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Asymptotic analysis of a singular Sturm-Liouville boundary value problem

by

E.J.M. Veling **)

ABSTRACT

Asymptotic expansions are given for the eigenvalues Xn and eigenfunc-
tions u of the following singular Sturm-Liouville problem with indefinite

weight:
' d 2, d ~
- E;-((l-x ) E;—u) =)ixu on (-1,1),

limle u(x) finite.

-1

~ This eigenvalue problem arises if one separates variables in a partial dif-
ferential equation which describes electron scattering in a one-dimensional
slab configuration.

Asymptotic expansions of the normalization constants of the eigenfunc-
tions are also given. The constants in these asymptotic expansions involve
complete elliptic integrals. The asymptotic results are compared with the
results of numerical calculations.

The results presented in this paper provide necessary information for
the operator - theoretic analysis of certain types of boundary value prob-

lems in electron transport theory.
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1. INTRODUCTION

When electrons move through a metal strip, they carry
mass, momentum and energy from one point of the strip to another.
The equation which describes the electron density in phase space
as a function of time is called a transport equation. In the case
of a stationary transport process, the transport equation is simp-
ly a palance equation which balances the éffect of the free
streaming of the electrons against the effect of collisions. A
simple model of a stationary transport equation is obtained when
the strip is modeled as 3 homogeneous isotropic slab of finite

thickness 1, which is infinite in both transverse directions, and



all electrons are assumed to have the same speed (i.e., magnitude
of the velocity vector). Then the phase space is two-dimensional;
the relevant coordinates are x, the position inside the slab, and
u, the cosine of the angle between the velocity vector and the
unit vector in the direction of increasing x, with 0 < x < 1t and
-1 < Q < 1. The following transport equation was first given by
BOTHE [6] and, later, by BETHE, ROSE_& SMITH [3]:

(1.1) - 2 w0 = - 2 (7)) 2 e0u)), (xue axd,

where A = (0,t), J = (-1,1) and ¢ is the electron density func-
tion. The left member represents the net effect of the free
streaming of the electrons, it is the divergence of the electron
current density; the right member represents the net effect of
the collisions or interactions between the electrons and the
atoms of the host medium.

The differential equation (1.1) is supplemented by
boundary conditions of the following type:

(1.2) lim wo(x,u) = g, (), 0 <u <1,
X+ 0

(1.3) lim wé(x,u) = g_(u), -1 <p <0,
X4

where g_, g_ are given functions. Positive (negative) values of
p indicate motion towards increasing (decreasing) values of X, soO
equation (1.2) prescribes the incoming flux at the left endpoint
of A, (1.3) at the right endpoint of A. The outgoing fluxes, both
left and right, will be part of the solution of the problem.
BETHE et al. [3] found a solution by a formal expansion method.
BEALS [2] proved the existence and uniqueness of a solution in a
weak formulation. KAPER, LEKKERKERKER & ZETTL [12] constructed
the general solution of (1.1) using operator - theoretic tech-
niques. In this paper we follow the notation of [12] whenever we
refer to this operator - theoretic setting of the problem.

In section 2 we summarize part of the results of [12]
and explain the motivation for the asymptotic analysis given in
this paper.



In section 3 we study the singular Sturm-Liouville eigen-
value problem:

d 2, d - _ + -
(1.4) - 3% ((1-x% )aiun(x)) = Anxun(x), 1<x<1, neN uvu N ,

u (1) = 1, ne]N+,un(-1) =1, ne N,
(1.5)

u, bounded on (-1,1), n e N U N

We give representations of the eigenfunctions u, as a sum of Le-
gendre polynomials, in which the coefficients in the expansion
depend on the eigenvalue An' Making the transformation x' = -x,
we observe that, for every eigenfunction u, and eigenvalue An’
the function u_,, with u_ (x) = un(—x), satisfies (1.4), (1.5) at
the eigenvalue A_, = ~A,- We show that the first eigenvalues can
be approximated by a continued fraction expansion. However, the
expansions do not provide any information about the behaviour of
A as Inl > «.

In section 4 we construct asymptotic expansions for the
eigenfunctions (1.4), (1.5). The interval (-1,1) is subdivided
into three regions; the matching conditions determine the eigen-
values.

In section 5 we give asymptotic results for the integrals
(1,un) and (xun,un), where (-,+) denotes the inner product in
L2(J), J = (-1,1). These inner products play a role in the theo-
ry given by KAPER, LEKKERKERKER & ZETTL [12].

In section 6 we compare our asymptotic results with the
results of numerical calculations of the eigenvalues and coeffi-
cients in the Legendre polynomial expansions of the eigenfunc-
tions. Even for the first eigenvalue the numerical agreement is
very good.

2. OPERATOR-THEORETIC APPROACH

In this section we summarize the so-called full-range
theory developed in [12]. Let J = (-1,1), and let H = L2(J) be
the Hilbert space of complex-valued square integrable functions
on J. Define the multiplicative operator T by the expression



(2.1) Tf(u) = uf(u), w e dJ, £ e H.

T is injective, bounded and selfadjoint, its inverse T_1 is un-

bounded and defined on the image of T. Let p(u) = 1-u2, u e J;

let N denote the differential expression

(2.2) N[f] = - (p(u) f(u)), u e J;

and let M be the maximal operator associated with N,

(2.3) D(M) = {f|f e H; p(u)g% f(u) absolutely continuous
on compact subintervals of J; N[f] ¢ H},
(2.4) Mf = N(f], f e D(M).

Since the equation N[f] = 0 is singular at both endpoints, and
both fundamental solutions (fl(“) =1, fz(“) = In((1+u)/(1-u)))
are elements of D(M), M is limit-circle at both endpoints. We re-
call that a differential equation - (pf')' + gf = Af on an inter-
val I = (a,b) with b a singular point, is called £Limit-cirncle
at b if for some complex A (ImA#0) a solution f exists with
f e L2(I). According to the Weyl theory, all solutions are then
elements of L2(I) for all real and complex A. The equation is
Limit-point at b if, for some compex A, a solution f exists with
£ ¢ L2(I). Then all solutions for complex A share this property.
For real A at most one of the two independent solutions belongs
to L°(I) in that case. See e.g. CHAUDHURI & EVERITT [8].

To obtain a selfadjoint realization of M, boundary condi-
tions at both endpoints are necessary. We quote from [12] (Theo-

rem 2.1) that the following conditions are equivalent: .

(1) f is bounded on (-1,1),

(ii) limu+1 f(u) and 1lim
(2.5) finite,

(iii) 1 Q41 p(u)f'(u) = 1lim Le-1 p(u) £'(u) = 0,

(iv) p f'(u) e H.

Le-1 f(u) exist and are

See also EVERITT [10] for an extensive discussion of these mat-
ters. We remark that another set of boundary conditions, which is
not equivalent to any of those given in (2.5) can be constructed
by means of the theory given in DUNFORD & SCHWARTZ ([9], Ch.13,



§8). According to this theory the full set of boundary operators

is

(2.6) A f = lim (1=w)f'"(u), A_Ff = 1im F(u)+(21-p)(In(1-u))f"(u),
ptl ptl

(2.7) B,f = 1im (1+p)f'"(u), B_f = 1im -f(u)+(21+u) (In(1+u))f" (u).

ue=1 uy=1
However, the boundary conditions A_f = B_f = 0 give rise to un-
bounded solutions which are still elements of L2(J). These solu-
tions are not suitable in a physical sense. It follows from Theo-
rem 2.2 of [12] that the operator A defined by~

(2.8) D(A) = {f | f ¢ D(M), f satisfies (2.5)(i)},

(2.9) Af = Mf, f e D(A),

is selfadjoint in H, with a discrete spectrum o(A) = {n(n+1) |
n=20,1,...}. The eigenfunction corresponding to the eigenvalue

n(n+1) is the Legendre polynomial Pn'

The transport problem (1.1) leads to the study of the
operator AT-i. We quote some results from [12]. Let 1J denote the
function identical 1 on J.

THEOREM 1 [12]. (i) The Hilbert space H admits a decom-

position H = H, & H, such that the pain {HO’Hl} reduces the opera-

0 1
ton AT, 1n particular H, = sp(TiJ,T21J) and H, = {f|f e H;
(f,lJ) = (f,TlJ) = 0}, with projection operators P and Py = 1-P,
whenre
(2.10) PFf = £ - 2 (£,71.)T1. - 2(f,1.)T°1 £ e H

: 2 ‘etigitty T oMy J? :
(ii) The restriction AT *|H, is injective and (AT '[H,)™' = PTK|H
where K 448 the integral operaton
(2.11) Kf = fflk(u,u')f(u')du’+2(1n2—;)(f,1J)1J,ue J, £ e H,
(2.12) K(u,u') = =% In((1+p)/(1-u)), pou' e J,
(2.13) o= max(u,u'), p = minCu,u'), p,u' e J.

(iii) K 44 a compact selfadfjoint operator in H with spectrum

o(K) = {(n(n+1)) "|n = 1,2,...} and KP_ = (n(n+1))"'P_,

n
n=1,2,..., KlJ = 2(1n2—5)1J. Funthenmonre, K maps H, into itself

1
and



(2.14) KAf = £ - 3(f,15)15, f e D(A),
(2.15) AKf = f, f e H,
(2.16) (Kf,15) = 2(In2-3)(f,15), £ e H,
(2.17) (Kf,T1;) = 3(f,T1;), f ¢ H.

Let the operator B be defined by

(2.18) Bf = PTK|H1, f e H,.

From this definition we learn that B is compact on Hl’ Introduce

the inner product
1 1
(2.19) (f,g), = (K°f,K%g), f,g e H.

We denote by HA the Hilbert space which is obtained as the com-

pletion of the inner product space (H,H-HA), and we define H1 A
3

similarly. It is possible to extend B to H

1,A°
THEOREM 2 [12]. (i) Hy = Hy e Hy ).

(ii) The operator B is compact selfadjoint on H

(1iii) The operator B maps H into H, .
1,A 1

(iv) The spectrum o(B) 0§ B on Hy p 44 simple and consists of a
bl

1,A°

countably Anginite sequence of real eigenvalues {A;1 |n = 21,
+2,...} with an accumulation point at the ornigin.

Let Xn denote the eigenfunctions of B in H

1,A°
-1
(2.20) an = Ay Xpo n = +1,%#2,...,
and define o, = KXn' We normalize the functions Xpo9p, by the con-
dition
(2.21) (Ply,0.) = 1, n o= +1,+2,...

THEOREM 3 [12]. Forn aff n = x1,x2,...
(1) xa6, € Hy © L2(J).
. - Z -1 -
(i1) x, e D(AT™D) = (£ | £ € D(T )5 T °f « D(A)},
o, € (T~ 1a) {f | £ e D(A); Af ¢ (T3,
(iid) Xp29n satisfy
(2.22) ATt

-1
(2.23) A ¢,

1

n ann’
-1
An T PT¢n.



THEOREM 4 [121. (i) The edigenvectons {x, | n = #1,+2,...}
gorm an orthogonal basis in H

1,A°
(ii) The edgenfunction expansion
+ o0
-2
(2.24) £ = nz_m (Fox)n Txpha” xpo e Hy g
n#0

convernges in the topology of H
(iii) The eigenvectorns Ix,} and (¢} ﬂonm a bionthogonal system
in Hy in the sense that (xm,¢n) = O Af m # n and (xn,¢n) £ 0 gon
every n = x1,+¥2,... . -
(iv) The edigenfunction expansion (2.24) can be wrnitten as

v -1
(2.25) £f= 1 (F50)(x50,) "xp f eH

n=-oo
n#0

THEOREM 5 [12]. (i) The space Hl,A
morphic with the sequence space Zi 04 all square summable sequen-
Ce, | n = +1,22,...17, cn e €, with nespect to the weight
o: o_ = (xn,¢ ) 1, n = *1,+2,... . Thene hofds o = o_,- The 4is0-

n
morphism F which maps H1 ) onto ﬂ and its invernse F-1 arne given

by

1,A°

48 topologically ALs0-

ces C

(2.26) Ff = [(f,9,) | n = #1,22,...1, f e Hl’A,
+ o
-1 2
(2.27) F "c = nz_m 0,ChXp> coe L.
n#0
(ii) The transformation F diagonalizes the operator B on Hy ¢
3
-1
(2.28) FBf = [, (f,¢n) | n = +1,+2,...7, f e Hl’A.

Let A denote the following multiplicative unbounded oper-
ator on Ki

' 2 2
(2.29) D(A) = {c e £ | nz—w alrge 17 < =1,
n#0
(2.30) Ac =[x c_ | n=21,22,...3, c e D(A).

n n
By this definition (2.28) can be rewritten as

(2.31) FBf = A LFF, f e H, ,-
1,A



Next we solve in H the differential equation (1.1) which
we write in the form

(2.32) vI(x) + AT Ny(x) = o, x e (0,1), '= §§,
where y(x) = T¢(x) for all x ¢ (0,t). Here we assume that ¢,y are

vector-valued functions: [0,t] > H. It is possible to extend this

equation into one in HA' That means that we have to solve

(2.33) (Pov)'(x) + AT P y(x) = 0,
(2.34) (Py)'(x) + B TPy(x) = 0. ]
We define the decomposition Hl_ZA = Hi,p ® Hl,m where Hi,p =

55{xn | n = 1,2,...}, H = splx, | n = -1,-2,...} with the clo-

1,m

o]
[N

sure in the A-norm. Then it is evident that c(B[H1 p) =

-1 - )
{Anl | n = 1,2,...}, o(BIHl,m) = {-Anl | n = 1,2,...}. Thus this
decomposition reduces B to an accretive operator in H1 D and a

>
dissipative operator in H . Let P (P ) denote the projec-
1,m l1,p "1,m
tion operator which maps HA onto Hl,p(Hl,m) along HO ® Hl,m
(HO®H1’p). The representations of Pl,p and Pl,m are
(2.35) Pyt = Z o (PF, 6. )x,> f e Hy,
n=1

(2.3%6) —Pl,mf = Z o (Pf,¢_J)x_,» f e Hy.

The differential equation (2.34) is then equivalent with the fol-
lowing pair of differential equations
1

"

(2.37) (Py W) (x) + B~
(2.38) <P1,m¢)'<x> + B~

P, v(x) =0,

1

Pl,mw(x) 0.

By means of semigroup methods it is possible to solve these
equations with the following result.

THEOREM 6 [12]. The general solution of (2.32) Ain Hy L5

given by
(2.39) b(x) = exp((3t-x)AT )P h+exp(-xB )Py b +

exp((T-x)B—l)P h, h ¢ H, arbitrary,

A
where Poh = aTlJ + BT21J, a,B arbitrary and where the exponential

1,m

operators are defined by



(2.40) exp((1t=x)AT )P h = (a+28(3t-x))T1, + gT°1_,
-1 _ o—1 -xA

(2.41) exp(-xB )Pl,ph = F "e FPl,ph’ h e HA’
: _ -1 =1 (t-x)A
(2.42) exp((1-x)B )Pl’mh = F "e FPl’mh, h e H,.

In this paper we study the eigenvalue problem (2.20) in
the form
(2.43) Avn = AnTVn,

so we identify Xg © Tvn.
LEMMA 1. The vectors Xpo6p and v are nelated through
the following Ldentities

- - 1
(2.4h) X, = Tv, = A To  + 3x T1i,
: -, 1 -1 -1 - 1 -1
(2.45) n = *n T Xn 21J = A Vp 21J’
- -1 - 1
(2.46) v =T Txy T oA 0t EA 1.

PROOF. From (2.21) we obtain the identity

: - 3

3 2
5(15,1)(T715,¢ ).

Now, (1J,¢n) 0 ?ecause o, € Hl’ (1J,T1J) = 0, and (1J,1

so (T21J,¢n) = -3 by (2.47). Evaluation of (2.23) gives

3 =2

-1
(2.48) T A¢n

-1 _ 3 _ 3 2

nlJ’

. __i _
since (T¢n,T1J) = 3> and (T¢n,1J) = 0 because o, € Hl' If one
applies the operator T on (2.48) and inserts o, * Kx,» one finds,
using (2.15), (2.44). The relations (2.45), (2.46) are equivalent

with (2.44). 0

And, *+ b

Since it appears impossible to determine the functions
Vo explicitly, we have studied their asymptotic behaviour for
|n| > «. We have also studied the asymptotic behaviour of A, and
o, = (Xn’¢n)_1 for |n| » «. It turns out that these asymptotic
results are very good approximations compared with numerical re-
sults.

We end this section with the following regularity result.
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LEMMA 2. The functions v_ are elements of C*([-1,11) §on
n=+1,¥2,... .

PROOF. This result follows from the standard theory of
differential equations with C” -coefficients. Since we select, by
the boundary condition (2.5)(ii) that solution which is analytic
in a neighborhood of y = -1, the solution is certainly an element
of Cw([-l,l)). The regular singularity at p = 1 determines the
radius of convergence of its expansion. Because of the boundary

condition at u = 1, the expansion can be continued up to u = 1. 0O

3. EXPANSION OF THE EIGENFUNCTIONS IN LEGENDRE POLYNOMIALS
In this section and the next we study the eigenvalue
problem
' -2 (15 u (%)) = axu (x), -1<x <1
dx dx 'n n 'n ? ?
(3.1)
u_ bounded on (-1,1), n « 5T

with the normalization

(3.2) un(l) =1, n eZN+, un(-l) = 1, ne N .

In the notation of section 2, problem (3.1) 1s written as
-1 B -1

(3.3) ? Avn = Anvn’ v, € D(T ~A),

on which

(3.4) v (u) = C u (x), o= X.

In section 2 the eigenfunctions v, were normalized by (2.21);
however, (3.2) turns out to be a more practical normalization.
Problem (3.1) is a singular Sturm-Liouville eigenvalue
problem with an indefinite weight function. Both endpoints
x = -1 and x = 1 are regular singularities, the midpoint x = 0
is a turning-point. Problem (3.1) admits the solution uo(x) =1
with Ao = 0. In addition, it follows from Theorem 2 that (3.1)
admits a countable number of eigenvalues {An | n = +1,+£2,...}.
The corresponding eigenfunctions are elements of Hl'
LEMMA 3. The edgenfunctions ug, noE oEl,x2, 0. satisfy
the following ornthogonality rnelation:

(3.5) fil xu (x)u (x)dx = & C;ZAn(xn,¢n).
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PROOF. Note that
1 -
(3.6) I—l xu (x)dx = 0,

by direct integration of (3.1) and by (2.5) (iii). Using the re-
lation (3.4) and (2.46), we find that the left-hand side of (3.5)
is equal to

(3.7) 052 f}lu(u_ixn(u))(Am¢m(u)+%)du =

WIS IS IS
The last term in the right-hand side of (3.7) is zero, by (2.4L)
and (3.6); hence, (3.7) is equivalent with (3.5), because of the
biorthogonality of X, and ¢ (Theorem U4). 0

Since u, e C®([-1.11), we can write

(3.8) un(x) = kzo ak,nPk(X)’ n = +1,+2,...
If one inserts (3.8) into (3.1) and (3.2), and uses two well-

known properties of the Legendre polynomials, viz.,
(3.9) ~((1-x*)P1)" = k(k+1)P,, k = 0,

k

v

(3.10) (2k+1)XPk = (k+1)P + kP 1,

k+1 k-1

one finds the following identities for n = +1,+2,...:

(%.11) a; = 0,
(k+1) _ k _
(5.12) 2K+3) Meyer,n - KK*D)ay o+ opgy Ay 7 05 K21,
subject to the normalization condition
(%3.13) 20 .n + 3 8 n ° 1, n=1,2,...
k=2

Explicitly,

- -2 1) _
(3.14) 8 n = 5 8),n> 23.n " 3 ao’n, n +1,+2,
It follows from the symmetry relation u_n(x) = un(-x) that

_ (_13\K -
(3.15) & p ° (-1) 8 e DT 1,2, .

The unknown A is still involved in the recurrence relation (3.12).
Only for discrete values of A is it possible to satisfy (3.13),

as the following argument shows. The two independent solutions of
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any recurrence relation of the type

(3.16) Ve * Ay, ¥ Bkyk-l = 0, k > 1,
with A, ~ ak®, B, ~bkP, b > w, 20 > g, ab # 0, exhibit the fol-
k k
lowing asymptotic behaviour:
+ +
(3.17) yk+1/yk ~ - ak®, K > o
(3.18) Vsl /Vp ~ - (b/2)xP™%, Kk 5 =,

see GAUTSCHI [11]. The general solution of (3.16) can be repre-
sented in the form

+ -
(3.19) Vi = C(ygsy )y, + D(ys9q)9,,
where the constants C and D depend on the initial values Yos¥q-
The particular solution {yk} is called dominant, {yk} necessive.

Applying these results to (3.12), we obtain

+ + 2
ak+1,n/ak,n ~ (2/X)k~, k > =,

- - -2
T Y e

A solution of (3.12) for which (3.13) holds, must be recessive,
so C(a

(3.20)
(3.21)

O,n’al,n) = Ck(ao,n,0)= 0. This equation depends only on A;
the value a, , serves as a normalization constant. It is not pos-
b

sible to obtain an explicit expression for C (a 0); however,

o,n’
it is possible to obtain approximations for the flPSt few eigen-

values by means of a continued fraction expansion. The transfor-

mation
>\k
.22 b = a k > 1
(3-22) kon - oKL oty r (k) r(k+y) Ko ’
transforms the relation (3.12) into
A2
(3.23) bk+1,n - bk,n - (Mk2—1)(k2-1) bk—l,n =0, k > 2,
ith starti 1 b =0, b = -3 12,72 Further
wi starting values 1,n =0 by 7 T ag,n- s
bB,n = b2,n’ We define T © bk+1/bk’ omitting the index n. Then
1, satisfies
k 2
A 1 K 3 1
(3.2“) T - = - 3 > s T = .
k-1 7 2y (kBo1) Iy 2
Since we look for the recessive solution a_ of (3.12), we

k,n
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conclude from (3.21) and (3.22) that 1, = O(k'u), k » «. Hence,

k
in order to find successive approximations of X, we put Tp = 0
for some £, calculate ;éﬂ) and solve ;;2) =T, = 1 for Xx. The
successive approximations become
L =3, ?éB) = 22/280,
e = u, 750 = 52/c280(1-3%/945)),
¢ =5, T = 2%/(280(1-3%/(9u5-22/2376))),
e =6, 7500 = a%/(280(1-22/(945-22/(2376-22/5005)))),

=(L)
2

and the corresponding egations = = 1 become

(3.25) 22 - 280 =0 = xii) = +16.733,
(3.26) A - 216 =0 = x§§> = +14.697,
(3.27) ! - 3369 ©+665280=0 = A\ D) =+ 14.536,
(3 =+ 56.113,
4

(3.28)  7at - 1513617 + 2882880 = 0 = ' ®) = s14.5282,

(6) _ .
Ay5' = 44,174,

The values of A can be compared with the values obtained from
numerical calculations in section 5. There we find
Ayq = +14.5280, Ao = +42.049, so Aii) and Aig) give already good
approximations. However, this approach does not give any insight
into the location of the eigenvalues.
The next lemma gives the representations of Xp and ¢n'
LEMMA 4. In tenms of the expansion (3.8) the functions

Xnodpn have the following rhepresentations:

N -1 5
(3.29) xp(w) = Coap kZB k(k+1)ak,nPk(u),
B} -1 %
(3.30) op(u) = C Ay kzz ak,nPk(“)'
The normalization condition (PlJ,¢n) = 1 takes the form
(3.31) a, = - g cCt.

The Ainner product (xn,¢n) becomes
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no

2k(k+1) a2
(2k+1) “k,n

"

(3.32)  (xpot,) = Ix If = C2

-2 2
ce a
n kZ2

-1
n

4(k+1)
(2k+1) (2k+3) 2k,n%k+1,n"

i
PROOF. The representation (3.29) follows from (2.44) if

one uses (3.10) and (3.12). The representation (3.30) follows
from the identities ¢ = Kx_ and KP_ = (n(n+1))~ 1 PL,ono=1,2,...
Since PlJ(u) = —2P2(u), the condition (PlJ,¢n) = 1 is equivalent
with (—2P2,CnA;1a2,nP2) = 1. Relation (3.31) follows then by the
property (Pk’Pk) = 2/(2k+1), k = 0,1,... The first few coeffi-
cients become by (3.31)

2
Cn X

S~

1

k=2

(3.33) ag.pn * C;ll r /2,
(B-BQ) a3 = 0

(3.35) ap n = ~(5/hc
(3.36) ay ~(35/2)c 7.

The identity (3.32) is found by taking the inner product, using
(3.29), (3.30) and the property (Pk’Pk) = 2/(2k+1), k = 0,1,...
The second identity in (3.32) follows from (3.12). 0O

REMARK. From (3.33) it follows that

(3.37) ¢ =AUl w(oao T

since aO,n = (Po,un)/2.

4, ASYMPTOTIC EXPANSIONS OF EIGENFUNCTIONS AND EIGEN-
VALUES

In this section we construct asymptotic expansions for
the eigenfunctions of (3.1), (3.2). Since we want to use the ex-
pansion theorems of OLVER [13], we write (3.1) into a form with-
out first derivative.

LEMMA 5. The §oLlowing boundary value problems are
equivalent:

2X Anx
(4.1) u; - ul + ——=u_ =0, -1 < x < 1,

1_X2 n 1 n

-X
un<1> =1, n >0, un(-l) =1, n< 0,
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A¥ 1
" - -
(4.2) W' +AL1__X2 + (1_X2)2] W= 0, -1 < x < 1,
-1
lim (1—x2) 2wn(x) = 1, n >0,
x+1
. 2.-1
lim (1-x7) 2wn(x) =1, n < 0,
x+-1
(4.3) gy + » (teh z/coshzz)gn =0, - o < 7 < @,
lim gn(z) = 1, n > 0, lim gn(z) =1, n < 0,
Z >0 A
(4.4) kg + cotg 6 kh + A, cos 8 kn =0, 0 <6 <m,
kn(O) =1, n > 0, kn(n) =1, n < 0,
02
(4.5) L'+ [x cos 8 + 1+sin‘e] =0, 0<186 <.
. n [ "n bsi 2. |'n
sin“e
-1
lim (sine) 2£n(e) =1, n > 0,
6+v0
-1
lim (sine) 2£n(e) =1, n >0
04w

The solutions u,w,g,k and £ are nefated by the identities

(4.6) w(x) = (1-x°2)u(x),

(u.7) - g(z) = cosh z w(tgh z) = u(tgh z).
(4.8) k(o) = u(cose),
(4.9) 2(8) = (sing)Zu(coss).

PROOF. Straight-forward calculation. [

REMARK. In the original formulation of the electron scat-
tering problem equation (4.4) was derived, see BOTHE [6].

As we mentioned in section 2, two independent solutions
of the Legendre differential equation NLf] = 0 (see (2.2)) are
fl(x) = 1 and fg(x) = In((1+x)/(1-x)). In general, the equation
NLf] = Af admits a solution f1 which is bounded near x = 1 and
another solution which is unbounded near x = 1. If one continues
these solutions to the other singular endpoint x = -1, f1 remains
bounded for A = n(n+l), n ¢ N, only. For these values of ),
fl(x) z Pn(x). In the case under consideration the situation near

x = 1 is qualitatively the same. However, when crossing the
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turning point x = 0, the character of the solutions f1 and f2

changes drastically. The solutions U, have the symmetry property:

(4.10) u_n(x) = un(-x), A = =) n e IN.

-n n’
Thus 1t is sufficient to treat only positive eigenvalues Ap- We
assume that A > 0 if n > 0.
We handle the eigenvalue problem in the form (4.2). This
is the form for which OLVER ([13], Ch.10,11 & 12) summarized the
so-called Liouville-Green approximation technique for Sturm-

Liouville equations on a domain J in the complex plane:
5 s

(4.11) du - (ulf(z)+g(z))w = 0, for u - w.
dz
In his notation we have
(4.12) Wl =, f(z) = -2/(1-2°), g(z) = -1/(1-2°)°.

Thansition points are those points where f vanishes or where

either f or g becomes singular. We distinguish three cases:

case I: J is free from transition points,

case II: J has one transition point z, where f vanishes and g is

0
analytic,

case ITI: J has one transition point z, where f has a simple pole

0
and (z-zo)2g is analytic.
Restricting ourselves to real values of the independent variable,
we consider (4.2) on J = [-1,1]. If we split J into three parts:
J1 = [q,11], J2 = [p,al, J3 = [-1,p] where p and g are arbitrary
points with -1 < p < 0, 0 < q < 1, then we are dealing with case

IIT on J, and J, and with case II on J2. The Liouville-Green ap-

1 3
proximation consists of two transformations on w and z:
=1
(4.13) We) = (5972 w(z), €= e(a).
Then (4.11) becomes
2
(4.14) AW (wB(32)° £(2) + 6(e)1W = 0, z = z(e),
d€2 dg
with
dz,2 dz, 1 d2 (dz)-% _
(115 e(e) = (397 ga) + (3D L5 [(§2)H], 2 = ace).

de
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The transformation & = £(z) is chosen in such a way that

(i) ¢ and z are analytic functions of each other, and

(ii) the solutions of the differential equation (4.14) are ap-
proximated by the solutions of the same equation with
$(g) = 0 (or part of it). The choices of £ are:

1
case I (%%)2f(z) =1, g = [ f2(z)dz,
1
(4.16) case IT : (%%)Zf(z) =g, % g3/2 = ji f2(z)dz,
0
case III: (%E)2f(z) = 5—1, Eg% = [2 f%(z)dz.
g 2q -
Thus, (4.14) reduces to the standard form
2

(w17 LW - Mg = o,
with m = 0 (case I), m = 1 (case II), m = -1 (case III). In cases

I and II ¢ becomes a holomorphic function; in case III, ¢ has a

single or double pole at ¢ = 0 if g does. The approximating equa-
tion is

Q.
=
n
=]

o

(h4.18) —5 - {u“g - cg “}W = 0,
de

with m as above; ¢ = 0 for the cases I and II, and for the case
IITI if ¢ has no double pole; ¢ # 0 for case III if ¢ has a double
pole. The theory given in OLVER [13] also supplies bounds for the
error terms.

LEMMA 6. The asymptotic expansion of the solution of
(3.1), (3.2), on J1 = [q,1] 44 given by

(4.19)  u(x) = (1=x9)THEEG)) TR (0 F (me () ),

where, with J5s94 the Bessel functions of ordern zerno and one,

(4.20)  (-z(x)F = 1/ Foat, 0 <x

1-t2 <1, z < 0,
(4.21) W GF (-0 = (m0) R G- B2t (a7 +
(- TR G F () DBy () v 0 TE),
uniformlo for ¢ E;J' = [z(q),01, A » «,

1
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(4.22)  Byle) = 28(-0)F [2 () (-v) Hav,
(4.23)  Ag(e) = 20 + 5w (-e) TR D p () () TRaviag' ]
+ 3B (z),
1 (3x°-5) (x°+1) i
(4.24) v(z(x)) = 16z (%) + X X .

6hxo(x°-1)

The denivative g—% 45 given by the derndivative of (L.19) with re-
spect to x. The ernon team becomes O(A—l), A > o,

PROOF. For the proof we refer to OLVER ([131, Ch.12
Theorem 4.1 and section 5.2). @O i

Observe that ¢ = U4g, ¢ defined in (4.20), £ defined in
(4.16), case III. By this transformation the interval [qg,1] is
mapped onto [z(q),0], z(q) < 0. In terms of the original functions
we have

2
_ 1 g(x) be(x)F"(x)=5(F"(x))
(4.25) w(C(X)> = 16z (%) + Tf(x) + 6uf3(x) )
~and
(4.26) ($2(x)) 7% = 273 (-0 TR TH(1xD)E, 0 < x 5 1

It is possible to give an infinite asymptotic series
with the coefficients An’ Bn defined recursively. However, the
information given by (4.19), (4.20), (4.21), (4.22) and (4.23) is
sufficient. For the actual calculation of Bo(g) and Al(g) one
needs to transform the variable of integration to x, since it is
not possible to give an explicit expression for x = x(g) other
than in the form of the inverse of an incomplete elliptic inte-
gral. For x 4+ 1, the behaviour of (-z(x)) is given by

(4.27) (-z(x)) ~ 2(1-x), x + 1.
The approximating equation (see (4.18)) becomes
2
(4.28) L - Tt - ST = o,
dg

1 1 1
Independent solutions of (4.28) are (—c)zJO(AZ(-c)z) and
1 1 1
(-c)ZYO(AZ(-ﬁ)a); Y, the other Bessel function of zero order. The
solution (4.19) uses only the former, because YO does not have the
1

right boundary behaviour. The constant AO = 22 has been chosen to
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satisfy the requirement un(l) = 1.
LEMMA 7. The asymptotic expansion o4 the solution of
(3.1), (3.2) on J; = [-1,p] LA given by

3
(4.29) u(x) = (1-x9) THEEG) T 0F, (R0 D),
whene, with Io-14 the modified Bessel functions of orden zerno and
one,
(4.30) (2(x)? = %) /CEE; dt, =-1sx<0, 20,
(1.31) W (F,5h) = T (x% DT EIPRES I
DAL (BB () + 0T E).

[0,2(p)], A > =,

W

unigormly gonr e J!

~“ - - a1l T . -1
(4.32) Bo(z) = Rge 2 f§ ¥(v)v 2av,
- - - -~ o~ -1 -~ ~ -~
(4.33) A () = AO[-w(c)+IC w(c )zt Z{IO V(v)vo *dvidc'+4B,(c),
~02 - 1 (3X -5)(x +1)
(L.34) p(g(x)) = +
69(x) " gy 3(x2-1)
The derivative 3% is given by the derivative of (4.29) with re-
-1

spect to x. The erron team becomes O(A
PROOF. For the proof we refer to OLVER ([131, Ch.12,
Theorem 3.1 and section 5.2). 0O
Observe that, again, ¢ = 4&, 7 defined in (4.30), & de-
fined in (4. 16), case III. The factor in front of W, is

)y, A > o,

3
_1 -1 . _1 1
(4.35) ( (X)) 2 = 273(E(x)) TR (-x) TH (1% 2yE, -1 < x < 0,
and the approximating equation (see (4.18)) is
2 -~ - -~ —
(4.36) 9:% - nGD Tt T = o.

Independent solutlons of (4.36) are ;21 (A z ) and czK (A z )
KO the other modified Bessel function of zero order. The solution

(4.29) uses only the former, because K, does not have the right

0
boundary behaviour. The constant AO has to be determined by
matching the solution in J1 to J3 across J2. For x + -1, the be-

haviour of E(x) is given by

(4.37) T(x) ~ 2(1+x), x + -1.
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LEMMA 8. The asymptotic expansions of two independent
so0lutions of (3.1) on J2 = [p,q] is given by

ey B )y ; -
(1.38) w0 = (s HE W, s0ho, 1= e,
where, with Ai, Bi the Airy functions,
(4.%9) %(g(x))3/2 - fX /%ftg dt, 0 <x <1, € >0,

IA
(@)
-

2 3/2 _ 0 /=% .
3("€(X)) = Jq s dt, -1 < x <0, ¢

Ai(xl/B(-E))[KO+K1(-5{A—1] +

(4.40) wz,l(xé,a>

it G (ceB (-e) + 0a T,

unigormly gorn & ¢ J5 = [E(p),e(q)], A » =,

. 1 1
(4.41) w2,2(x ,E)

Bi(kl/B(-E))[EO+§1(-£)A_ ]+

/2

T2 3Bi (WM 3(-6)B, (me) + 01732,

uniformly gor & € JY = [E(p),e(q)l, x» » o,

2
(L.42) Eo(g) = 502_1g—% IS ﬁ(v)v-%dv, £ > 0,
By(e) = K27 (-e)72 [) ¥(v)(-v)"fav, € <o,
(4.43) B (8) = Byl-gp(e)e '+ /2 (8 J(v)v 2av +
71§ vene i 2 anvTiaviae, € > 0,
B (e) = Byl-h(e) (-0) " -5(-e) "2 %) (-v) THav +
% fg 5(&')(-5')_E{IS.Q(V)(-V)_édv}daﬂ,a< 0,
2 2
(h.uh)  GlE(x) = —3— + g(x) {3XD)(x 1)

16£°(x) 16x3(x2—1)

The derivative %% L4 gdven by zthe derdivative of (L.38) with re-
dpect to x. The errnor team becomes O(A—7/6
PROOF. For the proof we refer to OLVER ([13]1, Ch.12,

Theorem 7.1 and section 7.4). O

),)\—>oo.

The transformation x - & maps the interval [p,q] onto
[e(p),e(q)], with £(p) < 0, £€(q) > 0. In terms of the original
functions we have

dE (1)}
(Z=(x))

dg 3
(EE(X))

£i=

(£(x))*(1-x°

x > 0,

(4.45)

Fl=

-
(~e(x))F(1-x2)7H,  x < 0.
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The approximating equation (see (4.18)) is
(4.46) aw., AEW = 0.

Independent solutions of (4.46) are Ai(Al/B(-g)) and Bi(xl/B(-g)).
The function W2,2 can be deleted, because of the matching condi-
tion between J, and J3 (see %3mma 13). Both functions are oscil-
latory for £ > 0, while Ai(a 3(-g)) is exponentially decreasing
and Bi(Ai/B(—g)) exponentially increasing for & < 0. The constant
KO has to be determined by matching the solutions in J1 and J.,.

2
For x » 0, the behaviour of g(x) is given by

(h.47) g(x) ~x, x> 0.

The following relations exist between the transformations
r,2,£ defined in (4.20), (4.30) and (4.39):

(4.48) (-z(x))? = L - %(a(x)>3/2, X > 0,
(4.49) (200)F = 1 - 5-e(x)?2, x <o,
- Where

(4.50) L= [/ .
0 V2

In the sequel we shall need the values of some integrals; we list
them in the lemma below. We recall the definition of the complete

elliptic infegrals E and F:

1--—1—X2
_ 7 1 _ 1 2
(4.51) E = E(5,5/2) = [ - ax,
1 1 1
(4.52) K = F(Z,5/2) - dx.
2’2 0 /?1—Xd)(1-%x£)
LEMMA 9. The foflowing Ldenties hold:
(4.53) L=L, = f§ /Xy ax = 27/3(E-3) = 27377,
1-x
(4.54) L, = jé /L—QL—g— ax = 2%k,
x(1-x")
_ 1 /14x _ ,3/2
(M.SS) L3 = IO m dx = 2 E,

1/ 1-x _ .3/2
(4.56) Ly = fo GE53) dx = 2 (K-E).

PROOF. The identies follow from BYRD & FRIEDMAN ([71,
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235.06 & 3%18.02; 235.00; 235.05 & 315.02; 235.07 & 3%20.02). The
second identity in (4.53) follows from the Legendre relation
2EK-K° = /2 (see [71, 110.10). [

LEMMA 10. The 4integrals 4in Lemma 9 can also be expressed

in teams o4 the constant c = T(}):

(4.57) L, = 22/%x3/2:72,

(4.58) L, = 272/ 27 1/2:2,

(4.59) Ly = 0372 37272 _573,72.2y

(4.60) L, = 2722737122 030272) -

PROOF. From ABRAMOWITZ & STEGUN (r11, 17.3.9,17.3.10) or
BYRD & FRIEDMAN ([131,118.02) we conclude that

(4.61) E =5 ,F (3,35158),

(4.62) K =35 SF (-3,33133

If we evaluate E and K by means of [1] (15.1.24,15.1.25) we find
(4.63) E =m0/ 2(c7%272r7%(d)) = 2 8T,

(4.64) K= 2 0n2/2r78(3) = 27322,

Using the relation F(%) = 21/2nc_1, i.e. the Reflection Formula

for r-functions ([1], 6.1.17), we find (4.57),...,(4.60) and the
second identities in (4.63), (4.64). QO

In the sequel we shall also need the functions Bo(c),
(4.22), and Eo(g), (4.42), for £ > 0. Define

2 2
(4.65) Q(r,s) = f> (3x 25)éx +1) X5 dx, 0 <r,s < 1.
32x” (x -1) 1-x

Observe that the integrand becomes singular for r + 0, s + 1.
LEMMA 11. The foLlowing relations hold:

(h.66) B (z(x)) = V3r(-c(x)) ™1+ (mg(x)) " 21lim {Q(x,1-¢e,)-
0 8 €2+O 2
1 e-%}],
- - 5 -2 Lo 8/2F
(4.67) By(e(x)) = Byl-qg(e ) ™*=(e () i {@le; )
T 5 372

E‘gel }].
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PROOF. Since 11m€1¢0 c(l-el)/(—Bel) = 1 by (4.27), Bo(c)
can be written as

1)/2

1 1 t(l-e -1
(4.68) Bo(c(x)) = lim 22(-¢(x))2 [ p(v)(=-v) 24dv.

z(x)
31+O
Using (4.24) and performing the integration, we find

(4.69)  B(z(x)) = lim [F(-2(x)) T-F(=2(x)) "3 (=g (1-¢,)/2) %+

61¢0

(-c(X))-ﬁQ(X,l—el)],
from which (4.66) follows. The proof for (4.67) proceeds along
the same lines. 0

LEMMA 12. The folLowing Ldentity holds:

1 5 5 =3/2

(4.70 lim {Q(al,i—e2) /_ - g €4 } =

1,92$0
1 1M _ 5 _ 5 -1 2
32 3 >—L +L3+L)4J = ?II /EK = % 1/2‘” 2c 3
- whene the Li’ i = 2,3,4, are defined in Lemma 9 and K 48 defined
in (b4.52).
PROOF. Q(e ,1-¢ ) can be written as
1- €5
2 2 1

(4.71) Qle,,1-e.) = j 2L 34 il+ +=2_7 _ dx.

) 1 2 32 1+x 1-x% /X(l'X)(l"'X)
Using [13] (230.03), we evaluate (4.71) in terms of the L.,
i=2,3,4:

10 -3/2

- - 5 -1
(4.72) Q(e1,1 52) = 32[3L 3L2+L3+L4 3 eq +2/2€22+
O(£i)+0(€§)], €158, ¥ 0.

Inserting (4.72) into the left-hand side of (4.70) and taking the
limits, we obtain the first identity. The second identity follows
from (4.54), (4.55) and (4.56); the third identity from (4.64).0

The next step in the procedure for finding the asymptotic
representations of the eigenfunctions consists of a matching of
the three representations obtained above. We take arbitrary points
in the intervals (-1,0) and (0,1) to match (4.29) with (4.40) and
(4.41), and (4.19) with (4.40) and (4.41) respectively. The match-
ing is performed by putting the Wronskian {u,v} = uv'-u'v equal
to zero and by using the asymptotic expansions of the Bessel and
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Airy functions. Let x = x - %, n = %—(—x)z’/2 + %, T %X3/2,

v = %(—X)B/g. Then,

(L.73) Jo(x) = Vgé{cos K + é% sin « + O(x-2)}, X > o,
(4.74) Jl(x) = - Jé(x) = V%%{sin Kk + é%-cos K+ O(x-l)};x-+m,
(4.75) Ji(x) = Vg; {cos k - g% sin k + O(x-2)}, X > o,
X 1 -2
(L.76) I (x) = —— {1 + +0(x )}, X > @,
o) TR T B
. -2
(4.77) T.(x) = I'(x) = —= {1 - EE O(x “)}, X = o,
1 oX /oy B8x .
-2
(4.78) TI(x) = —— {1 - 2= + 0(x ©)}, x » =,
1 V21X 8x
- -1 -1 - -
(4.79) Ai(x) = 27 AR M- S T 4 0T, x » e,
: S DR 5 - -2
(4.80) Ai(x) = m 23(-x) *{sin n - 75 v cos n + O0(v 7))}, x> -,
(4.81) pit(x) = -2 YpTEgde Mg -712- oY, x o e,
(4.82) Ai'(x) = -n_%(—x)%{cos n-%% v_lsin n4—O(v—2)},x-+ -,
(4.83) Bi(x) = = 2x teM({1+ 2Tt e 00T, x e
(L.84) Bi(x) = w—%(—x)_%{cos n - %% v-lsin n + O(v—2)},)c+—m,
(4.85) Bi'(x) = n ZxteM[1- Lot e 0Ty, x o e,
(L.86) Bi'(x) = n_%(—x)%{sin n - %% v-lcos n + O(v—z)},x-+-w.

See ABRAMOWITZ & STEGUN ([1], Ch.9 & 10). Since the asymptotic
expressions for u(x) share the common factor (x(l—xg))_%, x > 0,
or ((-x)(l—x2))_%, X < 0, we omit this factor in the calculation
of the Wronskian. It is also possible to differentiate all for-

mulas with respect to £, using the relations (4.48) and (4.49),
dg

because the common factor o does not influence the equation
{u,v} = 0. The relevant representations are:
-1
on le (-z) “wl, see (4.21),
1
on J2: lEJ“{aW2,1+BW2’2}, see (4.40), (4.41),
on JB: z ﬂws, see (4.31).

LEMMA 13. The matching of Zhe representation (4.29) for
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u on J3 with the nrepresentation (L4.38) 4on au,+Bu, on J,, x < 0,

Amplies that g = 0.

2,

PROOF. Performing the calculations with the asymptotic
expansions for the Bessel and Airy functions and omitting the

- -1 -1 -1
17 .., and 2 1572 "
Z=)2

1 1
tain the leading term -28z*(-g)%e”A%. This implies that B = 0.
The remaining terms cancel out, which implies that the represen-

-1 -1
common factors 2 27 23z we ob-

1
3

16 YD)

tation given for u on J
X < 0. 0O

matches with that given for u, on J

3 1 2°

THEOREM 7. The edigenvalue Ay 15 asymptotically given by

(L4.87) A, = A(n+1)°+B+0(n 1), n -+ =,

where

(4.88) A= 17%0% = 2737 M (= 6.87518581),
(4.89) B = 26L70 = —5(96)"1n'2c4(= -0.91184984),

with § = - g% /2 K,e = (1) (= 3.62560991).

PROOF. Performing the calculations with the asymptotic
expansions for the Bessel and Airy functions and omitting the

1 _1 -1 -1
common factors 2%r 2z| and m 2(-z) "| we ob-

z=)2 ()2 z=21/3(-g)’

tain the leadlng term (- c)~g~ cos(a? L)Az' the next term is 0(1).
The first approximation for An is therefore equal to

2 2 2 . i . -3
Ay, ~ L (n+})", n » ». Taking A%L = (n+i)r+ §A

as the second
1 -1
approximation, which implies cos(A2L) = (-1)" sin(-6272) =
-1 -
(-1)™Msx"240 (17072

(0(1)) of the Wronskian. After some tedious calculations, using

s A > =, we calculate the second order term

Lemmas 11 and 12, we find that this term equals

n+1
(4.90) (-0™M-0 tefrer 2 /2K,
from which we conclude that & = - g% /2K. After some manipulation

of these results we finally find (4.87). O

REMARK BETHE, ROSE & SMITH [3] gave the result Ay ™
+ 6.88(n+} ) without a further specification of the constant.
REMARK. The result (4.87) refines a statement in BIRMAN
& SOLOMYAK ([41, formula (16)), from which a general formula for
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only the coefficient A for this type of eigenvalue problems can
be calculated.

REMARK. The eigenvalue problem (3.1), (3.2) is the most
simple example of an equation with one turning point and two
regular signularities. The full asymptotic behaviour of the eigen-
values for such cases is sfill an area of research, see [4].

Having found the asymptotic expression for the eigen-
values A,> We can now give the full representation of the eigen-
functions U, by determining the constants AO and AO.

THEOREM 8. The asymptotic nepresentation of the edigen-
gunction un(x) o (3.1),(3.2) 48 given by (4.19) for x € Jy =
= [qg,1], by (4.38), i = 1 for X « J, = [p,ql and by (4.29) fon
X e-J3 = [-1,p], with p,q arbitrary, -1 < p < 0, 0 < q < 1, and
where X\ = A 44 gdven by (4.87) and

(4.91) By, = 0" YP (103, ns e,
- . 1 "A%L -
(4.92) Ay , = (-D"2%e T (140(e nhyy o h s .

Asymptotic rnepresentations of the edgenfunctions u, and edgen-
values A, with n < 0 foLLow from the symmetry relations

u_n(x) = un(-x), )\_n = _)\n.
PROOF. The leading term of (4.19) equals
(5.93)  ulx) = x *(1-x?) 728 n A feos (A (-2 (x)) E-]) (140 (a7 H)),
n > o

5

by virtue of (4.73), while the leading term of (4.38), i = 1,
equals

(4.94) uy G0 = KpxTH(1-x Psin(3liex))? 4 P

.(1+O(A;1/12))

n -> o

3 3

by virtue of (4.80). The identity (4.48) and the relation

1 -1 .
A;L = (n+%)n+o(xn2), n >~ », imply the result (4.91). The relation
(4.92) is found in a similar way. 0O

5. ASYMPTOTIC EXPRESSION FOR %
In this section we give asymptotic representations of
the inner products (1,u_ ) and (xu_,u ), the norm Il Hi and the
25 n n’’n n

weight o, = "Xn"K
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We shall confine ourselves to first-order approximations, just as
we have confined ourselves to first-order approximations for the
constants AO and AO (see (4.91) and (4.92)). We therefore con-
sider only the first term of each of the expansions for u, in Ji’
i =1,2,3. The first inner product is evaluated by the theory
summarized in BLEISTEIN & HANDELSMAN [5]. These authors treat in-

tegrals of the form

(5.1) 100 = 2 £ (x))dx, A > «.

Under some restrictions on ¢ and the kernel h,.asymptotic expan-
sions are constructed which use the Mellin transform of h. The
treatment depends on whether h is oscillatory or monotone (ex-
ponentially increasing or decreasing). We shall encounter both
cases. Since the character of the eigenfunction u, is different
on each domain, it is not possible to handle the three integrals
in a uniform manner. Therefore it is neceséary to treat each
domain in its own specific way.

LEMMA 14. The foLLowing relation holds:

1

(5-2) (1,u) = J1, u (xdax = (-D"2F 178 (aso (I, | 7)),

EIS

PROOF. Denote the contributions of the three domains J;
by Ii’ i = 1,2,3. The endpoints of the domain J2: p,ds>- 1 < p < 0,
0 < g < 1, are arbitrary. According to the theory in [51, it is
necessary to treat the neighbourhood of the upper endpoint of the
domain of integration separately from that of the lower endpoint
by the technique of neutralization. We denote the contributions
from these neighbourhoods by I;, i=1,2,3, where the plus-sign
refers to the upper, the minus-sign to the lower endpoint. Since

we restrict ourselves to the first order, we have for n > O

(5.3) I, = o T Hx®) THer ) Fa G (e (x) .
-1 -1 1
In the notation of [5], f(x) = x “(1-x2) S(-r(x))*, h = JO,
1 1
6 = (-g)2, » = Aé. Performing the calculations, we find
+ o -1
(5.4) I, =000, 7D A > =, ([51, 6.3.34),
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o=
£l

(5.5) 17 = 28niq i (1-0%) Treos (a2 (~z(a)) E- Iz E(ar0 (a0 E)),

[ERN

Ay > = (C51, 6.3.28).

On J2 the integral becomes for n > 0
- -1 -1 1
(5.6) T, = Ko S xTHa-x®) THeo 1P A1) P (-s00))ax.

Since ¢(x) = £(x), and ¢ becomes zero for x = 0, it is necessary
to treat the contribution from the integrand around x = 0 sepa-
rately. Therefore we split 12 into integrals over (p,0) and (0,q),

denoting these integrals by I2 _ and I2 + respectively. Perform-
3 >
ing the calculations, we find
t L obdmt g0y hsinnk 2 32 ny, -t -2
(5.7) 17, = 2%riq7t(1-0%) Fsin(r] $(e(@))” T ~Past(1ro (A M),
' An > o ([5], 6-3-1)4)’
- _\N53/2,-1 -1 -1 T
(5.8) I2,+ = (-1) 2 3 A (1+o(>\rl )), A, (L5171, 6.3.11),
(5.9) 1h = (-0"e23ThT2(140(012)), A > =,(051, 5.3.5)
5-9 2’_ - n n 5 n H H e Je 5
(5.10) Ig = O(A;s), A, > =, for every s > 0, ([5], 5.2.11).
3 L
-22L .
Finally, it is easily seen that I, = o(e "M%y, A, > =, SO summing
up all contributions
T o (-1)P2},} -} .
(5.11) I = (-1)72%2 *(140(a %)), A > =.

Note that the contributions (5.5) and (5.7) cancel, because of
(4.48). In view of the symmetry relation u_n(x) = un(—x), the
result (5.2) follows. [

LEMMA 15. The f§oflowing relation holds:

12 ol o -3 .
(5.12) (xu _,u ) = [1 xu (x)dx = L I [ 2(1+0CIx | 2)), 1A I =.

PROOF. Denote the contributions of the three domains Ji
by Mi’ i = 1,2,3. The remaining notation is the same as in Lemma
14. Since we restrict ourselves to the first order, we have for

1 1
n > 0 by the transformation t(x) = Aé(—;(x))z
1 1 o -1 12,1 1
(5.13) My = o x*(1-x%)TF(-e(x)) FTg (A E (e (x)) *)ax
-1 (t(q), 2
Ay S eage)at
1 t

-1.,,.2,.2 2 =t(q)
ALt {Jo(t)+J1(t)}] £=0

1]
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by the asymptotic relations (4.73), (4.74) for J., J,. Further,

0

for n > 0, by (4.91) and the transformation s(x) = 1/3£(1>c)
(5.14) M, , = &S J@ x%<1-x2>"%<g<x>)%Ai2<xi/3<-g<x>>>dx

= ;1 jS(Q)s Ai ( -s)ds.
Now we use the relation Ai(-s) = 1 sé{J (w)+J (w)},

> 3/2 3 1/73 -1/3%

w o= 3 S ([1], 10.4.15). Then relation (5.14) becomes

- z~1,-1 (w(a), - 2 1
(5.15) M2’+ =3 An fo {J1/3(w)+2J1/3(w)J_1/3(W)+J%1/§W)}dW-

An explicit expression for this integral follows from [1] (11.4.2,
11.3.31):

2
=1 -1.w
(5.16) M2’+ =3 A {TT[Jl/B(W)—J_2/3(W)J”/3(W)+
+ 1/3(W)J 1/3(w)+2Ju/3(w)J2/3(w)+J (w)
72 W= W(q)

1/3(W) -J M/B(W)J2/3(W)]}

Finally, we use the asymptotic relation ([117], 9.2.1)

/)2 . -1 e
(5.17) J,(x) = ¥/ — cos(x-3vr- ) (1+0(x 7)), x )
to obtain the expression
(5.18) My, = T %(E(q))B/ZA;%(1+O(A;%)), Ay T o=

Furthermore, for n > 0, by (4.91), and the transformations

r(x) = A;/B(—E(x)>, v = % r3/2

(5.19) My _ = &g [0 x*(1-x%)TH(-e(x)) 1A% (0 P (-0 ) ax

= —21;1 fg(p)r Aiz(r)dr

= T2 ) gk vk 5 (v)av

= O(A; ), A > o,

. . o -1.-11 2.3/2
by the relation Ai(r) = = ~3 °2r K1/3(3r ), r > 0 ([1], 10.4.14).
Finally 1
-A;L
(5.20) My = OCe P
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The last relation is proved with the same type of transformations

as for (5.13), working with the Bessel functions I.,I. instead of

0°71
JO’Jl' Summing up all contributions we find

= Ly Lyt 2 o
(5.21) M = Lr “a 2(1+0(X %)), A > =.

Finally, (5.12) follows from the usual symmetry relation. [

THEOREM 9. The gollowing asymptotic relation holds gor

the weights o = Iy 1:°: :
(5.22) o = 2Lt 172 2 ar0(In | T273)),  In| e,
= 2L%T2(n|+H) 2 (140(n| )y, In| -+ e,

where L is defined in (4.53).

PROOF. Since o = nxnuge, the first relation follows
from (3.5), (3.37), and the Lemmas 14 and 15, and the second one
from (4.87). 0O

6. COMPARISON OF ASYMPTOTIC AND NUMERICAL RESULTS

In this section we compare the asymptotic formulas (4.87),
(5.2) and (5.13) with the results of numerical calculations.
Using the procedures FO01AEF and FO1AFF of the NAG-library (Numeri-
cal Algorithms Group, Oxford) for generalized eigenvalue problems
of the form Ax = pBx, where A is a real matrix and B a real sym-
metrix positive - definite matrix, we calculated the coefficients

1

a, , (see (3.8)) and the eigenvalues Ay = U; . Table 1 gives the

k,
eigenvalues calculated from the asymptotic expression (4.87),

2
(6.1) Aisym = A(n+})° + B,

(6.2) A = 6.87518581, B = -0.91184984,

and the calculated eigenvalues Agum, for n = 1,2,...,33. The nu-

merical calculations were based on a 100-dimensional matrix ap-
proximation, which yields An and A_n for n = 1,2,...,50. Because
the error in the calculated eigenvalues and coefficients grows
With increasing index n for this matrix approximation, we compare
A only for n = 1,2,...,33. In Table 2 we compare the asymptotic
expression for (1,un),

(6.3) (1,u )V = (-7 2

Nl

asyml—é

I, ,
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with the calculated expression (1,un)num = - % a, ,» see (3.35)
3

and (3.37), for n = 1,...,15. In Table 3 we compare the asymptotic
expression for (xun,un),

-1 -1
(6.14) (xu ,u )38 = a7t 857 72
(6.5) Ll = 23/2,1/2.72(. 4 38137988),
with the expression ,
50
num _ 4(k+1)
(6.6) (Xun’un) - kz2 (2k+1) (2k+3) ak,n ak+1,n’

which is an approximation of (Xun,un), see (3.5) and (3.32), for
n=1,...,15. The calculations for Table 2 and 3 were based on a
50-dimensional matrix approximation; we 1list only the first 15
entries.

Figure 1 gives the graphs of the eigenfunctions U
n=11,2,...,5, based on the results of the calculations for Table
2 and 3. Notice that the oscillatory behaviour is in agreement
with a theorem of KWONG (see [121, Theorem 5.3): u, (n>0) has

precisely n zeros, and all zeros lie in the interval (0,1).

I I I !
-1 -0.5 0 0.5 1

Figure 1. The eigenfunetions un(x), n 1,2,...,5
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0 )\isym )\l’r:zlum n )\isym )\Eum

1 14.55732  14.52800 18 2352.12049 2352.12033

2 42.05806  42.0u4855 19 2613.37756 2613.37741

3 83.30918 83.30444 20 2888.38499 2888.38486

4 138.31066 138.30782 21 3177.14279 3177.14267

5 207.06252 207.06063 22 3479.65097 3479.65086

6 289.56475 289.56334 23 3795.90951 3795.90942

7 385.81735 385.81634 24 4125.91843 4125.91834

8 1495.82033 495.81954 25 ULu69.67772 4u69.67764

9 619.57367 619.57304 26 4827.18739 4827.18731
10 757.07739 757.07687 27 5198.44742 5198.44735
11 908.33147 908.33105 28 5583.45783 5583.45776
12 1073.33593 1073.33557 29 5982.21860 5982.21854

13 1252.09076 1252.09045 30 6394.72975 6394.72970

14 1444.59597 1444.59570 31 6820.99127 6820.99122

15 1650.85154 1650.85131 32 7261.00316 7261.00312

16 1870.85749 1870.85728 33 7714.76543 7714.76539

17 2104.61381 2104.61362

Table 1.
n (1’un)asym (1’un)num n (1’un)asym (1’un)num
1 -0.3707 =0.3710 9 -0.05682 -0.05682
2 0.2181 0.2181 10 0.05140 0.05140
3 -0.1549 -0.1550 11 -0.04692 -0.04692
4 . 0.1203 0.1202 12 0.04317 0.04317
5 -0.09828 -0.09832 13 -0.03997 -0.03997
6 0.08311 0.08312 14 0.03721 0.03721
7 -0.07200 -0.07200 15 -0.03481 -0.03481
8 0.06351 0.06351
Table 2.

n (Xun,un)asym (xun,un)num n (xun, n)asym (xun,un)num
1 0.09996 0.09675 9 0.01532 0.01531
2 0.05881 0.05817 10 0.013861 0.013852
3 0.04178 0.04155 11 0.012654 0.012649
4 0.03243 0.03232 12 0.011641 0.011636
5 0.02650 0.02645 13 0.010778 0.010774
6 0.02241 0.02238 14 0.010034 0.010031
7 0.01942 0.01939 15 0.009387 0.009385
8 0.01713 0.01711

Table 3.
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