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On the edge-colouring problem for unions of complete uniform hypergraphs
by

A.E. Brouwer & R. Tijdeman

ABSTRACT

For given n e¢ W and H ¢ {1,2,...,n} we investigate whether the col-
lection of subsets A c {1,2,...,n} with |A] € H possesses a parallelism
(1-factorization). A complete solution for the case H = {1,2,...,h} is

given.
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0. INTRODUCTION

Let x be some fixed set of n elements. For H ¢ {1,2,...,n} let KE

denote the hypergraph (x,E) with vertex set x and collection of edges
E={ycx IIyI e H}.

(Since we never need symbols for the vertices of a hypergraph, but do use
collections of collections of edges, we denote sets of vertices by lower
case symbols, sets of edges by capitals and collections of sets of edges
by upper case script letters.)

When H is non empty its largest element is denoted by h. When H = {h}
we write Kz instead of Kih}, the complete h-uniform hypergraph on n ver-
tices. When H = {1,2,...,h} then, following Berge and Johnson, we write
ﬁz for KE, the hereditary closure of the complete h-uniform hypergraph on
n vertices.

BARANYAI [1] proved that KE has a 1-factorization if and only if hln.
BERMOND, BERGE & JOHNSON ([2], [5]) then considered the case of ﬁg which
they solved for h < 4 and in several other special cases. Our main result

is

THEOREM 1. ﬁg posseses a l-factorization exactly in the following cases:

(i) n < 2h and ﬁz_h_] 18 l=factorizable (or n-h-1 < 0)
(ii) n=kh + £, k 2 2, -1 < £ £ h-2 and

(iia) £ = 0 and k = h-2
or (iib) £ = -1 and k > ih-1.

[Note that in case n = 2h or n = 2h-1 the conditions given under (i)

and (ii) agree.]

In the course of proving this theorem we derive many results for gen-
" eral H. (Theorems 2 and 3 reduce the problem to the cases n = kh and n =
kh-1 with k 2 3. Now we have:
(A) Let n = kh with k =2 3 and h-1 ¢ H. Then Ki is 1-factorizable if and

only if either k = h-1 or (k = h-2 and h-2 € H).
(B)'Let n = kh-1 with k 2 3 and h-2 € H. Then Ki is 1-factorizable if and

only if h-1 ¢ H and k > }h-1 and m(H) is odd,

where the notation m(H) is explained below.)



All the existence results follow from Baranyai's theorem, which rough-
ly says that a l-factorization exists if (and only if) the numbers fit.
For precise statements of this theorem see [1], [3] or [4]. It implies that
a l-factorization exists if and only if there exist non—-negative numbers

cij with i = 1,...,t and j € H such that Z§= c.. = (?) for j € H and

ZjeH jcij =qn for i =1,...,t. (For this appiic;iion of the theorem see
[2], [3] or [51.)

For example ﬁg is 1-factorizable, since (?) = 8, (g) = 28, (g) = 56
and one can realize a l1-factorization consisting of one l-factor containing
the eight singletons, and 28 1-factors each containing two triples and a
pair.

On the other hand, as was remarked by R.M. Wilson, ﬁ; is not 1-factor-
izable since (?) =7, (;) = 21, (g) = 35 and any l-factor not containing a
singleton must contain two pairs and a triple, so that there are at most
10 triples in a l-factor without singleton and at most 14 triples in a 1-
factor with singleton, which leaves 11 triples not in any l-factor.

All the non-existence results are proved with a similar argument:
Assume that there exists a l-factorization F of Ki. For each 1-factor P ¢ F

let

n(g) := nP(g) 1= l{a € P| lal = g}l.
Suppose that G ¢ H and that for each P ¢ F we have
z ain(i) > z n(j).
ieH jeG
Then it follows that-
I a ;D= ] .
ieH jeG J

Using inequalities on binomial coefficients we then derive a contradiction.
[E.g. in the above example n = 7, h = 3 we have n(3) < 2n(1) + 3in(2), hence

35 = (;) < 2-(?) + %(;) = 24}, a contradiction.]



1. AUXILIARY LEMMA'S

Let g, h, k, n be positive integers with k > 2.

LEMMA 1. Let n > kh-1 and g < h. Then (g) < (k—l)g_h(g).

PROOF. Use induction on h-g. If h = g the lemma is true. Next

n, _ g n h n 1 n
(g—l) n-g+1 (g) : n—h+l (g) < k-1 (g)

provides the induction step. 0

Ty b ®,

LEMMA 2. Let n = 2h. Then Z i=0 Y4 m h

PROOF. As before we find (th) < (= )J( ), so that

h+1
h

-1 o
n _h n
L)< ) G ( K = 2T & .

0 j=1

i
We shall use these lemma's throughout the sequel without explicit

reference. In Section 5 we shall use the following observations:
LEMMA 3. Let p, q, m be positive integers with (p,q) | m. If

m

P _ qa  _
(p>q) 8 ((p,q) l)((p,q) D

then there exist nonmnegative integers a, b such that m = ap +bq.

PROOF. Easy exercise. U

LEMMA 3a. Let p, q, m be integers with p < 0 < q and (p,q) | m. There exist

nonnegative integers a, b such that m = ap +bq, and one may choose them in

such a way that when m 2 0 then a < 3.0 1 and b < m;p (p .0 and
’ - 3
when m < 0 then a < E%g_+ (pqq) and b < o) 1. Consequently we can
3 3

always obtain a + b < maX(m,H) +q-p- 1.

PROOF. Trivial. g



2. THE REFLECTION PRICIPLE

THEOREM 2. Let n < 2h. Then Ki has a l1-factorization if and only if (h = n

KH\{h,n—h}

or n-h € H) and 18 l-factorizable.

PROOF. .First assume n-h ¢ H. Given a l-factorization of Ki\{h,n—h} w

e ob-
tain a 1-factorization of KE by adding the 1-factors {a,x\a} for all a c x,
la] = h. Conversely, if there exists a l-factorization of Kﬁ then suppose
that F is one such with the maximum number of l-factors of the form {a,x\a}l,
la] = h. Let a ¢ x, |al] = h. If the l-factor P1 containing a is not {a,x\a}
but, say, {a,a],...,ar} and the 1-factor P, containing x\a is {x\a,bl,...,

bs} then
(F\{PI’PZ}) U {{a,x\a},{al,...,ar,b],...,bs}}

is a l-factorization containing one more pair of complementary sets, a con-

tradiction. Hence F contains all complementary pairs {a,x\al} for a c x,

lal = h, and removing these yields a l-factorization of Ki\{h’n_h}.

If h = n one passes back and forth between ]-factorigations of KE and
Ki\{n} by adding or removing the l-factor {x}.
Finally, suppose O # n-h ¢ H, and assume that KE has a 1-factorization

F. Each I-factor in F containing an h-set contains at least two small sets,
n—h

hence at least one set of cardinality at most 5 Therefore
n n
G 2 (),
1 h
i<n—h
-2

but, writing g = n-h, we have for g > 2

n sg+1 n n n n
L) < = ) < < () =)
. () < ag T Qgr1) = Qegr1) = = &
(where |a]| denotes the integral part of a; note that g < n-g), while of

course

n n
G <@

IA
o1

i<ig



is true also for g = 1. Contradiction. O

COROLLARY. Let n < 2h. Then ﬁz 18 l=factorizable if and only <if ﬁz—h—l

78. O

This proves case (i) of Theorem 1. From now on we shall often tacitly

assume n > 2h.
3. NONEXISTENCE FOR £ > 1

THEOREM 3. Tet n = kh+£, k > 2, 1 < £ < h=2. Then KI; is not 1-factorizable.

PROOF. Suppose Kg has a l-factorization. Each partition (l-factor) contains
at least one £-set or at least two other small sets (with size <h), and at

most k h-sets, i.e.,

h-1
() < ik izl D+ k(.

Using Lemmas ! and 2 we find

1
(k-1)2

]<%k(] +

k-2 )

so that k < 4. In fact we found

IS BN
k—2+!’;—1 k-1t

1 < Ik(

and since h = £+2 > 3 this is a contradiction also for k = 4. (One gets
h-£ 4h .
3 < 2 +-»€T]- < 4 + 2(1’1-/@).)

Now let n = 3h+£. Note that each partition containing an h-set also
contains a set of cardinality at most (2h+£)/3, while if it contains two
h-sets it must contain a set of cardinality at most (h+4£)/2, and finally
if it contains three h-sets and not two smaller sets then it is

n = 3xh + 1x£. Hence

n

G

) < () + o+ .
L ) EH& t i 2Zh+£ t
1$—— 1<

3
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< ne . .. n,, .
For £ < h-4 we find (estimating both sums by Zish—Z (i))'

1 h-1 1
ey A vy g S

which is a contradiction.

For n = 4h-3 we find (in the same way, this time dividing by (hfl)):

3h-2 1 h-1
n <% t?om

+ 1,

also a contradiction.

For n = 4h-2 we obtain (examining the possible partitions of n)

M2 7 O+t

h ik, h-2 h-1
from which it follows that

3h=1 _ ,, hol bl

h - " 72n+l © 3h

again a contradiction.
The only remaining case is k = 2. But from now similar considerations

it follows that

1 n
< 1O+ Qo5 )
1<
2
where the last term is absent when h+Z is odd. Subsequently we obtain the

following inequalities:

n lth+«@+1) n n 1 n
W <D (s P @ 2y ey P

n-h+1 n h+£+1 n n 1, n
T G- ST Ger? @ Gy

£+1 . n n, _4£+1 ., n
2 -1 < @ =T G

h-1 < £+1,



which gives a contradiction. 0

By the remark at the end of the previous section, and this theorem,
we may and shall assume henceforth that n = kh+4£ where k > 3 and £ = 0

or £ = -1.
4, A FEW OTHER NONEXISTENCE RESULTS

THEOREM 4. Let n = kh, 3 < k < h-3. Then Zf Kg 18 1-factorizable, (h-1) ¢ H.

PROOF. Assume Ki is 1-factorizable. A partition containing (h-1)-sets con-

tains either a g-set with g < k or at least two g-sets with k+1 < g < h-2
(for: n = kh = k(h-1) +k). Hence

1<k 1<h-2
so
K k+l _y-(h=k-2) _ k __h-l
(1 L e s S Gy * 5 n=2n+3 °
and, since h-2 = k+l:
| <k, __k#l 1 k1
-2 (k+D)k-1 k-1 2 k-2°

a contradiction for k = 5. Returning to (1) we find for k = 4:

10 1 h-1
P <393 % 2 2m3 >
1 2 2

7h+3 - 3(n=9) _ 12h-27 °

h < 4,

a contradiction. Hence k = 3. Again examining the possible partitions of

n we find



h-1

n n n n
(h—l) ) (i) * (2) * 2(3) = n-7n+3

(" o+ 3D,
i<h-2 h-1 3
hence, since h =2 6,

4 n 4 n n _ 3+4+5 n
73 ) <53 G- < 3Q) T ooy ()

(h-1) (3h-4) < 5(h+3),
h <5,

a contradiction. a
Just the opposite conclusion holds when n = kh-1:
THEOREM 5. Let n = kh-1, k > 3. If K. is I-factorizable then (h-1) e H.

PROOF. Sﬁppose h-1 ¢ H. Each partition containing an h-set must also con-
tain smaller sets, hence

@ LD <o o) <G e G

a contradiction. a
More generally we have (for k = 3):

LEMMA 4. Let F be any l-factorization of Kﬁ. For each g € H there are part-

itions in F not containing any f-set for £ < g-1.

PROOF. Assume the coﬁtrary, then there is some element h ¢ H (where for the
duration of this proof we drop the convention that h = maxH) such that any
partition containing an h-set also contains sets of size at most h-2. Write
n = kh+£ with -1 < £ < h-2 and k 2 3. If £ = -1 then the proof of the pre-
vious theorem produces a contradiction. Hence 0 < £ < h-2. By assumption
each partition containing an h-set also contains a 'small' set, and if it
contains k h-sets and only one 'small' set, the latter must have size £.

Hence



n n n h-1 n n

(h) < (k-1) '_<Z (i) + (K) < =2h+3 (h) + (K)’
1<h-2

n-3h+4 ,n £+1 £+1

n n n
o3 B < @) T Tm Qe < Tm G

L+4 < £+1 < L+4
n—-2h+3 kh kh °’

a contradiction. g

For k = h-2 the conclusion of Theorem 4 no longer holds. But we can

say the following:

THEOREM 6. Let n = (h-2)h, and suppose that Kg 18 1-factorizable. Then if
(h-1) ¢ H, also (h-2) € H.

PROOF. For any partition n = a*h + b*(h-1) we have b = 0 (mod h), and,
since n < h(h-1), b = 0. Therefore any partition containing (h-1)-sets

also contains smaller sets. Now the conclusion follows from Lemma 4. g

THEOREM 7. Let n = kh-1, 3 < k < }(h=-3). Then <f Ki 18 1-factorizable
(h-2) ¢ H.

PROOF. Suppose Kﬁ is 1-factorizable, and (h-2) ¢ H. Consider the partitions

containing (h-2)-sets. Since
(2) n =%kth-2) + 2k-1 < (k+1)(h-2) - 2

the number of (h-2)-sets in such a partition is at most k. Moreover, such

a partition cannot céntain only h-, (h-1)- or (h-2)-sets since
n = ah + b(h-1) + c(h-2)
implies

b + 2¢

1 (mod h);
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but by (2) a+b+c < k, so that b+ 2c < 2k < h, and it follows that b+ 2c=1

and so ¢ = 0, i.e., the partition did not contain any (h-2)-sets.

Likewise for 2k < g < h-2 a partition n = a*h + bx(h-1) + cx(h-2) + g
is impossible. (Again we find b+ 2c = g+l (mod h) and b+2c < h, so b+ 2¢c =

g+l = 2k+l; but by (2) b+c < k, which is impossible.) Hence

~
=]
N
~
IA

L1 ®el 1 @meslen
i i<h-4

For k 2 5 we find

k-1 -1, 1
(pog) = I QoS (I < (klfz * k2 ) T G

a contradiction.

For k = 4 the above inequality implies

+ 3 5 2

NG < G

n
2 ) (2

n 4
) = ( )S—z()+( * 573 -3

h+3
(since h 2 2k+3 = 11), and so produces the requiréd contradiction.

Finally, let k = 3, n = 3h-1, h 2 9. By the usual arguments we find

n n n n n ‘n 1 n

where terms (2) with o not an integer are zero. [As follows: If a partition
contains three (h-2)-sets then by n = 3(h-2) +5 it also contains a g-set
for g = 1,2, or 5. If a partition contains two (h-2)-sets then by n =
2(h-2) + h+3 it also .contains a g-set for g < E%E or two (Egé)—sets. Finally

if it contains only one (h-2)-set and it does not contain a g-set for
2h+1

then it was n = (h-2) + 3x(

2?h+2 ,
J.

).] Estimating roughly we find for

E

n n n 3g
(h—2) <3 Z_ (i) + (g) < (E:EE:T + 1)( ) (g+1)

and it follows that
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h-2< L

J + 1,
a contradiction. a

At this point we have shown that the conditions of Theorem 1 are neces-

sary. The next section is devoted to the proof of the sufficiency.
5. POSITIVE RESULTS

THEOREM 8. Let n = hk and k = h-1. Then Kﬁ 18 l=facotrizable.

PROOF. Use l-factors of the form

*g+(k ))*h

-_h
(h’g) (h

_ (h,g) mn
=== ()

for g € H\{h}. In order to accommodate all g-sets we need Ng

such 1-factors for each g, and

1 n
N, :=— (() - Z N (k -
h k h geH g
g#h

(h, g)))

1-factors of the type
=k+*h

are needed for the remaining h-sets.

By Baranyai's theorem this setup will produce a solution if
(1) Ng is integral for each g ¢ H
(ii) Ng 2 0 for each g ¢ H
(iii) k > TE%ET for each g € H\{h}.

Ad(i): if a and b are integers with (h,g) = ah+bg then

_ (h,g) mny _ _(m n-1
Ng 3= (g) a(g) + bk(g_l)

¢

is integral for g € H, g # h. Also, since deH Ng = deH -1

), it follows
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that Nh is integral.

Ad(ii): Since Ng < %(g) for g < h it suffices to prove that
1 n

>z ) D).

But

n h n
L @ = wmT @

and for k > 3 we indeed have

h sik_]sl.
n-2h+1 2 k-2

1
E(k—l)‘
(For k £ 2, h < k+1 one may verify directly that N, = 0.)

Ad(iii): (hgg) < g <h-l<k. 0
b

h

In fact we proved the more general

THEOREM 8a. Let n = hk and let k 2 (hgg) for each g € H. Then Kﬁ i8 1-
3
factorizable. 0

(Strictly speaking we proved this for k = 3. For k < 2, however, the

——&gy < k is equivalent to g|n and we find a 1-factorization with

(h,
partitions of the form n =-§*‘g for each g € H.)

. condition

REMARK. Let n = kh, k 2 3. The proof that N, = 0 did not really use the

h
structure of the 1-factors. Hence "there are always enough h—sets' or: "if
there is a l1-factorization of Ki with possibly repeated h-sets then there
18 a proper l-factorization". For: a l-factor not containing only h-sets

contains at most k-1 h-sets and at least two smaller sets. But we proved

PROPOSITION 1. Let n = hk-1 and k =2 h-1 or (k = th-1 and h even). Then ﬁg

18 l=factorizable.
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This proposition is an immediate consequence of Theorem 8 (or Theorem

8a) and the following proposition.

PROPOSITION 2. Let H contazn no two consecutive antegers, and let H' =
H U (H—l)\{O} Then <f K is l-factorizable, E s l1-factorizable too.

PROOF. Let x' = x U {=} be some set of n+l elements. Given a 1-factoriza-

. H . .
tion of K 0+ (with vertex set x'), remove the point « from each set con-
'

taining it. This yields a 1-factorization of K oo
H , ,
THEOREM 9. If (h-2) ¢ H then Kh(h—Z) 18 1-factorizable.
PROOF. If (h-1) ¢ H then this follows immediately from Theorem 8a. Hence

1
assume that (h-1) € H and let H' = H\{h-1,h-2}. By Theorem 8a Kﬁ is 1-
{h-1 h 2}

factorlzable and by proposition 2, K is 1-factorizable (note that
h-1 H H' {h-1,h-2}
= (h- 1) -1 so that K is 1- factorlzable) hence K= = K U K
n+1 n n n

is 1-factorizable too. O

Thié finishes the proof of part (iia) of Theorem 1. In fact statement
(A) of the introduction follows from the Theorems 4, 6, 8 and 9.

What remains to be proved in Theorem | is the 1-factorizability of ﬁg
for n = kh-1 and h odd and }(h-1) < k < h-2. The general idea is that just

as in the above remark for n = kh also here we have plerity of h-sets: each

partition differing from n (k=1)*h + 1x(h-1) contains at most (k-1) h-sets
and at least two smaller sets. But if the g-sets for g < h-2 are used up,
the only way to get rid of the remaining h-sets is to use the partition

= (k-1)xh + 1x(h-1). Therefore it is necessary that at this moment the
number of remaining h-sets be exactly k-1 times the number of remaining
(h-1)-sets. On the otﬁer hand, if we keep the numbers of (h-1)-sets and h-
sets in proportion 1: k-1 then we can never run short of (h-1)-sets, since
the number of h-sets remains positive. (Note that initially (hfl) = iéT (;).)

Looking for partitions n = axh + bx(h-1) + c*(h-2) with ¢ # 0 we find

1 (mod h), so b+2c = h+l. With b = 0

since LF%EJ = k+1) b+c < k+1 and b+2c

we have a unique partition

(8) n= (k - -h—;]—)*h h” 2 (h-2)
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and partitions with b # 0 exist if and only if k = }(h+l), e.g.,

h+1
2

h-1
2

(v) n= (k- Yxh + 2x(h-1) + * (h=-2).

Hence if k 2 1 (h+1) we can first get rid of all the small sets in an almost
arbitrary way, next use l-factors (B) and (y) to cover the (h-2)-sets, where
(B) and (y) are taken in such a proposrtion as to make the proportion of

the remaining (h-1)- and h-sets 1: k-1, and finally cover the rest with 1-

factors (o):
(o) n = (k-1)*xh + 1*(h-1).
The case k = }(h-1) will be dealt with separately.
So, let n = kh-1 and h odd, h = 5, k > }(h+1), {h-2,h-1,h} < H. For
g € H, g < h-4 we use (g) partitions of type
() n = (k-3g-1)*h + 1x(h-1) + igx(h-2) + lIxg
if g is even, and of type
(e) n = (k- j(g+l))*h + j(g+1)*(h-2) + Ixg
if g is odd.

If h-3 € H then we cannot use partitions (§) only, since this would

disturb the proportion of remaining h- and (h-1)-sets too much. Therefore,

besides

(8y) n = (k- §(h-1))%h + Ix(h-1) + }(h-3)x(h-2) + 1%(h-3)

we also use

(p) n = (k- 3(h-3))%h + j;(h-5)*(h-2) + 2x(h-3).

If we take N := _h=3 ( n ) | partitions of type (p) and Ng_ := ( n ) - 2N
o | 2k+h=-3 “nh-37 | 0 h-3 o

partitions of type (60) then we cover all (h-3)-sets, and we have
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(k+223) < ’z (
(e + 22 n, (h) = (k=Dmy (h=1)) < 0
P
n, (h=3)#0

(recall that for a partition P, we defined nP(g) as the number of g-sets
np(h) - (k=1)n,(h-1) and D := I{dp | np(g) # O for

it contains). Let dP :

some g < h-3}. Now

h-3 1
“k+D) - T e <ps ] =B,
g<h-5 g<h-4 &
g even g odd
SO
h-3, h-5 1, n n
T =T Geg) <D< Gog)e
Also

Z{nP(h—2)l nP(g) # 0 for some g < h-3} < h%é 2 (?) <

< k-2 ( n

n n
=T -2 < Go2) 7 Giog)

h-2 h-
so that there are still some (h-2)-sets left.

As explained above we would like to make Ldp zero by taking a suitable
combination of partitions of types (B) and (y).

If P is a l-factor of type B then dB

-(k+ 1(h-3)). Let a, b be a nonnegative integers such that ad

o= = - 1 -_— o 1 1 =
: dP 3(h-1); likewise dY

+ bd = -D.
B Y

The existence of such integers follows (by Lemma 3a) from

o
W

g (nP(h)-(k—l)nP(h—l)) =k g (th(h)-F(h—l)nP(h—l))

I
=
oS~
~
=}
|
&~

gnp(g)) = -k ) g} np(e)
P g<h-3 g<h-3 p

-kn Z (n—}) =0 (mod (n,h-2))
g<h-3 &=

I
|
A
o~
0Q
—~
0 B
~
I
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and
(dB,dY) = (k- 4(h-1),k + $(h+3)) = (2k - h+1,h-2) = (n,h-2) | D.

Hence if we take a partitions of type (B) and b partitions of type (y) then
ZdE,= 0, where the sum is taken over all 1-factors chosen thus far.

Lemma 3a guarantees us that we can have

“D+d,  -D+d
q d

a+b < max( ¥y + 4 -4 -1

B

so that we need at most

h+l

(a+b) ! h-3 | h-5 h+1

1 n n
max Gy w-3)2 F 77t b))t AT

IA

< (h23>

(h-2)-sets, i.e., not more than was available. (Note that h = 5 implies
(hEB) > 4(k—1)2 and h 2 6 implies (hf4) > 4k(k-1).) At this moment the num-

ber of R of remaining (h-2)-sets is divisible by ?E‘%:ET (for:

R (h-2)

n -—
(Gop) - g nP(h-Z))(h-Z) =

=n@p -l - ] en(®) =0  (wdw

because ZP gnP(g) = n(::}) = 0 (mod n) for g < h-2 and ZdP = 0) and we cover
n

ﬁél remaining (h—2)—seﬁs by taking times a l1-factor of type (B) and
- times a l1-factor of type (Y). Since this leaves ZdP zero, the rest is
done by 1-factors of type (o).

This settles the case k > }(h+1). Now look at the case k = }(h-1),

n o= khel = 2k2 +k=1 = (k+1) (2k=1) = (k+1) (h=2).

We use partitions
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(a) (k=1)*h + 1x(h-1)

]
I

(8) (k+1)*(h-2)

=]
]

and for odd g, g € H, g < h-4:

) (k = 3(g+1))*h + 3 (g+1)*(h=2) + lxg

=}
]

(8) (k= 1(g+3))*h + 2x(h=-1) + 3(g-1)*(h-2) + lIxg

=}
1

and for even g, g € H, g < h-3:

(e) n = (k-ig-1)xh + Ix(h-1) + lg*x(h-2) + lxg
(p) n = axh + bx(h-2) + cxg
where ¢ := [h:l] a :=h-2-1icg, b := zcg._hzl

(Note that cg > h-1 and lcg < i{(h-1+g-1) < h-2 so that a, b and c are
nonnegative integers.)

Take 1-factors of types (y) and (8) with frequencies

_ k+3(g-1) n
Y 2k~-1 ()

=
|

and

N = k-5 (g+1) (n)

for each odd g ¢ H, g < h-4.

§ 2k-1
- n - = =
(Note that Ny-i-N6 = (g) and NY N6 2k 1 * ) (k+1)( ) are integral,
while 2k-1 is odd; therefore NY and NG are 1ntegra1 )
We have dY =k - }(g+l) and d6 = —(k+ 1(g-1)) so that for these 1-

factors ZdP = NYd + N6d6 =0, i.e., the h- and (h-1)-sets remain in the

correct proportion. Take 1-factors of types (e) and (p) with frequencies

_ 2a n
Ne " cg+2a (g)
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and

=8 n -
Np cg+7a (g) for each even g(e H, g < h-3.
(Note that N +cN = (%) and that N = —8— (M = &L @Iy 45 integral
. € o g p 2(h-2) ‘g 2 ‘g-1
since g is even and h is odd.)
We have ds = -lg and dp = a so that also for these 1-factors ZdP =

Nede-prdp = 0. Cover the remaining h- and (h-1)-sets with l1-factors of type
(0) and the remaining (h-2)-sets with 1-factors of type (B). (Note that

N, =2 0: in the other partitions we used less than

B

E%E LG <65
i<h-3
(h-2)-sets. Also that it is impossible that at the end some (h-2)-sets are
left: all sets together cover a number of points that is a multiple of n,
and each partition takes away sets with a total size of n, so that as soon
as the total drops below n it must have become zero.) This completes the

proof of Theorem 1. 0
More generally we proved:

THEOREM 10. Let n = kh-1, k > }(h-1), h odd, {h-2,h-1,h} < H. Then Kﬁ 18
1-factorizable. 0

In order to give necessary and sufficient conditions for the case h
even, {h,h-1,h-2} ¢ H we first need some definitions.

For an integer i, let i (the buddy of i) be the integer such that for
some j (namely, j = [4i]) {i,1} = {23-1,2j}.

For H ¢ {1,2,...,n} let m(H) := max{i ¢ H [E ¢ H} if there are i € H
with 1 ¢ H, and put m(H) = -1 otherwise.

Now we can formulate

THEOREM 11. Let n = kh=1, k = 3, {h-2,h-1,h} < H. Then Ki is 1-factorizable
if and only if

(i) k> jh-1, and

(ii) m(H) Zs odd.



PROOF. (Necessity).

The necessity of (i) is shown by Theorem 7. Let m := m(H) be even. Then
h is even (for if h is odd then m(H) = h), so that n is odd, and each 1-

factor contains at least one set of odd size. Consequently the total number
n n-1, .
(g) =3 ( ) 1s at most the number of sets of

of partitions: gell g-1

1
n deH &
odd size:

. -1 n-1
y M= Y P+ M.
geH & geH &-1 &
g odd g odd

It follows that

n-1 n-1 n-1
Co< 7 Co) <),
m-1 i<m=3 i m-2
a contradiction.
(Sufficiency.) For odd h the sufficiency is shown by Theorem 10. Let h
be even and choose some decomposition H = U2i€F {2i-1,2i} u G with G = § or
m = m(H) = max G odd. We use the following partitions (note that (h-3) ¢ H):

() n = (k-1)*h + 1%(h-1)

(8,) n = (k- zh+l)xh + (3h=-1)*(h=2) + 1x(h-3)
(vg) n = (k- zh)*h + 1x(h-1) + jhx(h-2)

(84 n = (k-4{h)*h + 2x(h-1) + (Jh-2)x(h-2) + 1%(h-3)

furthermore for f ¢ F, £ < h-4:

£ h e
(B) n = (k"zﬁj?j)*h + (?E:fT D*f + 1x(£-1)
™) D= (ketee = 1)%h + 1%(h=1) + o % £,
(h, ) (h,£)
Note that (h,f) > 2 when f ¢ F so that k - ———c > k = Lf > J(h-2-f) > 1

(h, £)
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for £ < h-4. It follows that all coefficients are nonnegative except for
the k - ih in (YO) and (60) in case k = jh-1. Taking f ¢ F with f < h-4
partitions (B) exactly (fgl) times and (y) exactly

e Doty - Ewn -t
times (note that these numbers are positive integers) we cover all (f-1)-
and f-sets.

If G = P we do the same for f = h-2 (note that if k = (h-1 then
% (h,f) =1 = 0 so that we do not take (YO) in this case) and finally cover
the remaining h- and (h-1)-sets with partitions (a). [In fact this is Pro-
position 2 applied to Theorem 8a.]

If G # § we need some (h-2)- and h-sets to accommodate the g-sets with

g € G: For g odd use partitions

(e) + n = (k-3(g+1))*h + 3(g+1)x(h-2) + 1xg.

For g even, g < 2k-m-1 use

(o) n

(k = i (m+g+1))*h + }(m+g+1)*(h-2) + 1*m + lx*g,
and for g even, g 2 h-m-1 use
(n) n= (k- %(m+g+l) +1(h-2))*h + %(m+g+]-—h)*(h—2) + 1¥m + lxg.

(Note that g < m < h-5 so that 2k - (m+g+l) + h-2 > 0; next that we exhausted
all possibilities: 2k—-m-1 < g < h-m-1 is impossible for g even.)

Take for g € G, g # m exactly (Z) times one of these partitions, and
then cover the remaining m-sets with partitions of type (¢) (with g = m).
(If h-m~1 < g < 2k-m-1 we take partitions of type (p).) Note that there
are enough m-sets: each time we cover a g-set with g < m we use only one

m-set, and I (g) < (3); also, that we do not use more than

g<m-1

ny _ k(h-4)  n .
. 13121—5 () < hmnes h-t) < s
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of the h-sets or (h-2)-sets.

Now suppose k # th-1, i.e., k = }lh, so that partitions of type (YO)
and (60) are available. For i ¢ H we denote by r(i) := (?) - ZnP(i) the
number of i-sets not yet covered at the moment under consideration, and

define

r(h) - (k-1)r(h-1) + (]—Zh_l)r(h-Z) - (k-1+2h_l)r(h-3).

>
I

Initially r(i) (?) and‘A = 0. Taking partitions (B) and (y) in the stated

proportions (for f < h-4) does not change A, while after having taken parti-

tions (e,p,n) as indicated we have -(hEA) < A <0 and r(i) = 0 for 1 < h-3.
Taking partitions (o), (BO) or (YO) also does not change A, while tak-

ing (60) increases A by 2k-2h—]. Since
hA = hr(h) + (h-1)r(h-1) + (h-2)r(h-2) + (h-3)r(h-3) = 0 (modn)

and n is odd, A/(2k—2h_1) = hA/2n is an integer. Hence take (—A)/(Zk—Zh—l)
partitions of type (60) in order to make A zero, and then take care of the
remaining (h-3)-sets with partitions of type (BO).
At this moment
1

r(h-2) > (%) - Gh-D(7) - (7)) 2 efhrl -

n

n-3 0

Also A = r(h-3) = 0 so that 21'1—1

r(h-2) is an integer. Hence take r(h-2)/ih
partitions of type (YO) so as to make r(h-2) = 0. Finally we use partitions
of type (a) for the remaining h- and (h-1)-sets. This completes the proof

in case k # ih-1. 0

The case k = th-1, n = 2k2-P2k-l is treated along the same lines, but

since we cannot use (YO) and (60), we have to keep track of

D = Z(nP(h)-(k—l)nP(h—l)) and D' = Z(nP(h—Z)-knP(h-S)) separately. (Note
that (hEZ) = k(hEB)') We may assume m > 1, since if m = 1 then G = {1}, and
after treating H\{1} we add the partition

(1) n = nxl
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to complete the l1-factorization. This time we use the partitions (B) and (y)
for f-sets and (f-1)-sets with £ € F, £ < h-4; the partitions (e), (p) and
(n) for the g-sets, g € G\{m} and then use the following partitions for

the i-sets with i ¢ {h,h-1,h-2,h=-3,m}:

(a) n = (k-1)*h + 1x(h-1)

8y n = | _ kx(h-2) + 1%(h-3)

(eg) n = (k-}(m+1))*h + + 3 (m+1)*(h-2) + 1xm
(0) n = (k-}(m+3))*h + 2x(h-1) + }(m-1)*(h-2) + + l¥m
(x) n = Ix(h=-1) + (k-2)x(h-2) + 2x(h-3)

M) : n = 1 *h +  (k=3)*(h-2) + 3%x(h-3).

In order to cover the g-sets for g ¢ G\{m} we used less than (;) h-sets,
and less than %(3) m-sets.

Initially D = 0 and after use of the partitions (B), (y), (g), (p) and
(n) we have 0 < D < (;).

Taking a l-factor (50) increases D with d€ =k - {(m+1) 2 1 and taking
a 1-factor (6) decreases D, adding de := —=(k+ i(m-1)) to it. We need no
%(3) l-factors (8) to reduce D to about zero, and we have enough
m-sets left to do so. After this we cover the remaining m-sets by taking a

more than
1-factor (ao) when D £ 0 and (8) when D > 0 until r(m) = 0. We now have
-2k+3 <1 - (k+i(m-1)) <D < k-4(m+l) < k-2,
and
D' = in,(h-2) <k [ (D < ()

i<m

and on the other hand
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D' = ZnP(h—2) > k;1

(3) > Eil (2) > n+2k+ 3.

Next we make D' small by taking 1-factors (k) and ()) in proportiomn 1: k-1

until
n+2k+3 <D <2n+2k+ 2.

(Note that (k) adds d; = =(k+2) to D' while di = —(2k+3) so that taking
(k) once and (A) k-1 times leaves D invariant and decreases D' by

(k-1) (2k+3) +k + 2 = n.) Now make D' zero by taking an appropriate combina-
tion of I-factors (k) and (A). (Note that (k+2,2k+3) = 1 and (k+1)(2k+2) =
n+ 2k + 3 so that this is possible by Lemma 3.) We need no more than 2k + 2
partitions of type (k) and no more than [(2n+2k+2)/(2k+2)] = 2k partitions

of type ()A) so that now
n < —(k-1)(2k+2) - 2k+3 <D £ 2k+k-2 < n,

But hD + (h-2)D' = 0 (mod n), D' = 0 and (h,n) =1 so that D = 0 (mod n)
and therefore D = 0. Therefore we can cover the remaining (h-2)- and (h-3)-
sets with 1-factors (BO) and the remaining h- and (h-1)-sets with l-factors

(0). This finishes the proof of Theorem 11. O

Because of Theorem 5, statement (B) in the introduction is just a re-

formulation of Theorem 11.
6. MISCELLANEOUS REMARKS

Up to now we concentrated on the case (h-1) € H. It seems difficult
to formulate a necessary and sufficient condition on H in order that Ki be
1-factorizable.

A plausible conjecture is that if g ¢ H and Ki is l-factorizable, then
so is KE', where H' = {i ¢ HI i > g} (assuming of course that n > 2h).

Looking at sets H with small cardinality we have that K¢

n
zable, and that Kih} is 1-factorizable if and only if h|n. The next step

is l-factori-

is provided by
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THEOREM 12. Let H = {g,h} with 0 < g < h. Kﬁ 18 1-factorizable if and only
1f one of the following holds:

(1) n = -1 (mod h) and g = h-1

7o - gh

(ii) n = 0 (mod h) and n = &
(iii) n = g+h.

PROOF. If n < 2h then by Theorem 2 Ki is 1-factorizable if and only if (ii)
or (iii). If n > 2h and Ki is 1-factorizable then by Theorem 3 and 5 either

n = kh or (i) holds. Moreover, when n = kh then (ii) is necessary, since

if g|n then certainly n 2 (;ﬂL) while if gin then any partition
2
. . h
n = a*h + b*g must contain at least TETET g-sets, hence again n = ?é%ﬁy.

Conversely, (i) is sufficient by proposition 2, and (ii) is sufficient by

Theorem 8a. O

Generalizing the necessary part of Theorem 11 we have that if n = kh-1

then for a fixed prime p|h:

n-1

g—l) < # of sets with size not a

# of partitions = ) (
geH

multiple of p = z (z).

pig
gel

{10,9,5}

For instance, K is not 1-factorizable. (In fact if Kg is l1-factori-

39
zable and H = {g,h-1,h}, n = kh-1, g < h-1 then (g,h) = 1, and if g' is the
smallest positive integer such that gg' = -1 (mod h) then n = gg'.)
{10,9,3}

As another example, K is not l-factorizable, this time because

29
each partition must contain at least two 10-sets, but 2 # of partitions >
(29 '

10

that for H = {g,9,10} with g < 9 we have that K29 is l-factorizable exactly

). (What is wrong here is not so much that (g,h-1) # 1; one may verify
when g = 1 or 3 or 7.)
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