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Clebsch-Gordan coefficients for SU(2) and Hahn polynomials*)
by

T.H. Koornwinder

ABSTRACT

The Clebsch-Gordan coefficients for SU(2) are introduced in an algebraic
way, in the context of polynomials in four variables, homogeneous of certain
degrees in the first and second pair of variables, respectively. Next it is
shown that the Clebsch—Gordan coefficients can be expressed in terms of Hahn
polynomials and that the Clebsch-Gordan coefficients and Hahn polynomials

can be identified with each other as orthogonal systems.

KEY WORDS & PHRASES: canonical matrix elements of irreducible representations
of SU(2); decomposition of tensor products of irreduc-
ible representations of SU(2); Clebsch—Gordan coeffi-
ctents; Wigner coefficients; 3-j symbols; symmetries
for Clebsch—Gordan coefficients; Hahn polynomials;

hypergeometric functions
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1. INTRODUCTION

WILSON [18] proved that there is a class of discrete orthogonal poly-
nomials expressible in terms of 4F3 hypergeometric functions of unit argu-
ment such that the 6-j symbols (or Racah coefficients) are expressible in
terms of these polynomials and the orthogonality relations for the 6-j sym-
bols and the orthogonal polynomials coincide. With knowledge of this result
it is a natural question to ask for a similar, but more simple result con-
cerning 3-j symbols (or Wigner coefficients or Clebsch-Gordan ccefficients).
In this paper we will prove that the orthogonality relations for the 3-j
symbols coicidé with the orthogonality relations for Hahn polynomials (or
their duals). Of course, this is no surprise, since both 3-j symbols and

Hahn polynomials have explicit expressions in terms of hypergeometric

F
functions of unit argument. In fact, the result is wellfkiown in a small
circle of people interested in the relationship between special functions
and group theory, but, as far as I know, no proof or even statement of the
result appeared in the literature until now.

Before proving this result in Section 4 we give a rather self-contained
introduction to Clebsch—-Gordan (= CG) coefficients in Section 3, while some
properties of the canonical matrix elements of irreducible representations
of SU(2) are recapitulated in Section 2. Section 5 contains some historical
notes. We have tried to give a. possibly original approach to CG coeffi-
cients. The key formulas (3.12) together with (3.2) are derived in a very
elegant algebraic way, with hardly any calculations. However, we have to
make our hands dirty in deriving (2.10), (3.5) and (4.2). We could not re-
sist to derive, in passing, Regge's beautiful formula (3.19), which implies
a symmetry group of order 72 for CG coefficients.

This paper is related to some other work by the author. In [7] we proved
that Krawtchouk polynomials (discrete orthogonal polynomials expressible as
2Fl's) are related to matrix elements for irreducible representations of
SU(2). In a forthcoming paper we will give an unification of the present
group theoretic interpretation of Hahn polynomials as CG coefficients and
another interpretation as spherical functions on symmetric groups. A similar

identification in the Krawtchouk polynomial case was made in [7].



2. THE CANONICAL MATRIX ELEMENTS OF THE IRREDUCIBLE UNITARY REPRESENTATIONS
OF SU(2)

Let £ e-% Z = {0;%,1;%,2,...}. Let HE be the space of homogeneous

+
polynomials of degree 2 in two complex variables. Choose an inner product

on H£ such that an orthonormal basis of HE is given by the functioms v

(n==L,-8+1,...,0):

@D ey = (G AT

Let TK be the representation of GL(2,€) on Hﬂ defined by
(2.2) (T (°‘ YD) Gy) = E(omryy,Bxsdy), £ e Hj.

It is well-known that Tﬂ is irreducible as a representation of GL(2,C), U(2)
or SU(2), unitary as a representation of U(2) or SU(2) and that each irre-
ducible unitary representation of SU(2) is equivalent to some TK «® e-%12+),
cf. for instance HEWITT & ROOS [5, Theorems (29.20), (29.27)].

. . £ L .
The canonical matrix elements tmn of T ™ are given by

£
2.9  tewl- ] Ll geaeo.

m=-
The unitariness of T£ implies
'IU(Z)

(2.4) tﬁn(g) = tﬁm(g—]), g € U(2).

It follows from (2.1), (2.2) and (2.3) that

1 1
1 i ¢
@5 () exry) P PT - 1, £ @ & Phynbmbm,
Hence
2 By
(2.6) mn(y 6) mn(y §

It follows from (2.4) and (2.6) that



£ aBgy _ L 0¥
t_ ( )_tnm(BS)

(2.7 mn 'y §

for (: S) € U(2) and, by analytic continuation also for (3 g) e GL(2,€).
Formulas (2.5) and (2.7) imply:

LEMMA 2.1.

(a) tﬁn(s g) 18 a homogeneous polynomial of degree 2L in o, B, v, § with
real coefficients.

(®) t 18 homogeneous of degree L-m in a, B and homogeneous of degree L+m
in vy, S.

(c) tﬁ,n is homogeneous of degree L-n in a, y and homogeneous of degree £+n

in B, 8.
It follows from (2.5) that

ft @ B) _ tE (6 Ty

(2.8) mn'y & -m,-n B o

Combination with (2.7) yields:

s

£ o, L s B
(2.9) tmn(y s = t—n,~m(y R
For fixed £ the set {(m,n) | m,n ¢ {-£,-2+1,...,£}} is the union of the

four subsets

{(m,n) | mn = 0, m—n = 0},
{(m,n) | m#n = 0, mn < 0},
{(m,n)l m+tn < 0, m-n = 0},
{(m,n)l min < 0, mn < 0}.

Because of the symmetries (2.7), (2.8), (2.9), tﬁn($ g) is completely known
if it is known for (m,n) restricted to one of these four subsets.

It can be derived from (2.5) that, for m+n = 0, m—n = 0, we have:
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(2.10) = (m:n)! (Eﬁ"‘_ﬁ Eﬁ:‘g:)z RGN gy g 5) E
. 2F](—£+m,£+m+1; m+n+1 ; a§¥%§9
- Gt e

where [3, 2.1(22) and 10.8(16)] are used and Piu’s)(x) denotes a Jacobi poly-
nomial (cf. VILENKIN [14, Ch.3, §3] or KOORNWINDER [7, §27]). Then Schur's
orthogonality relations on SU(2) for the matrix elements t£n imply the

orthogonality relations for Jacobi polynomials P(u B)(x) (a,B € Z:)
3. THE DEFINITION OF THE CLEBSCH-GORDAN COEFFICIENTS FOR SU(2)

From now on, a condition on indices like [j| < £ will mean that j rums
over the integers or half integers £,£-1,...,-£+1,-L.

The tensor product Hgl ® Hﬂzvcan be identified with the space of poly-
nomials in four complex variables x, y, u, v, homogeneous of degree 2£1 in

x, y and homogeneous of degree 222 in u,v. An orthonormal basis of HE] ® Hﬂz

is given by the polynomials
1 1 . .
L4 28, 3 2%y 747 £1+31 973y 1‘2‘“32
(3.1) @W. @ y.)x,y,u,v) = (l _ ) (2 _s)x y s
I 1 Iy A,
15,1 5 &5 13yl < £y
T‘el ® T£2 is an irreducible unitary representation of SU(2) x SU(2) on

H£1 ® sz. The restriction of this representation to SU(Z)* := diag(SU(2) x

SU(2)) is unitary but in general not irreducible.

THEOREM 3.1.

(a) T e 2



Denote the subspace of Hp, ® Hp, corresponding to ™ by He,, 2,2
(b) For suitable complex constants ag;, 09,2 # 0 the functions
¢J?1 A2: (151 <0) defined by

L1028yt L+, Xy
(3.2) ¢j (X,Y,U,V) = K] ,KZ,K(XV_YU) tzz_zl’j(u V)

form an orthonormal basis for Hgl,zz’,é.
‘ a

(c) The matrixz elements of the representation T | ® T 2|SU(2)* on H[_l,gz,z

with respect to the basis {¢§1’£2’!’} are equal to tﬁn, 80

21,1’,2,1’. _ _ _ _
o (ax-By,Bx+ay,ou-Bv,But+av)
(3.3) 2 g o B 1&1,1,,,2 o B
= L £ C_ e 7 xy,u,v), (_ ) esSu.
m=-f -B a -8 a

PROOF. By (3.2) and Lemma 2.1(b) the function ¢jel’£2’£ is a polynomial,
homogeneous of degree Zﬂl in its first two variables and homogeneous of de-
gree 2[2 in its last two variables, so it belongs to Hgl ® ng. Formula
(3.3) is clear from (3.2) and the homomorphism property of €. Since the
representations TZ are irreducible and mutually inequivalent, part (b) of

the theorem is implied by (3.3). Finally, the completeness of the orthonormal

system {¢£1 "62’2} in Hf_l ® Hg?_ follows from the equality of dimensions:
2,+L,
) (28+1) = (2£,+1) (2£,+1). 0
£=I£1—£21

THEOREM 3.2. The constant api,29,L 18 uniquely determined by the condition

2,00 £ L
(3.4) (¢£ ,wz @wz_z ) > 0.
1 1
Then
L+ —L (22+41)(2£)1(22)! &
(3.5) a =D L
' 2,,2,,2 T, DT DT

PROOF. It follows from (2.5) that



1
L a0 By, _ ,20.2 £-m £+m
(3.6) tmﬂ(y g = () B 8

-m ’

so combination with (3.2) yields

2,88
¢£ (X,Y,U,V)
1
.. ( 2 )§§£]-Z2+£v_£1+£2+£(xv—yu)£1+£2—£
Ly5y L Ly +E
20 LGt ek
“ay o 0l LoD
1722 1 72 k=0
1 1
e+t 22 -+ 2p -1op 2
2
(! kz ) ( k’) 2<£1+£2_£_k) 2 wzi_k(x,y)¢_z TR
1

by the binomial formula and (2.1). Thus (3.4) implies that
(—1)£1+£2+£a£1,£2’£ > 0. By taking squared Lz—norms in the first and last
member of the above identities we obtain
L.+ -L
2L 172 £1+£2~£ 2 22

2
= |a 17¢, _ ) I N ¢ )7 (
R S S T k k

2t,

1,-1
Y Go_p o)
£,-£,-L-k

-1

bt

=l el T T 2GRt s 2285 D

9 (£1+£2-£)!(£1+£2+£+1)!
la ]
£],£2,£ (2£+1)(2£1)!(2££)!

Here we used the Chu-Vandermonde sum

(e-b)
(3.7 2F](—n,b;c;l) i ey
. n
neZ; cb,e#0,-1,...,-n+l, cf. SLATER [11, (1.7.7)]. 0

Note that (3.5), (3.2) and Lemma 2,1(a) imply that ¢§l’£2’£ is a poly-
nomial in x, y, u, v with real coefficients.



The symmetries (2.7), (2.8), (2.9) applied on (3.2) yield corresponding
symmetries for ¢§1’£2’£(x,y,u,v):

1
—7-2 ,KZ,K

(et Yol Gy,um)

2 2(5 +L = J),z(ﬂ +,+3) .2
(L +£2 DA (ﬁ +,+3) 1) ¢£ ¢, (x,u,y,v)

(3.8) |
’ -“5 ZZ,KI,K
(22,1220 ¢—j (v,u,y,%)

-1 2 ) A v,
((’e +’e +J) (’e +*e J) ) ¢£ __z (V,y,u,x).

We have introduced two canon1ca1 orthonormal bases for Hzl ® H£2 one

basis consisting of the polynomials wJ] ® wJ% (13l = 1, il =< 22), which
behaves nicely with respect to the subgroup S(U(1) x U(1)) xS(UQ) x U(1))
of SU(2) x SU(2), and another basis consisting of the polynomials ¢£l,£2,£
(IK -Z | < E +K 1j1 < £), which behaves nicely with respect to the
subgroup SU(Z)*. The matrix elements of the unitary matrix which maps the

one basis onto the other basis are called Clebsch—-Gordan coefficients

CK],Kz,Z
J]’JZ’J

2,,8,,0 £ £, L., L L,
(3.9) b, = Y Y C. .S Lv. ey,

. . o 3123053 7] b
i=y i, 102 1 2

i¢
e € 0 -2im¢
t_ ( i) = 8
mn 0 e 1¢ ,0
and apply
2 o 2, et o
PRI U e-i¢)

on both sides of (3.9). It follows that



11,12,3
3.10 cC. .~ .=0 . if j. +]j j.
(3.10) 3yriged if jp+3, %3

Thus we only need to consider CG coefficients with parameters satisfying
(3.11) 18,=2,1 < £ < £+8,, 13l <&, 13,1 =&, 13,] <&, § = 3,%i,.

It follows from (3.9) and (2.1) that

'% £y:4,08
(2epe)h 2.2 Gy ,u,w)
i
(3.12) £, L, £173) 44%3; 575y £yt L.,2,,2
S ) X y u v c.l.%,
s s o J13399]
(A I VR B/ IO IO L e
3 *3,]

L. .2, ,L
Note that, by(3.12), the coefficients Cj},jg,j are real-valued. By combina-

tion of (3.8) and (3.12) we obtain symmetries for these coefficients:

1 .y 1 .
Loyl S 5 ) L bt
§yadged

1 C o1, L L, Tl -1
S+ *T 175 9) s (8 +Ey=i 1+ ) s 85L 2’ 7l
(3.13)

1 1 )
_ C_2_(£]+£2+J) 95('8]""82_3) "e

1 .. ..

28~ Ly*3173,) 558y =Ey=5 i) 4 =L,

The set of points in (£1,£2,£,j],j2,j)—space satisfying the inequalities
(3.11) is the union of four subsets determined, respectively, by the inequa-

lities:

IA

(1) £, <] ; L8, < &<
(ii) £, £, <3j < L-L, <2<

(iii) j < '@]—22 <-j< < ,el+£2; -L. < j‘]; —,@2 < jz; j1+52 = j.
<

Li+lys =Ly < 5y S Ly §p*3,= e

IA

(3.14) S LyHlys Ly < 3y < 8y 34ty

1

(i) =5 &L, <5 s RSty 5y < L5,

’82; jl+jz = j'
Those four subsets are mapped onto each other by the symmetries (3.13). Thus

it is sufficient to know the CG coefficients with parameters restricted to

one of the four above subsets.
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By combination of (3.12), (3.2), (3.5), (2.7) and (2.5) we obtain the
formula
Kl +£2—£ Kl—l +£ —£1 +£2+£
(=xv+yu) (sx+ty) (su+tv)
(2, +2)~D) ! (&=L, 4D) ! (£, +,+0) D) /2

1 2 L,
(£]+£2+£+1)!-§ 1 2 4 11,22,2

= ( ) ) Y c. .°.-
2841 §y=ky i, je—g 123z

i=i* i,

£73) 4+ Ly7iy £
X y u v

(@313 ) Rym3 ) g ) =) T i) 1) /2

+3, o .
2 ZSK Jt£+3

This can be considered as a generating function for the CG coefficients.
Note that, by putting v = 0 in (3.15), one concludes
KI,ZZ,K

(3.16) C _ _p, > 0.
, Kl’ £2’£] KZ

This corresponds to VILENKIN's [14, Ch.3, §8.2 (9)] normalization.

For reasons of symmetry, two other notations for CG coefficients are

used:
1
L, 2, 2 L. =L +j -5 £ ,2.,2
G171 G2 o = en D2 ey 2V
34 32 =3 JI3J23J
(Wigner's 3-j symbol) and
L +2-L L2+L -L L. +L -2
274 | 1. 2 172 0,05 "%‘ )
(3.18) KI—J KZ-JZ £+ := (-1) (22+1) le’jz’j
143 £ytly £-]

(Regge's 3x3 array). Note that the points of (ﬂl,lz,ﬂ,jl,jz,j)-space satis=—
fying the inequalities (3.11) and also [1 +£2+£ = L for some L € Z_ are in
one-to-one correspondence by (3.18) with 3x3 arrays having nonnegative inte-—

ger entries such that for each row and each column the sum of the entries
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equals L.
Replace in (3.15) x, y, u, v, s, t by Xp1s X3ps Xyps Xans X33s Xogs
respectively, multiply both sides by

(_l)ﬂlf£2+£i£2+£—£lx£+£l—£2x£l+£2-£
11 12 13

: : 172
(R, +0-2) L (B+L,~£,) 1 (£ +0,=0) 1)

and sum upon all £1’£2?£ such that IKI—ZZI <Z < £]+£2. Then, by using
(3.18), we obtain the beautiful formula

1 %2 *3| b 1
2
X = (= v v .
Xy, Kpy  Kpy| = ((DMLI@DD
*31  *32 *33
a a a a. .
11 12 13 3 x, . 1]
. ) 21 %2 3| T =7 -
) a.. i, j=1 (a..!)
1 a a a 1]
31 32 33

all+...+a33=3L

This formula is due to REGGE [9] (apart from a minor error in the coeffi-
cient in front of the summation sign). Regge pointed out in [9] that the
symmetries of the determinant under row or column permutation and trans-—
position, together with (3.19), yield a symmetry group of order 72 for the

CG coefficients.
4, EXPRESSION OF CLEBSCH-GORDAN COEFFICIENTS IN TERMS OF HAHN POLYNOMIALS

In the generating function (3.15) the left hand side is elementary but
the right hand side involves a double summation. We now derive another gen-—
erating function from (3.12), which only involves a single summation, but
which has not an elementary left hand side. It follows from (3.12), (3.2),

(3.5) and the second 2F] in (2.10) that
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(B+3) 1 (=R +0,+0) L (28+1) l
(4.1) (-£, +£ ,*i)t ((£-J) €,-L,+D)! (Z’+£ -0 (L, +Z'+£+1)')

-121 +!_2—j —!_] +£2+ j 22

e u v (-xv+yu) L,

. - . . XV
. ZFI(—£1+£2-£,—£14:£2+£+1, £l+£2+3+1, pr— )

£

2%y

£ '31y£1+31 £y~ J2

1 ZI,ZZ,K 1
c.' .7, =
i35 <<£,—jl>:<z,+5]):<£2—32>.<£2+52>:>"2

=4
3+,

where K £ <3< K K < g < £1+£2. Expand the left hand side as a power

series (double summatlon) and compare coefficients:
=]

1 -1 '

El,ﬁz,ﬂ (-1 (2e):

iyodged T T LD

(4.2) C

(2L+1) (£,=3,)  (£y+3 ) L (B+3) 1 (=L, +2,+0) ! ;

" )
(Kl—jl)!(£]+j])!(£—j)!(ﬂl—£2+£)!(£1+£2—£)!(£1+£2+£+1)!
—£]+!L2—£, —£]+£2+1,+1, —£1+j] .
'3F2( . ]) ’
—£]+£2+J+l, —ZKI

where the parameters satisfy (3.14) (i) and the 3Fy stands for the series

L. -2 +L .

1 72 (—£1+£2—£)k(-£1+£2+£+l)k(—£]+31)
(—£l+£2+j+l)k(—2£1)kk!

k

k=0

Let N € Z_ and a,8 > -1 or a,B < -N. Hahn polynomials Q, (x30,8,N)
(n=0,1,2,...,N) are orthogonal polynomials in x on the set {0,1,2,...,N}
with respect to the weights

(a+1)X (B+])N_

x! N—x)! °

cf. KARLIN & McGREGOR [6], we use the slightly different notation from ASKEY
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[1, (2.36)]. Hahn polynomials can be expressed in terms of 3F2's:

-n,-x,n+a+8+i E (—n)k(—x)k(n+a+e+1)k
(4.3) Q_ (x3a,B8,N) = ,F,( 1) := —5 r .
n 320 Ne4l ko N leth ke

The precise form of the orthogonality relations is:

(afl)x (B+1)N-x N! _
x! (@7 (a+e+2)y

N

xZo Q (x3a,8,M)Q , (x;50,8,N)
(4.4)

(2n+a+8+1)(a+l)h(a+B+2)nN! -1

= ((n+a+3+1)(3+1)D(N+a+s+2)nn!(N—n)!) 6n,n' :

Now return to (4.2). Let

{x =£,-£,, n=4L-L,+, N=2¢,
o

—£1+£2+j, B = -£,+L,-].

Then (3.14) (i) is equivalent to the condition that x, n, N, a, B are integers.

and
0 <x <N, 0<n<N, o =0, B = 0.

We derive from (4.2) and (4.3):

TN, 3 (N+a+8) ,n + 2(a+B)

(4.5) c -
N3, (o B-N) +x,7.(a6)
1
C(-DXN! | (2n+o+8+1) (N-x+8) ! (x+a) ! (n+a) ! (n+a+8) '\ 2 )
= ot C XTI (0@ Tnl (N-n) T (Nentarge) T 0 Qp(%30:8,1).

By (3.9) we have the orthogonality relations

o s +ats),n+2(a+B) 2N, 7(Na+8) ,n' +3(ot8)

(4.6) ) € ¢ = §

*0 N, p(am8 W) 4x,5(0m8)  pN-x,3(a-B-N)+x,7(a=B)
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In view of (4.5) there are precisely the orthogonality relations (4.4).

Of course there are also orthogonality relations dual to (4.6):

N %N,%(N+a+8),n+%(a+8) —;-N,l(N+a+B),n +-12—(0t+8)
4.7) 2 c C < ¥ 6X x'"*
n=0 1 1 1 lN—x‘ l-(ot—B—N)+x' l(G-B) ’
iN-x;f(a-B—N)+X;§(a-B) 2 %) )
Let
(4.8) R_(n(nt+o++1)30,8,N) := Q_ (x;0,8,N).

for n, x ¢ {0,1,...,N}. Then, by (4.3), the function y - Rx(y;a,B,N) extends
to a polynomial of degree x in y: the so-called dual Hahn polynomial (cf.
KARLIN & McGREGOR [6]). They satisfy orthogonality relations dual to (4.4):

N
Z Rx(n(n+a+8+]) ;G’B9N)Rxl (n(n+a+3+l) ;(I,B,N) °
n=0
(2n+a+B8+1) (a+1 )n(a+6+2)nN!

(4.9) e (n+o+g+1) (B+1) (N+o+8+2) n'(N-n)!

(a+])x (B+I)N—x _ N! -1 s
' L

= ( x! (N-x)! (a+8+2)N) X,X

In view of (4.7) and (4.5) these are precisely the orthogonality relations
(4.7).

Now we claim that

(-8-1)_

Rx(n(n+a+8+1);a,3,N) = ‘fa:Tj;‘ °

(4.10)

. Rx(n(n+a+8+1)-N(N+a+B+]);—N—B—l,-N—a—l,N).
Indeed, for x = 0,1,...,N the functions y - Rx(y;a,B,N) and

y > R (y-N(N+a+B+1);-N-g-1,-N-a-1,N)
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are both polynomials of degree x which are, because of (4.9), orthogonal at
the points y = n(n+a+g+1) (n = 0,1,...,N) with respect to the same weights.
Thus the two functions are equal up to a factor not depending on n. This
factor can be determined by putting n = N. By (4.8), (4.3) and the Chu-

Vandermoude sum we obtain:

R (N(W+a+B+1) 30,8,0) = Q(x3a,8,N)

( | ey
-x,N+a+8+10+151) = —<— .
(cz+1)X

2F1
It followskfrom (4.10) and (4.8) that

(-8-M)_

(4.11) Qn(X;G,B,N) = —a;;fiz

Qo (%3 -N-8=1,-N-a-1,N) .

Combination with (4.5) yields

N, 5 (N+a+B) ,N-n + 5 (a+B)
o] = (o+N)IN! -
' %N—x,%(B—oz -N) +x ,—;—(8 -a)
1
(2N-2n+o+8+1) (n+B) ! (n+a+B8) | ) 2
(N-x%) ! (a+N-x) ! (B+x) In! (N-n) ! (N-n+B) ! (2N-n+a+B+1)!

(4.12) . (x!

+ Q (x;-N-o-1,-N-g-1,8),

where x, n, N, o, B are integers and 0 < x <N, 0<n <N, a=20, 820, In
view of (4.12), the orthogonality relations (4.4), with o, B replaced by
-N-a-1, -N-B—1, are the same as the orthogonality relations for the CG co-

efficients in the left hand side of (4.12) as a function of x.
5. NOTES

5.1. See SPRINGER [13, p.68,69] for a short description of the 19th century

concept of "development in a Clebsch-Gordan series".
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5.2. CG coefficients in their present meaning (also called Wigner coeffi-
cients) were first introduced in VON NEUMANN & WIGNER [8, Anhang]. WIGNER

[16, (17.27)] first derived a 3F2
efficients. The notation using 3-j symbols was introduced in WIGNER [17],

(1) type summation formula for these co-

where he also discussed 3n-j symbols for more general n.

5.3. TFormula (3.15) occurs in SCHWINGER [10, (3.39)]; see also VILENKIN
[14, Ch. 3, §8.9] (where a factor (—1)£1+£2-£
(3.19) (an expansion for exp(det(xij))) is also derived by SCHWINGER [10,

is missing). A variant of

(3.42)]. Formula (3.19) and the resulting symmetries are given by REGGE [9].

5.4, GELFANﬁ, MINLOS & SHAPIRO [4, Supplement III] (see also VILENKIN [14,
Ch. 3, §8.7]) point out that CG coefficients are, in a certain sense, ana-
logous to Jacobi polynomials, since they can be expressed by means of a
Rodrigues type formula involving repeated differences. In view of our ex-
pressions of CG coefficients in terms of Hahn polynomials (cf. § 4) and the
Rodrigues type formula for Hahn polynomials (cf. WEBER & ERDELYI [15]), this

is no surprise.

5.5. The theory of CG coefficients was highly motivated by the quantum
theory of angular momentum, cf. the introduction and further papers in
BIEDENHARN & VAN DAM [2]. A useful survey is also given by SMORODINSKIT &
SHELEPIN [12].
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