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Process algebra for communication and mutual exclusion

by

J.A. Bergstra & J.W. Klop

ABSTRACT

Within the context of an algebraic theory of processes we provide an
equational specification of process coOperation. We consider three cases:
process merging, merging with communication, and merging with mutual exclu-
sion of critical sections. The term rewrite system behind the communication
algebra is shown to be confluent and terminating (modulo its permutative

reductions) .
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0. INTRODUCTION

Let A be a finite collection (alphabet) of atomic actions, §&eA a dis-
tinguished symbol denoting deadlock:. Finite processes are generated from

atomic processes in A using two operations

+ : nondeterministic choice and

. : sequential composition.

The following equational laws will hold for finite processes.

x+ty=y +x Al
X+ (y+2z)=(x+y) + 2 A2
X +x =x A3
(x +y).z=x.2+y.2z A4
(x.y) .2 = x. (y.2) AS
x + 8§ =x A6
§.x = § A7

The initial term algebra of these equations is (Aw' +, ., 6).

The main source of process algebra in this style is MILNER [9]. Exactly
the above processes occur as finite uniform processes in DE BAKKER & ZUCKER [1],
[2]. After adding an extra equation: x.(y + z) = Xx.y + x.z, one obtains a

version of trace theory as described in REM [13].
For each pe Aw and n >1 we have the approximation (p)n of p. This is
inductively described by
+ = +
Pt = (@ + (@)

(a)n=a



Interestingly, if A = {(p)n | peAAw'}then (&, +, ., §) is another model
of the axioms Al,..,A7.

Infinite processes (A”) can be obtained as a projective limit of the
structures An' Technically this means that A” is the set of all sequences p=

(pl,pz,p3,...) with pie Ai and p, = (p . The operations '+' and '.' are

i+1) i

defined component-wise: (p + q)n = (p)n + (q)n. (p-q)n = ((p)n-(q) )

nn'

thus obtaining the process algebra

(R”, +, ., 8).

o . .
On A a metric exists:

d(p,q) = [0 if p=q
2" with n minimal such that (p)n # (q)n if p # q.

(Kn,d) is a complete metric space, in fact it is the metric completion of

(A ,d). The operations +,. are continuous.
w

(K”,d) was introduced in DE BAKKER & ZUCKER [1]. MILNER[1l0] uses charts
modulo bisimulation (from PARK [12]) to obtain infinite processes from finite
ones. Working with trace sets under the extra assumption x.(y + 2z) = X.y + Xx.2
this metric occurs in NIVAT [11].In DE BAKKER et al. [3] the connections

between (A~ ,d) and its corresponding trace space are investigated.

The processes discussed so far are provided with a bare minimum of struc-
ture. The crux of the algebraic method lies in algebraically defining new
operators over the given process domains that will correspond to important

process composition principles.

We will describe operators corresponding to the following three composition

principles:

1. merging two processes

2. merging with communication

3. merging processes with mutual exclusion for critical sections.




1. MERGING TWO PROCESSES

The result of merging processes p and q is p||q. For algebraic reasons
(finite axiomatisability and ease of computation) an auxiliary operation ||
(left merge) is used. The process p|| q stands for the result of merging
p and g but taking the first step from p. Both operations || and | are

specified on (Am, +, ., §8) by this system of equations:

x[ly =xLy +ylLx M1
all x = a.x M2
ax Ly = ax]|ly) M3
x+y)llz=x|Lz+ yll = M4

Here x,y,2 are variables over Aw and a is a variable over A. Formally this
is justified as a two-sorted logic with sorts A and Aw where one sort is a
subset of the other one.

The operations are extended to A as follows:

(Py 1Py ) Il (ayea,, -0 ((plllql>l,(p2||q2>2,...)

(PysPyr---) Ll_(ql.qz,...) ((PlU_ql)l,(pZU_qz)z,...)

We omit the proof that these are indeed projective sequences (i.e. that
((Pn+lllqn+l)n+l)n = (pn”qn)n ). It also follows that || and | are continu-
ous w.r.t. the metric d.

In BERGSTRA & KLOP [4] the operation || was introduced and a general

existence theorem for solutions of equations of the form x= t(x) in

(a7, +, ., 1, IL, 8 is derived.

2. MERGING WITH COMMUNICATION

Starting with (Am, +, ., 8) plus a communication function .|. : AxA+A
which describes the effect of sharing (simultaneously executing) two atomic

actions, three operations ||, || and | are defined on A - Here '|' extends



the given communication function. || and | coincide with the operators de-
fined in Section 1 if the effect of a]lb is always 8§ (i.e. no two atomic

actions communicate).

For the communication function three properties are required:

alb = bla cl
(a]b)|c = al (b]e) c2
§la =6 , c3

Then ||, || and | are specified by:

x|ly = x|Ly + ylLx + x|y cMl
all| x = a.x CM2
(ax) ||y = atx|ly) cM3
x+y|lz=x|Lz+yllz CM4
(ax) |b = (a|b).x CM5
al (bx) = (a|b).x CM6
(ax) | (by) = (a]b). (x||y) cM7
x+y)|lz = x|z + y|z cM8
x|(y+2) = x|y + x|z CM9

Let C = {aeA | dbea (a|b) #6}. C contains all actions that must
eventually communicate. So if process p runs on its own an action ce C cannot
be executed and should be replaced by §. This is modeled by the operation
A: Aw-’Am defined by



A(a) = (a if a & C Al
{6 if ae C

Alx +y) = Ax) + Aly) A2

A (x.y) = A(X).A(y) A3

Notice that A(x||y) # A(x)]||A(y). Thus A is a homomorphism on B+ -0 8

but not on (Aw' SRR | I | I () I
An important observation concerning the difference between processes
and trace sets is exhibited in the following example. Let A = {a,cl,cz,c,S}

and let cllc2 = c. All other communications result in §. Now

Aa(e, + c,) Il c,) = ac, and

Mac, + ac,) Il c,) = ac + a$

so the second process ac, + ac, has a deadlock possibility and the first

one, a(c1 + 02), not.
As before ||, |L and A can be extended to continuous operations on (A ,d).

This formalism includes both message passing and synchronisation. In
[9]1 and [1,22]synchronisation is modeled by having a|b = T whenever a|b # §,
T denoting a silent move. In HENNESSY & PLOTKIN [6] a definition correspon-
ding to the equation x||ly = x| y + y|lx + x|y occurs.

The heart of the system consists of Al,...,A7,C1,...,C3,CMl,...,CMO.
We will call this system ACP, for algebra of communicating processes.

ACP seems to provide a concise formulation of the algebraic essence
of communication. In view of this we review its structure in detail here.
We will show that the new operators are indeed well-defined by CM1l,...,CM9
over Al,...,A7 + Cl1,...,C3. We will rearrange ACP into a TRS (term rewrite
system) which is shown to be confluent and strongly terminating modulo the
permutative reductions Al and A2. As a consequence Qe find that each term
built from A by +, ., ||, |L, | can be proved equal to a unique term in A
by ACP.

Finally we prove that || is associative, as well as several other

interesting identities in Theorem 2.2.



For technical reasons we associate to each ae€ A a unary operator a*

which acts as follows:
a*x = a.x .

On the term system generated by A, +, ., ||, |L, |, a* (a€eA) we introduce
two norms l.l and u.||. Here intuitively |Sl computes an upper bound for
the path lengths in S and "S" computes an upper bound of the number of

(nontrivial) summands in which S decomposes.

la] =1 el =12

la*xl =1 + |x l "a*xn =1

Ix.y| = |x| + |y| Ix.v | = x|

x + y|= max(|x|, [y I + vl = || + |vl

iyl = Ixl + lyl - 3 <lvl = J<]-]v |

xILy| = [x] + |v] <[y = lx|

[klly | = x| + |y| Ielly | = =]+ Tyl + x| -|v] -

Now consider the following term rewrite system RACP:

x+y + y+Xx RAl
x+ (y+2z)+ (x+y)+ 2 RA2
x+y) +z>x+ (y+ 2) RA2'
X + x + X RA3
(x +y).z »x.2 +y.2 RA4
a.x » a*x RAS'
(a*x) .y » a*(x.y) RAS
X+ 6+ x RA6
§*x + 6§ RA7
x|ly » x|[Ly + ylLx + x|y RCM1
all x » a*x RCM2
(a*x) ||y » a* (x|l y) RCM3
x+yllz>xlLz+vyllz RCM4
1]
alb » Ca.b RCM5
(a*x) |b + c* _.x RCM5
a,b
alb*x +» c*  .x RCM6
a,b
(a*x) | (b*y) =+ c*  (x]||y) RCM7
a,b
x + y)|z+ x|z + ylz RCM8
x|y + z) » x|y + x|z RCM9



In RCM5',...,RCM7 the symbol c denotes albeA. The axioms C1,C2,C3

a,b

translate into the commutativity and associativity of c and c6 a” § for
4
all aeA.

Convertibility in RACP is denoted by =R’

2.1. THEOREM. For all ACP-terms without variables:

T & S=_T

(i) ACP |- s R

]

(ii) ACP |- s = S' for some S' not containing ||,||_,].
(iii) Acp |- s'= s" <« Al,...,A7. | S' = s" for S',S" not containing ||, | ,]-
(iv) S.(T.U) =R (s.T).U

(v) RACP is weakly confluent (has the weak Church-Rosser property),
working modulo Al and A2.

(vi) RACP is strongly terminating, modulo Al and A2.

(vii) RACP is confluent (has the Church-Rosser property).

PROOF. We start with (vi) and we introduce the auxiliary notion of the multi-
set of direct subterms DS(T) of a term T:

DsS(a) = @

DS (a*x) = DS (x)

DS(x + y) = DS(x) U DS(y)

DS(xO y) = {xay} U Ds(x) U Ds(y) t(herenois ., ||, [L, or |)

Here U denotes the multiset union. Let [S] be the mapping from terms to wxw

defined by
(s1 = (Isl, lsh-

This mapping is extended to multisets over terms, thus producing multisets

over wxw
[vl] = {[s] | sev}.

On w xw there is the lexicographic well-ordering < which induces a well-
ordering € on finite multisets over wx w . We now observe that along a re-

duction path




we have
[DS(Ti)] > [DS(Ti+l)] if Ri is not RAl, RA2, RA2', and
_ . . .
[DS(Ti)] [DS(Ti+1)] if Ri is RAl, RA2 or RA2'.

From this observation strong termination of RACP modulo Al and A2 follows.
Instead of a proof of the observation we provide two characteristic
examples.
(1) a.x » a*x. Then:
[DS(a.x)] = [a.x] U [DS(x)] and [DS(a*x) = [DS(x)].
Now [a.x] majorizes each elemeﬁt of [DS(x)] because

[S]e [DS(x)] = |s|<|x|=> |s| < |a.x|. Hence [DS(a.x)] » [DS(a*x)].

(2) x|ly » x|Ly + ylLx + x|y. Then:
(DS (x||y)] = [x|ly] O [DS(x)] U [DS(y)] and
(psx|ly + ylLx + x|y)] = (x|l yl U [DS(x)] U [DS(y)] ¥
[ylL x] ¥ [Ds(x)] U [DS(y)] U
[x]yl U [DS(x)] U [DS(y)].
Again [x||ylmajorizes all of [x|_yl, [(ylLx], [x]yl, [DS(x)], [DS(y)],
the first three in width and the second two in depth.

An alternative proof of termination can be given by ranking all occurrences
of ||,|L .| by the L|—norm of the term of which they are the leading operator.
Using this extended set of operators a recursive path ordering can be found
which is decreasing in all rewrite steps except the first three (RAl,RA2,RA2').
See DERSHOWITZ [5].

Proof of (v). RACP is weakly confluent modulo ~, the congruence generated

by Al and A2. (We are here working in congruence classes and reductions have
the form [S]~ » [S'] whenever S+S'.) This is a matter of some 400 straight-

forward verifications. (Of course left to the reader as an exercise.)

Proof of (vii). Working modulo ~ RACP is strongly terminating in view of (vi).

Now combining (v) and (vi) and using Newman's Lemma (see [8], Lemma 5.7. (1)
or [7] where more information about reduction modulo equivalence can be found)
we find that RACP is confluent modulo ~ and consequently it is confluent

because the reductimsgenerating ~ are symmetric.



Proof of (ii). This follows immediately from (vi).

Proof of (iv). First one proves the associativity of . for terms not con-

taining ||,|l_ ,| , using induction on the structure of S. The result then

immediately follows using (ii).

Proof of (i). S =R T => ACP |- S =T is immediate. For the other direction

one uses (iv).

Proof of (iii). If ACP F S' = S" then by (i) S' =R S" and by (vii) for

some S"': S'—» S"' and S" —» S"' (here —» is the transitive reflexive
closure of —>). Now because S' and S" are free of ||,|_,| we see that
S' —>» S8"'«— S" is just a proof in Al,...,A7.

0

2.2. THEOREM. The following identities hold in (Aw' +, . L, 1,8
(1) x|y = ylx

(2)  x|ly = yllx

(3)  x|(ylz) = x|y)]|z

4) &Lyl z=x|_wl=2

5) x|wll2 = x|lyl=

) x|l llz) = x|y lz.

PROOF. All proofs use induction on the structure of x,y,x written as a term

over (A,+,.), which is justified by Theorem 2.1.(2). We write

= T + ]
x = ], ax, Xj al

= ¥ + ¥V pr
Y=y Byt by
z =

\} [
cz + c' .
lm "mm 2n n

(1) and (2) are proved in a simultaneous induction. .

»
~
I

T (] T(a? AW v =
Lia;Ibp) (x; llyy) + Q@ [bpix; + [(ailbpy, + [(ai|by)

i

Ay T [ \y [] \y [ [} =
L(bklai)(yk”xi) + L(be|ai)xi + L(bklaj)yk + L(belaj)

ylx.
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Here we use Cl and the induction hypothesis for xiHyk = kaxi.

(2): x|ly = x[Ly+yllx+xly=ylLx+x[Ly+ylx=ylkx.
The proof of (3),...,(6) is also done using one simultaneous induction.

(3): Write x = x' + X" where x' = zaixi and x" = {a{. Likewise y = y' + y

and z = z' + z". Then

X|(Y|Z) = xll(yllzl) + xl'(ylllzl) + xll(ynlzu) + xll(yulzn) +

xnl (yl|zl) + X"' ‘chlzl) + xul (yllzn) + xnl (Y"IZH)-

I

' ] ' = '

[C@aglpp e ) (xylly ) llz)
(x'|y")|z".
Here we used C2 and the induction hypothesis for (6). The other summands
of x| (y|z) are treated similarly. Hence x| (y|z) = (x|y)]|z.
(4) : Ly llz= ((fax; + Jabll vz = (Qa;&x;lly) + Jalv)|l = =

(induction hypothesis on

{ai((xiHY) lz) + 265 (vll2)

T T o
La; (x|l tyllz)) + al(yll2)
T + Vo =
(agx; + [a) L tll2)
x| (yll2).
(5): Let x = x' + X" and y = y' + y" as in the proof of (3). Then

X| (YLLZ) = x!‘(yl “_Z) + xll(yll“_z) + an (yl u—z) + xul (Y"U_'Z)-

] ] = = v =
Now x'| (y'| 2) (Zaiximibkyk)u_z) (fa,x ) | (I, (v, Il2))

Z(ai|bk)(xi||(ykﬂz)) (induction hypothesis on (6)
Laa; b)) (=, llypil2) = (Ha;lbp) x [ly DLz =
x'|ly" 1L z-

The other three summands are treated similarly. Hence x| (y|l| 2z) = (x|y)|L z.

(6))

)
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(6) Write A (y,2) = x|l (yllz) and Bx(y,z) = (y|z)||_x. Then:

x|l yllz) = x| (vllz) + (vll2) |Lx + x| (vll2) =

Ax(y,z) + YllL2Lx+ lLylLx+ w2 lLx +x|(ylLz) +x|zlLy) + x|(ylz) =
AJym)+yljﬂh)+zujﬂh)+B¢ym)+(ﬂyHLz+(thLy+XHﬂZ)=

A _(y,z) + Ay(z,x) + A (y,x) + B (y,2) + B (y,x) + By(x,z) + x| (ylz). (*)

also (x|ly)llz = z|l xlly) = z|| (yllx) =
+ + =
A ly.x) + A (x,2) + A (y,2) +B (y,x) +B(y,2) +B (z,x) + z| (y|x)
A _(y,z) + Ay(x,z) + A (y,x) + B (y,2) + By(?,x) + B, (y,x) + x|y) |z
which equals (*) using the commutativity of the A's and B's and the induction

hypothesis on (x|y)|z.
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3. MERGING WITH MUTUAL EXCLUSION OF CRITICAL REGIONS

From (Aw’ +, ., 6) we derive ((AkJé)w, +, ., §) by adding for each
atomic action a A, a new copy @. This a stands for: do a and, if possible,
immediately proceed with an action of the same process (i.e. do not allow
interference of other processes until the "lowest" process containing a has
terminated) .

Now this algebra is enriched with operators || and || and a really
new one: pr» p. Here p stands for: execute p as a critical region (i.e. do

not allow interference of other steps).

The axioms for ((Aua) , +, -, I, IL , _, 8) are as follows:
x|ly = x|Ly + yllx ME1
all x = a.x ME2
all x = ax ME3
(ax) ||y = a.(x]|ly) ME4
(@) [y =a &Ly ME5
a=a ME6
g =a ME7
a.x = a.x MES8
3.-x = 3.x ME9
x+y=x+y ME10
ﬁ = 6§ MEll

We omit a prooftheoretic analysis of these equations, but state without

proof these useful facts:

»

Y =

|
<

|

1=

lly = x.y + y.x .

In general x||y # x|y however.
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Suppose one considers terms generated by A, +, ., || and _. These have
an intuitively clear meaning and should be given a semantics in (Aw, +, ., §8).
Note that x frequently is denoted by <x> in the litterature on parallel
programs. On the other hand, atomic actions of the form a are not common
and should not enter the definition of a programming system; they are here
only used as a means of calculation and are eliminated in the second step
below (i.e. by applying the homomorphism ¢).

As an intermediate step a semantics in ((ALJé)w, +, ., 8) is found:

M*(a) = a

M*(p + q) = M*(p) + M*(q)
M* (p.q) = M*(p) .M* (q)

M* (p) = M* (p)

M*(plla) = M*(p) ||M* (q)

Then the canonical mapping (homomorphism)
o: ((Aué)w' +, . 6) — (Awy +, ., §)

generated by ®(a) = ¢(a) = a can be used to provide a semantics for +,0l

terms over A:

M(p) = (M*(p)) .

Note that M* is a homomorphism w.r.t. all program constructions +,.,||,_,
as should be expected from a denotational (or rather compositional) semantics;
¢ is a homomorphism only w.r.t. +,.,8. Hence M is a homomorphism w.r.t +,.,8§.
However, M does not act as a homomorphism w.r.t. ||. (I.e. M(pl|lq) # M(p)| M),

in general.)



14

REFERENCES

[1] DE BAKKER, J.W. & J.I. ZUCKER,
Denotational semantics of concurrency,
Proc. 14th ACM Symp. on Theory of Computing, pp.153-158, 1982.

[2] DE BAKKER, J.W. & J.I. ZUCKER,
Processes and the denotational semantics of concurrency,
Department of Computer Science Technical Report IW 209/82,
Mathematisch Centrum, Amsterdam 1982.

[3] DE BAKKER, J.W., J.A. BERGSTRA, J.W. KLOP & J.-J.CH. MEYER,
Linear time and branching time semantics for recursion with merge,
Department of Computer Science Technical Report IW 211/82,
Mathematisch Centrum, Amsterdam 1982.

[4] BERGSTRA, J.A. & J.W. KLOP,
Fixed point semantics 1in process algebras,
Department of Computer Science Technical Report IW 206/82,
Mathematisch Centrum, Amsterdam 1982.

[5] DERSHOWITZ, N.,
Orderings for term-rewriting systems,
Theoretical Computer Science 17 (1982)pp.279-301.

[6] HENNESSY, M., & G. PLOTKIN,
A term model for CCS,
Proc. 9th MFCS, Poland (1980), LNCS 88.

[7] HUET, G.,
Confluent reductions: Abstract properties and applications to term rawriting stems,
J.ACM 27 (4) (1980) pp.797-821.

[8] KLoP, J.W.,
Combinatory Reduction Systems,
Mathematical Centre Tracts 127, Mathematisch Centrum, Amsterdam
1980.

[9] MILNER, R.,
A Calculus of Communicating Systems,
Springer LNCS 92, 1980.

[10] MILNER, R.
A Complete Inference System for a class of Regular Behaviours,
Preprint, Edinburgh 1982.

[11] NIVAT, M.,
Infinite words, infinite trees, infinite computations,
Foundations of Computer Science III.2 (J.W. de Bakker & J. van
Leeuwen, eds.) pp.3-52, Mathematical Centre Tracts 109, Mathe-
matisch Centrum, Amsterdam 1979.



15

[12] PARK, D.M.R.,

[13] REM,

Concurrency and automata on finite sequences,
Computer Science Department, University of Warwick (1981).

M.,

Partially ordered computations, with applications to VLSI design,
To appear in the proc. of the 4th Advanced Course on Foundations
of Computer Science, Amsterdam, June 1982.



ONTVANGEN 1 { FEB. 1983



