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Some non-isomorphic BIBDs B(4,I;v) 

by 

A.E. Brouwer 

ABSTRACT 

Let v = 1 or 4 (mod 12). It is proved that at least two non-isomorphic 

Steiner quadruple systems S(2,4,v) exist if (and only if) v > 16. 

KEY WORDS & PHRASES: non-isomorphic block designs. 



0. INTRODUCTION 

In WOJTAS [I] I found the statement 

"It is known that there exist at least two non-isomorphic 

systems B(4,I;v) if v = I or 4 (mod 12), v ~ 61, v # 73 

and v # 85 or if v = 40." 

In this note, we construct some non-isomorphic designs for the remaining 

values of v. Although the finding of these designs turned out to be quite 

easy, the proof of their non-isomorphism was ~ot obvious. 

The main aim of [I] was to prove that the number of non-isomorphic 

B(4,I;v) is at least something like v/360. Of course this is a terribly 
2 I 12 · weak bound, the truth being perhaps something like (cv)v • I shall not 

go into this matter now - it seems not unlikely that this asymptotics has 

already been considered by someone else. 

I. v < 25 

If V - or 4 (mod 12) and v < 25 then there 18 a unique B(4,l;v): 

V = no blocks (empty design) 

V = 4 a single block (trivial design) 

V = 13: PG(2,3) 

V = I 6: AG(2,4). 

2. V = 25 

A first example of a B(4,1;25) (and the only example with a transitive 

automorphism group) is found by taking X = AG(2,5) for pointset, and 

B0 c AG(2,5) some quadrangle, no two sides of which are parallel. Let B1 
be the image of B0 under some homothetie with dilation factor 2. Now let 

B be the collection of 50 blocks obtained by translating B0 and B1. Then 

(X,B) 1s a B(4,1;25) design and its automorphism group has order 150. [For: 

there are 25.20.4 ways to choose B0 and since translates generate the same 

design B we find 80 different designs B. But JAut AG(2,5)l = 25.24.20, 
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hence IAut Bl = 25.6 = 150. (A priori it is conceivable that Aut B contains 

elements not in Aut AG(2,5) but this turns out not to be the case.)] 
' 

A short computer search showed that there is no S(2,4,25) design 

invariant under z25 and a unique one (the above one) invariant under z5 x E 5 • 

One explicit representation is: let x1 = z 5 x z5 and take the blocks 

{(0,0),(0,1),(1,0),(4,3)} and 

{(0,0),(0,2),(2,0),(3,1)} mod (5,5). 

A second example is the following: 

Let x2 = z 3 x (2,7 u{oo}) u{Q} and take the blocks 

{ (0,oo), (1,oo), (2,oo), Q}, 

{ (O,O), (1,0), (2,0), Q} mod (-,7), 

{(0,00 ),(0,1),(1,2),(2,4)} mod (3,7), and 

{(l,O),(O,l),(0,2),(0,4)} mod (3 '7) • 

This is again an S(2,4,25) and besides the obvious automorphisms of order 

3 and 7 it has the automorphism of order 3 leaving Q and (i, 00 ) invariant 

and sending (i,j) to (i+l,2j). 

It cannot be isomorphic to the previous design since 7+150. Another 

way to distinguish these designs is to study the intersection pattern of 

two fans: given two points a and b, let B0 , ••• ,B7 be the eight blocks 

incident with a, and B0, ... ,B7 be the eight blocks incident with b, where 

the indexing is such that B7 = B7 is the unique block containing a and b. 

Now define a 7x7 matrix M b with entries m:. = I B. n B ! I. Calling our two 
a iJ i J 

designs V1 and V2 we find for V2 with a= Q and b = (0, 00 ) the incidence 

matrix of PG(2,2), the Fano plane, and for a= Q and b = (O,O) the matrix 

1010010 

0100110 

0011100 

1101000 

1010001 

0001101 

0100011 

so that (Aut V2)Q has two orbits. Since Aut V 1 is transitive, if V1 and 

V2 were isomorphic we would have Mab isomorphic to one of these two matrices 



' for any two points a, b E x1• But for·a = (0,0), b = (0,1) we find 

0110100 

0100011 

0010011 

100001 I 

0111000 

1001100 

1001100. 

3. V = 28 

3 
Let x1 = (L3) u{ 00 } and take the blocks 

{011,021,I02,202},{211,121,222,112} mod (3,3,3), and 

{ 00 ,000,001,002} mod (3,3,-). 

(Here ijk stands for (i,j,k).) 

This is a resolvable S(2,4,28): one parallel class (replication) is 

obtained by taking the base blocks mod (-,-,3). 

Let x2 = 1 4 x z7 and take the blocks 

[{00,0l,I0,13},{02,04,21,22},{03,06,33,35},{l4,15,20,24}, 

{ll,16,30,34},{23,25,31,32},{05,12,26,36}] mod (-,7), and 

[{00,11,22,33} mod (-,7)], and 

[{00,15,23,35} mod (-,7)]. 

This yields again a resolvable S(2,4,28) (the parallel classes being 

indicated between square brackets). 
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In order to prove non-isomorphism we can again use the fan inter

section matrices: If V1 and V2 were isomorphic then the automorphism group 

would be transitive on points and blocks, and since (Aut V 1) 00 is transitive 

on x1\{ 00 } the group Aut V would be 2-transitive, and all matrices Mab would 

be isomorphic. But for V 1 we find for a= 00 and b = 000 and for a= 000, 

b = 001 the matrices Mab (respectively): 



00 IO IO 01 00 00 01 I I 

00 01 01 10 00 00 10 11 

01 00 10 10 I I 00 00 01 

IO 00 01 01 I I 00 00 10 

IO IO 00 I 0 and IO 11 00 00 

01 01 00 01 01 11 00 00 

10 01 10 00 00 10 11 00 

01 IO 01 00 00 01 I I 00 

which are non-isomorphic. (Hence Aut V1 is not 2-transitive, i.e. Aut v1 

leaves 00 fixed.) 

4. V = 37 

Let x1 = GF(37) and take the orbit of B0 = {0,1,3,24} under the 

t db +I and X-+ 212 .x (2 1.·s · · · d 37 group genera e y x-+ x a pr1.m1.t1.ve root mo ; 
12 ) h . 2 = 26 = -11 , tat 1.s, 

{0,1,3,24},{0,4,26,32},{0,10,18,30} mod 37. 

Let x2 = z3 x (z 11 u{ 00 })u{n} and take the blocks 

{ n , Q00, I 00, 200} , 

{n ,00,10,20} mod (-,11), 

{000 ,00,16,22},{00,0l,12,15},{00,02,07,110} mod (3,11). 

Just as in the case v = 25 we see that if V 1 and V2 are isomorphic then 

each matrix Mab must be one of the two obtained by taking a= n, b = 00 

and a = n, b == 0 00 in x2 • These matrices are respectively 

I I I 00000000* 

00011000001 

10010001000 

00000100011 

00101000010 

01010000100 

10000010010 

01000011000 

00000010101* 

00100100100 

00001101000* 

and 

10000100010 

01000010001 

IO I 00001000 

01010000100 

00101000010 

00010100001 . 

10001010000 

01000101000 

00100010100 

00010001010 

00001000101 
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(They are different since the first one has three disjoint rows - marked 

with stars- unlike the second one.) 

But the matrix Mab with a= 00 and b = Qoo in x2 has first few rows 

10000100010 

11010000000 

10110000000 
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and in particular contains a repeated pair. Hence Aut V2 is not transitive. 

5. v ~ 49, large 

If v = 3u+I and (Y,B) is a B({4,5},l;u} then a B(4,l;v) can be con

structed by taking X = (I3xY) u{ 00 } and V = B~B VB, where for each B VB is 

a B(4,1;3. IBl+l) design on the pointset (r3xB) u { 00 } containing the blocks 

(13 x {b}) U { 00 } for b € B. 

This construction leaves us a lot of freedom: if IBI = 4 then we can choose 

V · 72 ( 4!(3 !) 4 24 •64 • 13 72) ·1 "f I I 5 B 1.n ways IA.ut ·PG(2,3)
00

I = H27-I )(27-3)(27-9) = wh1. e 1 CB = 

then VB can be chosen in 2592 = 722/2 ways 

5!(3!)5 
(lAu t AG ( 2 , 4) I = 

00 

120.65. 8 25 34 = 722/2). 
(64-4)(64-16) = • 

If vis large then we see that not all these designs can be isomorphic by simple 
u(u-1) 

counting, e.g. if (Y,B) is a B(4,l;u) we find 72 12 designs, and each 

design can be isomorphic to at most (3u+l)! designs, but 72 

so we find many non-isomorphic designs. 

u(u-1) 
12 » (3u+I) ! 

For smaller v we need a somewhat refined counting argument: since 

(X,V) determines (Y,B) we get different designs each time we start with 

another design (Y,B). This yields an extra factor of at least u!/IAut(Y,B)I. 

Thus for v = 85 we find from 85 = 3*28+1 that if N = IAut(Y,B)I for 

some S(2,4,28) design (Y,B) then there are at least 

28! 7263 I 7263.( 28 ) 28✓2TT.28 72.631028.5 3123.529 e 
85T > N > = > N 85 85 ~ N.32 85 .27 N. 2188 

(-) e 2TT .85 e 
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non-isomorphic designs S(2,4,85). Now for the examples of a S(2,4,28) given 

above we probably have 1 < N < 1000 but I am too lazy to compute the auto

morphism groups. A very rough estimate for the first example however yields 

N ~ 27.24.26 = 34.29 (as soon as 2 points of a block are fixed, all you can 

do with the other two points is interchange them; since 00 is fixed we have 

a fixed partition of X\{ 00 } into 9 triples; the index of the stabilizer of 

one point# 00 is 27, of three points (in a block with 00 ) at most 54, of 

six points (in two blocks with 00 ) at most 27.24.22 etc.) so that we have 

in any case at least 23 .332 non-isomorphic S(2,4,85) systems. 

Likewise for v = 73 we find from 73 = 3*24+1 using the B({4,5},1;24) 

obtained by shortening the affine plane AG(2,5): ' 
1 

N = IAut(Y,B) I = !Aut AG(2,5) 00 I = 25 • (125 - 5) • (125 - 25) = 480 

B contains 6 blocks of size 4 and 24 blocks of size 5 so that we find at least 

24G 
24! 726.7248 (..!2) 21T.24. 1254 7254_424_4 

> e 
480. 73 73 A > = 

73! .224 
27 73 .9.480 (-) .e 21T.73. 480 e 

non-isomorphic designs S(2,4,73). 

Finally for the cases v = 49 = 3*16+1 and v = 52 = 3*17+1 we have to 

examine somewhat more carefully the structure of the design (X,V) since 

these rough counting arguments do not work any longer. 

6. V = 49 

Construct (X,V) as above, using 49 = 3*16+1 and (Y,B) being the affine 

plane AG(2,4). If we want the (X,V) to have a subdesign S(2,4,16) then we 

have to choose a function f: Y + 13 (the set {(y,f(y))ly E Y} will be the· 

subdesign) and next construct the VB in such a way that they contain the 

block {(b,f(b))lb EB}. For each B this can be done in 8 different ways. 

Since a S(2,4,49) cannot contain two different S(2,4,16) subdesigns (because 
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these would intersect in at least 7 points and have a subdesign in common, 

hence coincide) it follows that among the 72 20 different designs exactly 

316 820 · bd . (2 4 16) h h 1 . contain a su esign S , , sot at t ere are at east two non-

isomorphic S(2,4,49). 

7. V = 52 

Construct (X,V) as above, using 52 = 3*17+1 and (Y,B) being the one

point partial completion of AG(2,4) (with 4 blocks of size 5 and 16 blocks 

of size 4). From the blocks of size 5 we find 4 subdesigns S(2,4,16) con

taining 00 • If Y = AG(2,4) u{a} and Bu{SG} is a block of size 5 in B then 
3'(2 1 ) 44 1 

there are · ; 4 • = 96 ways to choose VBu{SG} in such a way that it con-

tains the block { (b,f(b))lb e B}. Hence for each function f:Y\{0} • 13 we 

find 816 .964 designs containing the 'horizontal' subdesign {(y,f(y)) lye Y\{Q}} 

and hence at most 3 16 .8 16 .964 designs (X,V) with (at least) 5 subdesigns 

S(2,4,16), while the remaining (at least 72 20 .364 - 3 16 .s16 .96 4) designs 

have exactly 4 subdesigns S(2,4,16). Again we find at least two non

isomorphic S(2,4,52) designs. 

8. CONCLUSION 

The above constructions, together with the results of Pukanow referred 

to in [I] (or the above constructions together with the observation that 

brute force counting works also for v > 85 and v = 76 and counting of sub

designs also for v = 40, 61 and 64) prove our 

THEOREM. Let: v = I or 4 (mod 12). There exist at least two non-isomorphic 

S(2,4,v) if (and only if) v > 16. 
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