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The number of mutually orthogonal Latin squares - a table up to order 10000

by

A.E. Brouwer

ABSTRACT

We give a table of lower bounds for N(v), the maximum number of mutual-
ly orthogonal Latin squares of order v, for v < 10000.

Some new results are n7 < 1726, n8 < 7464, N(154) = 8, N(262) = 8.
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EXPLANATION

Let N(v) be the maximum number of mutually orthogonal Latin squares of
order v. Below we giﬁe a table of lower bounds for N(v) found by application

of the following propositions.

PROPOSITION O,
N(0)
N(q)

N(1) = +»,

g-1 if q is a primepower.

PROPOSITION 1.

v

N(v) 1 for all v.

PROPOSITION 2.

N(u) .N(v) [MacNeish].

v

N (uv)

PROPOSITION 3,

N(12) = 5 [Johnson, Dulmage & Mendelsohn],

N(15) = 4 [Schellenberg, Van Rees & Vanstonel],

N(36) > 4, N(46) = 4, N(50) = 6 [Wilsonl],

N(39) =2 4, N(48) = 4, N(55) =2 5, N(56) =2 7 [Mills],

N(82) = 8, N(100) = 8 [Mullin, Schellenberg, Stinson & Vanstonel],

N(154) = 8, N(262) = 8 [Brouwer].

PROPOSITION 4,

\%

N(v) 2 for v > 6 [Bose, Parker & Shrikhande],

v

N(v) 3 for v > 14 [Wang & Wilsonl].

PROPOSITION 5, If k £ N(m)+1 then for 1 £ x £ m-1:
>

N (km+x) min {N(m),N(x),N(k)-1,N(k+1)-1} [Hall 13.3.8].

PROPOSITION 6. If O < u £ t then

N(mt+u) = min {N(m),N(m+1),N(t)-1,N(u)} [wWilson, thm. 2.3].



PROPOSITION 7. If there is a symmetric BIBD(v,k,l1) then

N(v) = N(k) [van Lint 13.2.1; Raghavarao 3.4.2.1]
and
N(k*+1) 2 min {N(k),N(k+1)-1} [Van Lint 13.2.2].

In particular this holds when k = g+l, g the power of a prime.

PROPOSITION 8. If there is a resolvable BIBD(v,k,1) with r replications,

then
N(v) = N(k) [Hall 13.3.2],
N(v+1) 2 min {N(k)-1,N(k+1)}
[easy to see from the proof of Hall 13.3.2],
N(v+x) = min {N(k)-1,N(k+1)-1,N(x)} for 1 €< x < r-2 [Hall 13.3.5],
N(v+r-1) > min {N(k),N(k+1)-1,N(r-1)} [ibid.],
N(v+r) 2 min {N(k+1)-1,N(x)} [ibid.].
In particular this holds for q a primepower and
v =q+1, k = g¢1  [Bose (1959); Raghavarao 3.4.2.3],

or

m-1 1

2™ 2"y, k= 2™
[Bose & Shrikhande (1959); Raghavarao 3.4.2.4].

<
I

PROPOSITION 9. If there exists a BIBD(v,k,1) then
N(v-1) 2 min {N(k-1),N(k)-1}

and

\%

N (v-x) min {N(k-x),N(k-1)-1,N(k)-1} for 2 < x < k [Hall 13.3.3],
and '
N(v-3) = min {N(k-2),N(k-1)-1,N(k)-1} [Hall 13.3.4].
In particular this holds for q a primepower and
v =qg+g+l, k = g+t1  [PG(2,9)]
and
v=qg, k=q [AcG(2,9].
If there exists a BIBD(v,k,1) with an oval of size m (i.e., m points, no
three in a block) then
N(v-x) = min {N(k)-1,N(k-1)-1,N(k-2)-1} for 4 £ x < m.
In particular this holds for PG(2,q) and AG(2,q) with m = g+l (or m = g+2

if q is even).



If g = 0or 1 (mod 3) then PG(2,q) contains a configuration isomorphic to
AG(2,q) so that we have a pairwise balanced design on v-9 points with blocks
of size k, k-1 and k-3. Hence

N(v-9) 2 min {N(k)-1,N(k-1)-1,N(k-3)-1}.

PROPOSITION 10 (a). If 0 £u £t and 0 £ v £ t then

N(mt+u+v) = min {N(m),N(m+1),N(m+2),N(u),N(v),N(t)-2}
[wWilson, thm 2.41].

PROPOSITION 11 (b). If r > (t-1) (t-2)/2 then

N(mr+t) = min {N(m),N(m+1),N(m+2) ,N(r)-t} [Wilson, thm 2.5].
If r is a primepower then the same conclusion holds when r = t
[for: use an oval in PG(2,r)].
If r 2 b+s(s-1)/2 then
N(mr+b+s) = min {N(m),N(m+1),N(m+2),N(b),N(r)-s-1} [Van Rees].

PROPOSITION 12 (c). If O < w < t then

N(mt+w) = min {N(m),N(m+1),N(n+w),N(t)-w}
[Wojtas, preprint 4, thm 2.2].

PROPOSITION 13 (d).
N(135) = 7.

[For: 135 = 8.16+7; take a PG(2,16), i.e., a T[17,1;16], remove one group
entirely and truncate seven other groups in such a way that on each group:
one point remains, these seven points forming a Fano subplane of PG(2,16).

Now apply Wilson's theorem. ]

PROPOSITION 14 (e). If 0 < u < t and n = m(mt+u) then

N(n) = min {N(m), N(m+1), N(mm) ,N(t)-1,N(mu)}
[Wojtas, komunikat 172, thm 2.4].

PROPOSITION 15 (f). If O < u,v £ t and n = m (m,t+utv) then

N(n) 2 min {N(m), N(my+1), N(m+2), N(mm,) ,N(mu), N(mv), N(t)-2}

[improved version of: Wojtas, ibid., thm. 2.5].



"PROPOSITION 16 (g). If t > (r-1)(r-2)/2 and n = m (mt+r) then

N(n) 2 min {N(m), N(m+1), N(m+2), N(mm,) ,N(t)-r}
[improved version of: Wojtas, ibid., thm. 2.61].

If t is a primepower the same conclusion holds as soon as t = r [as abovel.

PROPOSITION 17 (h). If O < w < t and n = m (mt+w) then

N(n) 2 min {N(m), N(m+1), N(my+w)-1, N(mm,) ,N(t)-w}.
For w < 4 we may replace 'N(mqtw)-1' by 'N(m+w)' [Wojtas, ibid., thm. 2.71.

" 'PROPOSITION 18 (i). If u,v 2 0, u+v < t and n = mmt+mu+v, then

N(n) = min {N(m), N(m+1), N(mm) ,N(mm+1) ,N(t)-1,N(mu+v) }
[Wojtas, ibid., thm. 2.3].

'PROPOSITION 19 (j). If n = mt+h+hy+h;, where O < h,h,,h, < t, h, < h,,

(t—hi-l)(t-h2)v< h, < t, then
N(n) 2 min {N(m+1),N(m+2),N(m+3),N(h,), N(h), N(h,), N(t)-3}
[Wojtas, komunikat 236, thm. 2].

'PROPOSITION 20 (k). If O < utv, £ t, 0<vy,<t, n-= mm,t+mu+v,+v,, then

N(n) = min {N(m,), N(m+1), N(m+1)-2, N(mm,) ,N(mm+1) ,N(mm,+2) ,
N(mu+v),N(v), N(t)-2}.
If m, < m, we may replace 'N(m+1)-2' by 'N(m,+1)-1"'
[Wojtas, preprint 4, thm. 2.3].

"PROPOSITION 21 (1). If T[k+1;t] and T[k;mlhl+ +mshS] and (for i = 1,...,s)

Tlk;m+mj I-Tlk;m; ] all exist, where h+ ... +hg = t, then also
Tlk;mt+mh + ... +m hg] exists.
11 S
[This is a generalization of Wojtas, komunikat 172, thm. 2.1 and related to
Horton, thm. 4.]

(It often happens that for the construction of a certain design one needs a
transversal design Tlk;v] with subdesign T[k;u] which is to be discarded.

What is left is a design on a set I XX such that any two points with

k
different first coordinates are in a unique block unless their second

coordinates are both in Y. Here Y C X, |Y| = u, |X| = v. I call such a



configuration a TLk;v]-T[k;ul; J.D. Horton calls it an incomplete orthogonal
array IA(v,u,k). Note that the existence of such an animal does not imply
the existence of either T[k;v] or Tlk;ul: I can construct T[6;10]-T[6;21],
while T[6;2] clearly cannot exist and a T[6;10] would be sensational. But

we do have that if both Tlk;ul and T[k;v]-T[k;ul] exist, then so does T[k;v].
The above proposition gave an example of the use of such designs; the
following lemma gives a few cases where we know that they exist.

Certainly one can say more - while waiting for the printing of the tables

(on a slow terminal) I showed N(694) = 7 by similar methods. I hope to
include tablés for transversal designs with subdesigns of a given small order

in a future version of this paper.)

SUBSQUARES LEMMA.

(i)  Tlk;v1-Tlk;0] and Tlk;v]-Tlk;1] exist iff T[k;v] exists.
(ii) If TLk+1;t], TLk;m] and Tlk;m+1] exist, then T[k;mt+ul-T[k;ul exists.
(iii) If T[k;m] and Tlk;n] exist, then TLk;mn]-T[k;n] exists.
(iv) If V(m,t) (defined in Mullin, Schellenberg, Stinson & Vanstone, 1978)
exists, then T[m+2;q+t]-T[m+2;t] exists, where q = mt+l.
[This is essentially Wilson's proposition 2 (1974b).]
Examples of vectors V(m,t) are:
v(4,7) = (0,1,3,7,19) [wWwilsonl],
v(4,9) (0,1,3,2,8) [Wilson],
vV(6,7) (0,1,3,16,35,26,36)

[Wilson proved the existence of T[8;50]-T[8;7] using a non-circulant matrix;
Mullin e.a. give a circulant which is incorrect.], |

v(,9) = (0,1,20,70,23,59,3,8,19)

[Mullin, Schellenberg, Stinson & Vanstone],

v(g,11) = (0,1,6,56,22,35,47,23,60) [ibid.],

v(7,6) = (0,1,12,27,37,16,30,35),

v(7,10) = (0,1,3,45,9,50,28,16),

v(7,16) = (0,1,3,7,82,72,93,39),

v(7,18) = (0,1,3,6,97,114,99,26),

v(7,28) = (0,1,3,6,107,187,82,12),

v(7,30) = (0,1,3,7,50,2,69,93),

v(7,34) = (0,1,3,6,10,153,234,80),



v(8,17) (0,1,3,2,133,126,47,109,74),
v(8,29) = (0,1,4,11,94,60,85,16,198),

(Note that the last two lines show that T[10;154] and T[10;262] exist.)

The table gives for v < 10000 either a lower bound for N(v) followed
by an indication of the proposition used to obtain this estimate between
square brackets (where 10, 11, ..., 21 are coded a, b, ..., 1) or an entry
*% if this lower bound exceeds 99. For v > 1 this means in practice that v
is a prime power and N(v) = v-1, Between square brackets we give k if

v = pk for some prime k, and O otherwise.

Egeldonk 808, 790626
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30
30
30
30

30
60
36
40
*#
66
30

(61
(6]
[2]
(1]
[6]
(2]
[2]
(6]
[c]
[2]

[6]
(1]
[1]
[2]
[1]
(2]
[c]
[6]
[cl
leld

L2J
[c]
Lel
L]
[1]
leld
[c]
[6]
[c]
[c]

[1]
[6]
[c]
[1]
[c]
[2]
[c]
[c]
[1]
[ec]

[el
lel
[1]
[e]
[2]
[2]
[2]
[1]
(2]
[c]

[6]
[61
el
(5]
(5]
[6]
(6]
[5]
[6]
[6]

6]
(6]
6]
(6]
6]
6]
(2]
6]
(6]
Lol

6]
(6]
6]
L6J
[6J
L6J
6]
(6]
(6]
(6]

(6]
(6]
(2]
(6]
(5]
(6]
(6]
(6]
(6]
(6]

L6l
6]
6]
[61]
6]
[61]
(6]
(6]
(6]
(61

[6]
[6]
(6]
[c]
[c]
[6]
(el
[c]
[6]
[c]

[61]
(6]
[c]
[c]
[6]
[c]
[c]
[2]
[c]
L1l

(6]
[c]
[cl
L6J
[e]
lel
[i]
el
[c]
[i]

[5]
[61]
[i]
[c]
[c]
[c]
[c]
[2]
[e]
[c]

[e]
[el
[2]
[c]
[c]
[6]
[c]
[c]
[c]
[c]

10
14
14
63
28
14
30
30
14
30

30
15
30
14
1
30
30
12
30
30

1u
30
22
30
30
30
30
30
30
15

30
30

9

9
18
28
30
30
30
30

[a] 15
[6] 30
[6] 30
[2]1 15
[5] %%
(6] 30
[6] 30
[6] 60
[6] *¥
(61 15

[6] 30
[2] 58
(6] 15
(6] 30
(6] 30
[6] 30
(6] 30
[5]
(6] 15
LbJ ®%k

6] 30
(6] 30
(51 70
LeJ 30
(6] 30
Le] 30
(6] **
(6] 30
(6] =
(f] 96

(6] 30
[6] **
(6] 30
(6] 30
(5] 42
[5] **
(6] 30
(6] 30
[6] **
(6] 30

[6] #**
[6] 46
(6] 30
(6] 18
(6] 30
(f] 16
[6] **
(6] 30
[6] 30
(6] 18

[6] 14
(2] 30
[c] 14
[6] 14
[1] 30
[c] 30
[c] 15
[2] 30
[1] 30
[6] 30

[e] 15
[2] 30
[6] 14
[c] 30
[c] 30
[c] 16
[e] 30
[1] 30
(6] 30
L1J 30

[c] 30
[e] 14
12J 30
lel 30
[e] 30
[e] 30
(1] 30
[c] 30
[1] 30
[2] 30

[c] 30
[1] 12
(2] 30
[c] 30
[2] 10
(1] 30
[c] 30
[e] 9
[1] 30
[6]1 30

(1] 30
[2] 30
[e] 30
[2] 12
[c] 30
[i] 30
[1] 15

(6] 36 (2]
(6] 15 (6]

(6]
(6]
(6]
(6]
(2]
(6]
6]
(6]

[al
[61]
(6]
[6]
(6]
(5]
(6]
[6]
[6]
L6J

6]
(6]
L6J
L6J
6]
6]
(6]
(6]
6]
(6]

(6]
[c]
(6]
(6]
[e]
(6]
(61
[6]
[6]
[6]

(6]
[6]
[6]
[al
[61
[6]
[2]

30
*%*
30
78
30
15
u2
30

15
*k

%¥
15
*¥
30
30

*%
%%

30
30
"
30

%%
* %

30
%%

30
30
40

30

15
*E

%
30
*¥
70
30
15
30

30
15
*k

15
®¥
30
30

[c]
[1]
(6]
[2]
[c]
[6]
[2]
[c]

[6]
[1]
(1l
[6]
[1]
[c]
[c]
[1]
[1]
Lel

[cl
(1l
Lel
L1l
[1]
[c]
[1]
[c]
[c]
[2]

[cl
[6]
[1]
[1]
[e]
[1]
[2]
[c]
(6]
[c]

[c]
[6J
[1]
[6]
(1]
[6]
[c]

(c] 30 [6] 30
(c] 14 [6] 30 Eﬁ%
(1] 14 [6] 15 [6]



Some statistics:

prop0: used 1279 times (necessary: 1283)
0 1 2 3 4 5
prop2: used 13080 times (necessary: 1257)
28 35 4o by 45 52 60
prop3: used 13 times (necessary: 13)
12 15 36 39 46 48 50
propl: used 9 times (necessary: 9)
10 14 18 22 26 30 34
prop5: used 10356 times (necessary: 637)
95 111 159 303 312 315 335
propb: used 6117 times (necessary: 4452)
33 e 85 86 92 96 98
prop7: used 58 times (necessary: 5)
21 57 65 273 993
prop8: used 1196 times (necessary: 6)
120 136 393 504 528 2016
prop9: used 3175 times (necessary: 37)
20 24 54 63 66 68 69
prop10: used 370 times (necessary: 297)
51 58 62 87 93 g4 106
prop11: used 165 times (necessary: 141)
116 118 164 894 1092 1140 1210
prop12: used 1601 times (necessary: 1534)
91 133 155 189 205 215 231
prop13: used 1 time (necessary: 1)
135
propll: used 47 times (necessary: U2)
1118 1242 1254 1326 1742 2774 3654
prop15: used 26 times (necessary: 23)
1430 4598 4826 4978 5358 5928 5966
prop16: used 7 times (necessary: 7)
474 4902 5510 5548 6450 6720 9052
prop18: used 28 times (necessary: 27)
810 914 1034 1238 1246 1262 1442
prop19: used 47 times (necessary: 46)
90 796 1102 1230 1396 1400 1412
prop20: used 2U4 times (necessary: 21)
950 1076 108¢ 1086 1094 1110 1114
prop21: used 182 times (necessary: 162)
650 652 662 666 670 682 684

nmax(d):

7
55
38
381
102

70
108
1214
237

3724
6550

1460
1570
1126

692

88
56
2

408

105

72
110
1222
259

3808
6900

1724
1702
1132

700

99

413
112

T4
114
1270
275

3914
7018

3620
1704
1420

710



2 squares not known

2

6

3 squares not known

2

3

4 squares not known

2 3
26 28
5 squares
2 3
21 22
38 39
54 60
6 squares
2 3
20 21
36 38
52 54
75 76
7 squares
2 3
18 20
35 36
50 51
68 69
86 87
108 110
126 130
156 158
178 180
202 204
228 230
254 258
284 286
303 306
330 332
358 362
386 388
u20 422
L4  us0
47y u76
500 506
530 532
562 564
588 594
626 628

6 10
4 6
30 33
not known
4 5
2u 26
40 u2
62
not known
4 5
22 24
39 40
55 58
not known
4 5
21 22
38 39
52 54
70 Tu
90 Q92
11 114
132 134
159 162
182 183
206 210
234 236
260 266
290 291
308 310
334 335
364 366
390 394
426 U428
us52  usu
u7g8 482
508 510
534 542
566 570
596 604
630 634

14

10
34

28
by

24

Lo

55

75

93
116
138
64
186
212
238
268
292
314
338
370
396
430
458
Lgu
514
546
572
610
636

14
38

10
30
45

10
28
Ly
62

42
58
76

118
140
166
188
214
212
270
294
316
340
372
398
434
460
486
516
548
574
612
638

18
u2

14

33
L6

12
30
45
66

10

by
60
7

119
142
170

218
2ul
274

318
346
374
402
436
462
490
518
550
578
614
642

20
uy

15
3u
L8

14
33
ue
68

12
30
45
62
78

122
146
172

220
2u6
276
298
322
348
378
406
438
L66
492
522
554
580
618
ouu

22
52

18
35
51

15
34

69

14
33
46
63

102
123
148
174
196
222
250
278
300
324
354

410
uy2
168
ugl
524
556
582
620
646

2y

20
36
52

18
35
51
TU

15
34
ag
66
85
106
124
150
175
198
226
252
282
302
326
356

418
uuy
470
498
526
558
586
622
654



658 660 668 674 676 678 686 690 694 698
702 706 708 716 718 734 740 TH2 48 750
54 756 758 762 764 766 770 772 TT4 778
780 802 814 820 826 836 8u4 - B66 868 876
982 1012 1020 1022 1182 1190 1198 1206 1258 1718
1726 ‘

8 squares not known

2 3 4 5 6 7 8 10 12 14
15 18 20 21 22 24 26 28 30 33
34 35 36 38 39 Lo u2 4u u5 16
48 50 51 52 54 55 56 57 58 60
62 63 65 66 68 69 70 72 T4 75
7 717 78 80 8u 85 86 87 88 90

106 108 110 111 112 114 115 116 118 119
120 122 123 124 126 129 130 132 133 134
135 136 138 140 141 142 145 146 147 148
150 152 155 156 158 159 160 161 162 164
165 166 168 170 172 174 175 178 180 182
183 184 186 188 189 190 192 194 195 196
198 200 201 202 203 204 205 206 210 212
213 214 215 216 218 220 222 224 226 228
230 231 232 234 235 236 237 238 2u0 22
2u4  2u5 246 248 249 250 252 254 255 258
260 264 266 268 270 274 276 278 280 282
284 286 287 290 291 292 294 295 296 298
300 301 302 303 306 308 309 310 312 314
316 318 322 324 326 327 328 329 330 332
338 335 336 338 339 340 344 345 346 348
354 355 35 357 358 360 362 363 364 365
366 370 372 374 376 378 380 382 386 388
390 392 393 394 395 396 398 399 402 405
406 408 410 418 420 w22 u24  u26  u27 u28
429 U430 434 436 438 WUQ  uu2 Ll u46  us50
452 453 u5M u56 458 460 462  U66  U68  U69
470 472 uyh u76 478 M82 uBM  uB5 U486  u88
490 492 ugh U495 498 500 501 504 506 508
510 514 516 518 520 522 524 526 530 532
534 542 545 546 548 550 552 553 554 555
556 558 560 561 562 564 565 566 567 568
570 572 573 574 578 579 580 581 582 584
585 586 588 591 594 596 597 604 610 612
614 616 618 620 622 6206 627 628 630 632
633 634 635 636 0638 640 642 ouu  O45  HHO
648 650 651 652 654 655 658 660 662 oo4
666 668 670 674 676 678 680 682 o684 686
690 692 694 69 698 700 702 706 708 T10
712 716 718 728 734 735 7O 741 7H2  TA4
TH5 746 TH8  TH9 750 754 756 758 T60 762
o4 766 770 772 T7%+ 778 780 782 790 796
802 8ou 806 808 810 814 BI8 820 822 824
826 828 834 836 840 42 Buu  BUS5 852 858
866 868 870 872 874 876 8T8 882 886 888
890 894 896 898 904 906 914 920 921 930
932 933 934 935 936 938 939 940 942 946
948 950 952 954 956 964 966 968 982 99H
996 1000 1006 1012 1016 1018 1020 1022 1026 1028
1032 1034 1036 1038 1042 1044 1046 1050 1052 1058
1059 1060 1068 1070 1074 1076 1080 1082 1084 1086
1092 1094 1096 1102 1106 1108 1110 1112 1114 1116
1118 1122 1124 1126 1128 1130 1132 1134 1135 1138



1140
1186
1208
1230
1252
1276
1354
1426
1448
1502
1526
1626
1718
1746
1770
1804
1935
1970
2008
2140
2184
23u3
2428
2660
2748
2822
2950
2994
3270
3566
3640
3754
4136
4232
qugn
5038
1384

114
1188
1210
1234
1253
1286
1368
1428
1450
1508
1527
1628
1720
1750
1772
1806
1946
1972
2010
2150
2186
23u8
2436
2662
2750
2836
2952
3062
3278
3580
3642
3756
4138
4236
un88
5052
7388

112
1190
1212
1236
1254
1292
1372
1430
1452
1509
1534
1630
1722
1752
1774
1814
1948
1974
2022
2152
2246
2398
2438
2664
2758
2844
2954
3064
3286
3596
36U
3758
4152
u242
4508
5068
T404

1144
1192
1214
1238
1258
1304
1412
1432
1u54
1510
1576
1638
1724
1754
1780
1816
1954
1976
2068
2154
2266
2u02
2uu6
2668
2764
2846
2956
3118
3288
3608
3662
3766
L204
u2u6
1520
5u20

1146
1194
1218
1240
1260
1324
1415
1434
1460
1512
1580
1640
1726
1756
1782
1818
1956
1982
2072
2156
2318
2404
2u5u
2670
2766
2860
2958
3124
3320
3614
3734
3772
4206
4252
4526
5564

1150
1196
1220
12u2
1262
1326
1416
1436
1462
1514
1592
16U2
1734
1758
1784
1820
1958
1986
2074
2158
2326
2106
2u56
2722
2778
2862
2966
3126
3434
3622
3736
3790
1210
4254
u588
5740

1154
1198
1222
1244
1263
1332
1418
1438
1464
1515
1614
1646
1736
1762
1786
1822
1960
1988
2076
2164
2328
2408
2566
2732
2780
2866
2972
3128
36l
3624
3738
3796
4216
4394
k602
5746

1162
1202
1224
1245
1266
1336
1419
1uk2
1478
1516
1620
1650
1738
1764
1788
1836
1962
1992
2092
2166
2332
2410
2568
2740
2794
2870
2974
3130
3u66
3626
3740
3806
4218
uuia
4738
5912

1180
1204
1226
1246
1270
1338
1420
144y
1492
1518
1622
1658
1740
1766
1800
1926
1964
2004
2122
2174
2338
2118
2588
2742
2798
2936
2984
3134
3470
3628
3742
3930
1228
Lu28
aga6
6184

1182
1206
1228
1248
1274
1348
1422
1416
1496
1522
1624
1678
1742
1768
1802
1930
1966
2005
2134
2182
2340
2120
2658
2744
2814
2942
2988
3258
3560
3630
3750
3932
1230
bu72
1850
6328
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Added in proof

Extensions of the subsquare lemma have dramatic effect on the

strength of proposition 21(1). I can now prove that
n, < 836 and ng < 3758.

Other improvements are:

- N(v) 2 7 for v = 514, 586, 658, 668, 674, 676, 686, 698,
706, 716, 718, 740, 742, 748, 754, 756, 758, 766, 770,
772, 778, 802, 820, 844, 866, 868, 876, 982, 1012, 1020,
1022, 1182, 1190, 1198, 1206, 1258, 1718, 1726.

- N(v) =2 8 for v = 640, 964, 1180, 1234, 1516, 1816, 1948,
1956, 1958 etc.

- N(v) 2 9 for v = 1210, 1320, 1428, 1844, 1864, 1929,
1974 etc.

MC, 790718
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