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Some convexity properties of Euler's gamma function

by

J. van de Lune

ABSTRACT
This report deals with various convexity properties related to Euler's

gamma function. Most of these properties are generalizations of monotonic

approximation theorems for integrals.
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1. SOME EXTRAPOLATIONS OF A THEOREM OF OZEKI.

OZEKI [3] has shown for example, that if the sSequence {an}:=] is con-

vex, then also the corresponding sequence of Cesdro means

1 gi w
{= a } _
n k=1 k' n=1

is convex (also see Mitrinovic [1;p.202]).
Setting a = -log n for n € N and observing that
1

-log k = log(n!) n
1

ho~—3

B |-

k

it follows that
1

-
vy D
(@H ™,
is log-convex. (For a brief survey of the theory of convex and log-convex
functions we refer to E. Artin, Einfuhrung in die Theorie der Gammafunk-
tion, Teubner, (1931)).

We shall prove that more generally we have

THEOREM 1.1. The function f: R > R defined by
1

£(s) = {T(s+1)} %, (s > 0)

. +
18 log—convex on IR .

This theorem in its turn is a simple consequence of the following

THEOREM 1.2. Let a be a constant >-1. Then the function £ : R > R

defined by

1
_ [r(s+a+1) s
%“)‘{r@n)}’

s > 0,

. +
18 log-convex on IR .



Before proving theorem 1.2 we list a number of lemmas which will be

useful throughout this note.

LEMMA 1.1. For the gamma function

M(s) = J e—xxs_ldx, (s > 0)
0

we have the following representation
M(s+1) = s%e SV2ms eU(S), (s > 0)
where u(s) s Binet's function given by

oSt 1 11
u(s) =Je { - © + e, (s > 0).
0

2

PROOF. See Sansone and Gerretsen [4; p.21€6].

LEMMA 1.2. For s > 0 we nave

m - __1_ _ _1_ _ -st £t
b ) 52 s3 J © et—] o
0
PROOF. From the above integral representation of u(s) it is clear that for
s >0
" - - st 2 1 _ l ) i -
u'"' (s) J e "t {et—l Tt ophde
0
[ee] (o)
-st t2 -st 1 -st 2
= —J e r dt + J e tdt - 5—[ e Sttfde.
0 e -l 0 0
Since
J e Sttt = Jf , (s > 0)
0 s

and
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our proof is complete. 0
As an immediate consequence we have

LEMMA 1.3. For s > 0 we have

—11"' (S) + _1_2__ > 0. D
S

PROOF OF THEOREM 1.2. Let p = a+l so that p > 0. Define ¢(s) = log fa(s)

so that for s > 0

o1 C(s+p) __1 p [ (s+p+l) _
¢(s) = s log (p) s log s+p [ (p+1)

(s+p) **Pe ™S P/an (svp) (P

eu(p) b=

1
-—{1lo - log(s+p) + lo
stlog p - log(s+p) g =
p e mp

—é{(-p-+%)lOg p + (s+p-%)10g(s+p) - s + u(s+p) - u(p)}.

and
¢'(s) =-JE{(-p'*é)10g p + (s+p'-%)10g(s+p) - s + p(stp) - u(p)lt+
S
1
- Litog(stp) - == + u'(s+p)}
Sllog(s+p sip T M p
and
¢"(s) =-J%{(-p+~%)log p + (s+p-%)10g(s+p) - s + u(s+p) - p(p)}t+
S
1 1
2 2 1.1 2
—{1 - | - n .
+ S2{ og(s+p) - o + u'(s*p)} st o) + u'"(s+p)}

In order to prove theorem 1.2 it suffices to show that ¢'"(s) > O for

s > 0, or, eguivalently, that y(s) def 53¢"(s) > 0 for s > 0.



Since p > 0 and

P(s) =-2{(-p+Dlog p + (s+p - log(s+p) - s +u(s+p) - u(p)} +
1 1

2 2.1 2
+ 2s{log(s+p) - tp + p'(stp)} - s {S+p + 7 * u"(s+p)}
(s+p)

it is clear that

lim y(s) = 0
s+0
so that the proof is complete if we can show that ¢'(s) > 0 for s > 0.

Since, as one may verify,

V1(s) = s2{-p" (s+p) + —— 4 — 1}

(s+p)2 (s+p)3

it follows from lemma 1.3 that indeed

0 for s > 0. il

\%

P'(s)

. + .
THEOREM 1.3. If a > -1 then the function g, iR > R defined by
1

M (s+a+1)} °, s ¢ R

ga(S)

28 log—convex if and only 2f 0 < a < 1.

PROOF. Sufficiency. If 0 < a £ | then

0 < (a+l) < 1.
1

-log I (a+1) s
S

the product of log-convex functions is log—convex it follows from theorem

1.2 that {r(s+a+l)f-l/s

. . + .
Hence is convex so that {I (a+1)} 5 is log-convex on IR . Since

; +
is log-convex on IR .

Necessity. Let p = a+l so that p > 0. Define ¢(s) log ga(s) so that

[ (s+p+1)

1 1
= e e v I— P —
o (s) S log I (s+p) 5 log s+p



Since ¢(s) is convex by assumption we have ¢'"(s) = 0 for s > 0 and hence

lim s5¢"(s) > 0.
s+0
On the other hand we have, as one may verify,
lim 54" (s) = -2 log [ (p)
s+0

so that we must have
log M (p) =0

from which it is clear that 1 < p < 2 or, equivalently, that 0 < a < 1.

2. SOME EXTRAPOLATIONS OF A THEOREM OF VAN LINT

VAN LINT [2] has shown that if f:[a,b] - IR is monotonic and either
convex or concave on [a,b], then the sequence of canonic upper-Riemann
sums, corresponding to fz f(x)dx, is decreasing.

For any positive constant a let fa: [0,1] - R be defined by
<
fa(x) = log(l +5?, x e [0,1].

Since fa is increasing and concave, VAN LINT's theorem yields that the

sequence {U } _., defined by
n’ n=

l,

k
| log (1l + EE)’ ne IN

=]
8=

ho~—13

k

is decreasing, or, equivalently, that

i
[T (na+n+1) }E

log{
(na) T(na+1)

is decreasing in n.

We shall prove that more generally we have
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THEOREM 2.1. For amy positive constant a, the function £ : R > IR

1

r(as+s+])}s’ (s ¢ IR+)

fa(S) = {
S (as+1)

. +
18 log-comvex on IR .
Before proving this theorem we prove some lemmas.

LEMMA 2.1.

lim {u(s) +-l log 2ms} = 0.
2
s+0

PROOF. For s > 0 we have

s

-

u(s) + % log 2ms = log E——E—z-l-—]) . O

s

LEMMA 2.2.

) . 1

1lim su'(s) =3 -

sv0
PROOF. Observe that for s > 0

oy = s [ oSt 1,1
su'(s) sJe {t t+2}dt
0 e -1

and

. 1 1 1 1

lim (— - ¢+ 3l =3

too e -1

so that the lemma follows from a well known theorem on Laplace transforms.
LEMMA 2.3.

lim szu”(s) =12 .
sv0



PROOF. Observe that for s > 0

Szu"(s) = 32 J e—Stt{ til - %—+ %}dt =
0
_ 2 -st t _ 1
=3 J e T dt s + >
0 e -1
and that
0 < J e_St t dt < J e_Stdt = l—. U
et—l s
0 0

LEMMA 2.4. The function Sgu”'(s) 18 incereasing on R,

PROOT. Observe that for s > O

S3um (s) = _53 J Sttz{ tl —i—+ %—}dt = (by putting st = u)
0 e -1
= - 4[ e—uuz{ ! ——1—- + l}du
u w2
0 ] s

The proof will be complete if we can show that for any fixed u > O the

function

(s € D§+)

is decreasing, or equivalently that the function

def 1 _ 1,1 .
¢ (x) == — <t 5 (x e R)
e -1
is increasing. Since
e” 1
3 = - s

(ex—l)2 X



it suffices to show that

(ex—l)2 > xzex, (x € IR+)

or (setting x = 2v and taking square roots)

e2v_1 > 2vev, (v 0).
Writing
e2v - 2ve' -1 = Z c v
n
n=0
it is easily seen that ¢y = ¢ =¢, = 0 and e, 0 for n 2> 3. g

a+l and observe that

PROOY¥ OF THEOREM 2.1. We set c

1 1
{—(as+s+l)}§-= f M(cs+l1) }g _
s (as+1) 1ssl‘(asﬂ)

1
_ { (cs)cse—cs/Zﬂcs eU(CS) }E _

as —
ss(as) Se 2% /onas eu(as)

1
cce—clf/g_eu(cs)—u(as)}g ]
al a

a -
a e

Hence, the proof is complete if we can prove the following

LEMMA 2.5. If a and c are constants such that c¢ > a > 0 then the function
b: R + R defined by
log c—-log a p(es) —u(as)

4(s) = - + - . (seR)

. +
18 comvex on IR .
PROOF. For s > 0 we have

a cu'(cs) —ap'(as) _ u(es) -u(as)

2s s 52




so that
log < 2 2
wey - Ba  cu"(es) -au'"(as) cu'(cs) - ap' (as)
" (s) = + -2 +
3 s 2
s s
+ o b(cs) ~u(as)
3
s
. . def 3,
Hence, if suffices to show that y(s) == s ¢"(s) > 0 for s > 0.
Since

b(s) = log <+ s’{c’y"(es) - a*u"(as)} +
- 2s{cu'(cs) - ap'(as)} + 2{u(es) - u(as)}
we have by lemmas 2.1 through 2.3 that

lim y(s) = lim 2{u(cs) +‘% log ¢ - p(as) - %-log al =
sv0 s+0

1
2

I

= 1lim 2{p(ecs) + 5

s+v0

log 2mcs - p(as) - = log 2mas} = 0.

Hence, in order to show that ¢(s) > 0 for s > 0 it suffices to show that
p'(s) > 0 for s > 0.

One may verify that
3
sp'(s) = s3{c3u"'(CS) - a u'" (as)}

so that the proof is complete by lemma 2.4. U
Still more general we have

THEOREM 2.2. If a and c are constants such c¢ > a > 0 then the function
f R + R defined by
a,c
1
a —_—
£ (s) = {Eziiiiiill}s’ s ¢ R
2 C s ﬁ_(as+1)

. +
18 Llog—convex on IR .
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PROOF. Similar as the proof of theorem 2.1.

For any constant a > 1 consider the function fa: [0,1] - IR defined by

£,(x) = ~log(l - f;‘i), x e [0,1].

This function is increasing and convex so that by VAN LINT's theorem

n
def _1 _ky 1
Un(fa) = -7 Z log(1 na) - log

=1

(an)nr(an—n)
[ (an)

is decreasing in n.
We shall now show that more generally we have

THEOREM 2.3. If a and b are constants such that a > b > 0 then the function

£ R > R defined by

1

as -
£ (s) = {Sbsr(bS)}s, (s ¢ R")

s [ (as)

) +
18 log—convex on IR .
We shall derive this theorem from the following

THEOREM 2.4. If a and b are constants such that a > b > 0 then the function

g, . R + R defined by

1
Vb saﬁ_(bs)}g

g (S)={ (s ¢ R)
a,b Ya sbﬁ_(as)

. +
18 log-comvex on IR .

Suppose for the moment that theorem 2.4 has been established. Since

1/2s

a>b >0 it is clear that (%) is log-convex and since the product of

log-convex functions is log-convex it follows that

1 1
/a\Zs _ {saﬁ_(bs)}g +
i g (s) = s —4——=¢7, (s e R)
\b/ a,b sbﬁr(as)

. + .
is log-convex on IR , proving theorem 2.3.
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Before establishing theorem 2.4 we prove

LEMMA 2.6. For every non-negative integer n we have.
lim snp(n)(s) = 0.
s+0

PROOF. Observe that

[oo]

snu(n)(s) _ sn(_l)n e—sttn—l{ 1 l'+ l}dt
t, t 2
) e
n -u n-1 1 1 1
= (-1) J {_1:1. "E"'—z‘}du
0 s s
e -1
and that
def 1 1 1
q)(uis) — B __1_-1_—+ 2
s s
e -1

. + . . .
is bounded on IR x D{F and that for every fixed u > 0, ¢(u,s) is decresing

in s such that lims+m ¢ (u,s) = 0. 0

PROOF OF THEOREM 2.4. Define ¢(s) = log g, b(s) so that, similarly as be-
b

fore, it suffices to show that

p(s) S2f ulbs) ~ulas) s ¢ ®

. +
1s convex on IR .

From the proof of lemma 2.5 we obtain that
s3¢"(S) = sz{bzu"(bS) -azu"(as)} - 2s{bu'(bs) —an'(as)} +
+ 2{u(bs) —u(as)} =: £(s)

so that by lemma 2.6
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lim £(s) = 0.

S—>co

Similarly as before the proof is complete if we can show that
g'(s) <O for s > 0.

One may verify that
£'(s) = 2 (b7 (bs) - a ™ (as) ]

so that £'(s) < O by lemma 2.4. g

Finally we consider the function

2
X .
fa(x) = —1og(]—-—§), ~ e [0,1]
a
where a > 1 is constant.

The corresponding canonical upper Riemann sums are

log

U =.l.
n n

{a(na)zq_(na—n)}
(a+1)I (na+n)

and since fa is increasing and convex these Un form a decreasing sequence.

As a generalization of this result we have that the function
6, R -+ R, (a> 1), defined by
2s 1
(s) = f a s T (as-s)|s +
cba la+l M (as+s) ’

. +
is log-convex on IR .

In order to see this we observe that

so that
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) +
is log—-convex on IR .

In theorem 2.4 replace a by a+l and b by a-1. It follows that

1 1
[ a g;fVa—l szﬁ—(as—s)}g ~
l/a—zjl.\ \V/a+T" T (as+s) -

1
_ j a szﬁ_(as—s)}g
~ latl T (as+s)

. + . .
is log-convex on IR , proving our claim.
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