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The representation theory of SL(2,R), a global approach *)

by

T.H. Koornwinder

ABSTRACT

The representation theory of SL(2,R) is developed by the use of global
(i.e. non-infinitesimal) methods. This approach is based on an explicit
knowledge of the matrix elements of the principal series with respect to
the K-basis. The irreducible subquotient representations of the principal
series are determined, and also their Naimark equivalences and unitarizabil-
ity. All irreducible K-unitary, K-finite representations of SL(2,R) are
classified, where an inversion formula for the generalised Abel transform
provides an important tool. Most theorems are first proved for more
general groups G, such that future applications will be possible to other
semisimple groups G for which all irreducible representations are K-multipli-

city free. Each section concludes with extensive bibliographic notes.
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1. INTRODUCTION

In 1947 two papers appeared on the representation theory of the two
prototypes of noncompact semisimple Lie groups, namely by BARGMANN [1]
on SL(2,R) and by GELFAND & NAIMARK [24] on SL(2,¢). The methods in the
two papers are surprisingly different. Bargmann uses the infinitesimal
(i.e. Lie algebraic) approach*), while Gelfand & Naimark prefer non-
infinitesimal (global) methods. In subsequent work to generalise these
results for arbitrary noncompact semisimple Lie groups, the Bargmann
approach has proved to be most successful, in particular by the work of
Harish-Chandra. However, it is interesting to note MAUTNER'S [43] review
of HARISH-CHANDRA'S paper [28], where Harish-Chandra's approach is compared
with the approach of Gelfand and Naimark. Mautner states: "If one is
mainly interested in the representations of the group itself, methods which
use the group in the large should be considered as an alternative to the
present author's algebraic analysis of the universal enveloping algebra".

Without denying the success of the infinitesimal approach, I want to
add some motivation for a paper which favours the global approach:
(a) The didactic argument. The global approach is a more natural and
direct one and it does not require so much sophisticated functional
analysis as the infinitesimal approach.
(b) Spin off to the theory of special functions and related harmonic
analysis. The global approach requires explicit knowledge of canonical
matrix elements of representations as special functions. This provides new
group theoretic interpretations of well-known special functions and it
also yields new interesting special functions.
(c) The philosophical argument. The representation theory of semisimple
Lie groups is one of the great topics in mathematics at the moment. It is
good to have several distinct philosophies existing beside each other for
the development of this theory, where each philosophy provides other
insights.

In this paper a global approach to the representation theory of
SL(2,R) 1is presented. It is based on an explicit knowledge of the matrix
elements of the principal series representations with respect to a basis

which behaves nicely under the action of a maximal compact subgroup K.

*) See SUGIURA [54, ch.V] and van DIJK [11] for a modern account of this
approach. \



The theory required for such an approach is developted in the more general
situation of Hilbert representations of a locally compact group G which
are multiplicity free with respect to a compact subgroup K. In particular,
this would apply to the noncompact semisimple Lie groups SOO(l,n) and
SU(1,n). Furthermore, many things which are usually considered as standard
material in Lie group papers, are explained here, and sometimes proved.
Extensive notes after each section provide a guide to the literature. Thus
the paper can also be used as a survey paper.
Our program consists of four parts:
(1) Determine all irreducible subquotient representations of the principal
series répresentations of SL(2,R).
(ii) Determine which equivalences do exist between the representations in
(i) .
(iii) Prove that each irreducible representation of SL(2,IR) is equivalent
to some representation in (i).

(iv) Which of the representations in (i) are unitarisable?.

We will not only consider unitary representations, but, more generallv,
strongly continuous representations on a Hilbert space which are K-unitary
and K-finite (cf.82.1). Accordingly, we need a more general (but still non-
infinitesimal) notion of equivalence than the notion of unitary equivalence,
namely Naimark equivalence (cf.§4.1).

The four parts of the above program will be treated in sections 3,4,5
and 6, respectively. We start in section 2 with the computation of the
canonical matrix elements of the principal series representations. They can
be expressed in terms of hypergeometric or, more elegantly, Jacobi functions.
These explicit expressions will be used throughout the paper.

This paper is a completely rewritten version of an earlier paper [37].
In the present paper more detailed proofs are given and, in contrast with
[37], part (iii) of the program is also done by global methods. Also many
bibliographic notes have been added here.

The results of this paper may be generalised rather easily to the
universal covering group of SL(2,R), cf. PUKANSKY [49] and SALLY [52] for
the infinitesimal approach. The extension to SL(2,€) was done by KOSTERS [39],
see also NAIMARK [47, ch.3, §9]. Hopefully, an extension to Soo(l,n) and
SU(1,n) is feasible.



Very recently, after completion of this manuscript, there appeared notes
by TAKAHASHI [72] on the global approach to the representation theory of
SL(2,R).

ACKNOWLEDGEMENT. I am grateful to G. van Dijk and M. Flensted-Jensen, who

read the earlier version [37] of this paper and gave useful comments.

2. THE CANONICAL MATRIX ELEMENTS OF THE PRINCIPAL SERIES

2.1 Preliminaries

Let G be é locally compact group satisfying the second axiom of count-
ability (lcsc. group). A Hilbert representation Tt of G on a separable
Hilbert space H(t) is a mapping T from G into the space L(H(t)) of bounded
linear operators on H(t) such that (i) T(g1g2) = T(gl)T(gZ), 9,09, € G;
(ii) T(e) = I; (iii) for each v € H(T) the mapping g - T(g)v is continuous
from G to H(t). The representation T is called irreducible if {0} and H(T)
are the only G-invariant closed subspaces of H(tT). The representation T is
called unitary if 1(g) is a unitary operator for all g € G.

Let K be a compact subgroup of G. Each irreducible unitary representation
of K is finite-dimensional. Let K be the set of equivalence classes of

irreducible unitary representations of K. For § € K let d, denote its degree

§
and Xs its character. A Hilbert representation T of G is called K-unitary
if the restriction TIK of T to K is a unitary representation of K. For a

K-unitary representation 1 of G let

-1 -~
(2.1) PT,6V:— dG J xé(k ) T(k)v dk, v e H(t), 8 € K.
K
Then PT s is an orthogonal projection. If HG(T) denotes the range of PT 5
7 14

then T]K acts on HG(T) as a multiple of § and we have the orthogonal direct

sum
(2.2) Heo = 12 Hom.
ek

A K-unitary representation T of G is called K-finite if each § € K has

finite multiplicity in t K A K-unitary representation T of G is called



K-multiplicity free if each § € K has multiplicity 1 or O in T K" Through-
out, when we use the terms K-finite or K-multiplicity free, it will be
assumed that the representation is K-unitary. For a K-multiplicity free
representation T of G, the K-content M(t) is the subset of i consisting of

all 8 which have multiplicity 1 in T|K. If § € M(t) then write
(2.3) T (k) 2= T(k)IH(S(T), k € K.

Thus Ts is a unitary representation of K belonging to the equivalence class

§ and we have the decompositions

®

(2.4) | = ) H (1),
Ko seMery
5]
(2.5) Htry = ) Ho(n).
SeM(T)

Let T be a K-multiplicity free representation of G. For v,8§ € M(1) and

g € G we define a linear mapping T H (1) » H (1) by
Y,8° 8 Y

(2.6) TYIG(g)V: = PT,YT(g)v, v € H6(T).

The operator-valued functions T (v,8 € M(1)) on G are called the canonical

Y6
matrix elements of T (with respect to K).

2.2. The definition of the principal series.

Let G be a noncompact connected real semisimple Lie group with finite
center. The prototype of such a group is SL(2,R), which we treat in §2.3.
[The reader who is not experienced with the general theory of semisimple
Lie groups, may skip the present subsection.] Let g = k + a + n be an
Iwasawa decomposition for the Lie algebra g of G and let G = KAN be the
corresponding global Iwasawa decomposition (cf. HELGASON [34, ch.vI, §51]).
K, A and N are closed subgroups of G, K is maximally compact in G, A is
abelian and N is nilpotent. The mapping (k,a,n) = kan is a diffecmorphism
from K X A X N onto G. For g € G write

H(g) n(

(2.7) g = ulg) e g) .,



where u(g) € K, H(g) € a4 and n(g) € N are uniquely determined by g.
Let M be the centralizer of A in K. Let a* be the dual space of the
linear space a4 and let a; be the complexification of a*. Let p € a* pe

defined by
(2.8) p(H): = L4tr(adH In)' He a.

We will define the so-called principal series of representations of G. Its
members, denoted by wE,l' are labeled by all pairs (&,X) (& € ﬁ, A€ aé).
The representation "E,l is obtained by inducing the (not necessarily unitary)
finite-dimensional irreducible representation

man %Vek(log a)g(m)

of the subgroup MAN.

Let us describe the representation (& € ﬁ, A€ a;) in the so-called

g,
compact picture (cf. WALLACH [61, §8.3], see also KOORNWINDER & van der MEER

[38, §6.2]). In this picture T is realized on the Hilbert space

E,A

LE(K,H(E)) consisting of all H(&)-valued L2—functions f on K such that

(2.9) f(km) = g(m”l)f(k), k € K, m € M.

Then, using the notation of (2.7) and (2.8), we have

-1

(2.10) (e (@) (ks = e P EE TN £y 7hy
2

fel g(K,H(E)), k € K, g € G.
ﬂg 2 satisfies the properties of a Hilbert representation of G on
L2€(K,H(E)) (c£.62.1). We have

_ 2

(2.11) (ﬂgl}\(g)flr'ﬂ'gl_"x (g)fz) = (f11f2)1 f11f2 € LE(KIH(g))I g e G,

(cf£. WALLACH [61, Lemma 8.3.11]). Hence, the representation ﬂg in
4
(E e M, ne€ a*) of G are unitary. They form the so-called unitary principal



series of representations of G.

Restriction of = to K (take g € K in (2.10)) yields

ErA
(2.12) (mw (k,)E) (k) = £(k _1k) fe L2(K H(&)) k., k e K
. g')\ 1 1 4 E 14 ’ 1’ e
Thus ng AIK is unitary, so ﬂg 2 is a K-unitary representation of G. It is
1 7

. . 2
is the representation of K on L, (K)

E,XlK €

which is induced by the irreducible unitary representation £ of M (cf.

also evident from (2.12) that w

KOORNWINDER & van der MEER [38, §41). By the Frobenius reciprocity theorem
in the case of a compact group (cf. WEIL [65, §23]), the multiplicity of

§ € K in ﬂE,XIK just equals the multiplicity of & in 6|M. Thus NE;A is a

K-finite representation of G. In particular, if, for each § € K, each

n € M occurs at most once in §, then each principal series representation

WE 2 of G is K-multiplicity free. In the following cases, this property
14

of the pair (K,M) is true (cf. 85.3).

G K M
SL(2,R) SO (2) o(1)
SL(2,®) Su(2) u(l)

SOO(l,n) SO (n) SO (n-1)

SU(1,n) U(n) U(n-1)
Assume T is K-multiplicity free. For § e M(w ) let 7 be
EIA P Y Yo Elk gr}\le(S
the canonical matrix element of ng 3 (cf. 2.6)). There is the so-called
r

Cartan decomposition G = KAK of G, i.e., each g € G can be written as

g = k,ak,, for some a € A and k € K(cf. HELGASON [34, Ch.V, Theorem 6.7]).

135, 17%9
We have (using the notation (2.3))

(2.13) “g,x;y,é(klakZ) = "5,X;Y(kl)ng,k;y,é(a)ﬂg,k;d(kz)’
aea, k,k, €K, Y,8 € M(WE’A).
If we assume T (8§ € M(m )) to be known then is completely

E, ;S EIA EI}\
determined by its canonical matrix elements restricted to A.

Let M' be the normalizer of A in K. Then M is a normal subgroup of M'.



The factor group W: = M'/M turns out to be finite (cf. HELGASON [34, Ch.VII,
Prop. 2.1]). It is called the Weyl group of the pair (G,K). The group W acts

-1
on A by putting w.a:=m' am' ', a € A, if w = m'M for some m' € M'. Thus

-1

(2.14) T (w.a) =7 Y(m')?r (a)m (m' ),

gIA;YIG gr)\7 gl>\;'Yl(S E,A: S

Y,6 € M(w_ ), ae€e A, m'" e M', w=m"'M.

g,

Finally, it follows from (2.11) and (2.6) that
(2.15) (m N* =1 = . (g, v,8 € M(m, ) gec
’ E,A5Y,6 E,~A; 8,y ! ! £, ! -

2.3. The principal series for SU(1,1).

Let us now specialize the above results to G = SL(2,R). It is conven-

ient to work with the isomorphic group G = SU(1,1):

(2.16) G: = {ga 5 = (%—§>; a8 e, |of® - [8]° = 1}~
Let
l-e
/ (e 0 ) }
2.17 K: = = T 0 <8 < 4my,
( ) 1116 \‘ o —%18/ 1r
o J. _ (enst  snht) _ CEEAY 1
(2.18) A: = lat = \shit chht) - exp t \& o) t e III,

(2.19) N: = {nz - (“l?iz —iz \ L. IR}.

Then G = KAN is an Iwasawa decomposition for é = SU(1,1) (cf. TAKAHASHI
[55, §11).

If ga,s = Uy at n, then

3
ezle(ch%t + ize%t),

e%ie(sh%t - ize%t),

Q
I

™
I

so (2.7) takes the form



( (0 %))
(2.20) g =u exp (t(g ) n
a,B 6(g, g) \""%a,8’\&x 0/ z(g, o)
with
Li0(g, o) _ _O+B 5t(ga,p) _
e a,B’ = {G.'FB' ’ e = '(X+B!.
It follows that
-1 _ = Hiy  -hiy
(2.21) G(gm,6 uw) = 2 arg(a e Be ),
L -1 = miy ~Liy
(2.22) exp(ﬂzt(gm’8 uw)) = Ia e - Be |,
ga,B € G, uw € K.

For p (cf. (2.8)) we find.
(2.23) p (log at) = Lt.
The centralizer of A in K is
M: = {uO'u2ﬂ}'
M consists of the two one-dimensional representations
(2.24) u, > e , u, € M, £ =0 or L.

The principal series representation T will be realized on the Hilbert

: £,

2, . . 2
space LE(K)' where f € LE\K) if and only if f € L"(K) and f(u¢+2ﬂ) = f(uw)
or —f(uw) according to whether & = 0 or %, respectively.

‘Let € =0o0or % and A € €. Using (2.10), (2.20), (2.22), (2.23) we

realize the principal series representation m of G = 8suU(1,1) as

£,

= hiv “Lipy-2A-1
(2.25) (Mg 2(9y, ) E) ()= la e - Be | £(u,,),

uw,

' : = 2 arg(o e%iw - Be‘%i¢), € G,u €K, fe LE(K)'

Ya,8 1



This defines a class of Hilbert representations of G. By (2.11) the represen-

tation ﬂg 3 is unitary if A is imaginary.
14

On putting g :=u, € K in (2.25) we get
o,B 6

(2.26) (ue)f)(u ) = £(u f e L2(K), u., u, € K,

)
(T v -6’ £ o' Yy

so T is K-unitary. K consists of the representations

E,A

(2.27) §_(ug) := A0 L ek,

e

where n runs through the set %%Z , i.e., 2n € Z. BAn orthonormal basis for

Lz(K) is given by the functions
_ —iny
(2.28) ¢n(u¢) = e , uw € K,
where n runs through the set Z + & := {m + Elm € Z}. This basis behaves
nicely with respect to K:
(2.29) "g,x(ue)¢n = Bn(ue)¢n, ue € K, ne Z+ E.
Thus ng A is K-multiplicity free and
4

(2.30) Mr_ ) = {6 e X|ne z+ E}.

g, n
Identify Hgn(ng A) (n € Z+ &) with C by identifying ¢n with 1. Then the

14
canonical matrix elements of ﬂg X become scalar functions on G:
’
R = +
(2.31) “g,k;m,n(g) (ﬂg,k(g)¢n’¢m)’ geG mnez+e,
. 2

where (.,.) denotes the scalar product in LE(K).

It follows from (2.25) and (2.28) that

L1 -%iY;-2A+2n-1
(my 3 (a)e) () = |ehut e W gnye o7V T2M IR

. (chkt e%iw - shkt e—%iw)—Zn.
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Hence
L —aa-t
(2.32) “g,l;m,n(at) = (chkt) .
T G 1P | ~A+n-k -1y, -A-n-% i (m-n) ¢
s (1-thkt e™ ") (1-thkt e ™) e ay,
0

te R, m, ne Z + §.
The following two symmetries are evident from (2.32):

(2.33) WE,A;-m,—n(at) = "E,K;m,n(at)'

(a ) = (-n™™"

(2.34) "gll;mln -t ‘ ﬂgl)\;mrn

(a,).

a
t

The latter symmetry also follows from (2.14): The normalizer M' of A in K

consists of the elements u_, u“, u

;, u, . Let w := u M. Then w.a, = a and
0 ™ t

2m 3m -t
1

(a ) = 6m(uw)ﬂg,k;m,n(at)6n(uﬂ ).

Te,Asm,n -t

2.4. Calculation of the canonical matrix elements.

Let us calculate the integral (2.32). In view of (2.33) we can suppose

m = n. The binomial expansion

(2.35) -2 = ] 525, |zl <1, aca,
k=0 :
where
= - = Mik)
(2.36) (a), :=alatl) . . . (atk-1) OV

can be substituted for the first two factors in the integrand of (2.32).
Now interchange the order of summation and integration and perform the

integration in each term. Then we obtain (m2n)
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(A+n+%)

B0 (shyt) ™"

(chht) ET2AL

g,\;m,n t° ~  (m-n)!
1 1442
.2F1(k+m+1,k—n+%;m—n+1;(thit) ),

where the _F, denotes a hypergeometric series, defined by

21
© (a), (b)
B k 'k k
(2.38) F (a,biciz) := ZO ORI |z| <1, a, b, c e a,

cf. [14, vol. I, ch. 2].

The expression (2.38) is clearly symmetric in a and b. As a function of

z, the 2F1 has an analytic continuation to a one-valued function on ¢ \ [1,®).

Application of the transformation formulas

z
z—1) -

’ -b o
(2.39) oFq (asbiciz) (1-z) " F,(c-a,bjc;

(1-z) "2

Fl(a,c—b;c;—g—o

2 z-1

(cf. [14,Vol.I, §2.1(22)]) to (2.37) yields (m2n):

(2.40) m (a,) =

(A+n+%)

= — T (ohbt) ™ (chist)
(m-n) !

70 F. (ntl,-A-nthimentl ;- (shit) ) =

(A+n+s) - m-n m+n 2
- (shit) (chkt) F, (A+m+%, -A+m+5;m-n+1; - (shkt) 7).
(m-n) ! 21

It is more elegant to express the hypergeometric functions in (2.40)

in terms of Jacobi functions ¢u(a'8) (p,0,B € @, o ¢ {-1,-2,...1), which
are defined on R by

(aIB) .« — 1 . . 2
(2.41) ¢u (t) := 2F1(1(u+8+1+1u), % (a+B+1-iy) ja+l;-(sht) ")

(cf. KOORNWINDER [36,§2]). Clearly

(0)y =1,

(a,B)
(2.42) ¢u
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(o, B) (a,B)
2.43 = -t),
( ) ¢u (t) ¢u (-t)
(2.44) ¢(a’8)(t) _ ¢(d,8)(t).
u
-u
B)

a
The function ¢£ ! satisfies the differential equation

-1 4. du(t) \_ _, 2 2
(2.45) (Aa,B(t)) dt.éh,s(t) ac ) (0 + (a+B+1) Hul(t),
where
A (£) := (sh t)°%(ch ¢) 2P,
a,B
and u:= ¢i'8 is the unique solution of (2.45) which is regular at t = 0 and
satisfies u(0) = 1. For fixed o > -1, B € IR, Jacobi functions ¢;a,8) form

a continuous orthogonal system with respect to the measure Aa B(t)dt,
4

t > 0.
Substitution of (2.41) into (2.40) yields (m2n):

(2.46) "E,X;m,n(at) =

(AM+n+) me “m-n_ (m-n,-m-n)

= — I ante) "% (chkt) “¢2_ B ey =
i\
(m-n) !

(A+n+%)
_ m-n L, -n m+n, (m-n,m+n)
=~ (shED)T (ehlit) T (t) .

Application of (2.33) gives a similar result in the case m < n. Finally we
conclude:

THEOREM 2.1. The canonical matrix elements T ) (A e @; £E=0 or %;

E,X;m,n(at
m,n € Z + &; t € R) of SU(1,1) can be expressed in terms of Jacobi func-

tions by

(a,) =

(2.47) 1Tg,)\;m,n t

cE,A;m,n lm—nl( m+n, (Jm-n|,m+n)

(shkt) chit) ¢2ik (:t),

(lm-n])!
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where

()\+n+%)m_n ifm = n,

p
(2.48) c, .. 2
&/Aim,n L()\—n+lz) if n 2 m.
n-m

In view of (2.42), formulas (2.47 and (2.48) describe the asymptotics

of w near t = 0.
EI)\;mln

2.5. Notes

2.5.1, The principal series of representations was first written down for
SL(2,RR) by BARGMANN [1], for SL(2,€) by GELFAND & NAIMARK [24], and for

a general noncompact semisimple Lie group by HARISH-CHANDRA [27, §12].

2.5.2. BARGMANN [1, §10] already obtained explicit expressions in terms of
hypergeometric functions for the canonical matrix elements of the irreducible
unitary representations of SL(2,R). He solved the differential equation
satisfied by these matrix elements, which is obtained from the Casimir
operator. R&HL [51, ch.5] gives a derivation of these expressions which is
similar to our derivation in §2.4, starting from the integral representation

(2.32).

2.5.3, It follows from the present paper that the spherical functions for
SL(2,R) can be expressed as Jacobi functions of order (a,B8) = (0,0). More
generally, the spherical functions on any noncompact real semisimple Lie
group of rank 1 (i.e., dim (A) = 1) can be written as Jacobi functions of
certain order (cf. HARISH-CHANDRA [29, §13]). This motivated FLENSTED-JENSEN
[17] to study harmonic analysis for Jacobi fuﬁction expansions of quite
general order (a,B), o = B = -%. This research was continued in several

papers by Flensted-Jensen and the author (see for instance [191]).

3. THE IRREDUCIBLE SUBQUOTIENT REPRESENTATIONS OF THE PRINCIPAIL SERIES

3.1. Subquotient representations.

Let G be a lcsc. group and let T be a Hilbert representation of G. Let
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HO be a closed subspace of H(t) and let P, be the orthogonal projection

0
from H(t) onto HO' Define

(3.1) To(g)v = P, T(g)v, geG, veHft.,.

Then T(g) € L(HO) for each g € G, Ty(e) = id., and g > To(g)v:G +»HO is

continuous for each v € HO' If also
(3.2) T5(9,9,) = 145(g)145(9,), 9,19, € Gy

then T is a Hilbert representation of G on HO and it is called a subquotient

representation of t. Formula (3.2) is clearly valid if HO is an invariant
subspace of H(t), i.e., if T(g)Vv € HO for all g € G, v € HO' In that case,

T is called a subrepresentation of T.

Let H0 and H1 be closed subspaces of H(t) and assume H1 c HO' Let
PO:H(T) > HO' P1:H(T) > H1 and PO,1:HO > H1 be the corresponding orthogonal

projections and let 1. be defined by (3.1). Then, for g € G, v € Hl(T)

0
we have:

Tl(g)v = PlT(g)V = PollPOT(g)V = PO,ITO(g)V =: Toll(g)v.

Hence, if T. is a subquotient representation of T and if Hi c H(TO) then

0]
there is a subquotient representation of T on H1 if and only if there is a

subquotient representation of T, on Hl' in which case these two representa-

0
tions coincide.

LEMMA 3.1. Let HO be a closed subspace of H(t), let H2 be the closed G-
invariant subspace of H(t) which is generated by HO and let H1 1= H2 n Héﬂ

Then T is a subquotient representation if and only if H1 is G-ivariant.

PROOF. Let PO and P1 denote the orthogonal projections on HO and Hl' respec-

tively. It follows from (3.1) that

To(glgz)v_TO (gl)TO(gZ)V = POT(gl)PlT(g2)VIg1Ig2 € G, Vv € HO.
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H1 is the closed linear span of all elements PlT(gz}v, g, € G, v € HO' So

(3.2) holds iff POT(gl)w = 0 for all g9, € G, w € Hl" 0

Let K be a compact subgroup of G and suppose that T is K-unitary. Let
T, be a subquotient representation of T on HO and let H1 and H2 be as in
Lemma 3.1. Then H2 and H1 are G-invariant subspaces, so HO = H2 n Hi is

K-invariant. It follows that T is K-unitary and that

To(k)V = 1(k)v, k € K, v € HO'

If T is K-multiplicity free then T, is also K-multiplicity free,

(g9)

0

M(TO) c M(t), HG(TO) = HG(T) for 6§ € M(TO) and T 6(g),

=T
0;v,6 Y

Y,8 € M(TO), g € G.

3.2 Irreducible subquotient representations of K-multiplicity free represent-

ations.

Let T be a K-multiplicity free representation of G. We will show that
there is a canonical orthogonal direct sum decomposition of H(T) such that
there is an irreducible subquotient representation of T on each of the
summands and each irreducible subquotient representation of f has this form.

Given § € M(t1) we define two G-invariant subspaces of H(T):
(3.3) Cycl(8) := Cl Span{t(g)v|v € HG(T)' g € G},
(3.4) Anticycl(§) := {v e H(t)|T(9)Vv L HG(T) for all g € G}.

Here Cl means closure. Note that Cycl($) is the smallest closed G-invariant
subspace of H(T) which includes HS(T) and that Anticycl (§) is the biggest
closed G-invariant subspace of H(tT) which does not include HG(T) (since 1
is K-unitary). The subrepresentation of T on Cycl(§) is cyclic with any
nonzero v € Ha(T) as a cyclic vector.

Both Cycl(d) and Anticycl(6) are a direct sum of certain subspaces

HY(T)' Yy € M(t). It is clear from (3.3) and (3.4) that

(3.5) HY(T) c Cycl(8) «= not HG(T) c Anticycl(y).
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For 6§ € M(t) define:
(3.6) Irr(§) := Cycl(8) n Anticycl(G)l.

It is convenient to define two relations < and ~ on M(t) as follows:

def

(3.7) Y £ 8§ = HY(T) c Cycl(S§),
def

(3.8) Y~ 8§ <= HY(T) c Irr(8).

Then it follows from (3.5) and (3.6) that
(3.9) HY(T) c Anticycl(8) < not § £ v,
(3.10) Yy~8§+e=y<L 8 and §< Y.

It is clear from (3.3) and (3.7) that

(3.11) B< yand y£6=>p8<S5.

Hence, by (3.10) and (3.11), ~ is an equivalence relation on M(t) and Irr(s$)
is the closed K-invariant subspace of H(tT) corresponding to the equivalence

class of § with respect to ~. It also follows that
(3.12) vy ~ 8§ = Cycl(y) = Cycl(8),
(3.13) Yy ~ § = Anticycl(y) = Anticycl($).

LEMMA 3.2. There is an irreducible subquotient representation of T on each
subspace Irr(8), & e M(t). All irreducible subquotient representations of

T have this form.

PROOF. Let & ¢ M(t) and HO := Irr(8). Let H1 and H2 be as in Lemma 3.1.
Then H2 = Cycl(8) by (3.12), so H1 = H2 n Anticycl(8) by (3.6). Since

H, is G-invariant, T

1 defined by (3.1) is a subquotient representation of

0
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T on HO (cf. Lemma 3.1). For the irreducibility proof of T, suppose that

0

1 : 1 : -
0 0’ HO # {0}. Then Ty is a sub

quotient representation of T, so it is a direct sum of subspaces HY(T)

Té is a subrepresentation of T, on Hé c H

for certain y ~ 6. Pick such a y and let Hi and Hé be as in Lemma 3.1. Then,
by (3.12), Hé = Cycl(y) = Cycl(S) = H2. Since Hi is T-invariant and ortho-
gonal to HY(T)' we have

Hl < H, n Anticycl(y) = H, n Anticycl(8) = H

1 2 2 1

(use (3.13)). Hence Hé ) HO’ so HO = HO and T, is irreducible.

0

Next let TO be an irreducible subquotient representation of T on some

subspace HO. Then HG(T) c HO for some 8§ ¢ M(t). Let H1 and H2 be as in
Lemma 3.1. Then Cycl(§) c H1 and H2 c Anticycl(8), so Irr(8) c HO. Hence the

L
0
The irreducibility of T

subquotient representation T, of T on Irr(§) is also a subquotient represen-

tation of T 0 together with Lemma 3.1 implies that

0
Irr(§) = HO' g

Next we derive a criterium for the relations ( and ~ in terms of the
canonical matrix elements of T. Let v,8 € M(1). For v € Hy(T), w e HG(T),

g € G we have:
(t(g)v,w) = (T(S,'Y(g)V'W) .
Hence we get from (3.9) and (3.4):

(3.14) not & < vy ==»HY(T) c Anticycl($) < Ts v > 0.
14

It follows from (3.14), (3.7), (3.8) and (3.16) that

(3.15) y £ 8§ <= HY(T) C Cycl(§) = # 0,

Y.

(3.16) Y~ 8§ = HY(T) c Irr(8) < 1 5 # 0 and T # 0.

Y S,y

Now we can formulate our main result.
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THEOREM 3.3. Let G be a lcsc. group with compact subgroup K and let T be a
K-multiplicity free representation of G. Let H0 be a closed subspace of
H(t) and let T, be defined by (3.1).

(a) If 1, is an irreducible subgquotient representation of T then

0

(3.17) H o= Y% H (1)
0

yeM(TO)

for some subset M(TO) of M(t).
(b) Suppose HO has the form (3.17). Then the following three statements are

equivalent:

(1) T is an irreducible subquotient representation of T.

(ii) M(TO) = {y € M(T)ITYIS # 0 and s,y # 0} for some § € M(TO).

(iii) M(TO) = {y € M(T)ITY'6 # 0 and T8,y # 0} for all § € M(TO).

(c) Suppose T is an irreducible subquotient representation of T. Then the
following three statements are equivalent:

(1) TO is a subrepresentation of T.

(ii) M(TO)
(iii) M(ro)

{vy € M(T)‘TY 5 # 0} for some § € M(TO),

s # 0} for all § € M(TO).

’

{y e M(T)ITY

14

If G = KAK for some subset A of K and if T is a K-multiplicity free
representation of G then, for v,§ € M(t), we have:

# 0.

# 01

v,8 v.sla

3.3. Irreducible subguotient representations for the principal series of

su(1,1).

For A e €, £€ = 0 or %, the representation-m of G = 8U(1,1) on

E,A

LE(K) (c£.(2.25)) is K-multiplicity free with K-content given by (2.30). By

inspecting (2.47) for small but nonzero t and by using (2.42) it follows

that
(3.18) ﬂi,k;m,n # 0 <= cE,X;m,n # 0,
where cg \:m.n is given by (2.48). Combination of (3.18) with Theorem 3.3

yields the following classification of irreducible subquotient representa-
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tions of 7

E,N°
THEOREM 3.4. Depending on & and )\, the representation m_ ., of SU(1,1) has
—_— €,
the following irreducible subquotient representations:
(a) A+ E&E ¢ Z + %:
ﬂg A is irreducible itself.
’
(b) A= OI E = %:
* cl span {¢ ¢ }
'ﬂ'%lo on pan 1/2, 3/2,... 7
Ty o on Ccl Span {...,¢_3/2,¢_1/2}.
ﬂj 0 and HT are subrepresentations.
2 2
(¢) A+E&EeZ + 3, A >0:
* cl Span { 6 }
HE,A on pan ¢A+%, A+3/2"" ’
e on Cl Span {”"¢—A—3/2’¢—A—%}'
on Span {¢ ¢ veasdy 3
£, “A+E A3 /27 0T A=E T
+ - 0
m and w but not w are subrepresentations.
£, £, £, P
(@) X+ E&EeZ + 3+, A <O0:
* Cl span { }
e, °n pan 16_, 1s0_ 3 5000ty
Te 3 o Cl Span {""¢A—3/2'¢A—%}'
72 . on Span {¢ ¢ ceesd }.
g\ Mz TA+3/27 70T TN
ﬂg 3 but not ﬂg A,ﬂg A is a subrepresentation.
I 7 7
PROOF.
(a) cgr}\7m'n # 0.
(b) ¢, 0:m.n # 0« m,n < - or m,n = 1.
217 1 ’
() & asm,n #0e=-A+3<n<X-jormn<-X-1%ormn=2\+ 3.
14 ’ 4
(d) cE Yom.n 0= A+ <m<-A-3tormns<>i-3ormn=z=-x+43+. [
’ ’ ’

The finite-dimensional representations occurring in the above classifi-

cation are the representations ﬂg A(A +&eZ + %, \#0).
14
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3.4. Notes.

3.4.1. In the case of the unitary principal series (A imaginary), Theorem 3.4
was first proved by BARGMANN [1, sections 6 and 7]. See van DIJK [11, Theorem
4.1] for the statement and (infinitesimal) proof of our Theorem 3.4 in the
general case. A proof of Theorem 3.4 similar to our proof was earlier given

oy BARUT & PHILLIPS [2, § II(4)].

3.4.2. Theorem 3.4 in the case of imaginary and nonzero A is contained in
a general theorem by BRUHAT {6, Théoréme 7;2]: For £ ¢ ﬁ, A€ ia*, the

principal series representation m of G(cf. (2.10)) is irreducible if

g/
s.A # XA for all s # e in the Weyl group for (G,K).

3.4.3. GELFAND & NAIMARK [24, §5.4, Theorem 1] proved the irreducibility
of the unitary principal series for SL(2,€) by a global method different
from ours. They wrote down the principal series in a noncompact realization
related to the Bruhat decomposition (cf. WALLACH [61, §8.4]) and they cal-
culated the "matrix elements" of the representation with respect to a
(continuous) N -basis. (ﬁ is the image of N under the Cartan involution.)
Then the irreducibility follows from the nonvanishing of these matrix elem-
ents. Although this method is analogous to ours, it requires more care,

since the N-basis is continuous rather than discrete.

3.4.4. Our technique of proving irreducibility (cf. Theorems 3.3 and 3.4)
was probably first used by NAIMARK [47, Ch.3, §9, no. 15] in the case of
the nonunitary principal series for SL(2,&), see also KOSTERS [39]. Other
applications of this technique, besides BARUT & PHILLIPS [2] (cf. 3.4.1
above), can be found in MILLER [44, Theorem 2], [45, Lemma 4.5] for the
harmonic oscillator group and MILLER [45, Lemma 3.2] for the Euclidean

2
motion group of R .

3.4.5. Essentially, our technique is also used by TAKAHASHI [55, §3.4]1 for
proving the irreducibility of the discrete series for SL(2,R). In fact,
consider a unitary representation T of G which contains a certain one-
dimensional representation § of a compact subgroup K precisely once, and
suppose that, for 0 # v ¢ HG(T)' the function g - (t(g)w,v) is not identi-

cally zero for each nonzero w in H(t). Then T is irreducible. The question
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whether this global argument, which works for the discrete series of
SL(2,R), could also be applied to the principal series, was the original
motivation for writing this paper. The above argument was also used by
TAKAHASHI [55, p.560, Cor.2] in order to decide when the principal series

for F4(_20) is irreducible.

3.4.6. The method of this section does not show in an a priori way that
a K-multiplicity free principal series representation has only finitely
many irreducible subquotiént representations. Actually, this property holds
quite generally, cf. LEPOWSKY [70, Theorem 9.7], WALLACH [61, Theorem
8.13.3], KRALJEVIC [69].

4. EQUIVALENCES BETWEEN IRREDUCIBLE SUBQUOTIENT REPRESENTATIONS OF THE
PRINCIPAL SERIES

4.1, The definition of Naimark equivalernce.

Let G be a lcsc. group.

DEFINITION 4.1. Let ¢ and T be Hilbert representations of G. The representa-
tion o is called Naimark related to T if there is a closed (possibly un-
bounded) injective linear operator A from H(c) to H(1) with domain D(A)
dense in H(o) and range R(R) dense in H(T) such that D(a) is o-invariant and
Ac(g)v = T(G)Av for all v € D(A), g € G. Then we use the notation ¢ * T or

o 2T,

Naimark relatedness is not necessarily a transitive relation (cf.
WARNER [63, p.242]). However, we will see that it becomes an equivalence
relation (called Naimark equivalence) when restricted to the class of
unitary representations or of K-finite representations.

| Two unitary representations ¢ and T of G are called unitarily equivalent
if there is an isometry A from H (o) onto H(t) such that Ac(g)v = T(g)Av for

all v € H(o), g € G. Clearly unitary equivalence is an equivalence relation.

THEOREM 4.2. Two unitary representations of a lcsc. group G are Naimark

related if and only if they are unitarily equivalent.

PROOF. Clearly unitary equivalence implies Naimark relatedness. Conversely

. A . .
assume Naimark relatedness ¢ = T for two unitary representations ¢ and T
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of G. Then we have the polar decomposition A = UIAI (cf. DUNFORD & SCHWARTZ
[10, Ch. XII, Theorem 7.6]), where IAI is the positive square root of the
positive self-adjoint operator A*A and where U is an isometry from H (o)
onto H(t), since A is injective and has dense range. Let g € G. Then A
Ac(g)v = T(g)Av, v € D(n), so A*T(g_l)w = 0(g~1)A*w, w e D(a*), since o
and T are unitary. Hence o(g) commutes with A*A, so o0(g) commutes with all
projection operators in the spectral resolution of A*A, and thus o(g)
commutes with |A| = (A*A)%, cf. RUDIN [50, §13.22 - 13.33]. By using A = U|a|,
it follows that Uo(g)[A‘ = T(g)U[AI, g € G, so Uo(g) = T(g)U because IA[
has dense range. O

Suppose that K is a compact subgroup of G. Use the notation of §2.1.

Let T be a K-finite representation of G. Write

(4.1) v, :=P v, v e H(t), § € K.
I T,8
Then
(4.2) v= ) Vs
§ek
and

I lvd? <o
8eK

On the other hand, if, for each § ¢ ﬁ, VG

then (4.2) defines an element of v if and only if (4.3) holds.

is an arbitrary element of HS(T)

LEMMA 4.3. Let o and T be K-finite representations of G. Let A:H(g) - H(T1)
be an injective (possibly unbounded, not necessarily closed) linear operator
with dense domain and range such that D(A) is o-invariant and Ac(g)v =

t(g)Av for v € D(A), g € G. Consider the five statements:

(1) A is closed.

(ii) PG,SV e D(n) and APG'GV = PT,GAV for all v € D(n), § € K.

(iii) For all & € K: HS(G) c D), HG(T) c R(n) and the mapping Aé defined
by
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(4.4) A6 = AIHS(O)'

is a K-intertwining bijection from HS(O) onto HS(T).
(iv) The closure A of A is one-valued and injective.

(v) D(n) is o-invariant and Bo(g)v = T(g)Av for v € D(A), g € G.

Among these statements there are the implications (i) = (ii), (ii) = (iii),
(ii) = (iv) and (iv) = (v). In particular, any of the three statements

(i), (ii) or (iv) implies that o and T are Naimark related. Finally, if
(ii) holds then

(4.5) D@ = {veho]| § lIavd? <o,

§eK 8

so A is completely determined by the restrictions A6(6 € K) of A.

PROOF .
(i) = (ii): Let A be closed. It follows from (2.1) and the intertwining

property of A that

Xg x Howv ak,

L)
<

I
o,

Xg (k_l)T(k)Av dx =

1l
o1}

Xs x Yyas(x)v ax.

Lv)

-

[
hod
<
I
o

o

R R e R

Since A is closed, we get (ii).

(ii) = (iii): Assume (ii). Since P 6D(A) is dense in HG(O) and HG(G) is

14
finite-dimensional, we have H_(o) = P_ D(A) and, similarly, H (1) = P R(a).
) 0,6 8 7,6

Thus, by (ii), Ha(o) c D(a) and
AHa(o) = APOISD(A) = PT’GAD(A) = PTIGR(A) = HS(T) .

Hence, by the intertwining property and by the injectivity of A, AG is
a K-intertwining bijection from Hd(o) onto Hé(T)'
(ii) = (iv): Assume (ii). Then (iii) also holds. Let {vn} be a sequence

in D(A) such that v,V in H(o) and Avn -+ w in H(t). Then
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Avn = lim AGPO,GVn = Aéva.
n->«o n—o

Hence, v = 0 iff w = 0, so A is one-valued and injective.

(iv) = (v): Assume (iv). Let v € D(i), so Vn > v, Avn + Av for some sequence
{vn} in D(A). Let g € G. Then o(g)vn -+ o(g)v and Ac(g)vn = T(g)AVn -+ T(g)iv,

so o(g)v € D(A) and Ac(g)v = T(g)Av.

PROOF OF (4.5). Assume (ii). Then also (iii) and (iv) holds. First suppose

§eK §

v € H(o) and zéeﬁ “Asvéﬂz < . Put w := ). - Av,. On comparing this with
(4.2) we get w = Av. Conversely, suppose that v € D(A). Then

Av = 2- P av = X-EP

v= ) Av,,
ek 8

/8 §ek

where we used the implication (i) = (ii) for the operator A. Hence

I lagwd? < o 0
§eK
THEOREM 4.4. The relation of Naimark relatedness defines an equivalence

relation in the class of K-finite representations of G.

id
PROOF. Let p, 0,T be K-finite representations of G. Clearly, T = T and
.;jg_;== T é_l o. Next suppose that p E o and d é f. Define Cv := ABvV when-
ever v € D(B), Bv € D(a). It follows from the implication (i) = (iii) in
Lemma 4.3 that Ha(p) c D(c) and Hé(T) c R(C), § € K, so D(C) is dense in
H(p) and R(C) is dense in H(1). Clearly, C is injective, D(C) is p-invariant

and C is an intertwining operator for p and T. If v € D(c) and 6 € K then

Pp,GV € Ha(p) c D(c) and

CP v = ABP v = AP Bv =P ABv = P C
p,S 0,8 016 7,8 T,8 Vi

so (ii) of Lemma 4.3 holds for C. (we used (i) = (ii) in Lemma 4.3 for A

T. g

li@]]

and B.) Thus (iv) and (v) of Lemma 4.3 hold for C, so p

4.2. A criterium for Naimark equivalence.

In this subsection o and T are supposed to be K-multiplicity free

representations of G. For each 8§ € M(c) n M(t) choose a K-intertwining
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6:H6 (o) -~ HG

value 1. If o 2 T then M(o) = M(t) and, for each § € K, AS = C616 for some

isometry I (T), unique up to a complex scalar factor of absolute

c6 € Q, CG # 0 (cf. (iii) of Lemma 4.3).

THEOREM 4.5. Let o and T be K-multiplicity free representations and, for
each § € M(o) n M(1), let 0 # cg € M(o) n M(t), Let O # cg € @. Then the

following two statements are equivalent:

(a) o© 2 T and A6 = CGIS for each § € M(o).

(b) M(o) = M(t) and, for all v,8 € M(o),

, _ -1
(4-6) TY’a(g) - 6(g)I6 1 g € GI

C I o
Y8 v,

with Cy,& = CY/CB'

13-4

PROOF. If © T then the intertwining property of A implies that

AYUY’a(g) = Ty,G(g)AG’ Y,8 € M(o).
Now substitute A; = c I, § € M(o).
Conversely assume (b). Let AG := CGIG. Define A on the domain
2
fveto| § lawd® <«}
SeM (o)
by
A( z v.) := 2 A V..
SeM (o) 6 SeM (o) 88

Then A is injective with dense domain and range and A satisfies (ii) of Lemma
4.3. We will prove that D(A) is G-invariant and that A is an intertwining

operator. Let v € D), g € G. Then, by (4.6):

A (0(g)v) ) 0., 69V

c I
vy SeM (o)

c.T (g1 v, =
(S€M(O') § 'Y,(S ‘ §' 6
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T (@A v, = (T(g)AV) .
scM(oy Yr8 88 Y
Hence
) 1a (o(g)w) 12 = lt(g)avl? < =,
YeM (o) Y

so o(g)v € D(A) and Ac(g)v = T(g)Av. Now, by Lemma 4.2, D(A) is given by

(4.5), so A = A, A is closed and © 2 T. O

The above theorem would be sufficient in order to check which of the
irreducible subquotient representations of the principal series of SU(1,1)
are equivalent to each other. However, for irreducible representations o
and T we need not compare all generalized matrix elements oy,é and TY15
to each other but just one, as will be shown in Theorem 4.9 below. We need

the following lemmas.

LEMMA 4.6. Let T be a K-multiplicity free representation of G. Then, for
Y, 6§ € M(1): '

€ K,

(4.7) Ty,ﬁ(klng) TY(k1)TY,6(g)T6(k2), g € G, ky ik,

(4.8) TY,G(glng) (gl)TB(k)TB,G(gz)' 9,19, € G, k € K,

I
ge(ry YrF

where the right hand side of (4.8) is an absolutely convergent series in

L(HG(T),Hy(T)), uniformly for k e K.

PROOF. We only need to prove (4.8). First observe that, for v ¢ H_(1),

()Ig .

(v, (T(@) *w) = (t(g)v,w) = (1. (@v,w) = (v, (T ,(q))*w).

Y,B Y,B

Next, choose v € HG(T)' W e HY(T), 9,19, € G, k € K. Then

(Ty,é(glng)V’W) = (T(glkgz)v,W)
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(T(gl)r(k)r(gz)v,w) = (T(k)T(gz)v,(T(gl))*w) =

— ] )
= BZM(T) (TB(k)TB,é(g2)v’ (TY,B(gl)) W) =
) z (TYIB(gl)TB(k)TB’S(g2)V,W).

BeM(T)

This series converges absolutely, uniformly in k, since

) |t (x)T, (g)v, (1. (g, ) *w) ]| <
BGM(T) B B,8 °2 Y,B 1
< z It (x)t (g yvll I (T (g ))*w“ =
geM (1) B B,8 72 Y,.B 71
= ¥ (g I Tttig, ) w I <
BeM(T) 2 8 ! 8
% 5
< Hr(gz)vﬂ "(T(gl)) wl .
Now use that HY(T) and HS(T) are finite-dimensional. 0

A straightforward application of Schur's lemma shows:

LEMMA 4.7. Let B be an irreducible unitary representation of a compact group
K on a finite-dimensional Hilbert space H. Let B ¢ L(H). Then
-1 -1
(4.9) B(k)BB(k ")dk = dB tr(B)I.
K

LEMMA 4.8. Let 0 and T be irreducible K-multiplicity free representations of

G. Suppose that, for some Y,§ € M(o) n M(T) and for some nonzero CY s e C,
we have
(4.10) T (g) =Cc Io .(gI -1 € G

' ¥,8 Y8y v, 80078 19T

Then M(c) = M(t) and, for each B € M(c), there are nonzero complex constants

C and C such that
YIB BI6

-1
(g)1 , g € G,

(4.11) Ty, 89 = CY:BIYGY,B B

Y8
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-1
(4.12) TB,S(g) = CB,6IBOB,6(g)IG ; g € G,
and
. = C C .
(4.13) CY,G Y.B B,S

PROOF. It follows from (4.10) and (4.8) that

(4.14) ) ()T (k) T, (g,)
BGM(T) Y.B B B,8 72

-1
=c ) (g)og Koy (9T,

$ e (o) v B

9,19, € G, k € K.

Both sides are absolutely and uniformly convergent Fourier series in k € K
(cf. Lemma 4.6). By using the irreducibility of 1, formula (3.17) and the
irreducibility of TB, we conclude that each term at the left hand side of
(4.14) is not identically zero in gl,k,gz. A similar statement is valid
for the terms at the right hand side. For each B € K the corresponding

terms at both sides of (4.14) must be equal. Hence, M(c) = M(t) and

(4.15) ,B( )TB(k)'cB G(gz)

= C I (g )o (k)o (g )I 1,

Y.6 Y Y,B B B,S

gl,g2 € G, ke XK, Be M(og).

-1
Substitution of TB(k) = IBGB(k)IB and multiplication to the right and to

the left of both sides of (4.15) with suitable operators yields:

—1 1 * -1
IY ,B( )IBOB(k)IB Tg, 6( )(TB 6(92)) xBoB(k ) =

- (9,)0, ()0, ((g,)T 1

* -1
y,8%.8 B UB,S g,8(92)) " Tg0gk ).

BB

Now integrate with respect to k and apply (4.9):
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-1

I 't (g,) I tr(t (g,) (1, (g )) ) =

Y Y.B B g,8 8,8
= (g)tr(o, ((g)T (T, (g,)*T).
y,6%.8 8,89 B8 B
. . . *
TBIG is not identically zero (cf. formula (3.17)), so tr(TB,S(gZ)(TB,S(gZ))}

# 0 for some g2 € G and we obtain (4.11). Substitution of (4.11) into (4.15)

gives:
c 1 (g0, 0T, 't (g =
v, 8 Yy, 8 B 78 Tg,8 02
: 1 -1
= Y:G 6 Y, 8( )GB(k)I6 8 8, 6( )I .
Since OY 8 # 0 and OB is irreducible, it follows that
(9,) = C_ (T.0, (9,1 -1
Cy,8%8,8 - Yy,808%8,8'92° s -

Since o 0 and C 0, this implies C
B,8 ? Y,6 # 0 P Y. B

(4.12) and (4.13). Finally, from (4.13) we conclude that CB s # 0. 0

# 0 and also the identities

THEOREM 4.9. Let 0 and T be irreducible K-multiplicity free representations

of G and, for each § € M(c) n M(t), let O # c. € @. Then the statements (a)

§
and (b) of Theorem 4.5 and statement (c) below are all equivalent:

(c) For some v,8 € M(c) n M(T1)

-1
(4.6) Ty,s(g) = cylﬁlycyla(g)l(8 r g € G,

# 0.

holds for some complex CY s
r

PROOF. Assume (c). It follows by a twofold application of Lemma 4.8 that
M(o) = M(t) and, for all a,B e M(o),

T (g9 =Cc Io _(gI

! € G
o,B o, a o,B B ! gl !

with C_ 8 # 0 and C, a = c, o Ca o (al,a2,a e M(o)). Thus (b) holds

! 13 172 7273 3
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O

with Ca = /

8~ Ca,8’%,8

Note that, under the conditions of Theorem 4.9, identity (4.6) uniquely

. A . .
determines CY 5" Hence, if 0 = T then A is determined up to a constant
4

factor. Note that (c) of Theorem 4.9 can be replaced by
-1
' Fo n we ha = .
(c) r some § € M(o) n M(1) ve TG,G(g) IGOG,G(g)Iﬁ , g€G
If G = KAK for some subset A of K then (c) of Theorem 4.9 can be replaced by

(c)" For some § € M(c) n M(t) we have TG,G(a) = Isoéls(a)la_l, a € A.

4.3. The case SU(1,1).

Consider irreducible subquotient representations of “E A as classified
4

in Theorem 3.4. By comparing K-contents it follows that the only possible

nontrivial Naimark equivalences are:

T o (ME,u+E ¢ Z+ %, A )
£, £,u E,utE ¢ P A E U
and
w+ = n+ ﬂo = ﬁo T = o
Erx gl_x ! Erx g:“x, EIA EI—A
(ME e Z +%, XM #0).
Suppose that ¢ and T are irreducible subquotient representations of

ng . and that ¢m e H(o) n H(t) for some m € Z + £. It follows from Theorem

I

4.9 (in particular, condition (c)") that o = T if and only if

(4.16) (a,) = (at), t e R.

m™ a ™
E,A;m,m t E,u;m,n

In view of (2.47) and (2.48), formula (4.16) is equivalent to

(0,2m)

(0, 2m)
i

(4.17) (5t) = ¢2iu (t), t € R.

Formula (4.17) holds if A = + u (cf. (2.44)). Conversely, assume (4.17) and
expand both sides of (4.17) as a power series in —(shlzt)2 by using (2.41)
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and (2.38). The coefficients of —(sh%t)2 yvield the equality
(m+14+2A) (m+1-1) = (m+1+4+y) (m+1-y).

Hence A = + u. We have proved:

THEOREM 4.10. Let 0 and T (0 # T) be irreducible subquotient representations

of principal series. Then ¢ is Naimark equivalent to T in precisely the

following situations (cf. the notation of Theorem 3.4):

(a) ﬂg’l o~ ﬂiy—X ME L Z+ 5, A # 0)
+ 4+ o _ 0 - .-
(b) ng xS HE,—A' NE,A ~ “E,—X' NE,A = "g,—A (ME e Z+ 5%, M #0).

REMARK 4.11. It follows from Theorem 3.4 and Theorem 4.10 that each irred-

ucible subquotient representation of some 7 is Naimark equivalent to some

E,A

irreducible subrepresentation of some ng 3"
14

It follows from Theorem 4.10 and Theorem 4.9 that condition (b) of
Theorem 4.5 applies to the equivalences of Theorem 4.10. This means that

for each £ € {0,%} and A € @\{0} we have identities

(4.18) ™ (a,)

= ™
g,~A;m,n 't CE;A;m,n E,A;m,n(at)’ t e R,

for certain nonzero complex constants C , where m,n ¢ Z + & and,

E,A;m,n
if A + £ € Z+ %, we have the further restriction that m,n € (—w,—lll—%] or

m,n € [-|A|+%,|A|-%] or m,n € [|A|+%,2) . Indeed, it follows from (2.47) and
(2.44) that (4.18) holds with

C
_ E,-Ajm,n

(4.19)
cglemln

cglk;mln
A calculation using (4.19) and (2.48) shows that

(4.20) /

Cgrx;mln - Cglx;m Cglx;n

with
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_ T (-2 +m+%)
(4.21) CE,X;m = const. TQX:EIQT

T (-A-m+%)
T (A-m+%)

g

= const.

T (=A+m+%) T (-A-m+%)
(-1
T (A+m+X%) T (A-m+5)

= const. (_1)m—

= const.

If A\ + £ ¢ Z + % then we can use all alternatives for c , but if

E,A;m
A+ & e Z + % then we can use precisely one alternative. Now, by Theorem

4.5, we obtain:-

A . .
THEOREM 4.12. Let 0 = T be one of the equivalences of Theorem 4.10, with o

being a subquotient representation of "g A Then
4

(4.22) I 2y

where m € Z + &£ such that Gm e M(o) and c is given by (4.21).

E,\;m

4.4, Notes.

4.4.1. DAfinition 4.1 of Naimark relatedness goes back to NAIMARK [46].

He introduced this concept in the context of representations of the Lorentz
group on a reflexive Banach space. Next he gave a much more involved defini-
tion in his book [47, Cch.3, §9, no.3]. Afterwards, many different versions of
this definition appeared in literature, which all refer to [47]. We mention
ZELOBENKO & NAIMARK [67, Def.2] ("weak equivalence" for representations on
locally convex spaces), FELL [16, §6] (Naimark relatedness for "linear
system representations") and WARNER [63, p.232 and p.242]. Warner starts
with the definition of Naimark relatedness for Banach representations of an
associative algebra over € (this definition is similar to our Definition
4.1) and next he defines Naimark relatedness for Banach representations of

a lcsc. group G in terms of Naimark relatedness for the corresponding
representations of MC(G) or (equivalently) CC(G). Warner's definition seems
to be standard now. POULSEN [48, Def. 3.3] gives Naimark's original
definition [46] and he calls it weak equivalence. FELL [16] (see also

WARNER [63, Theorem 4.5.5.2]) proved that, for K-finite Banach representa-

tions of a connected unimodular Lie group, two representations are Naimark
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related iff they are infinitesimally equivalent.

4.4.2. In the case of a connected semisimple Lie group G with finite

center our implication
(c)' of Theorem 4.9 = (a) of Theorem 4.5

is contained in WALLACH [60, Cor.2.1]. He also shows [60, Theorem 2.1] that
two irreducible K-finite representations of G for which the characters are
the same must be infinitesimally equivalent. By a theorem of Harish-Chandra
(cf£. [60, Theorem 3.1]) the characters of two principal series representa-
(cf. (2.10)) are the same iff Es = &', A' = s.)A for

tions m and w

vy
some s E,Q. Thus% ié ﬂE,X is irreducible and if s € W then WE,X is irreduci-
ble and if s € W then ﬂgs,s.l is Naimark equivalent to "S,A' For A € ia” this
was already proved by BRUHAT [6, Theoréme 7.2]. Wallach's results cover our
Theorem 4.10(a). Note that Theorem 4.10(b) (equivalence in the case of non-
irreducible 7 ) can be obtained from (a) by a limit argument. Indeed,

E,A

by continuity in A, 7 (g) for all (&,)) and m. Now use

E,)\;m,n(g) - Trgl_)\imrn
Theorem 3.3. Theorem (4.10(b) is also contained in LEPOWSKY'S [70, Theorem
9.8] result for general semisimple G with finite center that WE ) and

o

s have equivalent composition series for s € W.

£S,s.A

4.4.3. Theorem 4.10 was first proved in the unitarizable cases by
BARGMANN [1]. He used infinitesimal methods. TAKAHASHI [55] proved Theorem
4.10 (again in the unitarizable cases) by calculating the diagonal matrix

elements m (at) and by observing that they are even in A. GELFAND,

gr)\”nrn
GRAEV & VILENKIN [23, Ch.VII, §4] obtained Theorem 4.10 by working in the
noncompact realization of the principal series and by explicitly construct-

ing all possible intertwining operators.

5. EQUIVALENCE OF IRREDUCIBLE REPRESENTATIONS OF SU(1,1) TO SUBREPRESENTA-
TIONS OF THE PRINCIPAL SERIES

The first five subsections of this section contain generalities about
Gelfand pairs and spherical functions. By using the concepts developed
there we can next, in §5.6, translate the problem of classifying the

irreducible representations of SU(1,1) in such a way that the problem can
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be solved by global methods. This is done in §5.8, with the generalized
Abel transform (§5.7) and the Gegenbauer transform pair of Deans (§5.9)
being the main tools. The problem is finally reduced to finding the contin-
uous characters on the convolution algebra Deven(IU (Proposition 5.16). In
the earlier subsections Theorems 5.7 and 5.8 may be particularly noteworthy.
They give new global proofs that, for instance, the restrictions of the

irreducible representations of SO(n+l) to SO(n) are multiplicity free.

5.1. The connection between representations of G and spherical representa-

tions of G X K.

Let G be a lcsc. group with compact subgroup K. Let K* :='{(k,k) €
G X Klk € K}. Then K* is a compact subgroup of G X K, isomorphic to K. If
§ € % then let g denote the representation of K which is contragredient
to §. If § € ﬁ and T is a K;unitary representation of G then 7 @ g is a

%
K*—unitary representation of G x K on H(w) ® H(S).

LEMMA 5.1. Let § € i and let m be a K-unitary representation of G. The
multiplicity of § in WIK is equal to the multiplicity of the representation
v v
1 of K* inm ® GIK*' m is irreducible iff m ® § is irreducible. W is unitary
v
iff m ® § is unitary.
) \' ® v
PROOF. Let ﬁlK = ZA ny (n € {0,1,2,...,2}). Then 7 ® GIKXK = z n yesé.
YeK Y Y v YeK
The representation 1 of k* has multiplicity O in v ® § for v # § and 1 for

Y = §. This proves the first statement. We omit the easy proofs of the other

two statements. 0

5.2. Gelfand pairs.

Let G be a lcsc. group with compact subgroup K. The space K(K\G(K) of
all continuous K-biinvariant functions on G with compact support becomes

an associative algebra with respect to the convolution product

(5.1) (£

-1
1*f2) (x) := J fl(y)fz(y x)dy,

G

where dy is a left Haar measure on G.
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DEFINITION 5.2. The pair (G,K) is called a Gelfand pair if the algebra

K(K\G(K) is commutative.

It can be shown by an easy argument that G is unimodular if (G,K) is

a Gelfand pair (cf. BERG [3, p.136]).

THEOREM 5.3. Let G be a lcsc. group with compact subgroup K. Suppose that
there is a continuous involutive automorphism o on G such that o(KxK) =

Kx—lK for all x € G. Then (G,K) is a Gelfand pair.

PROOF. For f € K(XK\G/K) we have f(o(x)) = f(xul), x € G. Also da(x) = dx,

since the automorphism o is involutive. Let fl'f2 € K(K\G/K). Then

-1 - -
(£,x£,) (x) = (£,%£,) (alx 7)) = I £, WE(y 1ot(x 1))dy =

G
-1 , _ -1 _
= I fl((a(y)) )f2(xa(y))dy = J fl(y )fz(xy)dy =
G G
= | £ (v Y (yay = (£.%£.) (x) O
1Y 2\ Y)Y 2751 .
G

THEOREM 5.4. Let (G,K) be a Gelfand pair. Let T be a K-unitary irreducible
representation of G and let, in addition, m be unitary or K-finite. Then

the representation 1 of K has multiplicity O or 1 in w X

PROOF. Suppose that Hl(ﬂ) has nonzero dimension. The formula

(5.2) £#(x) := [ J £k xk,)dk, dk

K Ky

defines a projection from K(G) (the space of continuous functions on G with

2

compact support) onto K(K\G/K). Let P be the orthogonal projection from
H(m) onto Hl(ﬂ):

(5.3) Pv := [ m(k)v dk, v e H(m).
K
For f ¢ K(G) define

(5.4) m(f)v := J f(x)m(x)v dx, v e H(m).
G



36
Then m is a homomorphism from the algebra K(G) into the algebra L(H(m)).
Since m is an irreducible representation of G, the family of operators

m(K(G)) also acts irreducibly on H(m). It follows from (5.2) and (5.3) that

T(f#)v

pw (f)Pv, fe K(G), v e H(m).
If v e Hl(ﬂ) then

T(£#) v

Pm(f)v, f e K(G).

so mT(K(R\G/K))v = Pm(K(G))v, V € Hl(ﬂ). Let v € Hl(ﬂ), v # 0. By the irre-
ducibility of w(K(G)), 7(K(G))v is dense in H(w), so Pw(K(G))v is dense in
Hl(ﬂ). We conclude that the algebra w(K(K\G/K)) acts irreducibly on Hl(ﬂ).
Now m(K(K\G/K)) is a commutative algebra. Therefore, if dim Hl(w) < o, the
finite-dimensional version of Schur's lemma yields that w(f)IH (m is a
multiple of the identity for each f € K(K\G/K). Then dim Hl(w) = 1. On the
other hand, if 7 is unitary and dim Hl(ﬂ) = ® is admitted, then m(K(K\G/K))
is a commutative *-algebra and the generalization of Schur's lemma again

yields the same conclusion. [J

5.3. Gelfand pairs of the form (G X K, K*).

Let G be a lcsc. group with compact subgroup K. Use the notation of

§5.1. We conclude from Lemma 5.1 and Theorems 5.3, 5.4:

COROLLARY 5.5. Suppose that there exists a continuous involutive automor-

phism o on G such that for each (g,k) € G X K there exist k,, k2 € K with
1 -1
k2, a(k) = klk k2.

1
the property that a(g) = klg

Then:
*
(a) (G x K, K) 1is a Gelfand-pair.
(b) If m is an irreducible K-unitary representation of G which is K-finite

or unitary then m is K-multiplicity free.
THEOREM 5.6. The conclusions of Corollary 5.5 apply to the case G = SU(1,1).

PROOF. For g = ( E-) € SU(1,1) define

\

o'|o



1.t [ a-b)

a(g) == (g ) =\b a )
Then o is a continuous involutive automorphism on G and a(at) =a_, on A,
a(ue) =u_gon K. By using (2.1) we conclude that o satisfies the property

required in Corollary 5.5. [

Let SOO(l,n) be the group of all real (n+l) x (n+l) matrices g of
determinant 1 such that the first diagonal matrix entry is positive and

gth = J, where J = diag(-1,1,1,...,1).

THEOREM 5.7. The conclusions of Corollary 5.5 apply to the cases where
G = SOO(l,n) or SO(n+l) and K = sSO(n), n=1,2,... .

PROOF. For m = 3,4,...,n+l let Bm consist of all matrices

! 0 I 0
n:m+l o
0 ] cos 0 - sin © i 0
sin © cos © °
e R A T
0 0 Im_2
i i
Let A := Bn+1 if G = SO(n+1) and let A consist of all matrices
i !
lch t Sht‘ 0
sht _ cht | _
}In—l

if G = SOO(l,n). For m = 2,3,...,n let

K = / In—m+1 0 \
0 SO (m) )

m

Then K = K . We have the decompositions G = KAK and K = K B K . Note
n m m-1 m m-1

that Bm commutes with Bm_ and with Km . In the following,

2'Bm—3"" -2

37
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g,k,a,bi,ki will denote some element of G'K'A'Bi'Ki' respectively, and
*
(g,k) ~ (g',k") will mean that (g,k) € K (g',k')K*.
Let (g,k) € G x K. We will prove that

5.5) {(g,k) ~ (b3b5 cee bn—la'k2b4 . bn), n even, nd
(g,k) ~ (k2b4 e bn—la'b3b5 .es bn), n odd,
for certain bi's, a and k2. More generally hold:
(5.6) (q,k) - (kn-2i+1bn—2i+3bn—2i+5 oo bn—la'bn—2i+2bn—2i+4 Tt bn)'
i=1,...,[%Mn-1)1,
and
(5.7 (grk) = (o oir1Pn-2i+3 o7 Puo12%n2iPn 214202144 *7 PnoPn

i=0,...,[%(n-3)].

We will prove (5.6) and (5.7) by complete induction with respect to i.
Indeed,

(g,k) ~ (k'ak",k) ~ (a,k™),

so (5.7) is true for i = 0. Next, (5.6) implies (5.7) and (5.7) implies
(5.6) with i replaced by i+l. For instance, to prove (5.6) = (5.7) sub-
stitute into (5.6)

—_ 1]
kn—2:'L+1 kn—Zibn—Zikn—Zi'

Then

~ ' ~
(g,k) (k --. b ak b ces bn)

n-2iPn-2i+1 13010140

... b a,k

n ni ~
n-1 ’n—2ibn—21+2 --+ b K )

bn-—2:'L+1 n n-2i
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~ (b

n-1"""n-2i n-2i+2

ne2i+l b a,k b cen bn).

Now let J1 := diag(l,-1,1,-1,...,1,-1,(1)) and put a(g) := Jngl, g € G.
Then o (K) = K, o(a) = a_l, a(bm) = bm_1 and a(k2) = k2_1. Thus, in view
of (5.5), o satisfies the property required in Corollary 5.5. [J

Let U(1,n) be the group of all complex (n+l) X (n+l) matrices g with
g*Jg = J.

THEOREM 5.8. The conclusions of Corollary 5.5 apply to the cases:

G | su(1,n) | su(n+1) | u1,n) | Un+1)
K | S@Wxum)| s@xum) | um) | un)

where n = 1,2,...

PROOF. This is analogous to the proof of Theorem 5.7 with the following

modifications. Bm(m = 2,...,n+l) consists of all matrices

0
n-m+1 ‘ 0
0 | cos 0 e - sin 0O |
| sin © cos O e_l¢'
o | 0 l
' Im_2
|
A is as in Theorem 5.7 in the first two cases, A := Bn+1 in the fourth case
and A consists of all matrices
i I
ch t el¢ sh t | 0
s |
sh t ch t el¢ |
- - - - - = - - - - -
|
0 | I
| n
|

in the third case. In the first two cases let Km(m=1,...,n) consist of all

matrices of determinant 1 .of the form
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iy
I
( € n-m+1 0 \ T € U(m),
and in the last two cases let

L / In—m+1 0 \
o 7 /

o \ 0 U (m)

Again we have the decompositions G = KAK and K = K B K . Instead of
m m-1 m m-1

(5.5) it can now be proved that

(g,k) ~ (k1b3b5 .o bn—la'b2b4 .o bn), n even,

(g,k) ~ (b2b4 .. bn—la' k1b3b5 . bn), n odd.

Define the involutive automorphism o by a(g) := J1§J1, where a is the

complex conjugate of the matrix g. 0

5.4. Spherical functions.

Let (G,K) be a Gelfand pair. A function ¢ € C(G) is called a spherical
function on G (with respect to K) if ¢ # 0 and

(5.8) d(x)p(y) = J ¢ (xky) dk, X,y € G.
K
It follows from this definition that ¢ is biinvariant with respect to K and

that
(5.9) ¢(e) = 1.

If ¢ is a spherical function then the linear functional o on K(XK\G/K)
defined by
;
-1
(5.10) a(f) = | £(x)¢(x ")dx
G

(dx Haar measure on G; the same as in (5.1)) is an algebra homomorphism from
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K(K\G(K) onto @&. This is easily seen from (5.8). If, in addition, G is a
Lie group, let D(K\G/K) be the space of K-biinvariant c”-functions with
compact support on G. Then D(K\G(K) is a subalgebra of K(K\G(K) under con-
volution and o, defined by (5.10), is an homomorphism from D(K\G(K) onto

¢ as well. Actually, the converse implications also hold. Provide K(G)

and D(G) with the usual inductive limit topologies. K(K\G(K) and D(K\G/K),
being closed subspaces of K(G) respectively D(G), inherit these topologies.
The dual spaces of K(K\G/K) and D(K\G/K) can be identified with the spaces

of K-biinvariant Radon measures and distributions, respectively.

THEOREM 5.9. Let (G,K) be a Gelfand pair. There is a one-to-one correspond-
ence (5.10) between the spherical functions ¢ and the nonzero continuous
homomorphisms o:K(K\G/K) -~ €. If, in addition, G is a Lie group then

(5.10) also establishes a one-to-one correspondence between the spherical
functions ¢ and the nonzero continuous homomorphisms D(K\G(K) - €. In the

Lie group case all spherical functions are analytic.

A proof of this theorem is sketched by GODEMENT [26], see also HELGASON
[33, ch. X, §3 and 4].

Let again (G,K) be a Gelfand pair. Let m be a K-unitary representation
of G such that dim Hl(n) = 1. Choose Vv € Hl(n) such that vl = 1 and define

(5.11) o(x) := (m(x)v,v), X € G.

PROPOSITION 5.10. The function ¢ given by (5.11) is a spherical function.

PROOF. ¢ is continuous and ¢(e) = 1. We will show that ¢ satisfies (5.8):

J ¢ (xky) dk = J (1 (xky)v,v) dk = ('J T(ky)v dk, m(x) v) =
K K K

(e TV, T(x) V) = (c(y)v, m(x) V) =

14

c(y) (m(x)v, v) = c(y)d(x)

for some constant c(y) depending on y. Substitution of x = e in the iden-

tity
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f ¢ (xky) dk = c(y)¢(x)
K

yields ¢(y) = c(y). 0

5.5. Spherical functions of type §.

Let G be a lcsc. group with compact subgroup K. Then the mapping
F - FIGX{e} is a topological and algebraic isomorphism from the algebra
K(X*\G x K/K*) onto the algebra

(5.12) I_(6) := {f ¢ K(G) |£(kgk ) = £(g), geG, ke K},

and, if G is a Lie group, also from D(K*\G x K/K*) onto

oo

(5.13) I, (G) := {f ¢ D(G)]f(kgk-l) = f(qg), g e G, k € K}.
Thus (G X K,K*) is a Gelfand pair if and only if the algebra IC(G) is
commutative.

Suppose that (G X K,K*) is a Gelfand pair. Then the mapping ¢ - QlGx{e}
is a bijection from the class of spherical functions & on G X K onto the
class of functions ¢ € C(G) such that ¢ # 0O and
(5.14) ¢ (x)d(y) = f $xkyk hyak,  x,y e G.

K
For such functions ¢ we have ¢(e) = 1 and ¢(kgk—1) = ¢(g), ge G, k € K.
The mapping ¢ -+ a (cf. (5.10)) identifies the class of nonzero functions
¢ € C(G) satisfying (5.14) with the class of nonzero continuous homomorphisms

from IC(G) (oxr Ic (G)) to «.

LEMMA 5.11. Let ¢ € C(G) satisfy (5.14), ¢ # 0. Then there is a unique
§ € K such that

(5.15) dg J ¢ (xk) X (k—l)dk = ¢(x), X € G.
K
PROOF. Let y,8 € K, ¥y # 8. Then
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-1 -1
dY f ¢(x£)xY(£ )dﬂ.da I ¢ (ym) s (m ") dm =

K K

1

_ -1 -1 - _
= dydé [ J J ¢ (x€kymk )xy(ﬂ )xs(m ydkdfm =
K K K

LY ak)akam = o.

_1 -
d d kL k
+Js I J ¢ (x€ym) ( [ xY( ) X ¢
K K K
Hence the left hand side of (5.15) is identically zero in x for all but

one § € K. -

If a nonzero ¢ € C(G) satisfies (5.14) and (5.15) then it is called a
spherical function of type § on G (with respect to K). Note that the
spherical functions of type 1 are precisely the ordinary spherical functions.

For § ¢ K let I (G) (or Ic?6 (G) if G is a Lie group) be the space

c,6
consisting of all f € IC(G) (or I: (G)) such that

(5.16) dg J f(xk)xa(k_l)dk = f(x), X € G.

K
Iémé(G) is a closed subalgebra of Iém)(G) (being commutative, since
Iéw)(G) is commutative) and for distinct vy,$ € K we have fl*f2 =0 if
f1 € I;wi(G), f2 € Iéwé (G) . It follows from the preceding results and
from Theorem 5.9 that:

THEOREM 5.12. Let (G X K,K') be a Gelfand pair. Let § € K. There is a one-

to-one correspondence (5.10) between the spherical functions ¢ of type §
and the nonzero continuous homomorphisms o: Ié G(G) -+ ¢ (also a: I: S(G) > @
4

14

if G is a Lie group).
Let T be a K-multiplicity free representation of G and let § e M(m).
Then, by Lemma 5.1, the representation 1 of K* has multiplicity 1 in the

representation m ® § of G X K. Let ® be the spherical function associated

v
with m ® § according to (5.11) and let ¢ := ®|GX{e}' Then

-1
9 = a5 trmg (@,
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Indeed, let e1

be a dual basis for H(S§). Then dG—

,...,ed(g be an orthonormal basis for Hs(ﬂ) and let fl,...,fd6
v 1 d
2 2_6 e, ® £, is a normalized K*-invariant
v i=1 i i
vector in H(w) ® H(S) and

-1, % s
ag (L' mige, 85, e @ £) =

$(g) =
i=1 j=1
d
-1 $s
=d 2o (m(g)e,,e.) (£,,£,) =
® 1,31 o
d
-1 %8 .-t
= 4, izl (ﬂ(g)ei,ei) = d& tr wala(g).

Clearly, ¢ is a spherical function of type 6.

5.6. Formulation of the main theorem.

It is the purpose of this section to prove:

THEOREM 5.13. Let T be an irreducible K-unitary representation of SU(1,1)

which is K-finite or unitary. Then T is Naimark equivalent to an irreducible

subrepresentation of some principal series representation ﬂg A"
14

By Theorem 5.6 T is K-multiplicity free. If 6n € M(1) then write Tn n
14

for the corresponding diagonal matrix element T5n,5n. In view of Remark 4.11
and Theorem 4.9 it is sufficient for the proof of Theorem 5.13 to show that

for some 6n € M(t), for some X € @ and for & € {0,%} with n € Z + £ we have

(5.17) Tn’n = ﬂE,A;n,n'

Both sides of (5.17) are spherical functions of type §,. Write I: n(G) for

1

I: 5 (su(1,1)). Then (5.17) holds if the corresponding characters (cf.
19n

(5.10)) on I: n(G) are equal. Hence Theorem 5.13 will follow from:

’

PROPOSITION 5.14. Let G = SU(1,1), n € ¥%Z . Let o be a nonzero continuous

homomorphism from I: n(G) to €. Then
14
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_1 ©
(5.18) a(f) = J f(x) ﬂ&,A;n,n(g )dg, f e Ic,n(g)'
G
for some XA € € and for £ € {0,%} such that n ¢ Z + E.

Let us now summarize the ingredients for the proof of Proposition 5.14.

By (5.13) and (5.16) the space I: n(G) (G = SU(1,1)) consists of all
- ’ 3
f € V(G) such that f(kgk 1) = f(g) (g € G, k € K) and f(gue) = elnef(g)

(g € G, u@ € K). For f € Ic,n(G) define
(o]
n 5t
(5.19) ngt) = e J f(atnz)dz.
Then F? is in the space Deven(nn of even Cm—functions on R with compact
support. Both I°° (G) and D (R) are convolution algebras and topological
c,n even

vector spaces. We will prove:

THEOREM 5.15. Let n € % Z . The mapping f -+ F; is an homeomorphic and

isomorphic mapping from I: n(G) onto Deven(IU' Furthermore, if § = 0 or
14

L such that n € Z + & then

n At -1 ©
(5.20) J Ff(t)e dat = [ f(g)wg’hn'n(g )dg, f e Ic,n (G),

G

1et do dt dz if g = u.a n .

where dg = (2m) 02D,

We will also prove:

PROPOSITION 5.16. Let o be a nonzero continuous homomorphism from Deven(ln

to €. Then, for some A € @,

(5.21) a(f) = [ f(t)e-xtdt, feD (in.
even

Now Proposition 5.14 (and hence Theorem 5.13) follows from Theorem 5.15

and Proposition 5.16.

5.7.The generalized Abel transform.

In this subsection we discuss the analogue of (5.19) for a general

noncompact connected semisimple Lie group G with finite center. Let
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G = KAN be an Iwasawa decomposition. For given Haar measures dk, da, dn on
K,A,N, respectively, normalize the Haar measure on G such that

2p(log a)

(5.22) J £(g)dg = I £ (kan) e dk da dn, £ ¢ K(G)

G KXAXN

(cf. HELGASON [33, Ch.X, Prop. 1.11]). Note the property

(5.23) f £(n)dn = e2P(109 @) f f(ana Ydn, fe KM, aca
N N
(cf. [33, ch.X, proof of Prop. 1.11]).
For A € a; let UA be the representation of G induced by the one-

A(log a)

dimensional representation an - e of the subgroup AN:

_ -1 -
T PNEE MW e gk, £e 1’0, ge G, k€K,

A
(5.24) (U (@) ) (k) :=
-1 -1 : - A
where u(g k) and H(g k) are defined by (2.7). The representation U is
easily seen to split as a direct sum of principal series representations

(g € ﬂ), cf. §2.2. UA restricted to K is the left regular representation

m
g, A
of K:
A -1 2
(5.25) (U (kl)f)(k) = f(k1 k), f e L(K), k,k1 € K.
For each Yy € i choose an orthonormal basis é:,...,edz of H(y) and let
(5.26) Y = (el o), kek, i3 =1,..4.

Then, by (5.25):

a
A _ vy
(5.27) U (k)yij = £Z1 Yp; () Yoy K€K

v
For the contragredient representation Yy we have

v T -1
Yij(k) = Yij(k) = in(k ).
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For § € i and f € Ic S(G) define

’

(5.28) Fg(a) .= oP(log a) J J f£(kan) (k1) dn dk, a € A.

KN

Then Fi belongs to the space K(A;H(8)) of H(S§)-valued continuous functions

o]
on A with compact support. If f € Ic G(G) then Fi e D(a;H(8)). For reasons
14
which will become clear in §5.8, the mapping £ - Fi is called a generalized

Abel transform.

THEOREM 5.17. Let G be a noncompact connected semisimple Lie group with

finite center and let G have a faithful finite-dimensional representation.

Then, for each § ¢ i, the mapping £ -+ Fi:Ic S(G) + K(a;H(8)) has the
following properties:
(a) It is continuous (also from I: 5 () to D(a;H(S)).

r

(b) It is an homomorphism, i.e.,

S S 8 -1
(5.29) Ff1*f f1(al)Ffz(a1 a)da,

(a) (F'(S *F6 ) (a) J F
a) = a) :=
2 £, 05 ]

fl’f2 € Ic,é' a € A.

(c) It satisfies

1

(5.30) a. J (Fo(a)) . e M09 @y,
£ jaq
A

*
Aea,

A, -1
= J £(g) (U (g )Gij,diq)dg, f e I, 5’ c

G

6(G)l irjlq= 1!"'Id
’
where (.,.) denotes the inner product on L2(K).

(d) It is injective.

For the proofs of (a), (b) and (c) we will not use the property that
G has a faithful finite-dimensional representation.
The proof of (a) is immediate. (5.29) is also easily proved from

(5.28), (5.22) and (5.23) (cf. WARNER [64, pp.34,35]).
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It follows from (5.13) and (5.16) that

A, -1
(5.31) f £(g9) (U (g )Yij' qu)dg = 0, f e IC'G(G),
G
\"
if not B =y =68 and i = p, and
(5.32) { £(g) (0 g 8., 5, )ag = a, ! §5 [ £ (g hs,. §,)a
. g g 137 %ig99 = & ok (9) (U (g ) ﬁj,'ﬂq) g.
G G

Now, for the proof of (5.30), substitute (5.24) into the right hand side of
(5.32) . Then
A, -1 Y Y
£(g) (U (g )6ij'diq)dg =
G

d
=a 0 1| | s VREIT R 6y (o ag -
8 =1 23 £q
G K

(p+>\)H(gk)dk dg

-1
= d6

Q—

f f(g)ajq(<u(gk>)'1k)e‘
K

(p+A)H(g)

-1 - - -
-a J f £ (gk 1)6jq((u(g)) e dk dg =
G K

=4 f J f(klank—l)qu(k lgelp-Mlog a o dk, da dan =

KXAXN K

1

—1e(p—k)log a

=a. ! J f(kan)§. (k dk da dn =
s jq

KXAXN

-A(log a)da

-1 §
= dg J (Ff(a))jq e
A
This settles (5.30).
For the proof of the injectivity suppose that f € Ic 6(G) and
6 14

F, = O. Then, in view of (5.30), (5.31) is valid for all v,8 ¢ K,
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i,j = 1,...,dY, r,g=1,...,d A € €. Now use the following lemma:

B,
LEMMA 5.18. Let T be a finite-dimensional irreducible representation of G.

, . A
Then, for some A € €, T is a subrepresentation of U .

The proof of this lemma follows from GODEMENT [25, Lemma 7] by observ-
ing that the group AN is solvable and that its one-dimensional representa-

ek(log a),

%*
tions are precisely the representations an - A€ ac . Thus, by

Lemma 5.18, F6

£ - 0 implies that

J £(g) (g )dg = 0

G
for all finite-dimensional irreducible representations T of G. Now, since
G has a faithful finite-dimensional representation, the conclusion £ = 0

follows by the Stone-Weierstrass theorem (cf. GODEMENT [25, Lemma 51]).

5.8. Completion of the proof of the main theorem.

In §5.6 we pointed out that Theorem 5.13 will be implied by Theorem

5.15 and Proposition 5.16. A part of Theorem 5.15 already follows from
n
from Ic n(G) into D(R) and (5.20) holds. The property that Fe is even

14

follows from HELGASON [33, Ch. X, Theorem 1.15], but it will also be clear

Theorem 5.17: The mapping £ - F_ is a continuous injective homomorphism

from the way we will rewrite (5.19). So, regarding Theorem 5.15, it is

(e 2]
left to prove that f +—F2 maps Ic n

4

[e2]
mapping is continuous. In order to establish this we identify both Ic (G)
r

(G) onto D (R) and that the inverse
even

and Deven(IU' considered as topological vector spaces, with D([1,®))
and we rewrite (5.19) as a mapping from D([l,é)) into itself. This mapping
turns out to be a known integral transformation, for which an inverse

transformation can be explicitly given. First note

LEMMA 5.19. The formula
2
(5.33) f(x) = g(x)

defines an homeomorphic linear bijection f -~ g from Deven(IU onto D([0,=)).
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PROOF. Clearly, if g € D([0,»)) then f ¢ Deven(IU and the mapping g - £ is

continuous. Conversely, let f ¢ Deven(IU and let g be defined by (5.33).
By complete induction with respect to n we prove: g(n)(O) exists and

there is a function £ € D (R) such that
n even

fn(x) = g(n)(xz), x € R,

and £ > £ : D (R) -~ D (R) is continuous. Indeed, suppose this is
n n even

eve
proved up to n-1. Then

X
(n—l) v 2 _ . _ w
2x (g ) (x) = £ _,(x) = f £ _,W¥dy,
0
SO
1
g™ (x?) =y f £ (tx)dt =: £ (x). 0
n-1 n
0
For £ ¢ I. _(G) define
c,n
- (/ bid (x2—1)
(5.34) f(x) := £ \ 5 L }}, x e [1,»).

Y(x-1)

For h ¢ D (R) define
even

(5.35) h(ch4t) := h(t), te R.

LEMMA 5.20. The mapping £ - £ defined by (5.34) is an homeomorphic linear
bijection from I: n(G) onto D([1,~)). The mapping h + K defined by (5.35) is
7

an homeomorphic linear bijection from Deven(IU onto D([1,x)).

PROOF. The second statement follows from Lemma 5.19. For the proof of the

first statement introduce global real analytic coordinates on G by the

mapping

e%i¢(1+|z[2)% z

(
(z,9) ~ - -4
\ z e 1~ilcb(l+|z|2)l2 )
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from ¢ x (R /A"Z) onto G. If g € D([1,®)) and

Lig 2.5
(e axl=lD z V) ind 2%
A g7y ))

Z

o ~
then f € Ic n(G), f = g and the mapping g - £ if continuous. Conversely, if
14

f e Ic n(G) then £, as a function of z and ¢, is radial in z, so the func-
14 B

tion

{(1"‘22);2 z \

z > f ’ z e R,
\ Z (1+z2)%/
| . 2 %

belongs to D (R) . Now make the transformation z = (x -1) ° and apply

even
Lemma 5.19. It follows that £ € D([1,®)) and that the mapping £ - f is

continuous. g

Define the Chebyshev polynomial Tn(x) by
(5.36) Tn(cos ©) := cos nO.

It follows from (5.19) that, for f e 1: NEOE

’

Lt
n L chikt+hize *
R Y G

-0

[ chit+hiz e%t \Zn

%tl ( %) dz
|ch%t+%iz e I

)

eljt J E([ch%t+%ize

e%t [ %([ch%t+%iz e%tl)
0

chht \
T dz,
2|l \ | chht+kiz e%tl )

SO
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o]

2 f %(y)Tzlnl(y—lch%t) (y2-ch?ht) “lyay.

chit

n
Ff(t)

This formula again shows that Fg is even on R . Thus, by (5.35):

(v 1) (vo-x2) ydy, x e [1,m).

T, ~
(5.37) Fg(x) = 2 J £ Ty )
X

For n = 0, (5.37) takes the form

o]
~

Fg(x) =2 J E(y)(yz-xz)_%ydy-

X
The problem of inverting this just means to solve the Abel integral equation.
This explains the name “genéralized Abel transform" for f - Fg. We get

Fg (x) (x°-y2) ax.

£ o

%(y) = —ﬂ—l f
Y

For general n, the inversion formula is obtained by DEANS [8,(30)]. He uses

the inversion formula for the Radon transform. His result is:

~

~ -1 d h -1 2 2 %
(5.38) f(y) = -m [ a;—Ff(x)Tzlnl(y x) (x -y ) adx.
Y

In §5.9 we will give another proof of this result. In order to prove the

continuity of the mapping Fg »> f: D([1,»)) > D([1,»)) defined by (5.38),

expand T2'n|(y—1x) as a polynomial and use that

(-1 a \
)

\Y ay h(x)(xz—yz)_%x dx =

M ——8

- b -
= J / 1 ii-\ h(x) (x2—y2) lix dx

by the properties of the Weyl fractional integral transform (cf. §5.9).

This completes the proof of Theorem 5.15.
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PROOF OF PROPOSITION 5.16. Extend o to a continuous linear functional on

D(R), for instance by putting o(f) = 0 if f is odd. Choose f1 € Deven(IU

such that a(fl) # 0. Let (A(y)fl)(x) 2= fl(x—y), x,y € R. By the continuity

and homomorphism property of o we have, for f ¢ De (R) :

a(fy)a(f) = a(fl*f) = J G(X(y)fl)f(y)dy.

Hence

a(f) = [ f(y)B(y)dy, felD (R),

where
B(y) := %(a(fl))_l(a(l(y)fl) + a(A(—y)fl)).

(o]
Then B is even and it is a C -function by the continuity of o. It follows

from the homomorphism property of o and from the fact that B is even, that
B(x)B(y) = L(B(x+y) + B(x-y)),

so B(0) = 1. On differentiating twice with respect to y and next putting

y = 0 we obtain

B(x)B"(0) = B"(x).

Hence B(x) = ch(vVR" (0)x). 0

Note that we actually have given a proof of part of Theorem 5.9 in the
case that G is the semidirect product of K := z%z and R. Unfortunately, we
did not succeed in finding a "global" proof of Proposition 5.16.

5.9. The Gegenbauer transform pair of Deans.

Let the Jacobi polynomial R(i's)(x) be defined by
{(5.39) Réa'B)(x) := 2F1(—n,n+a+ +1;0+1;5(1-x)).

Then
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(x) .

(5.40) T (x) = RO 2T
n n

If o = B then the Jacobi polynomial is called a Gegenbauer polynomial. The
fact that (5.38) is the inversion formula to (5.37) is contained in the more

general result:

THEOREM 5.21. Let m = 0,1,2,...,v = -%,0,%,1,... . For g € D([1,»)) define

X
2v  -2v-1
(-1) X
(5.42) (3,9) (x) := :
2 22V VL 1)
J ¢ UV Ty P ey, x e [1e),
X

Then J1 and J2 are homeomorphic linear bijections from D([1,»)) onto itself

and J1J2 = J2J1 = id.

DEANS [7], [8] proved that J, and J, are inverse to each other by using
the inversion formula for the Radon transform. Here we will present an
alternative proof. We need some preliminaries.
For Re u > O define the Weyl fractional integral transform wu by
o
(5.43) (wug(x) 1= (F(u))_l f g(y)(y—x)u—ldy, ge D([1,»), xe [1,°,
X

cf. [15, Chap. 13]. Then wug e D([1,=)),
. W =W ’

(5.44) wu

{(5.45) (wu

By (5.45) (Wug)(x) has an analytic continuation to all complex p and (5.44)

and (5.45) remain valid for all u. Furthermore,
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(5.46) WO = id.

It follows that wu is an homeomorphic linear bijection from D([1,«)) onto
itself. By the transformation of variables x - x2 in (5.43) we obtain

transformations Vu defined by
(5.47) (Vug)(x) := 2(I‘(u))—1 [ g(Y)(yz-xz)u-lydy, ge D([1,=),
X

geD([1,2)), xe [1,=),

which have similar properties as Wu.
For v,u,X € @, Re(A+u) > O, SPRINKHUIZEN [53, (3.1)] introduced the

A
transformations IS' defined by

H, A 1
(5.48) (T g) (x) := —_— .
) 2A+u 1F(X+u)

. J g(y)zFl(l+%(u+v-1),%U;A+u;1-y_2x2).
X

2

2 A+u-1 1-
(¥ -x%) u v U

dy, g € D([1,2)), x e [1,»).

Special cases are

(5.49) Is'x = Z—AVA (independent of V),
0
(5.50) 18’ = U,

where the latter formula is obtained by substituting [14, 2.8(6)] into
(5.48) . The transformations satisfy the composition formula
+ +
(5.51) IU2IA Iu11A1 ~ Ul uz,llvlz
: v v+2A2 Y

(cf. [53, 3.4]), which follows from an integral formula for hypergeometric

functions due to ERDELYT [13], [14, 2.4(3)]. It follows from (5.51) that
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IUJ\ - IOI_;E\) I]J,)\+l§\) - Ior—li\) IU,O Iol>\+;2\)

v v 0 v 0 0

for Re A > -%Re v > 0, Re(A+putkv) > 0.

Hence

UI}\ _ -2
(5.52) 1) =2 WV

and by analytic continuation this formula remains valid for Re(A+u) > 0 and
it gives meaning to Is'k for all complex v,u,A. It also follows that I:'A
is an homeomorphic linear bijection from D([1,»)) onto itself.

Now we turn to the proof of Theorem 5.21. By (5.39) and [14, 2.11(2)]

we have
(v,v) 2
(5.53) R (x) = F,(=%m,5m+v+i;v+1;1-x7),
m 21
SO
(5.54) (3,9 (0 = 2o AT ™2 g e

By combining (5.53) and. (2.39) we have

(5.55) ROV (%) = ™ F. (<hm,-bmtds; vl 1-x %),
m 21
SO
_ 1y 2V -v-1 -m-2v-1_ _1-m,mtv (2v+2)
(5.56) (@,9) () = D em " x (T ) (x) .

Formulas (5.54) and (5.56) show that J1 and J2

bijections from D([1,»)) onto itself. Now, by (5.51), (5.50),

are homeomorphic linear

2v _mt+2v+1,-m-v _1-m,m+v_(2v+2)

J19,9 = (1) 0 —2m-2v

1

2 2
2V I2v+2,0 g(2v+2) - (=1) Y (2v+2)

(=1) 0 2v+2
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This completes the proof of Theorem 5.21.
Note that Theorem 5.21 remains valid for general v > -1 if in (5.42)

2v  (2v+2)
g9

we replace (-1) by w_év_zg, a fractional derivative.

5.10. Notes.

5.10.1. GELFAND [22] first observed that the algebra K(K G(K) is commuta-
tive for symmetric pairs (G,K). The general theory of Gelfand pairs and
spherical functions”™) can be found in GODEMENT [26]. Spherical functions of
type § were introduced in GODEMENT [25]. The equivalence between pairs (G,K)
with commutative algebra IC(G) and spherical functions of type § on the

one hand and Gelfand pairs (GXK,K*) and ordinary spherical functions for
such pairs on the other hand is widely known, but is is probably not in the

literature.

5.10.2. The proof that the irreducible representations of SO(n+l) (or
SU(n+1)) are SO(n) - (or S(U(1)XU(n))-) multiplicity free (cf. Theorems
5.7,5.8) is usually given by infinitesimal methods, cf. the branching
theorems in BOERNER [4, Ch.VII, §12; Ch.V, §6]. Another global proof of
Theorem 5.7 is given by DIXMIER [9], by the use of Lemma 5.18, Frobenius
reciprocity and complete induction with respect to n. KRAMER [40] shows
that the cases (G,K) with G compact occuring in our Theorems 5.7, 5.8 are,
together with the pair (SO(8), Spin(7)), the building blocks for general
pairs (G,K) for which the compact connected Lie group G has all its
irreducible representations K-multiplicity free, see also HECKMAN [32,

§4.31].

5.10.3. Theorem 5.13 was first proved, for unitary representations, by
BARGMANN [1]. More generally, there is the subquotient theorem of HARISH-
CHANDRA [28, Theorem 4], [68, Theorem 4], see also LEPOWSKY [70, Theorem 1.1].
This theorem states (or rather implies) that each irreducible K-finite
Hilbert representation of a noncompact connected semisimple Lie group G

with finite center is Naimark equivalent to a subquotient of some principal
series representation. CASSELMAN (cf. WALLACH [62, Cor.7.5]) showed that
"subquotient" in the above theorem can be replaced by "subrepresentation",

at least if G has a faithful finite-dimensional representation.

*) see also the recent notes by FARAUT [71].
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5.10.4. TAKAHASHI [55] also reduces the proof of Theorem 5.13 to a proof
of Prop. 5.14. However, he proves Prop. 5.14 by considering eigenfunctions
of the Casimir operator, like in the earlier version [37, §5.7] of the
present paper. The idea of proving Prop. 5.14 from Theorem 5.15 and Prop.
5.16 is taken from TAKAHASHI [56, §4.1], where it is done in the spherical
case, for G = SOO(l,n).

5.10.5. The generalized Abel transform f - Fi

HARISH-CHANDRA'S [30, p.595] transform f - Ff in the spherical case.

is a generalization of

Later HARISH-CHANDRA [31, §21] proved the injectivity of the transform

f > Ff. The transform f - Fi was introduced by TAKAHASHI [56, §2] in the
case G = SOO(n,l) and by WA?NER [64, §6.2.2] in the general case. However,
in Warner's definition of Ff ([64, p.341) ué should be replaced by Mg

Warner proves the injectivity of £ - F_ without the assumption that G has

f
a faithful finite-dimensional representation. However, his proof uses the

subquotient theorem. The image of I: 6(G) under the mapping f - F6 is gener-
14

f
ally unknown (cf. WARNER [64, p.36]). As a consequence of the Paley-Wiener
theorem for the spherical Fourier transform (cf. GANGOLLI [21]) this image
is known if § = 1: it is the space of all Weyl group invariant functions

in D(a).

5.10.6. Our formula (5.37) for Fg(x) also occurs, essentially, in

TAKAHASHI [55, (2.8)]. However, TAKAHASHI [55, p.66] mentions that he did

not succeed in inverting this transformation, except in the spherical case.
The transformation £ - FE occurs for general real n in MATSUSHITA [42, §2.3],
in the context of the universal covering group cf SL(2,R), and the inversion
formula is also derived there*). Further references containing some inversion
formula to the Gegenbauer transform (5.41) are TA LI [58] (in the Chebyshev

case), HIGGINS [35] and WIMP [66].

5.10.7. Our method of proving Theorem 5.13 is similar to the proof of the
analogous theorem in the case G = SL(2,C), as given in NAIMARK [47, Ch.3 §9].

5.10.8. DEANS [8] obtained his Gegenbauer transform from a study of the
Radon transform. The Radon transform also occurs naturally in the context of

SL(2,1R). Indeed, the formula

*) with a proof due to T. Shintani (unpublished)
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oo
defines an isomorphism £ - F_ from IC(G) into the space of functions belong-

£
ing to D(T xR) which are even in the second argument. Furthermore,

Lio in © _n o
Ff(e ,B) = e Ff(t), f e Ic,n(G)'

and

(o]
L - -
f Ff(eZlO,t)e lnee Atd@ dt =

(o]

o -
= J f(g)ﬂg,k,n,n(g Ydg, £ € IC(G).
G

The formula

2 %
~ N {( w ([w[ —1) \\
F w0t s )

~ oo
defines an homeomorphic linear bijection f - f from Ic(G) onto

D({w € @||w| = 1}). It follows that

=2 J F(e ™0 (chytriy))dy =

2 (RE) (e 9, chyt)

where

(RE) (E,t) := f f (x)ds (x)
x.E =t

(feD®RY, temr, Ees™T,

dS(x) is Lebesgue measure on the hyperplane x.§ = t)
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defines the Radon transform (cf. LUDWIG [41]). In order to characterize

the image of I:(G) under the mapping £ - F_ one needs the Paley-Wiener

£
(o]
theorem for the Fourier transform on Ic(G)' cf. EHRENPREIS & MAUTNER [12]

or (in a more general case) FLENSTED-JENSEN [18].
6. UNITARIZABILITY OF IRREDUCIBLE SUBREPRESENTATIONS OF THE PRINCIPAL SERIES

In this section we deal with the last part of our program formulated

in the introduction.

6.1. The conjugate contragredient to a representation of G.

Let G be a lcsc. group. In the definition of a Hilbert representation
T of G (cf. §2.1) we assumed that the mapping g -+ T(g) is strongly contin-
uous, i.e., g >T (g)v: G %~H(T) is continuous for all v € H(t). This implies
weak continuity, i.e., g = (1(g)v,w):G~> & is continuous for all v,w € H(T).
Conversely, we will show that weak continuity of T implies strong continuity.
Assume that T is a weakly continuous Hilbert representation of G. A
twofold application of the Banach-Steinhaus theorem shows that T is locally

bounded, that is, supllt(g)ll < « for compact subsets C of G. For each f ¢ K(G)

we define geC
(6.1) T(f) := [ f(g)t(g)dg,
G

where dg is a left Haar measure and the operator-valued integral is consider-
ed in the weak sense. Let {Vn} be a decreasing sequence of open neighbour-
hoods of e in G such that {Vn} is a base for the neighbourhoods of e. Choose
a sequence {fn} in K(G) such that £, 20, supp(fn) < v_and fn(g) dg = 1.
Then (T(fn)V,W) + (v,w) for all v,w € H(1)}. We conclude that the linear

span of {t(f)v|f € K(G), v € H(t)} is weakly dense in H(T). Also observe that
(6.2) T(x)T(f) = T(A(x)E), £ € K(1), x € G,

where (A(x)f) (g) := f(x-lg).
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PROPOSITION 6.1 (cf. WARNER [63, Prop. 4.2.2.1]). Let 1:G » L(H(T)) satisfy

T(glgz) = T(gl)T(gZ) and t(e) = I. Then T is strongly continuous if and

only if it is weakly continuous.

PROOF. Assume that T is weakly continuous. Let HS(T) be the linear subspace

of H(t) consisting of all v € H(t) for which g » T(g)v is continuous from

G to H(t). It is easily seen that HS(T) is a closed subspace of H(T). Further-
more it follows from (6.1) and (6.2) that T(f)v € HS(T) for all £ € K(G),

v € H(t). Since weak closure and closure in norm coincide for linear sub-
spaces of H(t), the weak closure H(t) of the linear span of {T(f)v I f e K(G),
v € H(1)} must be included in HS(T). g

COROLLARY 6.2. If T is a (strongly continuous) Hilbert representation of G

then T defined by
~ -1 *
(6.3) T(g) :=1(9 ) , g € G,

is again a (strongly continuous) Hilbert representation of G on H(T).

The representation T is called the conjugate contragredient to T. The

representation T is unitary if and only if 1 = T.

6.2. A criterium for unitarizability

Let G be a lcsc. group with compact subgroup K. Let ¢ and T be K-finite
A -
representations of G and let 0 = T (cf. §4.1). Let A6 1= A!H (o) § € K.
§
Then it is easily seen that A* is an injective closed linear operator from

H(t) to H(o) with dense domain and range and such that A*[H (1) =a~ maps
) §

[
HS(T) onto HS(C)' Furthermore, since

~ -1 -1 * -1
(t(g)v, Aw) = (v,1(g ")Aw) = (v,Ac(g )w) = (A v, o(g )w),
veDa", weDa),
we conclude that P(A*) is T-invariant and that A*;(g)v = g(g)A*v if

v € D(a%*), g € G. Thus we have:

A ~ A% ~
LEMMA 6.3. If 0 = T then T £ oO.
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Now we can prove:

THEOREM 6.4. Let G be a lcsc. group with compact subgroup K. Let T be a

K-finite representation of G. Then T is equivalent to some unitary representa-
. . A~ . . s -

tion of G iff T 2 1 with A self-adjoint and positive definite.

*
B A ~ ~ ~
PROOF. First suppose that T = ¢ with o unitary. Then 0 = ¢ and ¢ B T

(cf. Lemma 6.3), so T 2 ?, where A is the closure of B*B (cf. proof of

Theorem 4.4). Obviously, A is self-adjoint and positive definite.

R

Next suppose that 1 T with A self-adjoint and positive definite.
Let (. , .) be the inner product on H(t). We define a new inner product

<, , .> on D(a) by
(6.4) <v,w> := (Av,w), v,w e D(a).

This is indeed a positive definite sesquilinear form on D(a). For v,w ¢ D(Aa),

g € G, we have:

<t(g)v, T(g)w> = (ATt(g)v, T(g)w) = (?(g_l)AT(g)v,W) =

= (AT(g DT v,w) = (Av,w) = <v,w>,
i.e.,
(6.5) <t(g)v, T(g)w> = <v,w>.

Thus T is a unitary representation of G on D(A) with respect to the inner
product <. , .>. (Weak continuity is obvious from (6.4) and the weak
continuity of the original representation.) Lét o be the extension of this
representation to a unitary representation in the Hilbert space completion
H(o) of D(A) with respect to <. , .>. Then T E 0, where B is the closure

of the identity operator on D(A) (cf. Lemma 4.3). [

Next we restrict ourselves to the case that T is a K-multiplicity
free representation of G. Then the same holds for ?. Furthermore,

M(t) = M(t) and
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~ -1
(6.6) T_Y,s(g) = TS,Y(g )", ¥.8 € M(T), g € G.
It follows from Theorem 4.5 that T 2 ; with AG = CGIS' § € M(1) (I6 identity
operator on HS(T)) iff

Ty,5(9 = Eg'Ty,a(g)’ Y,8 € M(1), g € G.

Now A is self-adjoint and positive definite iff c. > 0 for all § ¢ M(1).

§
Thus Theorem 6.4 implies:

THEOREM 6.5. Let T be a K-multiplicity free representation of G. Then T is
equivalent to some unitary representation iff there are positive numbers

c § € M(t), such that

6'

C
(6.7) T (g_l)* = E§-r

Y,S Y

G,Y(g), v,8 € M(1), g € G.

In case of unitarizability of 1, the new inner product (6.4) becomes

(6.8) <v,w> = 2 c (VS'WG)'
SeM(T)

REMARK 6.6. In the case that T is an irreducible K-multiplicity free re-
presentation of G, unitarizability of T is already implied if (6.7) holds
for some § and all y € M(1) with CY > 0 (cf. Lemma 4.8).

6.3. The case G = SU(1,1).

It follows from (2.15) and (6.6) that
(6.9) T.= , £ e {0,%}, 1A e a.

This can also be derived from (2.47), (2.48) and (6.6). Note that, essen-

tially, (6.9) is equivalent to the identity

—_— m-n _
(6.10) cgr)\;nrm = (-1) cgl_x;mln.
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In §6.2 we showed that a necessary condition for unitarizability of

an irreducible subquotient representation T of 7 is the equivalence of

E,A _
T and T. In view of (6.9) and Theorem 4.10 this is only possible if A = + ],

~

that is, if A is real or imaginary. If A is imaginary then T so

g, g,

ﬂg 3 is already unitary. Let us now examine the case that A is real and non-
I

zero. Then T . If T is an irreducible subquotient representation

‘El)\ - 1T€,_)‘

of e ) then T 2 T with (cf. (4.22))
I

(6.11) A¢m = e H(T),

cg,k;m ¢m’ ¢m

where cg \om is given by (4.21). Now a sufficient condition for the unit-
’ ’

arizability of T is that the coefficients C are all positive or all

E,A;m
negative for ¢m e H(t). Referring to the classification in Theorem 3.4 we
will examine these coefficients. (Because of equivalence, it is not necess-

ary to treat the cases where A < 0.)

(a) no’l(x >0, AEdZm+ %).
(_)\+;2)|m|
“o,xm T (E) romez.
[m]
0, A:m has fixed sign iff 0 < A < %,
(b) ﬂ%,l(x >0, A &) .
(-2)
% 3m = W@ ,m+%e {0,1,2,... }.
’ 7 m+;§
No fixed sign.
(c) n;A and 1, O#E € Z+ %, A > 0).
(Iml=(A+%)) ¢
Cp oy, = y meZ + &, Iml 2 X+ %
£,\;m (2A+1)'m|_(x+%)

Fixed sign.
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0
(@) TE A (M+E e Z + %, A > 0).
m-§
_ (=1 L3 _
g, im T Oigim) T Oy ¢ ¢ @ € AR A S Ak

No fixed sign except if A =%, & = 0.

Combining these results with Theorems 3.4, 4.2, 4.10 and 5.13 we
reobtain BARGMANN'S [1] classification of all irreducible unitary representa-

tions of SuU(1,1):

THEOREM 6.7. Any irreducible unitary representation of SU(1,1) is unitarily

equivalent to one and only one of the following representations:

+ -
= 0.L
1) ﬂg,iv(g 0,%, v>0), “0,0' ﬂ%,o, n%,o.
2) ﬂO,X(O < A < %) on cl Span {...,¢_1,¢O,¢1,...}

with respect to the inner product

(_x"'li)'ml
<¢m'¢n> T 0 m,n’
[m]
3 M - —Oork, A=E+h, E+,...)
) ﬂg,}\ and WE’A (& = or ’ = ’ DA
on

Cl Span {¢A+%' ¢A+§-""}
2

and

cl span {...., ¢—A— 1,

3, ¢
> A=
respectively, with respect to the inner product

_ (Um|=(A+%)) ¢
b T D) ml

5§ .
-(A+y) R

4) no’%.

This is the identity representation of SU(1,1).
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6.4. An addition formula approach.

Let G be a lcsc. group with compact subgroup K and let T be a K-multi-
plicity free representation of G. In this paper we developed machinery to
obtain irreducible sub(quotient) representations of T and to decide about
their unitarizability. This machinery works quite well if we have an
explicit knowledge of the generalized matrix elements T ’G(g), v,8 € M(1).
This happened to be the case in our simple example G = SU(1,1), T = NE'A,
but for more general G these matrix elements are usually unknown. Now it
may happen that.we have an explicit expression for TG,G(g) for some
§ € M(t) (for instance, for 8§ = 1) and that we are able to calculate expli-

citly the Fourier expansion

-1
(6.12) g s(9ika, ) = ) Ts, 85y 917927K) s
veK
where
(6.13) T ( k) :=a T, (g.%.9. Yy . yax
: §,8;y 91797%) = Gy §,8'91%192 X 0%y 1
K

Formula (6.12) is called the addition formula for TG "
’

THEOREM 6.8. Let T be a K-multiplicity free representation of G. Let
§ € M(t). Let T be the irreducible subquotient representation of T on

Irr(8§) (c¢f. Lemma 3.2). Then:

(a) Mt = Ty e X | 15 o #0)
(b) T, is unitarizable if and only if
-1 *
(6.14) Tala(g ) = TG,G(g) r g € G,
and the matrices TG'G;Y(g,g,e) are positive (semi-) definite for all

Y € K, g € G.
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PROOF .
(a) On comparing (6.12) with (4.8) we have
_1 .
ITG,Y(gl)Y(k)TY,S(gZ ) if v € M(TO),

(6.15) T R (g g Ik) =
§,8;y 71772 1 0 if ¥ £ M(ty).

By irreducibility of T cannot be identically zero if vy € M(TO).

o' Ts,8:v

(b) Suppose that 1, is unitarizable. Then Theorem 6.5 implies (6.14)

0
and substitution of (6.7) into (6.15) yields

C
__S *
(6.16) TG;G;Y(g,g,e) = CY TG’Y(g)TG,Y(g )i Y € M(ro),

where the cY's are positive numbers. Thus T5 S
r ’

Y(g,g,e) is positive‘semi—
definite.

Conversely, assume (6.14) and the positive semi-definiteness of the
matrices TG,G;Y(g'g'e)' Formula (6.14) together with Theorem 4.9 implies
that there are complex constants cy, Y € M(TO), such that (6.7) holds.
Substitution into (6.15) again gives (6.16). By irreducibility of TO,

the function g - T (g,g,e) is not identically zero for y € M(TO).

§,8;Y

Thus the positive semi-definiteness of T (g,g,e) implies that CG/CY > 0.

616;Y
Now the unitarizability of TO follows from Remark 6.6. 0

6.5. Notes.

6.5.1. Following BARGMANN [1], most authors prove theorem 6.7 by infinite-
simal methods. VILENKIN [59, Ch.VI] uses the method of the present paper.
TAKAHASHI [55, §6] decides about unitarizability by considering whether

m is a positive definite function on G.
E,A;n,n -

6.5.2. The family of unitary representations in 2) of Theorem 6.7 is
called the complementary series. See [37, §7.1] for a different character-
ization of these representations. The family of unitary representations

in 3) of Theorem 6.7 is called the discrete series. By comparing K-contents
these representations can be identified with more usual realizations of

the discrete series (cf. VAN DIJK [11, §7]).

6.5.3. A unitary representation T of a unimodular lcsc. group G is called
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square integrable if for each v,w € H(t) the function x - (Tt(x)v,w) is in
L2(G). If T is irreducible and if x > (T(X)v,w) is in L2(G) for some nonzero
v,w € H(t) then it can be shown that T is square integrable (cf. BOREL [5,
Théoréme 5.15]). Thus we can examine square integrability of the irreducible

unitary representations of SU(1,1) listed in Theorem 6.7 by considering

which of the functions ﬂg An.n are in L2(G). It can be shown that
14 I
[o¢)
I A n"22 = const. | 627%™ () |? it (entt) PHat
rNrlly L (G) - 21}\ S Cc .
0

To decide whether this integral is finite is a purely analytic exercise in
the theory of Jacobi functions. The solution is given by FLENSTED-JENSEN
[18, Lemma A.3]. It turns out that precisely the discrete series representa-

tions are square integrable.

6.5.4. In FLENSTED-JENSEN & KOORNWINDER [20] Theorem 6.7(b) was used in
order to find all irreducible unitary spherical representations of non-
compact semisimple Lie groups G of rank one. Theorem 6.7 (b) was proved
there by using that a spherical function on G corresponds to a unitary re-

presentation iff it is a positive definite function on G.
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