

(i) Xis a product of compact orderable spaces; 

(ii) X possesses a binary comparable subbase; 

(iii) Xis homeomorphic to the graph space of a comparable graph. 

PROOF. Apply theorem 5.2 and theorem 2.3. 0 

COROLLARY 5.4. Let X be a topological space. Then the following statements 

are equi va Zent : 

(i) X ~s connPcted compact orderable; 

(ii) X possesses a connected graph-connected comparable subbase; 

(iii) Xis homeomorphic to the graph space of a connected conti-

guous comparable graph. 

PROOF. Apply theorem 5.2 and theorem 4.3. n 

COROLLARY S.S. Let X be a topological space. Then the following statements 

are equivalent: 

(i) X is a 1?roduct of connected compact orderable spaces; 
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(ii) X possesses a connected comparable subbase; 

(iii) Xis homeomorphic to the graph space of a contiguous com

parable graph. 

PROOF. Combine corollary 5.5 and theorem 2.3. 0 

Adding countability conditions on the subbases and graphs one easily 

obtains characterizations of (products of) (connected) compact subsets of 

the real line (cf. DE GROOT [12], BRUIJNING [13]). 
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