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Clines induced by a geographical barrier

by

J.J.E. van der Meer

ABSTRACT

The consequences of a geographical barrier in the habitat are studied
in the context of a one-dimensional reaction-diffusion model.

By the symmetry of the problem, each steady state solution generates
three more — not necessarily different - solutions. It is proved that only
monotone steady state solutions can be stable.

We consider a special type of steady state solutions which occur in
pairs of two by their symmetry. Necessary and sufficient conditions for
these steady states to be stable are derived.

A cline is a nonconstant stable steady state solution. It is proved
that two is the maximum number of clines of the special type. Moreover, for
large values of the parameter, i.e., for small penetrability of the barrier,
it is proved that only steady state solutions of the special type can be
stable.

Finally, it is shown that the w—limit set of any initial condition is a

steady state solution.
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0. INTRODUCTION

The joint effect of selection and migration on the genetic composition
of a population is frequently described by a one-dimensional reaction-

diffusion equation

0.1 ut =u t f(u) in [-L,L]

ux(—L) = ux(L) = 0,

For some background on this one gene - two alleles problem we refer to
Nagylaki [13], Fife [5], and Fife and Peletier [61].

It has been proved by Chafee [2] that (0.1) does not admit stable
nonconstant steady states (clines). This result has been extended to higher
dimensional but convex domains by Casten and Holland [1] and Matano [11].

A complementary result of Matano, also in [11], shows that for a class
of dumb-bell shaped domains (i.e. =) ) clines do exist. The work of Hale [7]
and Hale and Vegas [8] is concerned with the bifurcation of these nonconstant
solutions from constants as the domain is perturbed.

In Fife and Peletier [6], one can find a one dimensional reaction
diffusion equation on an interval, with homogeneous Neumann-boundary
conditions, which has stable nonconstant steady state solutions, due to
nonhomogeneous diffusion and/or space-dependent selection.

In 1976 Nagylaki [12] adapted the model (0.1) to the situation in
which the habitat is intersected by a geographical barrier. Under the
assumption that the habitat is homogeneous, except for one geographical
barrier which is situated at exactly the middle of the habitat, this adapta-

tion takes the form of a transmission condition in O:
1
u (0+,t) = u _(0-,t) = E(u(0+,t)-u(0-,t)),

+ . oas .
for some p ¢ R , which measures the penetrability of the barrier.
In 1979 Ten Eikelder [4] analysed the effect of this transmission
condition in an unbounded domain, in which selection is space-dependent.

He proved the existence of a cline under some restrictions on the reaction-



function f£.
Motivated by these observations we shall now analyse the following

evolution problem:

'ut =u + f(u) x e [-L,0) u (0,L]
uX(—L,t) =0

E.P. <uX(L,t) =0

w, (0-,t) = u (0+,6) = (@ (0+,6)=u(0-,t))

lu(x,0) = v(x) x e [-L,0) v (O,L].
In the present paper f will be the rather special cubic
f(u) = u(l-u) (u-1).

However, it should be clear that our results can serve as the starting point

of a perturbation analysis for ''mearby" functions f, for instance

f(u) = u(l-u) (u-a)
with
la-4| « 1 [101.

With respect to the special type of steady state solutions mentioned

in the abstract, which have the following shape:

eug. 1\//\ or

-L 6 X L -L 0 X——> L

a—>




we prove that for any L there exists a value {i(L) such that

- for u < {I(L) there are no clines of this type

- for p > {i(L) there exist exactly two clines of this type.

We shall show that, when u tends to infinity, those clines converge uniformly

on [-L,L] to 991 and 40

I T 1 I*T\T
q - q —_— ]
1 l l l
”————-——‘ | EE——
-L 0 == L -L 0 7 L
901 90

TheseresultsreadinsectingandsectidniB,andin these two sections,
we use the L-curve, introduced in section 1. The L-curve is a curve in the
phase-plane, indicating which parts of the trajectories represent a function
q, with domain an interval of length L - which can be taken the interval
[0,L] - and qX(L) = 0. In section 1, we shall derive some important proper-
ties of the L-curve, which can be used in‘both section 2, where we analyse
the steady state equation, and section 3, where we analyse the stability

of steady state solutions.

In section 4 we shall analyse (E.P.) and a Lyapunov functional will be
put on the stage. We shall conclude that the w-1limit set of any initial
condition is a steady state solution.

Although the biological interpretation clearly requires u > 0 and
0 <€ u(x,t) €1, we will not make these restrictions in all of our calcula-
tions, since this would give rise to a great loss of insight.

The symmetry of the domain and of the reaction-function f play an
important role in our analysis and one can view the origination of the
clines as the result of two symmetry breaking bifurcations. Nevertheless
we think that our main technical tool, the L-curve introduced 1in section
1, is useful in the study of similar problems without symmetry. Moreover,

we think it will be useful in the study of reaction-diffusion equations with



Neumann boundary conditions and a nonconstant, though locally constant,
diffusion coefficient. Work in this direction is presently in progress.

To end this introduction, note that this paper asserts the possiblity
of the existence of a stable situation, in which on each side of the
geographical barrier, which is difficult to penetrate, lives a part of one
population, though with a completely different genetical composition.
Moreover, when the barrier is sufficiently hard to pass, the influence of
one part of the population on the other will decrease with the distance
to the barrier, e.g. within the population part which is predominantly

"white", there exist no subcolonies of '"black" (or even '"grey') animals.
1., THE L-CURVE
This section will deal with a curve in the phase plane of
Cx T E@ =0.

The phase-portrait of this equation is most easily obtained by introdu—
cing formally P(g) = Cx(c) to find PPC + f(c) = 0 and subsequently, by

integration,
w
2 2 :
P"(w) - P7(v) + 2 J f(g)dg = 0.
v

For our special function f the phase portrait is

PT
\
\

//,

Fig. 1



At the risk of confusion we shall call the length of the domain of
the function f corresponding to a certain part of one of the trajectories
the length of. that part of that trajectory (so that this is not the length
of the curve in the phase plane).

Clearly, steady state solutions of (E.P.) consist of two parts of
length L starting or ending at the line P = 0. This observation motivates
the introduction of L-points which are obtained by pacing a length L along
such trajectories. Exploiting the symmetry we restrict our attention to

trajectories ending at the interval [§,1] on the z-axis.

1.1. DEFINITION. Let p: (-o,») x [1,1] > [0,1] be the solution of the

w-L-problem:
(52
——g-(x,w) + £(p(x,0)) =0 x € (-»,»)
oX
w.L.P. 30 (L) =0
.L.P. = (Ls
| p(L,w) = w.

The L-curve is the set PL = {(p(O,w),'%g(O,m))l we [4,17}.

Note that r, is a smooth curve conmnecting (1,0) to (1,0).

A sketch of I'9m is presented in figure 2. Note that one can arrive at
an L-point by firsézpassing through a periodic orbit a number of times, and
that, as a consequence, the L-curve may wind around (},0) (a detailed analy-

sis of this behaviour is presented later on).

|

o

fig. 2: T



In the following, we shall pay special attention to the length of the parts
of periodic orbits between a line P(g) = %{c—%), and P = 0 (including possibly
one or more half periods!).

The first reason to do this is: Let p(x,w) satisfy

2
P (0,0) = =(p(0,0)-3),
DX(L,N) =0,
theﬁ, defining p(-x,w) = 1 - p(x,w) x € [0,L], p(x,w) satisfies the steady

state problem corresponding to (E.P.). The second reason is somewhat more
intricate. In short, a tangential intersection of PL and a line through
(4,0) would lead to bifurcation of steady state solutions. However,
corollary (1.5) will exclude such intersections for w # 1.

The family of periodic orbits in the (z,P)-plane is given by

p2(r) = 2 | £(e)de

WY ———

where the intersection point (w,0) with } < w < 1 is used to parametrize

the family.
The collection of straight 1lines through (4,0) can be parametrized by

their slope A as follows:
P(g) = A(g-3) -® <A <@,

Each line intersects each periodic orbit in exactly two points which are
found by solving

w

A (=12 = 2 J £(£)dE.

C
Let z(A,w) denote the solution of this equation which satisfies z(\,w) = }
(note that one can fix w and obtain Z(\,w) by the implicit function theorem
and z(0,w)=w).

We observe that
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%%(A,m) - 5 AN ,w)-3)
A (g(k,w)—%)+f(g(x,w))

f (w)

7 >0
AT (T w) =3 +E (T (X ,w))

3z _
acl)(k,w)

The first of these relations implies sign %% = sign -\ and consequently

c(to,w) = lim z(\,w) = 1.
A->too

A, such that

Next, consider two lines through (},0) with slopes Al, 2

and define
Ei(w) = E(Ai9w)9 is= 1,2,

The length of the piece of the periodic orbit with parameter w between

El(w) and z,(w) is given by

2y (w) gy (@)
r du f du
D(w,A,5A,) = = —_—
S R ] P VoA
AO) ROREMIOL

1.4, THEOREM, For 0 < A, < A, <o gnd § <w < 1

oD
e (w,)\l,lz) > 0,
Further, a straightforward computation shows that

D(w,)\],xz) -+ 2 (arctan 2>\1 - arctan 2)\2) as w¥i,
and

c
2 -2 1
-z, o 1-;1)

. = 3% - %i /g1+ 5/2Ai2+ 1.

1

D(l,xl,xz) = /2(¢n

where



We prove theorem (1.4) in the appendix.

Using the symmetry of the phase portrait we obtain a similar result
for lines which are allowed to have a negative slope. So we can state the
following: Take any pair of different lines El and Kz containing (4,0).
Then starting in (},0) and going outward, the length of trajectory parts
between K* and £2 is strictly increasing, as long as we remain on the
periodic orbits inside the heteroclinic orbit connecting (0,0) and (1,0).

See figure 3.

N\
N 7
A /
\ /
| |
1 | —¢
/ \
\
/ / AN
/!, \
fig. 3

1.5. COROLLARY. An intersection of PL and a line P(g) = A (g-3%), not in

(3,0), Zs nontangential.

PROOF., For w = 1, this will be proved in lemma (1.9). Suppose, on the
contrary, P(z) = A(z-}) is the tangent to Iy at ®O0,w), pX(O,w)), for some

w e (4,1). Then, one finds, for some n ¢ N, (ef. fig. 4:)

3D oD
for A 20 5B(w,k,0) + n 5;-(w,w,0) =0,

aD
(w,=, [A]) + n 5= (0,,0) = 0.

a0

for A < 0 o

But this clearly contradicts theorem (1.4). [



D(w,»,0) D(m,w,lkl)

fig. 4: A <0, n=3
We need some more information about the intersection points of TL and

the lines P = 0 and ¢ = }. In order to give a precise formulation we

introduce some notation.

1.6 DEFINITION. For } < w < 1, £(w) = 4 D(w,»,0). So £(w) is the period

of the orbit through (w,0).

By theorem (1.4), £'(w) > 0. In the sequel we shall use the subscript

w to indicate a derivative with respect to w.

1.7 DEFINITION. For w ¢ [4,1], we define S(w) to be the slope of PL in the

. opP .
point (P (0,w), % O,w)), i.e.
ap ’
w
Ty (00)

pw(O’w) ’

S(w)

1.8 THEOREM. For w ¢ (4,17, S(w) < 0 when Iy, intersects the line P = 0 in
z=p(00,w). S(w) > 0 when FL intersects the line ¢ = § in P = %%-(O,w).

PROOF. This result follows from the symmetry and periodicity of the
functions P (x,w), 3 < w < 1. For w = 1, we refer to lemma (1.9). Since for
all four half-axes the proof is rather similar, we prove S(w) < 0, when

FL intersects P = 0 in ¢ = p(0,w) with 0 < p(0,w) < i, only.

In this case, for some i ¢ N L = (i+})£(w). Hence

O’

P(0,w) = O(L-—(i+%)£(w§,uo =1-uw,

= (0,0) = 22 (L- (I+)eW,w) = o,
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and
) .
P (050) = 55 (0,0). (i+))L' () = -1,
apw 320
e (0,w) - — (0,w). (i+3)L" (w) = 0.
X oxX
9P 329
Using = 0O,w) = 0, — (O,w) = -£(1-w) > 0, and £'(w) > 0, we find
Bx

S(w) = (1+z)1’—'(1w)f(1-w) 0

For w = ; or w = | we can solve (w.L.P) explicitly; pw(x,%) = cos 1 (x-L)

and pw(x,1)=cosh 1/2(x-L). As a consequence it is an easy matter to calculate
S(4) and S(1):

1.9 LEMMA. S(4) = L tan iL, S(1) = -4V2 tanh iL/2.

By the smoothness of T'., S(w) is a smooth function of w ¢ [},1].

L’
Therefore a smooth anglefunction 6(w) is umiquely defined by S(w) = tan 6(w),

continuity and the normalization 6(1) = Arctan S(1). See fig. 5.

1.10 THEOREM. 6'(w) < 0 for w e (3,1).

A proof of theorem (1.10), based on the Sturmian oscillation theorem

and theorem (1.8) is given in the appendix.

We define a second anglefunctlon e(w) in the same way, using
3 3p/9x (0,w
S(w) = —2—6——£:T—l for w = (4,11, S( ) = 11n S(w), and the normalization
- p( sw)
s(1) 0. So, in a sense, B(w) is the angle between the line through (4,0)

and the point (p(0,w), 8 (0 w)) on the L-curve, and the Z-axis.

By lemma (1.9) clearly 6'(1) < 0O and by corollary (1.5) we find
8'(w) # 0 for w € (3,1]. Therefore we can state the following

1.11 THEOREM. 6'(w) < 0 for w e (4,11.

Again, see figure 5.
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PI
~ - S(w)(z-%
0 ’—“~\‘ 1 ‘
w —
-
ap
B;(O,w)+8(w)(a-p(0,w))
- ~ 41
B(w) ~ Il
o) = %n
fig. 5: F%;

The lines P = 0 and ¢ = } devide the phase plane in four quadrants

which we shall number counterclockwise as usual.

A critical point of FL is a point (p(O,w), %% (O,w)) where either
P
pw(O,w) or 7;?-(O,w) equals zero.
A quadrant component of FL is a component of the intersection of PL

and a quadrant, without (},0).
A combination of the theorems (1.8), (1.10) and (1.11) yields

1.12 COROLLARY. Each quadrant component of . contains exactly one critical
point. For the first quadrant, this is a maximum of P, for the second, a
minimum of t, for the third a minimum of P and for the fourth a maximum of

Cv

We end section | with a few simple observations.

1.13 COROLLARY. (i) A4 trajectory piece reaching (0,0) or (1,0) has infinite length.
1

(ii) £(w) converges to 4m for w tending to j.

PROOF. This corollary follows immediately from lemma (1.4). Note that the first
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statement reflects the fact that (0,0) and (1,0) are equilibria of the system

v =2z
-f(y). O

z

Using our knowledge of the value of £(}), the theorems (1.10) and
(1.11) and corollary (1.12),we find the following

1.14 COROLLARY. 6(1) = 8(3) € [nm, (n+1)m] for L € [2nm, 2(n+1)7] or, in

words, the L-curve winds [é%J—times around (},0).

Note that for any two periodic orbits and i e'NO, for L sufficiently

large FL spirals at least i times between these two periodic orbits.

1.15 REMARK. Note that for 8(w) « (nm, (n+1)m), n € NO, -%% (x,w) has
exactly n zeros on (0,L), and that - within each quadrant —n follows at once
from a numbering of the components, starting with the one at the outside.
So the number of zeros of %% (x,0) on (0,L) is nonincreasing in w, and it

. 9 .
changes by one each time 5%'(0,w) passes the line P = 0,

To end section 1, note that in figure 2we already used the knowledge

about FL derived so far.
2. THE STEADY STATE SOLUTIONS

Using the results of section 1, we shall obtain a fairly detailed
picture of the steady state solutions of (E.P.). For these solutions we shall
use the character q. In this section and in section 3, we shall often
distinguish steady states with range in the interval [0,1] from other ones.
The main reason is that, in fact, the reaction function f does not have
a biological interpretation outside the interval [0,1] of its domain. Another
reason can be found in proposition (2.2); note that only for u > 0 the

transmission condition of (E.P.) models a geographical barrier.

By the symmetry of the steady state problem
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'qxx + f(q) =0 x e [-L,0) v (O,L]

q (-L) =0
.S.P. 3

w

q. () =0

la, (0-) = 4, (0+) = —(q(0+)=q(0-)

each solution q; generates three more, not necessarily different, solutions

4 i =2,3,4 as follows

qz(X) = q, (-x)
q3(X) =1- ql(x) for x € [-L,0) v (0,L]

q,x =1 - q,(=%):

E—— M
i . S ——— ettt
L q] L -L q2

L -L 3 L -L q, L

For those solutions which have their range in [0,1] at least one of these

four satisfies (q(0+), qx(0+)) € T_ . Therefore we can take this property as

L
a normalization of such solutions. Note that, for q a normalized steady state

solution,

(1-q(0-), qx(O-)) e T, when q(-L) < §,
and

(a(0-), =q,(0-)) € T/, when q(-L) = }.

However, the normalization is not unique! E.g., in the preceding example,
both q; and q, are normalized steady state solutions. Since this will cause
no trouble (cf. theorem (3.4)), we shall put no further restrictions on

normalized steady state solutions.
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2.1 DEFINITION. A steady state solution q is called trivial when q(x) = q(-L)

for x € [-L,L]. A nontrivial solution is called symmetric if q(x) = q(-x)
for x € [0,L], antii-symmetric if q(x) = 1-q(-x) for x ¢ (0,L], and a-

symmetric when it is neither symmetric nor anti-symmetric.

2.2 PROPOSITION. Let q be a steady state solution. When w >0, the range of

q s in the interval [0,1]. This statement continues to be true when u <0, when q is

symmetric. When q is trivial, it is one of the constant functions 0, } or 1.

PROOF. These properties of q follow immediately from the phase portrait of

Cxx + f£(g) = 0. Note that for a symmetric solution q, qX(O) = 0. O

By proposition 2.2. for symmetric solutions of (S.S.P.), and for other
solutions of (S.S.P.) when u > 0, we can restrict our analysis to normalized

steady states (i.e. having range in [0,1] and (q(O+), qx(0+)) € FL).

2.3 PROPOSITION. The normalized symmetric solutions of (S.S.P.) are uniquely

determined by the points of intersection of the L-curve and the t-axis. The
normalized anti-symmetric solutions of (S.S5.P.) are uniquely determined
by the intersections of the line P(g) = %—(c-%) and the L-curve.

PROOF. Since symmetric steady states satisfy and are determined by

9y * £(@) =0 x ¢ [0,L]
q.(0) =0
q. (L) =0

the first statement is a direct consequence of the definition of FL and the
normalization. '‘Since anti-symmetric solutions satisfy both (S.S.P.) and

q(x) = 1-q(-x), x € (0,L], they are found by solving

q._ + £(q)

x 0 x e [0,L]

1, (0) = +(2q(0)-1)

0

qx(L)
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Hence, the second assertion follows. 0

In fact, in section 1, we have proved the properties of the L-curve
which are relevant for finding all symmetric and anti-symmetric normalized

steady state solutions. E.g., we have already proved the following

2.4 PROPOSITION. For L € (n.2m, (n+1)27m), n € N_, there exist exactly n

0’
normalized symmetric steady state solutions. For i e {0,1,...,n-1} there

exists exactly one such solution with i zeroes of its derivative for
x ¢ (0,L).
Of course, this is proved by the observation that T intersects P = 0 exactly

n + 2 times (note the trivial steady states!) and S(}) e (am, (n+l)m).

With respect to anti-symmetric solutions, recall 8'(w) < O and note that
there exists a normalized anti-symmetric steady state q with q(L) = w iff
B (w) = arctan-% + mm for some m e'NO. So using this, and the results of
section 1 - more specifically, theorem (1.11) and remark (1.15) -, we can
state the following

2.5 THEOREM. For i € N, there is exactly one normalized anti-symmetric

steady state solution q with i zeroes of q, on o,L) (1 e‘NO) iff

Arctan %-+ i < 8(%) when u > 0

Arctan %—+ (i+1)7 < 8()) when u < 0O,

when this condition is not satisfied, there is no such solution.

Although we could give more results in terms of L, p, q(L) and the
number of =zeros of 9., we prefer to end this discussion about normalized
symmetric and anti-symmetric steady states with the figures 6 and 7, which

will illuminate the main ideas.
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P(z) =S(})(z-}

Fig. 6: I‘71T

2

In figure 7 one finds a diagram showing the symmetric and anti-symmetric

normalized solutions of (S.S.P.). We used w = q(L) to represent such steady

state solutions. Recall that S(i) = 3 tan 3L (lemma (1.9)).

e
——

orma-

e lized

-
N

7
tan(7?) fig. 7
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In this section, we have not yet paid attention to a—syinmetric steady state
solutions. However, it will turn out to be sufficient to obtain only a minimum
of information about these solutions, in order to prove that most of the
normalized a~symmetric steady states are unstable, (which we shall do in section 3).
Note that such solutions are numerous for large values of L and u, which

most easily can be seen from I'L and its mirror images in¢ = } and P = 0; however,
2.6 THEOREM. The set of steady state solutions is discrete.

The proof of this theorem, which is based on f being analytic, is given

in the appendix.

2.7 PROPOSITION. Two branches of normalized a-symmetric steady state solutions

can not intersect. Therefore, the only bifurcations which can occur along
a branch of normalized a-symmetric steady state solutions are turning point
bifurcations and intersections with branches of symmetric or anti-symmetric

steady states.

A proof of this theorem, based on our knowledge of PL’ is given in the
appendix. The idea of the proof is the fact that at every a-symmetric steady

state q on a branch, in a neighbourhood of q, u is function of w.

In section 3, a special class of a-symmetric normalized steady state solutions
(in fact, a special branch of such solutions) has to be handled separately.

We shall now introduce that class ad hoc, and derive some of its properties.

The following notations will be used frequently in the appendix; in the

sequel of this section we only use w

0
Let
b <wo o< e <w
;< W o<Wy < e < Wy
such that
pw(O,w) =0 iff w e {wm, W _o e w]}
Bpw :
7;;(0,w) =0 iff w € {wn, W s e wo}
and
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2.8 THEOREM. Suppose q is a normalized a-symmetric steady state solutionm,

for which the function n defined by

N ¥ f'(¢)n=0 on [-L,01, [O,L]

n (-L) = n_(L) = 0

n(-L) = n(@) =1

does not change sign on either [-L,0] or [0,L]. Then q s situated on exactly

one branch in the w—u-diagram, which exists only for u > 0.

We prove theorem 2.8 in the appendix: for its meaning, compare the

following picture:

the branch of
theorem 2.8

€

DOl

2.9 THEOREM (a sufficient condition). When
ZD(O,wO)
U >

there exist at most four (not all normalized!) a-symmetric steady state
solutions which satisfy the hypothesis of theorem (2.8). More specifically,
the branch mentioned in theorem (2.8) does not contain turning points for

such values of u.

We prove theorem 2.9 in the appendix. In fact, we would like to prove

the following

2.10 Conjecture. The branch mentioned in theorem (2.8) does not contain any

turning points at all.
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This (unfortunately unproved) property would imply the stable nonconstant

normalized steady states to be anti-symmetric, bzothe)results of section 3.

Zp ,U)O

——F—=—, and f <0

. ' px(o’wo), or u there

do not exist such solutions at all, as will be seen in section 3.

1 (0 (0,w9)-
DX(O swo)

zero!) there does exist exactly one stable normalized anti-symmetric solution,

However, this property is proved valid for u >

Moreover, it will be proved that for u>

1
2) (which is larger than

for other values of p such solutions do not exist.
3. THE STABILITY OF STEADY STATE SOLUTIONS

Formally, we can state (E.P.) as

e a@ = f@ t>0
u(0) = ¥(x)

where

A: D(A) > X
is defined by

Au = —uxx’
with

X = C[-L,01xcl0,L], lul =sup{lu(x)! | xe [-L,01, [O,L]},
and

D) = {u e Cz[—L,OJ XC2[0,L] qu(—L) uX(L) =0

1
u (0-) = u (0+) = —(u(0+)-u(0-))}.
x x u
In section 4 we shall prove this operator A to be sectorial in the
Banach space X. By this result, it is justified to infer the stability of
a steady state solutionq from an analysis of the spectrum of -A + £'(q).

Note that for c e Xwe also use ¢ for the bounded operator on X defined by

u-~> c.u: (c.u) (%) = c(X)u(x)

x ¢ [-L,01, [O,L].

In fact, the steady state solution q is asymptotically stable when
o(-A+f'(q)) contains elements with real part strictly less than zero only,

and is unstable when o(-A+f'(q)) contains an element with real part larger
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than zero.
For more background on these techniques we refér to [9]. Also in section

4 we shall prove, for q a steady state solution,
o(-A+f'(q)) = Po(-A+f'(q)) < R.

Let Y = C[O0,L] and let AS and Aa be the (unbounded) operators on Y, with

D(As) {n e Cz[O,LJI nX(O) 0, nX(L) = 0}

D(Aa)

{n € C2[0,L] Inx(o)

200, n, @) = 0},

and An=-n_,An=-n_.
S XX a XX

Again, for ¢ € Y (or X!) we also use c for the bounded operator on Y

defined by
n+c.n: (c.n)x) = cx)n(x) x ¢ [0,L].
3.1 LEMMA. For q a trivial, symmetric or anti-symmetric steady state solution

Po(-A+£7(q)) = Po(-A+£7(q)) U Po(-A_+£'(q)).
PROOF. By the symmetry of f and q, we have
£'(q(x)) = £'(q(-x)) for x ¢ [0,L].

Now, one can easily see that Po(-Ag+f'(q)) corresponds to elements of Po(-A+f'(q))
withsymmetriceigenfunctions,Pc(—Aa+f'(q))to elements with anti-symmetric eigen-
functions. Moreover, assume A € Po (~A+£'(q)), n e D(A) an eigenfunction. Define
n(x) =n(-x) forx ¢ [-L,0], [0,L]. Thenn(x) +n(x) is either nonzero symmetric

and an eigenfunction for A, or n(x) =-n(-x) for x e [0,L]. But this proves

Po(-A+£'(q)) < Po(-A_+£'(q)) U Po(-A +f'(q)). O

3.2 LEMMA. Let c be a not necessarily symmetric (or anti-symmetric) element
of X.
Then:
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1) Po(-A+c), Po(-A +c) and Po(—Aa+c) are bounded above,

2) when Po(—Aa+c) e Y3 <Yy <Y<Y

Po(-AS+c) . A3 < AZ < Al < A

for uw>0 ... Y; < Al < Yo < A

0

0
for n <0 ... Al < Yy < xo < Yo
3) the eigenfunction of -Ate corresponding to A, has exactly n zeros.
moreover A, > — e for n > «,
4) the eigenfunction of -A+c corresponding to its dominant (largest) eigen-—

value does neither change sign on [-L,0] nor on [0,L].

Using the property Po(-A+c), Po(-AS+c), Po(—Aa+c) c¢ R, which we shall
prove in section 4, we prove this lemma in the appendix. Note that by

normalizing all eigenfunctions n by demanding
n(L) = 1,

one simply proves the geometric multiplicity of an eigenvalue to be 1,

3.3 LEMMA. For c € Y, the dominant eigenvalue of (—As+c) belongs to the range
of c.

PROOF. Let R(e) = [a,B], then for X > B, we apply the maximum principle.
For A < o, and n an eigenfunction for A, note that Nk has at least
one zero on (0,L). But since Ny = (A=c)n and A-c < 0 on [0,L], n has at

least one zero on (0,L). Using lemma (3.2)3), this proves lemma (3.3). 0

3.4 THEOREM. For q, a steady state solution, and dys 44 and q, as defined

in section 2,
Po(—A+f'(q1))==Po(—A+f'(q2)) = Pc(—A+f'(q3)) = Pc(—A+f'(q4)).

PROOF. Since
£'(1-¢) = £'(§) for all &,
Po(-A+£'(q ) = Po(-A+f'(q,))

and

Pc(-A+f'(q2)) Pc(—A+f'(q4)).

Suppose n, € D(A) satisfies
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' =
n*tf (ql)n AN

then n, € D(A) defined by nz(x) = nl(—x) for x ¢ [-L,0], [0,L], clearly

satisfies

' L =
Ny * f (ql( x))n = An

Pc(—A+f'(q1)) - Pc(—A+f'(q2)). 0

3.5 THEOREM. Let q be a normalized steady state solution. Then 0 is an
etgenvalue of -A + £'(q) <if and only if

p (0,w) p (0,0) 3p 3p
= w w = =
u = apw + apm or — O,w) x (0,a) 0
"5;{"(0 sw) _5;(_(0 ,(X)
where
a = q(-L) when q(-L) = 4,
a = 1-q(-L) when q(-L) < i, and w = q(L).

Note that the subscript w denotes a derivative with respect to the second

argument of p (recall definition (1.1)).

We prove theorem (3.5), using the proof of theorem (2.8), in the appen-

dix.

3.6 COROLLARY. Let q be a normalized steady state solution and w = q(L), then

op
1 ’ w i
0 € Pc(—AS+f (@) tﬁf-TS;(g,w) =0
. on 2 7%?(0’w)
0 € P()‘("Aa'*'f @) Zff E = W .

However, note that knowledge of Po(—AS+f'(q)) or Po(—AS+f'(q)) 18 useful,

only for q a trivial, symmetric or anti-symmetric steady state solution.

The trivial steady state solutionms.

3.7 LEMMA.

Po(-A+£' (1)) < (==,=3 1.
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, 2v2
P(J(—Aa"'f (1)) ¢ (-»,0) for u € R\[‘m, 0],

and it contains exactly one positive element for

2v2

we Commm 9

Moreover, Po (-—Aa+f' (1)) changes discontinuously for u = 0.

PROOF. Since f'(1) = -}, the first statement is proved by lemma (3.3).

For

A > =i, A e Pc(—Aa—% iff n(x) = cosh(Vi+r(x-L))

satisfies
_ 2
VI+X tanh V+L

This also proves the last statement, which is a consequence of using

10 =2 n(0), i.e. w=

. 1
y instead of E-as parameter. 0

2V2

3.8 REMARK. For u = - Tanh 1L73 a branch of a-symmetric steady states

bifurcates from the constant steady state 1. However, the range of these steady

states lies partially outside the interval [0,1], and for that reascn we

shall pay no attention to them.

3.9 LEMMA. For L € (n2w, (n+1)21), n € I%), Po(—AS+f'(%)), which 1s contained
in (==, t1, ‘has exactly n+ 1 elements larger than zero. Further
4
- 101 : -

0 € PO( Aa+f (2)) iff u m.
PROOF. By lemma (3.3), since £'(}) =}, Po(—AS+%) c (-»}], Further,

A€ PG(—AS+-{) iff n (x) = cos (Vi-X (x-L)) satisfies

nX(O) =0, 1i.e.

Yi-Asin Vi-AL =0, i.e.

V1-4) L= m.27 for some m € NO.

To prove the last assertion, O € PU(—Aa+-%) iff
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n(x) = cos i(x-L) satisfies

_ 2 . _ 4,
N (0 = =n(0), e, uw =y O

We summarize some of the results obtained so far in

3.10 THEOREM. q = } Zs unstable for all u,

2/2
are stable for u e R \[- EZHTT;E??U 0]

and unstable for u e (- EEE%¥§E7? > 0].

In this theorem, we used theorem (3.4) to obtain results for q = 0 from

i
o

q=1andq

those for q = 1.

The symmetric steady state solutions.

3.11 THEOREM. Every symmetric steady state solution q is unstable.

PROOF. By proposition (2.2) and theorem (3.4) we can assume q to be normalized,
without losing generality. Let q be represented by (q(0), qx(O)) = (q(0), 0)

€ FL. Using - only in this proof - L as bifurcation parameter, one finds q

on a branch of symmetric steady states bifurcation from 1.

Lemma (3.3) implies that symmetric steady states, in a neighbourhood of }

are unstable, since the associated operator (—As+f'(q)) will have a positive
eigenvalue. We prove the theorem by showing that 0 can not be an element

of Pd(—ASff'(a)), for any symmetric steady state E corresponding to some

L > 0. Let w = E(E), then
q(x) | [0.51° 0 (x,0),
3

where S is as in definition (1.1), using L instead of L. By corollary (3.6)

ap
0 e Po(-A_+£'(q)) iff —a—xﬂ (0,w) = 0.

However, by theorem (1.8), this cannot occur. [
As a corollary of theorem (1.8) and corollary (3.6) we have the following

3.12 PROPOSITION. Let q be a normalized symmetric steady state and w = q(L).
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Then 0 € Po(—Aa+f'(q)) iff % = S(w). For this value of u, which is less than
zero since S(w) < 0 (see theorem (1.8}), two a-symmetric steady state solutions

bifurcate from q.

In figure 8 and figure 9 we sketch the way a-symmetric steady states

bifurcate from a symmetric steady state q, for p as in proposition (3.12).

4

fig. 8: L=5—1T

fig. 9: L=§-TL
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In figure 9, we sketched both TL and part of its image with respect
to the line P = 0. Since %-= S{w), two points (Q],pl)3 (cz,pz), on
P(z) = S(w)(z-q(0)) and P(C) =-S(w)(z-q(0)) respectively,with;H =D, satisfy

= p, = ~(z,-z,)
Py = Py T 676/

Using P(z) =S(w)(g=q(0)), P(c) = -S(w)(c~=q(0)) being tangent on,PL, respectively
its mirror image in P = 0, at (g(0).,0), this should explain figure 9.

The anti-symmetric steady state solutions.

In this subsection, we shall consider normalized anti-symmetric steady
state solutions q (so note in particular that q has its range in the interval
[o,10).

Some of our results will be stated in terms of p(x,w), but these can easily
be translated in terms of anti-symmetric steady states by means of phe
results of section 2.

As a first straightforward corocllary of lemma (3.3) and lemma (3.9), we have

the following

3.13 PROPOSITION. Pc(~AS+f’(p(ggw))) depends continuously on w € [§,1]. For

L e (n.2m, (n+l).2w), 2t contains exactly n+l elements larger than zero for

w-3 <1, and no such elements for l-w < 1.

The following proposition is in fact, due to our - more or less - detailed

knowledge of T

L

3.14 PROPOSITION. Let ki(w) denote the i-th element of PG(—AS+f'(p(.,w))).
Then, when

)\i(w) =0,
¥
A () <0,

t.e., the number of positive elements of PG(—AS+f'(p(.,w))) 18 mon-increasing

in w.

PROOF. For L € (n.27, (n+1).2m), n € W there exist values

OB

< W < W
0

w 2

p
such that 7;?(O,m) = (0 iff w = w; for some i e {0,...,2n}, by corollary (1.12)

2n < Yon-2 < e
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and corollary (1.14). By corollary (3.6) and proposition (3.13), proposition
(3.14) follows. [

3.15 PROPOSITION. For w € (%,1),4% = S(w), 0 Zs not contained in
Po(-A_+£'(p(-,0))).

PROOF. By lemma (3.6), 0 ¢ PO(-Aa+f'(p(.,w))) should imply S(w) = %u However,
this clearly contradicts corollary (1.5). O

3.16 THEOREM. As in proposition (3.14), let

Bpw
= max{w 17;;(0,w) = 0},

“o

and suppose q 18 a normalized anti-symmetric steady state solution. Then,

when q(L) > wys 4 18 asymptotically stable, when q(L) < wys 4 18 unstable.

PROOF. Since Po(-AS+f'(q)) = Po(—AS+f'(p(.,w))) for w = q(L), the last
assertion is proved by proposition (3.14). Suppose q(L) > Wy then, by
proposition (3.13) and proposition (3.14), using w = q(L),

PO(-AS+f'(q)) c (-»,0).

By corollary (1.12), q(L) > Wy implies q to be a solution of (s.8.P.) for
some u > 0. Apply lemma (3.2) to conclude

Po(-A*£' (@) < (-=,0),

and in combination with lemma (3.1), this proves theorem (3.16). g

Of course, a normalized anti-symmetric steady state solution is determined
by its part on [0,L]. Note that theorem (3.16) states that such a solution
is stable when that part starts on PL between the point (p(O,wO), px(O,wO))
and the point (1,0), otherwise, it is unstable! Note that the stable anti-
symmetric steady states are monotone!
It may also give some clarification, to sketch the way a branch of a-
symmetric steady states bifurcates froma branch of normaliged anti-symmetric

p

steady states, at an anti-symmetric solution q, such that 75?(0,q(L)) =0,

i.e. the point (q(0+), qx(O)) is a maximum (or minimum) of P along FL.
See figure 10,
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When we choose w ~ wg such that w - W << 1, then there exists exactly one

a-symmetric solution q with

I'g-ql small and G(L) = w.

Moreover lq(O:)—q(O—) — | will be small and tends to zero, for w + w
qx(0) S(wy)

0"
This should explain the skegch figure 10.
Note that for w = Wy» the branch of a-symmetric solutions bifurcating from
the anti-symmetric solution with q(L) = Wy is the branch mentioned in theorem
(2.8), theorem (2.9) and conjecture (2.10)!

2(p(0,90)-3)

px(o QwO)
symmetric steady state solution exists, for other values of u such solutions

3.17 THEOREM. For u > exactly one stable normalized anti-—

do not exist.
Moreover, this solution is strictly increasing on (-L,01, [0,L) and converges,
uniformly on [-L,0]1, [0,L] to d9; ~ which s shown in the introduction -

when u tends to infinity.

PROOF. For the proof of this theorem, consider theorem (3.16), and recall

the discussion about the steady state solutions in section 2, which includes

the last assertion. [
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As can easilybe seen in figure 1, for some p <0, there do exist anti-symmetric

steady state solutions with range completely outside the interval [0,1].

The a-symmetric steady state solutioms.

3.18 LEMMA. Let q be a normalized a-symmetric steady state solution, and
define

q(L)

{q(-L) when q(-L) >
1-q(-L) when q(-L)

>
i

Q
I
Nl

A

1

20

When either p (x,w) or p (x,a) has at least one zero on [0,L], zero can be
w w

an etgenvalue of (-A+f'(q)) but not the dominant one.

PROOF. As in the proof of theorem (2.8) and theorem (3.5), when O ¢
Po(-A+£f'(q)), the eigenfunction n, normalized by n(L) = 1, satisfies

n(x) = p (0,w) 3 x ¢ [0,L],
¢ —(0,w)
n(x) = -p (-X,(l) ° E)px X € [—L,OJ-
w w
Bx (00

Now we can apply lemma (3.2) 4) which provés the lemma. [J

Note that all normalised a-symmetric steady state solutions, except
(partly) those on the branch mentioned in theorem (2.8), do satisfy the
hypothesis of lemma (3.18).

3.19 THEOREM. ALl normalized a-symmetric steady state solutions, not on the

branch mentioned in theorem (2.8), are unstable.

PROOF. Suppose such an a-symmetric solution is on a branch, bifurcating
from either a symmetric steady state or an anti-symmetric steady state
which is not monotone. Then, since such a branch will contain unstable a-
" symmetric solutions close to the bifurcation point, it will contain only
unstable a-symmetric solutions by lemma 3.18.
(Note that the branch mentioned in theorem (2.8) is excluded in this proof!)
Otherwise, suppose such an a-symmetric solution on a branch which exists

merely of a-symmetric solutions (which necessarily all will be normalized!).
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Then that branch can not cross the line y = 0 (only branches consisting of
symmetric or a-symmetric solutions can). One can easily prove this by the
observation that FL and its mirror images in either ¢ = § or P = 0 intersect
only on the line ¢ = § and P = 0 respectively, which can be proved by
corollary (1.12), theorem (1.8) and the simple fact that FL intersects each
periodic orbit exactly once.

Hence, such a branch does contain at least one turning point bifurcation for
an a-symmetric solution q on it, satisfying the hypothesis of lemma (3.18),
and hence q is unstable. But then, again lemma (3.18) proves all solutions

on that branch to beunstable. [J

3.20 REMARK. There do exist branches of a-symmetric solutions only, for L
sufficiently large. A simple way to prove this is to show the existence of

a solution q such that the function 4, has at least two more zeros on

[-L,0] than on [0,L]. Such a solution q cannot exist on a branch bifurcating
from either a symmetric or an a-symmetric solution, as can easily be seen.

2p(0,w,)
3.21 THEOREM (a sufficient condition). For u > ‘2776‘513’ all normalized a-
>0

symmetric steady state solutions are unstable.

PROOF. A simple observation of the proofs of theorem (3.2) 4) and theorem
(3.5) shows that - using w = q(L), o = 1-q(-L), since we are dealing only
with the special branch mentioned in theorem (2.8) -, when

ow(O,w) Dw(O,OL)

+
U>Bo 9p

w w
j;;(O,w) 7;;(0,a)

then q is unstable.

1 1 .
§T§T + ETET-W111 be bounded

above, for such values of p. So in fact we proved for all L, and p suffi-

We can use this for u sufficiently large, since

siently large, the solutions on the special branch of theorem (2.8) to be

unstable.
Zp(oswo)
But since stability does not change on this branch for u > —_—26—_—3— by
o) w
absence of bifurcations, this proves the theorem. 0 x>0

3.22 CONJECTURE (and a corollary of conjecture (2.10)). All normalized a-

symmetric solutions are unstable by absence of bifurcations of the special
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2(p(0,u5)-)
branch of theorem (2.8) for u #

The discussion about the special branch in theorem (2.8), theorem (3.17)

and theorem (3.19), proves the following

3.23 REMARK. For a normalized steady state solution q a necessary condition

for it to be stable is q is strictly monotone on (-L,0], [0,L).

We end this section with a bifurcation-diagram for L = %;—(compare with

figure 6 and figure 7).

In this diagram (see figure 11)

-steady states, whose ranges are not contained in [0,1],

-the (unstable!) branches, merely existing of normalized a-symmetric

solutions,
-the branches of a-symmetric solutions bifurcating from either

symmetric or anti-symmetric solutions

are (partly) deleted.

Further, this diagram is made under the assumption of conjecture (3.22).
this only effects the figure with respect to the branch of

However,
a-symmetric solutions, which appears from the change of stability of the
20 (09(‘00)

anti-symmetric solutions, and moreover, only for 0 < u < 5 (0.0 °
H
X 0

N
A
/l

|

o e = 2= gtable
:= unstable fig. 11
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4., THE INITIAL VALUE PROBLEM, A LYAPUNOV FUNCTIONAL AND THE ASYMPTOTIC
BEHAVIOUR

To prove some spectral properties of the operators (-A+c) on X,
(-A +c), (-A +c) on Y, we extend those operators to the complexification of
a s

X and Y, which we denote by Xc and Yc' For

vl = max {lvx)|}.
xe[-L,0],[L,0]

We provide XC with the inner-product

0 L
<V,w> = J v(x) w(x) dx + Jr v(x) wx)dx, v,w e X.
-L 0
Note however that
v # V<v,v>.

4.1 PROPOSITION. For c ¢ X, u € R, (-A+c) <8 a symmetric linear operator
on XC. Hence Po(-A+c) < R.

PROOF. For v,w € D(A) (extended to Xc)

0 L
<(-A+c)v,w) = Jf ,(vxx+cv)v; dx + Jf (v x+cv)v—~7 dx
-L 00
= VxV:T |9L - + J v(w +cw)dx
L -L
+ vx;v |I6 - _x 8 + Jr v(w +cw)dx
0
= v_(0) (0=} -w(0+))

+ WX(O) (v(0+) =v(0-)) + <v,(-A+c)w>

v uwx(O) + WX(O) uvx(O)

+ <v, (-A+c)w>

<v, (-A+c)w>. 0



33

For ¢ an element of Y, we can extend c to a symmetric element of X, and hence,
by lemma (3.1) and proposition (4.1), when u € R, also PG(-AS+C),
Pc(—AS+c) c R.

4.2 PROPOSITION. For c an element of X, (-A+c) has compact resolvent.

The proof of proposition (4.2), based on the existence of Green's

functions for both [-L,0], and [0,L] (see [3]), can be found in the appendix.

4,3 COROLLARY. For c an element of X, u € R, Pa(-A+c) = o(-A+c) < R.

And this corollary is proved in [15], chapter VI, theorem (5.1).
In the following lemmas we shall prove A to be a sectorial operator on X -

see [9], chapter I, definition 1.3.1.

@

4.4 LEMMA. When u € R, A is a linear, closed, symmetric, densely defined
operator on X. Moreover o(A) = Po(A) < TR.

The proof of this theorem is partly straightforward, partly trivial
by earlier results.
Note that by lemma (3.2), o(A) is bounded below. Hence, trivially, one can
choose a ¢ R, ¢ ¢ (0,%) such that

S, 6" (A]o < Iaré(l—a) | < m, A # a} c €\o(A).

4.5 THEOREM. There exist constants a, ¢, M, such that

-1 M
| (x-a) || < Tomal for all x e Sa,4°

The proof of this theorem, essentially based on the existence of Green's
functions for both [-L,0], [0,L], is given in the appendix.
Having proved A to be sectorial, we apply theorem (3.3.3) and theorem (3.3.4)

of [9]. Note that one can choose o = 0 in the hypothesées of these theorems.

4.6 COROLLARY. For any ¢ € X, there exist T = T(Y) > 0 such that (E.P.) has

a unique solution u on (0,T) with u(x,0) = y.

Moreover, when T(Y) Zs maximal, either T = = or else there exists a sequence
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t +Tasn~>e, such that !Iu(tn,w)|| > o,
By theorem (5.1.5) and theorem (5.1.3) of [9], we can state

4.7 COROLLARY. The stability of a steady state solution q is determined by

Po(-A+£'(q)), in the way already used in section 3.

A Lyapunov functional.

4.8 THEOREM. Let F(u) = fg f(g)de, and define for u e D(A)

{%ui - F(u)l}dx + B-ui(O,t).

0
V(u) = { {%ui - F(u) }dx + 5

-L

o ——

Then V is a strict Lyapunov functional for (E.P.) and V(u) = 0 2f and only

if u is a steady state solution.
Theorem (4.8) is proved in the appendix.

4.9 LEMMA. For fixed u > 0, the set

fu e *[-1,00% ¢%[0,L] | w (0-) = u_(0+). and V(u) < K}

18 bounded in X.
Lemma (4.9) is proved in the appendix.

4.10 COROLLARY. For u > 0, u(x,t) > q(¥), for t + =, where q(y) s a steady

state solution, which depends on the initial function ¢ e X.

PROOF. By theorem (4.8) and lemma (4.9), the orbit u(x,t) is bounded in X.
By theorem (3.3.6) of [91], u(x,t)|t>0 is in a compact set of X. Therefore
we can apply theorem (4.3.4) of [9] and since the set of steady state

solutions is discrete by theorem (2.6), this proves corollary (4.10). 0
CONCLUDING REMARKS

The condition u > 0 is rather essential for proving these last results.

However, this is in accordance with the results of section 2, in which a
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striking difference occurred for uy < 0 or 1 > 0 (e.g. the existence of non-
normalizable solutions, the stability of the constant steady states 0 and 1).‘
In fact, we think, for u negative and |u| <« 1, unbounded orbits of (E.P.)

can exist.

Only for p > 0, the transmission condition in (E.P.) describes a geographical
barrier and for u sufficiently large, we know exactly both the stable steady
state solutions and the asymptotic behaviour. (Under the assumption of
conjecture (2.10) this is known even for all u > 0.)

We think that, although we regret the fact we can not yet prove conjecture
(2.10), our results show that the reaction diffusion equation E.P. is both
tractable and nontrivial, in the sense that it exhibits the existence of

clines.
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APPENDIX

SECTION 1.

Al. Proof of theorem 1.4. In this proof we transform z =z

to simplify the calculations.

We retain the notations of section 1, now using 0 < w < }

h(g) = £(e+}) = £(4-£2).

ol
-
£
1]

etc., and use

Hence,
Cz(w)
_ du
D(w9>\1 ,)\2) = J ‘/————-————-—,2 Iw h(g)dg’
2, (w) u
1
) J Ez(w)du
A Cz(w) w
Z,(w)
1
_ J du
—_ SAOLNN®,
L, k2
1
_ J, du
, 1 h(ToW)E) 2
ACY Vé fu *-"E;?aj-d€+X2
Cz(w)
5D . 1 qa 51w
Hence, 'a_m'(w,)\l ’)\2) = ‘/2 Il h(gz(w)g) 5 EE(CZ(N))
L@ T o
Z, W)

(B, -1

_—._——Ez(w) dg+)\2)
u
lf (., (@)E)

d 2

— (———=—)dg&)du
i dw 7, (W)
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4 .51 (w)
Step 1: dw(éz(w))
dc1 dC
Proof: Qz(w) TET(N) Z, (w) (w)
h(w) h(w)
z.,(w) -z, (w) =
27 @ @) A, ) (@, @)

h(w)

5 5 . (5T W), (@R (2, (@)
(22, @)+ (z, @) (A5T, @) +h (T, ))

- 222} -z, Wh(z, @))).

Ql( w)

(g (w))) equals the sign of

9
Since sign—

™ =sgign -\, we obtain that 31gn(

dw

w w
2 } h(g)dg + ¢, (w)h(z,(w)) -2 { h(g)dg -z, (w)h(z; (w))
Cz(w) El(

ORI

which is clearly negative.

4 h(Cz(w)E)
Step 2: Ea(——zgzaj——) <0 ’for £ >0
proot s iL(h(cz(w)E)) ) Ly (@' (g, (w)E)E-h(z, (w)E) dcz(w)
—_— dw Cz(w) C%(w) dw
dg
Since :Er(w) > 0, and

£y @' (2, E)E - h(z,WE) = ~23W)E>,

the result follows.

. . 3D .
Thus we showed that both terms in the expression for 5, are positive.

We end the proof of theorem 1.4 by an outline of the computations of
D(%,A A,) and (1, )

mrw+0(1£.w+2)

2)
Since (e.g.) cosix satisfies
101 =
nxx + £'(3)n 0,

and
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-1 gsin 1y
—Z——=2— =), iff ix = m.7 - Arctan 2), for some m ¢ Z.
CcoSs 3X i 1

We find D(%,xl,xz) = 2(-Arctan 2X, + Arctan 2X1).

For a'f% (i.e. wt1);

Cz'i
z g
D(1,3)54,) = J ‘/72 du = V2(In %-m 1-2 )
1 (%'u ) 2 1
gl 2
and
~2
-~ %_Cl) -~ oy 1
)\iCi——"—}lzz_—-, CiZO, Ci—Ci—is
hence 2
o= 2 . O

A2. Proof of theorem 1.10.
Part 1. For p(x,w) defined by (w.L.P.)

op
0wy g E e, (ru)dx
Ve, (0,0) Ju 0,2 (0,0)

PROOF. Since

2
é—%(x,w) + f(p(x,w)) =0 on [0,L]
ox .
: p(L,w) = w
op -
E(L,w) =0

it followsr

2
9°p
én(x,w) + f'(p(x,w))pm(x,w) =0 on [0,L]
9 90X
pw(L,w) =1
Bpw
TX—(L,U)) =0
and
32
© ww 2
7 (X,0) + f'(p(x,w))owm(x,w) + f"(p(x,w))pw(x,w) = 0 on [0,L]
9xX
3 pwm(L’w) =0
apww(L,w) =0

9x
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When we multiply 3 by qw(x,w) and use 2, then we find; when we integrate

by parts
op
o

op op

i ) W,
ax (X,UJ) BX \X,u))dx

xw(x,w)pw(x,w)lg -

O ——

op

ap " 9p
w L
- 7;;(x,w)pww(x,w)|0 +

w ww
% (X,Ll))‘ aX (X,U))dX

" 3 _
4 | e x0))e (x,0)dx = 0.

O O+—t

Using 3BC we find

apww apw
5 (0s0)p (0,0) = —==(0,w)p  (0,0) =

£ (0 (x,0)) 0 (x,0) dx

Ot——

and this proves part 1.

Note that we can prove theorem (1.10) by

Part 2.

L

j £1(p (x,0))p> (x,0)dx < 0.

0 | 2(w)
Recall the definition (1.6) of £(w) and note that L = n ;) + r,

r € [0, g%;lo, n e'NO and n+r # 0.

We shall prove

L (w)
L 1=
f"(p(x,w))pi(x,w)dx <0
bd£$)—b
for 0 < b < K??), and 0 < i < n even, i.e. working in the upper-halfplane.
However, it will be easy to derive a similar result for i odd, and
hence, since L_.K(w)
L )
[ en 3 ich " 3
| £ (o0 (xw)dx = ] £"(p (x,0))p? (x,0)dx
0 =0 L)
L_(1+])_7f~
I K(zm)

v | emeelewa,
0
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this proves part 2 and hence theorem (1.10).

K(w) L (w)

For [L-(i+1) L-1 5 ], the map x » p(x,w) is 1-1 and p(L-i 5 s, W) =

1
w > 3.

Moreover, by the symmetry, mirror images of the trajectory have the same

length, i.e.:

For
X € [L-(i+l)£g?),‘L-i£§;lJ, define
MG = (1 (DT - G- (- G EL)
= 2L - (i+H)Ll(w) - x,
then
Q(X,U.)) =1 - D(M(X) ,0.))

3 - 90
aX(x,w) aX(M(X),w)-
Note that the functions %%(x,m), pw(x,w) and pw(M(x),w) satisfy

Ny * f'(p(x,w))n = 0 on [L-(i+1)

£(w) L (w)
5 L-1 5 1,

where we used £'(£) = £'(1-E) to handle the case of pw(M(x),w).

Since

g—}%(L—(iH)I’(zw),w) - %—p{(L—i!'(zw),w) -0

and

p(x w) # 0 for x € (L-(i+l1) (w) ll(zw))’

the Sturmian oscillation theorem (see [14], Chapter 1, theorem 18), implies:

ZORSNIGON

1) Py (x,w) - Py (M(x) ,w) has exactly one zero on [L-(i+l)
£(w)
==

K(w)

whlch occurs for x = L - (i+})

By theorem (1.8) (take x = L - i
X e (L—(1+2)£(“’) £<2w)]_

) ow(x,w)-pw(M(x),w) > 0 for
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Lw) 1 (w)
2
,L—(1 +2)£(m)) and p (x,0) >0

2) Py (x,w) has exactly one zero on [L-(i+l)

ﬂ(m)

]. By theorem

(1 8), it occurs for x e (L-(i+1)
for x e [L-(irp)E), £y,

£(w)

For b < 5 part 2 is proved by 2) and the observation
f"(p(x,w)) <0 for x € (L-(1+2)£(w) ['%))].
For é%& <b < UTUJ),
L_iﬂ(zw)
£ (p (x,0) ) o) (x,0)dx =
L- z(“’) -b
M(L-i K(w) “b) L_.K(w)
f " 3 f " 3 _
] f (p(X,w))pw (x,w)dx + J £%(p (x,0))p (x,0)dx
L-?i-g’—%(»—)——b M(L- Uz‘”) -b)
M(L—iﬁ%“i—b)
r . 3 3
| £"(p (x,0)) (p (x,0)=p  (M(x) ,w)dx
L (i+l)u2“’)
L_ill(zm)
+ [ f"(p(x,w))pi(x,w)dx <0
ua-iE) )
using M(L-i u—w)—b) > L - (i+}) l’.(w). 0

2
SECTION 2.

A3 Proof of theorem 2.6. Let o(x,a) be defined by
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A4

Gxx(x,a) + f(o(x,a2)) =0 omn [-L,0], [O,L]

cx(-L) =0

o(-L) = a

cx(0+) = oX(O—)

o (0+) = uoX(O-) + 0(0-).

Then o(x,a) is a steady state solution iff cx(L,a) = 0. Therefore, define

the map
SH: R > R by SH(a) = OX(L,a).

Since f is analytic, SH is an analytic function too. So the zeros of
SH are isolated and consequently the set of steady state solutions is

discrete. g

|

Proof of proposition 2.7. Let 3 < w <w < e W, <0y be such that

apw
7;;(0,&) =0 iff w e {wn,...,w

Z’wO}
then, by corollary (1.12) and theorem (1.8), and the simple fact that

FL intersects each periodic orbit exactly once,

dp P e
ISE(O’“n)I < lax(o,wn_l)l < e < 5(0,0) .

So when q is a normalized a-symmetric steady state solution, and

Q
I

q(-L) when q(-L) > i},

1-q(-L) when q(-L) < },

Q
]

then, since
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ql[—L,O] = p(-x,a) when q(-L) > }

1 - p(-x,a) when q(-L) < %,

Bpw

jsg(o,w) #0,
or apm

?S;(O,a) # 0.

ap
Assume, without loss of generality 7;?(0,&) # 0. Then, one simply finds
q(0+)-q(0-
L= (q( ~) q( ))
q,(0)

a function of E(L) for a a solution of

q., * £@ =0 on [-1,01, [0,L]
q (L) =gq (-L) =0
q, (0-) =g (04)
sup {|q(x)-qx) |} < ¢
[-L,0]
(o,L]
for € sufficiently small. [J

A5 Proof of theorem 2.8. Let

Nl

o = {q(—L) when q(-L) 2

1-q(~L) when q(-L) < 3, and w = q(L).

Then
q(x) = p(x,w) for x ¢ [0,L]
= - 1
a(x) {p( x,a) when q(L) 2 for x ¢ [-L,0].
1-p(-x,0) when q(L) < }
Note that
nx) = pm(x,w) for x ¢ [0,L]
nx) = pw(—x,a) for x ¢ [-L,0],



since (e.g.) pm(—x,u) satisfies both

N * f'(@)n =0 on [-L,0]
and

n(-L) =1

n (-1) = o,

and is therefore unique.
But now, under the assumptions of theorem (2.8), by corollary (1.12),
q@) =00 > v,
and
q(-L) < 1,
and hence
q(-L) =1 -a <1 - W

o >’w]. (See figure al)
Let q(x) be p(x,w) on [0,L], and satisfy the hypothesis of theorem (2.8).

, then using corollary (1.12), a = 1-q(-L) > w, is

Now assume, w > W 1

0
uniquely determined by q being a-symmetric and

3 =3000.0)

BX(O’w) - 3X(O’a)
and it follows o < Wgs OT for w too large, o cannot be found. When a
is defined it follows, by a similar argument as used in the proof of

theorem (2.6)

p(0,0) - (1-p(0;a2)) > O

and

op

ax(O,u)) > 0.
So taking

a = a(w)

v = uw),
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one finds in this way

- 00,w)=(1=p(0,a(w)) _ 4
3p
5;(0 ’w)

n(w)

So for w > w, We found one branch-part satisfying theorem (2.8). Note
that for w = wg this branch bifurcates from an anti-symmetric steady state
solution.

Now using > described in the beginning of section 2, this proves
theorem (2.8), after the simple observation that this branch, in total,
remains in the area p > 0 (note that - for L > w- after this extension
not all solutions q represented by this branch do satisfy the hypothesis

of theorem (2.8); o can be in (%,wl), for w sufficiently large!). 0

Proof of theorem 2.9. Restrict w to the interval [w,1], 5(9) =T,

Define, for some u > 0

J(z,P) = (5= B,P)

and consider the set
Q = {3 (0,0, ¢, (0,0) |w e [w,17}

and its mirror—image in the line 7 = }.

One simply shows an intersection of these two sets on £ = } to represent
an anti-symmetric solution, an intersection not on g = i, to represent
an a-symmetric solution.

The slope of the tangent at (p(O,w)-%pr0,w),px(O,w)) € Q is
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IS() = —2W)
1—%5(«»)

1
___§f£92———-, and Q has same convexity-properties as T_.
(1-,l%s(w>>2 -

Note that JS(w) =70 iff w = Wys under the restriction w € [w,1].

Hence JS'(w) =

The idea of the lowerbound for u is to take care that Q and its image
intersect exactly once on both sides of Z = }, by placing this maximum

of Q left of £ = 0. One can easily verify this to be a sufficient

condition.

So

p(O,wO) - %‘Dx(oswo) <0,

p (O ""0)

u > 2 ———
Py (0505,

0

SECTION 3.

A7 Proof of lemma 3.2. Define

n(x,\) € Cz[—L,O] X Cz[O,L]

nxx(x,X) + c(x)n(x) an(x) x ¢ [-L,0], [0,L]

n(-L) =n(@) = 1
n (-1) =n_(L) = 0.
i n(0+,A) . . .
According to theorem 1.2, chapter 8 of [3], —+2—= is piecewise
strictly increasing in A, jumping from infinity to minus infinity when

n_(0+,)) = 0, and (0=, is piecewise strictly decreasing in A, jumping

from minus infinity to infinity when nX(O-,A) = 0.

n(0+,>\) ﬂ(o‘,)\)

Further, W + 0, W ¥ 0, for A »~ », and note that
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e Po(—As+c) iff nx(0+,k) =0,

B _ n(0+,3)
n, (05,1

A€ Pc(—Aa+c) iff 5
e mtae ey = 2L 0
n (0+,3) = n_(0-,1) = 0,
n(0+,1) = n(0-,1r).
One can find the proof

.2) 1) and (3.2) 2).

These observations prove (3
of (3.2) 3) in [3] (chapter 8, theorem 2.1).

Define
Aps App bY AL = max{\ [nx(0+,A) = 0}
App = max{) | n(0+,2) = 0}
and
' ' - - =
Aps Ay bY A max{} | n (0-,2) = 0}
AiI = max{\ | n(0-,1) = 0}. See fig. a2
[o0] ' < v [eo] = '
» A\jp < A; <=, and for A larger than AM max{AII,XII}

We find AII < AI
n(x,A) # 0 for x ¢ [-L,0], [O,L].

]
n(0+,)) |
hxw+A)l {

1

]

!

-~
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n(O—,A)I \
nx(O-,A) \
\
\
\
\
\
\
Al A'
L \ \I I
\ A —>
\
\
\
\
\
\
\
\
\
fig. a2

1) Suppose A = Ai then ﬁ(x,AI) defined by
T](X,)\]) = T](X,)\]) m for x ¢ [-L,0)

ﬁ(x,ll) = n(x,xl)l for x ¢ (0,L]

is an element of D(4), AI € Po(-A+c), and in this case we have
proved (3.3) 4), since A dominant > XI > XM'

2) Without loss of generality assume AI > Ai. When Xi > AII it is easy

to see that
/

R((T](O'*',)\) _ n(o'_,l) ) = (-w,)
n (0+,1)  n (0-,%) (AL,

See fig. a3.



(n(0+,2) _ n(O-léj,)I
\n_(©+,1) " 1_(0-,)

|

fig. a3

when Ai < A it is easy to see that

I

R((n(0+,>\) _ 0=\ )= (e o
n 000~ a0 | G )

See fig. a4.

( n(0+,2) _.n(0-,A) )T
n (©+,3)  n_(0-,3)

>

1 Ae—s

fig. a4

And also in this case we have proved (3.3) 4), since Adominant:>kM'
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A8 Proof of theorem (3.5). Since pw(x,m) satisfies

N x + £f'(¢dn =0 on [O,L]
n() =1
nX(L) =0

and pa(—x,a) satisfies

Ny * f'(¢)n =0 on [-L,0]
n(-L) =1
nx(-L) =0

one finds, using the geometric multiplicity 1 of the eigenvalues,

0 € Po(-A+£'(q)) if and only if

3p p (0,0) 9p
W _ 1 _ w W
7;;(0,w) u(pw(O,w) o a5 (050))
-—20 o)
9x ’
or
ap ap
52(0,0) = 52(0,0) =0,

in which case we take
pa(-x,a)
nl[_L’O:] = pa(o’a) Pm((),w) 7‘ 0.

Hence, theorem (3.5) follows immediately. [

SECTION 4.

A9 Proof of proposition 4.2. In this proof we shall follow Chapter 12,
Section 3 of [31].

Let T(x,£,\) denote the Green's function for the problem

(%) “N, = An on (o,L],

nX(O) = nX(L) = 0.



According to theorem (3.1) [3], for c ¢ X, and x| sufficiently large

there exists a Green's function G(x,£,\) for the problem

(x*) Nt c(x)n = An on [O0,L],

nx(O) = nX(L) = 0.

Denote by T , G the corresponding Green's functions on [-L,0], and

denote

T(x,E,)) = {T](x,g,x) x < &

Tz(x,i,x) X > &,

and let T], T2, G], G2, Gl’

Taking A <0 real, v = V=X, it follows

G; be defined similarly.

cosh vx cosh v(L-£)

T](X’E’k) B v sinh VL

1y utn) = SO 3o comh v
T (%,6,0) = cosh :(EZ:& SESh vE
T;(x,g,x) - cosh XCEZEi szsh VX

The existence of G implies G,(0,0,1) # O, Gl;(0,0,A) # 0, since
otherwise both (e.g.) G2 and 0 satisfy (*x).

The solution of

N + c(x)n =An + k(x) on [0,L], k e Cc[O,L]

I
[}

nX(O)

]
o

nx(L)

is

51
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a Gz(x,O,k)

G, ©,0,0) "]
X

L
[

G(x,&,M)k(E)dE,

similarly, the solution of

y. (x)n

nX(O)

nX(L)
is
b G (x,0,1) T

+

GI (0,0,1)
X

-L

An+ k(x) on [-L,0], k ¢ C[-L,0]
b

0

G (x,E,M)k(E)dE.

So, for the problem (-A+c-A)n =k, k € X, n € D(A) and nl[—L 01= s

nl[O,L] =z, we find

y(x) = —(Z(O)-Y

2(x) = %(z(O)—y
and

(z(0)-y(0)) = {
(

By the proof of lemma (

{1+l{

GI(0,0,A) 6, (0,0,1)

Gl(x 0,)) ? _
(O)) + J G (X’E,)\)k(g)dg ’
¢, 0,0,0) 2
X
G (x,0,)1) L
(0)) J G(x,&,\)k(g)dg,
(x 0,)\) 0
X

GI(O 0,)) G, (0,0,2)
1+—( - )}
H Gl (0,0,1) (0,0,1)

X

X
L 0
J Gx,E, DK(E)dE - .{ 6™ (x,E, K (E)dE) -
0 -L

3.2)

u G1 (0,0,
X

-1 for A > =,

y T T, 0,00

X
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So when we use

L
lc(x,g,x)—T(x,g,x)lsamz I)\|—1h\)(x,£) J |c(x) |dx
0

0
- - 2 . -1
6 x,E,0) - T (x,6,0] <én” [A] "h (x,8) J[ le(x) |dx
-L
which follows from (3.9) on page 307 in [3], one finds

Inl < C](c) Ikl
and since
Moy = —c(x)n + An + k(x)
nx(-L) = nX(L) =0
we find

< Il
HnXH < Cz(c) k

Hence we find,

(—A+c—A)_]

B (0) = VXV < X,
where
Bﬁ0)={Ke X| Il <13,
and
V c C[-L,0] bounded and equicontinuous,

W < CL0,L] bounded and equicontinuous.

-1
By Arzéla-Ascoli and Tychonoff, we find (-A+c-)) a compact operator. []

A10 Proof of theorem 4.5. Take X €S and letv = /=X, taking-—%éarg/gég

a,¢
for the square-root on €. Note Re v =2 § > 0 VA ¢ Sa 6 (see fig. a4).
- p— 9
Since I (x=a)"11 = 1@a-0)"M, et
A-) k = D(a = =z,
(A2) Tk = e D), lp_y o3 =95 nlpg,py = 2

Since
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n e D(A),

by the proof of proposition (4.2) and using its notatioms,

L
= (1+2 cosh VL
y(x) = (1.+U v sinh VL
0
0
cosh v(L+x) -
~V sinh VL J T (x,€,\)k(g)dE.
-L
- L 0
= (1+2 _cosh VL [
2() = (+ 2 S tmm o) {JT(x,i,A)k(g)dg J
0 -L
i
cosh y(L—x)
v sinh VL J T(x,&,A)k(g)dE.
0
Since
| cosh vL l < 1
v sinh VL' = |v|[tanh RevL|

we can choose a, ¢ such that

I cosh VL < l
Vv sinh le B

u
4

and note

1

Icosh v (L-x) .
|v][tanh Rev L]

v sinh VL | <

0

-1

) {}-T(X,E,l)k(i)di- { T (x,E,\)k(£)dg}-
-L

T (x,E,\)k(g)dE}-

Of course, by the symmetry of the problem, we can restrict the analysis

to the interval [0,L].
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L X
f _ [ cosh v(L-x) cosh VE
J T(X,g,)\)k(g)dg J v sinh vL k(g)dg
0 0
L
r
cosh vx cosh v(L-&)
* ) v sinh VL k(g)de
X
X
cosh Rev(L-x) cosh Rev.g
< Tl {J [v] sinh RevL dt
L
+ f cosh Rev x'cosh Rev (L-&) dE}
J [v] sinh ReVL
X
X L-x
_ [ cosh Rev(L-x) cosh Revg cosh Revx cosh Rev§
= Tl o [v| sinh RevL e + J [v] sinh RevL de}
0
- Il {cosh Rev(L-x) sinh Revx + cosh Revx sinh Rev(L—x)}
[v] Rev sinh RevL
2 sinh RevL _ 2
= Il {IvT’Rev sinh RevL} ~ Iv] Rev Il .
Note that for A e S, ., v = /=X, 3¢,,C, « R’ such that
b
Re v 2 Cllvl, IA] > C2|A—a|. See fig. a5.
Hence
-1 4 u 2
T < 20575y 14! * T rew
2 u
< —=— |+ 1)
c ]Vl2' 4
1
< M
A—a

where
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:::/// yperbola

All Proof of theorem (4.8).

L v,

{uXuXt-f(u)ut}dx

[
Ll.h——-.o

L
+ { {uxuxt-f(u)ut}dx
0

+ uux(O,t)uxt(O,t).
By integration by parts it follows

S V@ELD) = u (0-,0)u, (0-,8) =u_(-L,)u_(-L,¢)
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0
- J {uxxut+f(u)ut}dx
-L

-+

uX(L,t)ut(L,t) - ux(0+,t)ut(0+,t)

{uxxut + f(u)ut}dx

I
o ——r

+

qu(O,t)uxt(O,t)

Hence, by (E.P.), we find

L V@,

-ux(O,t){ut(0+,t)-ut(O—,t)}

0 L
2 2
~ J utdx J utdx
0

0 L
2 2
= —j utdx - J utdx. 0
-L 0
. _ 1.b 13 1.2 .
Al12 Proof of lemma 4.9. Since F(§) = —;& + 3£~ - (&7, we can define

Fy = max{F(£) | £ € R}.
2 2 . .
Suppose K> 0, u ¢ C'[-L,0]xC"[0,L], u_ continuous in 0, and suppose
g > 0 and

0
V(u) = Jf {%U}Z{'F(u)}dx+ {%ui—F(u)}dx+%ui(0) < K.

-L

O ——t
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Then
0 L
2 2
1) J u dx + J u_dx < 2K + 4LF
X p:¢ M
-L 0
0 L
2) { -F(u)du + J -F(u)du < K.
-L 0
By 1) we find
0
Jlu |dx < 2K + 4LF, + L
X M
-L
L
jlu |dx < 2K + 4LF, + L
X M

0
and using this, by 2) one finds C1 € R&,

lul < C,- ]
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