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Spherical functions and differential operators on complex Grassmann manifolds

by

B. Hoogenboom

ABSTRACT

Proofs are given of two theorems of Berezin and Karpelevig, which as
far as we know never have been proved correctly. By using eigenfunctions of
the Laplace-Beltrami operator it is shown that the spherical functions on a
complex Grassmann manifold are given by a determinant of certain hypergeo-
metric functions. By application of this result, it is proved that a certain
system of operators, for which explicit expressions are given, generates the

algebra of radial parts of invariant differential operators.
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0. INTRODUCTION AND MOTIVATION

In [1] BEREZIN and KARPELEVIé gave an explicit expression for the zonal
sphérical functions on a complex Grassmann manifold. Unfortunately, no proof
was given there.

In [9] TAKAHASI stated the same result, but he also gave a proof. This
proof, however, was not correct. It relies upon another result of BEREZIN
and KARPELEVIC (also in [1], unproved), namely that the algebra 6(Ib(G))
of radial parts of invariant differential operators is generated by a system
of operators Ai (i =1,...,n), for which they could give explicit expres-
sions. This being proved, it is sufficient to find the eigenfunctions of all
Ai.

Takahasi's error was in the proof that G(Ib(G)) is generated by the
Ai. I'l1l try to indicate where he went wrong. He proceeded as follows.

Let G := SU(n,n+k;C), and g = 4u(n,n+k) its Lie algebra. Let g = k+p
be a Cartan decomposition of g. Let S(p) be the symmetric algebra over p,
and let I(p) be the subalgebra consisting of K-invariants. Let A denote the
canonical linear one-to-one mapping of S(g) onto ID(G). Take p € I(p). Then
there exists a polynomial g such that §(X(p)) = q(sl,...,sn) + terms of
lower order. Define p' := G(A(p))—q(Al,...,An). Then we have degree p' <
degree p. Now, according to Takahasi, the result follows by induction to
the degree of p. But nothing guarantees us that p' has a highest order term
with constant coefficients, so the induction step is not justified.

In this paper another proof of these two theorems is given, namely by
using eigenfunctions of all §(D) (D € Ib(G)) ~ say ¢ - which have a certain
convergent series expansion at «» in a positive Weyl chamber, instead of
spherical functions - say ¢ - which are eigenfunctions of all §(D) being
regular in 0. To obtain these &, we only need to find the eigenfunctions of
§(Q) (radial part of the Laplace-Beltrami operator) which have the desired
series expansion. That such a function is an eigenfunction of all §(D)

(D € ]DO(G)) is a result of HARISH-CHANDRA [3]. A simpler proof is given
by HELGASON [4]. Then we use that a spherical function ¢ can be written as
a combination of ¢'s. This gives us the first theorem of Berezin and
Karpelevig. Finally, in the last chapter the second theorem of Berezin and

v
Karpelevic, which states that the algebra GCDO(G)) is generated by the



Ai (i =1,...,n), is proved.
1. THE GROUP G = SU(n,n+k;C)

Let G = SU(n,n+k;C) be the group of all complex (n+m)X(n+m) matrices
with determinant 1 (m = n+k, k =2 0), which leave invariant the hermitian
form:

R R T R NP B e
Then G is a connected, semisimple Lie group with finite center (see
TAKAHASHI [9]). '
Let g = lie(G) be the Lie algebra of G. Then g = 4U(n,n+k;C) and g is
a real, semisimple Lie algebra.
Let g = k+p be a Cartan decomposition of g, with

*

k = {(g 3 s u = -u,v. =-v, u € Mn(C), v € Mm(C)}
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Let a4 < p be a maximal abelian subalgebra. We may choose for 4 the

set of all matrices of the form

0 T
nxn onXk
H =
T T
omxm
oan

where O N denotes the (pxq)-matrix with only zeros as entries, and
: . )
T = diag(tl,...,tn) (ti € R for all i). Let a, € a (i=1,...,n) be de-

fined by ai(HT) = ti. Then the roots of (g,a) are given by iai, t2ai

(1 £i <£n) and i(aiiaj) (1 €£i < 3j <£n), with multiplicities m, = 2k,
i
mZai = 1 and maiiaj = 2.
Let aj, := exp'H , and A := {aT = exp H;: Hj € al.

On the root system we choose an ordering such that the positive Weyl



+
chamber C is given by the T with t1 > t2 >..0> tn > 0. Then the positive

roots are s 2ai (1 £i £ n) and aiiaj (1 <£1i < 3j < n). The simple roots
are ql—az,a2—a3,...,an_l—an,un. .
Let I be the set of all roots, and I the set of all positive roots.

From now on we identify T and HT.

Let p :=n% Zaez+ m 0.
Then p (T) = Zi=1 p.t., with p, = k+1+2(n-1i).

(T _~a(T) My

Let Alay) := Ty (e ) .

Then we have:

(k) 2K oy,
i=1 i i

A=0w2, with O(aT)

2%n(n—l)

and w(aT) ﬂi<j(ch2ti—ch2tj).

Let D(G) be the algebra of left G-invariant differential operators
on G, and let:DO(G) be the subalgebra of D(G) of right K-invariant opera-
tors. If D € ]%)(G), let §(D) éfnot?_the radial part of D.

As usual let €, IR, Z, Z , Z denote the sets of all complex numbers,

real numbers, integers, positive (non zero) integers and negative (non zero)

integers, respectively.
2. RADIAL PART OF THE LAPLACE-BELTRAMI OPERATOR

Let §(R) denote the radial part of the Laplace-Beltrami operator. In

[3] HARISH-CHANDRA proved the following lemma:

l3) denote the

LEMMA 2.1. Let Hl""' 1 be a basis of a, and let (g 1<i, <L

inverse of the matrix with elements B(Hi,Hj)(B(.,.) Killing form). Then

(2.1) s = V8 gME, o oam,.
1<i, <L * J

Take for Hi the matrix HTi’ with Ti = diag(0,...,0,1,0,...,0) (with 1
on the i-th place). Then

B(H,,H.,) = tr(adH, adH,)
1 J i J



= ZM mg B(H;)B(H,)

4 (k+2n) 6, ..
1]

So formula (2.1) gives:

8 () 2ot 2w 2

(aer20) 71T

(As a differential operator Hi corresponds with B/Bti). Hence:

2
_ 3 -1 Jw -1 3o 3
4(k+20)8() = Zi —5 4 (20 gt 0 3 s
ot, i i i
1
=§:w—1(32+—130 a)ow
i Bt? Bti ot,
8 2
- Z. w_l( 9 + -1 30 3 ) W
+ ot dt. ot
1
-ols @ L) ow-uwls (L L)w
w 1 11'--1 n 1 11---1 n ’
where we have defined
82 3
L, := —= + 2(kcoth t, + coth 2t,) —
i 2 i i” at,
ot i
i
and
Sj(Ll""'Ln) := the j-th elementary symmetric polynomial in
Ll'“"Ln
(see [9]).

Now define

-1
Aj =W Sj(Ll,...,Ln) ° w,

then we have, because of the relation Sj(Ll""'Ln) w = cjw (cj defined

n n-j _mn-1 .. .
by 2l o4& ° = M o (E+4i(i+k+1)), see [91):



(2.2) 4(0ck20) 8(2) = A - JhO1 41 (i+k+1)
3. EIGENFUNCTIONS OF §(Q)
In this chapter we make use of the following lemma (see [4], ch.II,
prop. 1.10). Let A be the root lattice, that is A = {lel+...+ann :
+
Bi € I, Bi is simple, zi € Z u(0)}. Let y denote the natural isomorphism

of D(X) onto I(A) (X = G/K, A Lie group corresponding to a, I(A) set of

W-invariant polynomials on A, see [4], ch.II, theorem 1.2).

LEMMA 3.1. The equation
S(WMu = =(<A,A> + <p,p>)u
has a unique solution on C+ of the form

u(g) = @A(exp H) = 2 Fu exp((/:TA—p-u)H)

uel
with FO =1. u = QAO exp is also a solution of the system of differential
equations
(3.1) §(D)u = y(D) (/=TA\)u, D« D, (G .

In our case, the function ®A of the lemma takes the form

u
uel
where
T € C+
A= (A A * .
= (Ayreeaah) € ag
]."O =1,

in order to be an eigenfunction of all 6§(D), D e:DO(G).

So we have to solve



-1
(w Sl(Ll,...,Ln)ow)u uu,

Sl(Ll,...,Ln)(wu) u(wua) .

Let us try a solution u(T) of the form -
w(T)u(T) =V1(L1) vn(tn),
where vi is a solution of the equation
2 2
(3.3) Lv, = - +(k+1))v,, t, >0,
i i i i

such that vi is of the form
-nti

n=0 Fne ’ r =1.

DEFINITION 3.1. Let vi(ti) be a solution of (3.3), which is of the form
(3.4) . Then we define

vl(tl)-...-vn(tn)

. (a ) := .
AT w(aT)

THEOREM 1.
QA(aT) satisfies G(Q)Qx(aT) = = (<A, 2> + <p,p>)®x(aT)-

a.
b. QA(aT) has a series expansion (3.2).

PROOF'.

a. According to (2.2) we have
n-1 . .
(3.5) 4(k+2n)6(Q)¢A(aT) = (Al— Zi=0 41(1+k+1))®x(aT).

Because of the relation B(H,,H.) = 4(k+2n)6ij, the inner product <.,.>

1 _.n

is given by <g¢,n> = (4(k+2n)) °~ I ,_,E.n,, if £ = (Ell---,En), n=(ngre-eom).

Hence



-1 -1
8,0 (a)) = w 8 (L ,.ea I ) ow(w™ M_ v, (¢))
= o (= (4 &+20) <A, 0> + nke) T v ()
i=1 i i
(3.6) = —(4(k+2n) <A, A> + n(k+1)2rpx(aT),
because of the relation L.v,(t,) = —(A?+(k+1)2)v_(t-)6,.. Since
i'j 3 j J. i

p, = k+1+2(n-i) we have 4(k+2n)<p,p> = n(k+1)2 + g1

3=0 4] (k+1+]) ’ and

this together with (3.5) and (3.6) proves a.
b. To prove that QA(T) has a series of expansion (3.2) we use the fact
that Vi(ti) is of the form (3.4). We have

vl(tl)'...'Vn(tn)

2, (ap) = w(a,) .

According to (3.4) the numerator is of the form

(F=TA - (k+0)) b 4o+ (=TA = (k¥D))E -£,t -£_t

1 oo
(3.7) e 2 ol © eeetlp oTpe
1 n n

For the denominator we have

m(aT) = 2%n(n—1) m %(e i+e i—e j-e j)
i<j

2(n-1)t1+2(n—2)t2+...+2
(3.8) = 2

-2(t,-t.) -2(t,+t.)

tn i ) (1-e i J).

1 (1-e
i<j
+ +
In C we have t1 > t2 > .. > tn > 0, so for all T € C the exponents
in the denominator (i.e. —2(ti—tj) and —2(ti+tj) with i < j) are < 0, so

we have the power series expansions

1 ) zw e-2p(ti—tj)
-2(t,-t.) =0 ’
i ]

-2g(t, +t.)

1 =z°° e ? 1 J
-2(t.+t.) q=0 -
i3

1-e



Using these power series expansion and formulas (3.7) and (3.8) we

get for QA:
(V=12 = (k+1)=2(n-1) )t +. ..+ (V=TA_  —(k+1)-2)t_  +(/=TA_-(k+1))t

1 1 n-1 n-1 n n

QA(aT) = e .

14

. 2t (v —2p(ti—tj) - —2q(ti+t3)

. n?=1<2£i=0 Tﬂ_e 1 l) 'ﬂ. \zp=oe ) =0 ©
i i<j
(Y=1r-p) (T)

i.e. e

the form I b (M)e
Heh M ,
Hence multiplication of the power series gives

multiplied with a finite product of convergent series of
=u(T)

_ JW~Ta-0)(T) I ye ™,

o, (a.)
AT el

1 which proves b. [

1

Clearly we have Fo

Now we've come to the point where we have to find the function vi(ti)
which satisfies (3.3) and (3.4). The equation Livi = uivi can be seen as a
differential equation for Jacobi functions (see [8]). The general equation

for Jacobi functions is:

-1 4 du(t), _ 42 2
(3.9) (Aa,B(t)) E'E{Aa,s(t) ot } = (A4 (a+B+1) Hul(t),
where A (t) = (et—e T)2%*1 (ot e7F) 2641

o,B
The left-hand side of (3.9) in the case a =k, B =0, t = ti is easily

seen to be equal to Liu. So let us try to find a solution of

-1 9 du 2 2
(3.10) (Ak,O(ti)) Bt,{Ak,O(ti) ati = —(li+(k+1) Ju,
which is of the form (3.4).
Substitute ti = —shzti. Then equation (3.10) leads to a h&pergeometric—

al differential equation. If we let ti > o, (3.4) gives the asymptotic

behaviour:

(V=1A, - (k+1)) t.
(3.11) v, (t) =e . T (1+0(1)) .



According to [2, 2.9(9)] the Jacobi function of the second kind

— /=12, - (k1)

oD (e) = e te F. (4 (-k+1-V=TA,) ,} (k+1=V=TA,) ;
i i 21 i i

1-/"Th . ;-sh~ 2t )
1 1

is a solution of (3.10) for all Ai with Im Ai ¢ =, having the asymptotic

behaviour (3.11).

LEMMA 3.2. @;k'o)(ti) has a convergent series expansion (3.4) for ti > 0.
i
PROOF.. L L Do)
810 (£ ) = (e e 1 F, (5 (-k+1=/=T1 ) , % (k+1-/=11) ;
Ai i 271 i i
1-/=Tx, ;-sh %t,)
i i
t.  —ts /:Txi-(k+1)
= (e He ) 2F1(%(k+1—/:TAi);%(k+1—V:TAi);
1—/:Tki;ch_2ti) (see [2, 2.10(6) )
/=1 -
CTa -k e, -2e, TR TORD  (mg1-/TT )y )2
= e + l(1+e ) z =1 (ch_zt P
(1-v=Tx,) _n! i’
n=0 i'n
absolutely convergent for t > O since 0 < ch-zti < 1. Hence
k,0) (F=Th = Gt b, -ant, -2t “2nt/=1h k-
’ =
@Ai (ti) = e n=0 Yne (1+e ) .
ot —2n+/-1x; -k-1
) The lemma follows by expansion of (l+e l) in powers of
e . a

Combining theorem 1, lemma 3.1 and lemma 3.2 we get

THEOREM 2. The function

o0 (o .o (Ks0)

Yoo,
Al 1 An

w(aT)

(tn)
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satisfies

§(D)e, (a;) = Y(D)(/:TA)QA(aT)
for all D eZDO(G).
4. SPHERICAL FUNCTIONS ON SU(n,n+k;C)

Let ¢A be a spherical function on G, that is an eigenfunction of all

D €ID0(G), having value 1 at e. Then we have (see [5]):

+
(4.1) ¢, (ay) = ) c(sMe,(a), TecC,
seW
where W is the Weyl group of G and QA(aT) an eigenfunction of §() with a
series expansion (3.2). Our main goal in this chapter is to find ¢A’ or to
find the function c.

Let us first look at the rank 1 case (see [8]). As a solution of the
hypergeometrical differential equation (3.10), which is regular for t = O,
we get:

(k,0)

2
¢Ai (t,) = 2F1(%(k+1+/:TAi);%(k+1—¢:TAi);k+1;—sh t,).

Now, assume that Ai ¢ /-1z. Then we know from [2, 2.10(2)] that

P (% (k+1+/=TA, ), % (k+1-V=TA,) sk+1;sh°t,) =
21 i i i

/?Tsxi—(k+1)

t., -t
c(sh,)(e T—e ) )
se{1,-1}
. F. (5(-k+1-V=TsA.) , % (k+1-/=Ts),) ;1-/=Ts), ;-sh_
271 i i i
with
V=TA +k+1
r(k+1)r(-¢:TAi)2 t
(4.2) c(A;) = T (5 (eH=/=TA ) T (5 (RH /=12 ) °

So we have

2

t.) .
i
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- = . + -
(4.3) ¢A.(tj) C(Ai)@l_(tj) o Ai)@—l.(tj)
i i i
(%iqg)now on we omit the indices (k,0), that is we'll write ¢Ai instead of
¢Ai' etc.) where c is defined as in (4.2). Because (—Ai)2 = Ai the fol-

lowing relation is also valid.

2 2
(4.4) Li¢ki(tj) = = (AJ+(k+1) )¢Ai(tj).

DEFINITION 4.1.

b (a) im A det(dr; (£5)) 144, y<n
AT m oZa w(ag)
. .17y
i<j

(A is a normalization constant, independent of T and A, which has yet to

be determined).

We want to prove that ¢A(aT) is a spherical function on G. Therefore,

we'd like to write ¢A as a combination of ¢A'S' in a way which is similar

to (4.1). According to [9] we have W = {s:s(tl,...,tn) = (Elto( X

t
n o(n) i
€ = (el,...,en) and o € Sn' Thus

det(¢xi(tj))

-1

A “.w(al)e, (@) =

AT g %4

Lo o. 1]
i<j

), €. =1, 0 € Sn}. We'll denote such a s € W by s = (g,0) with

IR IS Rl | AT A ()
_ ceSn p=1 Ac(p) o)
(—1)%n(n_1)det((ki)3—1)
sgno . . ’
Z‘oes (=1 Zs.=i1 C(Elxo(l))Qelk (tl) Tt c(€n>\c5(n))(1>s: A (tn)
1=11...,n (1) n o (n)
(—1)%n(n—1)det((ki)j—1)
_ z c(elkc(l))-...-c(enkd(n)) ) “ .
oeSp (—1)%n(p_1)det((elko(ﬂ )2(3—1)) p=1 Ep}\c(p)
e .=t

i1



12

Hence
(4.5) ¢y tag) = ) c(sMe_, (a),
seW
where
c(Al)-...-c(An)
e o (1) P ger (32071,

Since <sA,sA> = <A,A> for all s € W, it follows from (4.5) and theorem

1.3 that
(4.7) §(2 ¢, (ay) = —(<A,x>+<p,pé)¢x(aT)-

LEMMA 4.1. (HUA [6]) Suppose f1(X)""’fn(X) are C -functions on a real
interval I. Let

det (£, (x.))
i J

F(Xll---lxn) i = T (X,"X.)
i<y *+

, © , n
Then F is C and symmetric on I and, for a € I,

F(a;...,a) =

Ln(n-1) .
1) get 37 ().

1:12!...(n-1)! i
Moreover, if all the fi are polynomials, then so is F.

PROOF. (Sketch) Use complete induction with respect to n, by writing

£, () ee B0

fl(Xz)—fl(xl) . ﬁn(xz)—fn(xl)
7% ™

det(fi(xj)) = (x2—x1)...(xn—x1).det :
f (x )-f, (x,)
1 n 11 e £ (x)-F (%)

X -X n n n 1
n 1 - -

X -X
n 1

and next expanding the determinant with respect to the first row. 0
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According to [2, 2.8(20)], we have

(4.8) ——Z-ZF (a,bj;c;2) = ——— _F, (a+tl,b+L;c+l;z) .
) 1 (c) 271
dz L
Now
det (¢y ,) (t.)) det(zFl(%(k+1+¢:TA.),%(k+1—/:TAi);k+1;-sh2t.)
Lim (;) - = lim n(n-1) . 2 2 s
>0 w ™0 2 M (sh“t -sh tj)

i<j

Using lemma 4.1 and (4.8) we see that this expression is equal to

1 . 1

%(k+1)(l +(k+1) ) can —1(EIT)(A +(k+1) )
2—n(n—1)(_1)1’2n(n-1)det .
112!...(n-1)! -
n-1 1 2 2
(%) ((k+1) Rt (e 1)9(A +(k+1)) (Al+(k+2n-1)).
1 1
2 2 2 2
A+ (k+1) .o AT+ (k+1)
1 n
= 1 det .
2n(n-1) ﬂ {(k+3)n J. 51}
(A§+(k+1)2)n—1 ... (Ai+(k+1)2)n—1
(- 1)l'zn(n—l) 5
* e . moocd).
T {(k+3)7 51} i<s J
j=1
Hence, if we take
(4,9) A = (_1)%n(n 1) 2n(n—1) ﬂ {(k+j) 51
j=1

in definition 3.1 we obtain
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(4.10) qb}\(ao) = 1.

Now, since it is obvious from the definition that ¢A is W-invariant
and C everywhere on A, it follows from theorem 2 and the relations (4.5)
and (4.10) that for all X € a; with Ap ¢ /- 1z for all p,¢k(aT) is the res-
triction to A of a spherical function on G. Because the set {A ¢ c:
/:?Ap ¢ Z Vpl is an open, dense subset of Cn, we can catch all A by analytic
continuation (if Ap = Aq for some p,q, p#qQ continuation according to lemma

%
4.1), so we have proved the first theorem of Berezin and Karpelevic.

~ i
THEOREM 3. (BEREZIN and KARPELEVIC [1]). The zonal spherical functions ¢A

on G = SU(n,n+k;C) are given by

det ( F(%(k+1+/fix.),%(k+1-/:TA.);k+1;-sh2t.))
21 i i 3
2lzn(n—l)

A
. (223
i<y i 3

o, (a ) =
AT T (ch2t.-ch2t.)
i<y . J

where A is as in (4.9).
5. THE ALGEBRA G(JDO(G))

Now we come to the point where we can prove the second theorem of
Berezin and Karpelevig. We proceed as follows. First, we show that the
functions ¢A satisfy Aj¢A = aj(A)¢A for all j, and next, by using a method
of KOORNWINDER (see [7]1,86), we show that every differential operator, which
has all the ¢A as eigenfunctions, is a polynomial in the Aj (3 =1,...,n),
and this polynomial is uniquely determined. Thus, because of the fact that
6(D)¢A = Y(D)(/:TA)¢A (D eZDO(G)) (this follows from theorem 2 and (4.5))
it follows that the algebra G(JDO(G)) is generated by the Aj (3j =1,...,n).

For reasons of convenience we'll work with a slightly larger set than

GCDO(G))-
LEMMA 5.1. Aj¢k(aT) = aj(A)¢A(aT) for all j.

PROOF. In 1 variable t we have

2 2
Liéxj(t) = -5+ ) )@Aj(t)dij.
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Hence

n n n 2 2 n
m (E+Li) moé, (t,) = N (E—(ki+(k+1) )y 1o (tj).

i=1 =t M3 im j=1 %3

Define on a; the functions aj(k) by

n 2 2 n n-j
T (E-(A\S+(k+1))) = ).~ a, (Mg 2.
i=1 + 3=0 3

Then
n

: n
S.(L,y...,L_) T O (t,) =a.(X) TTO (t,) for all j.
1 n, A, i j . i
i=1 i i=

-1
= (w sj(Ll""'Ln)ow)QA(aT)

aj(k)éx(aT) for all j.

Il

._1 .
= (w Sj(L1""'Ln)°w)¢A(aT) aj(A)¢A(aT) for all j.

= Aj¢k(aT) = aj(A)¢A(aT) for all j. 0O

For the second part: remark first that every differential operator
which is a polynomial in the Aj' has to have all ¢A as eigenfunctions,
because of lemma 5.1. So we have to prove that every D which has all ¢A
as eigenfunctions must be a polynomial in the A,. We'll restrict ourself
to those ¢A which are polynomials, that is %(k+1i/:TAi) € Z . If we can
prove that this, i.e. every D which has all polynomial ¢A as eigenfunctions,
is a polynomial in the Aj’ we are done because of the remark above.

Let N be the ordered set of all n-tuples u = (ul,...,un) with My € Z
for all i, and Hy > H, P Mo > 0, and let < denote the lexicographical
ordering on N.

Let t = (ti""'tn) with ti € 7z for all 1i.

Now, let ¢Ai(t) be a polynomial. Say
%(k+1—/:TAi) = —mi—n+i for i =1,...,n and m € N.

Then ¢A (t) becomes
i
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. . 2
¢Ai(t) = 2Fl(—(mi+n—1), mi+n i+k+1;k+1;-sht).

We'll denote such a ¢A-(t) with %(k+1—/:TAi) = —mi—n+i by P (t) . Thus
i i
pmi(t) is a polynomial of degree mi+n—i in —shzt. Then it follows from lemma

m
4.1 that ¢A(aT) is a polynomial of the form ¢X(aT) = c(—sh2t1) 1...(-sh2tn)mn+
terms of lower order (according to the lexicographical ordering of the n-
tuples (ml,...,mn)). This polynomial function we'll denote by Pm(aT)

(m e N).

\UJ
DEFINITION 5.1. Let D (G) be the set of all W-invariant differential opera-

tors on EJE regular in the interior of all Weyl chambers, and having all

the Pm as eigenfunctions, that is D eZDw(G) implies DPm = b(m)Pm.
Clearly:Dw(G) includes both GCDO(G)) and all polynomials in the Aj.

LEMMA 5.2. Let D € ]SN(G). Let m = (ml,...,mn) e N be the order of D.

Then D is completely determined by its eigenvalues of Pu, b(u), with y < m.

PROOF. By the W—-invariance of D, D can be written as a symmetric operator

. ) _ 2 _ 2 3 2 _ 2

in -sh tl""' sh tn' Let -sh t0 denote the vector (-sh tc(l)""' sh to(n))
(0 € S ). Then

n
H U
2
D = Z 2 c (-sh tc)(————jE?-——) c,(1)---(——-“-—22-2———") U(H).
usm oes_ H 3(-sh”t,) 3(-sh’t )

We'll prove by complete induction with respect to u that cu is completely

determined by b(u) (4 < m). We have ¢, = b(0). It follows from DPu = b(u)Pu

0
that
H U
bwe = ] e (-sh’t) ) T 20 p
Hooges M 3 (-sht,) 3 (-sh“t_) H
n 1 n .
AV AY)
+ ) ) cv(—shth)(————§§~——0 T(l)...(————éi———o T(“).Pu,
v<pu  TeS 3(-sh™t,) 9(-sh™t )
+ n t n

because the terms of the D with v > u annihilate Pu.

Hence
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V
nlsucu(—Shzt) =bwr- ) ] c\,(-Shth)(————a y T
viu TES 3 (-sh tl)
A%
(—-———-———32 ) T p
3(-sh“t ) H
n

where Bu = ull... wo! times the coefficient of the term of order (ul,...,un)
in P .
U

The lemma now follows by the induction hypothesis. O
LEMMA 5.2 immediately implies:

LEMMA 5.3. Let D,,D

1772

\4
eAl) (G). Then D1D2 = D2D1.

We have by definition D € ]f”(G) = D is W-invariant. W is the set of

all maps s such that

S:(tlpnooytn) g (€ t

1 O_(1),...,(-:

= + i
nto(n)) ei +1 Vi, o € Sn'

This implies:

LEMMA 5.4. Let D € ]fN(G). Suppose D is written in the form

Hy 3 H

9 n
D=Zcu(t)(—§t——) e
u 1

) -
n

Then D is invariant under the operations

t, > -t, Vi
1 1

(tl,...,tn) -+ (tc(l)""'t ) Vo € Sn.

o (n)

LEMMA 5.5. Let D € IWXG), and let 4 = degree D. Then D can be written in

the form

Mg
(5.1) p=J c = L9 "+ 1.
1

(l.0. means lower order terms), where the ¢ are constants.
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PROOF. Lemma 5.3 implies that D commutes with all the Aj' hence

(5.2) DA. - A.D=0
J J

We have

2

for all j.

2

_ 3 3
AJ_SJ( reeoy "‘2) + l.o.

Btl 9

t
n

Let D be written in the form given by (5.1), only with cu =

Now we use (5.2), in particular we use the fact that the terms of order

d+2j-1 disappear. This yields:

c (t).
u

, 2 2 . H
9 ) 1 )
(d+2j-1)th order part of [S.( 82 feeor 2){ Z c (t) (—) S
) 5t ot n ot ot
1 n 1 n
Zui=d

Hence

Lo g ]

TV, =d+29-1
1

where we have defined:

- V;_l := the set of all (j-1)-subsets of {1,...,p-1,p+1,...
1 ifg=p
- iq(p,ﬂ) :=42 ifpem
0 else
-c . = o if one or more j, < O.
Jyreeerdy *

., (e .
éj)_1 dtp vy-i (pym e,y -1 (paT)

Vv Vv
Loy

3t =0,
n

d
.G
ot,

Hence we have to solve the system of equations

zn

p=

d
(5.3) ) — (c
1 revi—1 Btp vy

p

for

(t)) =0

-il(p,r),...,vn—in(p,w)

all 1 < j <

(£))

n, v with Zvi = d+2j - 1.

,n}
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We'll prove by complete induction with respect to the lexicographical
ordering that (5.3) implies
3 3
(5.4) —_— C (t) =0 Vg: 1 £ g £ n, W: Zvi = d.

atq vl,...,vn

(Remember that (pl,...,un) < (ml,...,mn) iff. 3L such that Wy = m

1 <i < £-1 and u£<m£).

i. By taking j = 1 and vq =1, v, = 0 for i # g it is clear from (5.3)
5e. %0,...,0(® =0 Ya.

ii. Let (il,a..,ﬂn) = (0,...,0,ﬂp+1,...,ﬂn) with £P+1 # 0, and assume

that lo]

that for all g

9 _ . ' '
KEECK',.__,KI:I(t) '—O lf ('@1’---,»‘@n) < (»el,...,»en)

(induction hypothesis).

a. Assume 1 < g < p.

By taking j = n-i+l, Vg = 1, v, =0 if 1 <i <p, i # g and v, = £i+2

i
if i 2 p+1 (5.3) becomes

3
c

rys (t) = 0.
th 0,.-.,0,'€p+1,-..,'€n

b. Assume g = p+l.

By taking j = n-q, v, =0 if 1 <i <p, v, = £i if p+1 < i < g-1,
v =L +1 and v, = £,+2 if i > g+1 (5.3) becomes

q q i i

d

—_— C (t) =0,
th O""'O'£p+1'°"'£h

where we have used the induction hypothesis.

So it is proved that (5.3) implies (5.4). Hence c, v (t) =
17°°°""n

constant for all v, so the lemma is proved. O

THEOREM 4. Let D ¢ D" (G). Then
a. D can be written as a polynomial in the Aj.
b. This expression is unique, that is if Pi(Al""'An) = P2(A1,...,An),

then P, = P

1 2°
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W
PROOF. a. Let D ¢ D (G), and suppose D cannot be written as a polynomial
in the Aj. Let d := degree D, and assume that d is minimal. According to

lemma 5.5 we can write

5 M1
D = Z c (/) ... + l.o.
u u Btl

¥ =
uid

Since D satisfies the symmetry relations of lemma 5.4, the d-th order
part of D has to be a symmetric polynomial in gzgy...,ng , and hence a

polynomial in S ;...,Sn, where Sj is the j-th elementarynsymmetric poly-

1 2
nomial in ——57...,315 .. Thus we have
8t1 Btn

D = P(Sl,...,Sn) + D',

where D' is an operator of degree < d. We also have Aj = Sj+l.o., so

S. = A.+1.0. Hence
J J
(5.5) D=PA,,...,0A ) + D",
1 n

where D" is an operator of degree 4" < d.

Since D € Iy(G) and P ¢ EV(G) (because all Aj e:DW(G)) we have
D" € ]SN(G). Because d" < 4, D" can be written as a polynomial in A1""’An'
and because of (5.5) this implies that D can be written as a polynomial in

A ...,An. This contradiction proves a.

1’
b. It is sufficient to show: Q(Al""'An) =0=0Q =0, if Q is a poly-

nomial. So, suppose Q(Al,...,An) =0, and Q Z 0. So for some e ¢ %

H, H H
1 72 n
O(u) = E kuu1 u2 ...un ’
<
2u1+4u2+...+2nun_e
i -+ +..- = = . T i .= A,
where not for all u with 2u1 4u2 32 +2nu%)_ e we have ku 0 aking ul Al,
and using the fact that A, = S, (—%,...,—=) + l.o. we obtain
] 3 5¢2 5t

1 n
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Uy My Yn
0 =Q(hs-aard) = E ku(sl+l.o.) (Sy#l.0.) “...(s_+1l.0.)
2u1+...+2nun5e
52 52 My 52 52 L
= ) k(8 (Creeei™g) - (S (F5..—5))  + l.o.
U 3t st° . 3t 3t
1 n . 1 n
2u1+...+2nun=e

Hence, the e-th order term of the above expression must be 0. But this is
a combination of elementary symmetric polynomials, and this combination can

only be 0 if all coefficients are 0, hence

ku =0 Yu: 2u1

+4u2 +...+ 2nun = e,
which is a contradiction, so Q = 0. il

Because of theorem 4 we have proved the second theorem of BEREZIN

\
and KARPELEVIC [1].

THEOREM 5. Let G = SU(n,n+k;C). The operators Aj = w_lsj(Ll,...,Ln)Om 5
(1 £ 3 < n), where Sj = j-th elementary symmetric polynomial and Li = éig +
ts
2(k coth ti + coth 2ti) 5%7, form a system of generators for G(Ib(G)). 1
i
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