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ABSTRACT

The conditional independence relation for a triple of c-algebra's is in-
vestigated. For certain operations on this relation necessary and sufficient
conditions are derived such that these operations leave the relation invariant.
Examples of such operations are the enlargement or reduction of the o-algebra's,
and an absolute continuous change of measure. A projection operator for o-
algebra's is defined and some of its properties are stated. The o-algebraic

realization problem is briefly discussed.
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1. INTRODUCTION

The purpose of this paper is to present certain invariance properties
of the conditional independence relation, properties of a projection oper-
ator for o-algebra's, and to discuss briefly the o-algebraic realization
problem.

The conditional independence relation for a triple of o-algebra's
Fl’F2’ G of a probability space is defined by the condition that for any

two positive random variables x ,x

that are respectively FI’F measurable,

1°72 2

one has

E[xllecj = E[xlic]E[xzic].

This relations plays a key role in a large number of areas of probability
theory and stochastic processes. In the area of sufficient statistics the
conditional independence relation enters in a natural way [1,2,8,17]. The
role of the relation in sufficient statistics has recently been stressed in
[3,4,5,12,14]. In stochastic processes, the conditional independence relation
appears in the theory of Markov processes, in particular in the concept of
germ field [9,13]. In stochastic system theory the relation is essential
for the definition of a stochastic dynamic system and the stochastic reali-
zation problem [10,18,19,20]. Other areas in which the conditional indepen-
dence relation arises are information theory and random fields. In all
these areas the relation enters in the question how to reduce available in-
formation.

The main problem to be posed and solved in this paper is to give neces-—
sary and sufficient conditions for the invariance of the relation under

certain operations. Examples of such operations are to make F, smaller or

1
larger, G smaller or larger, and to perform absolute continuous changes of
measures. A second problem to be investigated is to derive properties of a
projection operator for o—algebra's. Finally the o-algebraic realization
problem will briefly be mentioned.

The invariance properties of the conditional independence relation
have been discovered in an investigation of the c-algebraic realization
problem [19]. These properties seem sufficiently interesting to other areas

of probability theory and stochastic processes to receive proper attention.



The motivation of the investigation of the conditional independence
relation is the stochastic realization problem. In this problem one is
given a stochastic process and asked to construct a stochastic system in a
specified class such that the output of this system equals the given process.
The practical motivation of this problem comes from communication and con-
trol, econometrics, time series analysis, and other areas where model buil-
ding is important. The stochastic realization problem for Gaussian processes
has been extensively investigated [10]. For non-Gaussian processes there are
still many opén problems. In a static context the strong version of the
stochastic realization problem reduces to the o-algebraic realization pro-—
blem.

The o-algebraic realization problem is given two o-algebra's F

1,F2 to
1,F2 conditional in—
dependent and that are minimal in a to be specified sense. This problem is

classify and to construct all o-algebra's G that make F

unsolved [19]. For the case where the c-algebra's F. ,F, are generated by
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Gaussian random variables a rather complete solution is available [18]. A
generalization of the latter case to a Hilbert space framework has been in-
vestigated [10]. However, for the o—algebraic case the analogy of o—algebra's
with Hilbert spaces is not useful because the set of o-algebra's on a pro-
bability space is a lattice on which no orthogonal complement exists. The
questions that the o-algebraic realization problem poses are rather dif-
ferent in nature than those posed in the statistics literature. The o—-alge-
braic realization problem therefore requires new tools, and the structure
of its solution is likely to be rather different from the Hilbert space
case. The invariance properties of the conditional independence relation
are basic techniques for the investigation of this problem.

A brief outline of the paper follows. In the next section the problem
is formulated and elementary properties of the conditional independence re-
lation are mentioned. The invariance properties are derived in section 3,
while in section 4 several properties of a projection operator for o-alge-
bra's are investigated. The o-algebraic realization problem is briefly

discussed in section 5.



2. THE PROBLEM FORMULATION

In this section the conditional independence relation is defined and

the invariance problem posed.

Throughout the paper {Q,F,P} denotes a complete probability space con-

sisting of a set Q, a o-algebra F, and a probability measure P. Let

F=[Gec F| G is a o-algebra that contains}
L all the null sets of F

If H, G € F, then HvG is the smallest o-algebra in F that contains H and G.

For any set A < Q, IA is the indicator function of A. For G ¢ F let
L+(G) ={x:0Q ~» R+| X is G measurable}.

If x: O > R" is a random variable, then F* ¢ F denotes the o-algebra generated
by x. All equalities are supposed to hold almost surely, unless mentioned

otherwise.
In the following the concept of a projection of one c-algebra on another
is needed. This definition is essentially due to H.P. McKean [13,p.343]; see

also [14,p.II.14;19].

2.1. DEFINITION. For H, G ¢ F let the projection of H on G be the c—-algebra
+
o(H|G) = o({E[h|G]|Yh € L' (G)}) ¢ F

with the understanding that all null sets of F are adjoined to it. The operator

o(e

) :FxF » F will be called the projection operator for o-algebra's.
Recall that F ,F, ¢ F are independent o-algebra's if for any A, ¢ F,,

1°°2
and A, ¢ F
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19(A1 n Az) = P(Al) P(Az);

+ +
equivalently, if for any x, € L (Fl)’ x, € L (Fz)



E[x1x2]= E[x]] E[xz].

[15, IV. 4]. The notation (FI’FZ) ¢ I will be used to indicate that F ,F,
are independent o-algebra's, and I < (FxF) will be called the Zndependence

relation.

2.2 DEFINITION. The conditional independence relation CI is a relation for

F.»G ¢ F defined by the condition that for all

a triple of o-algebra's Fl’ 9

+ +
x, e L(F), x, € L (Fy)

1

E[XIXZIG] = E[xllG] E[X2|G] a.s.

Then ome calls F ,F, conditional independent given G, or one says that G
splitts FI’FZ'

Notation: (FI’G’FZ) € CI.

1°72

Note the analogy between the conditional independence relation and the
independence relation.

In this paper attention will be concentrated on the following problem.

2.3 Problem. The itnvariance problem for the conditional independence relation
18, gilven certain operations to determine necessary and sufficient con-—
ditions such that these operations leave the relation invariant.
Below the above defined problem will be solved for several operations.
In the following some elementary properties of the conditional indepen-—

dence relation are derived that will be used in the sequel.

2.4 PROPOSITION. Let F,Fy, GeF. The following statements are equivalent:
a. (F],G,Fz) e CI;

b. (F2,G,F1) € CI;

c. for all X, € L+(Fl)

E[xlle'vG] = E[xl[G];
d. forall x| e L*(F)) <s E[xlle-vG] G measurable;

e. 0(F1|F2 v G) ¢ G;
f. (FIVG,G,GVFQ) € CI;
g. for all z ¢ L+(Fl'vG)



E[Elz|6][F,] = E[z|F,].

Condition 2.4.g. is due to Mouchart and Rolin [14,th.2.1], and to

Dohler [7,lemma 4]. Below the proof is given for the sake of completeness.

PROOF. a <« b. This follows from the symmetry in F F2 of definition 2.2.

a <> c. This is known, see [6,II.45]. 1
¢ = d. This is obvious.

d = e. This fblloYs from the definition of o(F |F,ve).
e = c. Let X, € L (F1>' Then

E[xllG] = E[E[xllevG]lG] = E[xllevG]

by e.
c = f. Let X, € L+(F]). Then c implies that

E[x][(szG)vG] = E[xlle'vG] = E[xllG],
hence (FI,G,G'VFZ) € CI . Using the equivalence of a and the above one ob-
tains (FZ'VG,G,FI) € CI and with the above (Fz'vG,G,G*vFl) € CI, and thus the
result.

f = g. From f follows by restriction that (F1 VG,G,F2) € CI. Let z ¢ L+(F1V'G).
Then

E[E[zlG]|F2]

]

ELE[z[F, vGI[F,] by (F, VvG,G,F,) ¢ CI,

E[z|F2].

+ + +
g = a. Let x, ¢ L (F]), X, € L (F2), g € L (G). Then

Elx,x,g] = Elx, E[x]gIFz]]
= E[x2 E[E[x]glG]|F2]] by g,
= E[x2 E[x1g|G]] = E[x2 gEEXIIG]]

= Elg E[x]]G]E[leG]]

and the result follows from the definition of conditional expectation. []



There follow two sufficient conditions for a triple of o—algebra's

to be conditional independent.

2.5 PROPOSITION. Given F,, F,, G ¢ F.
a. If F] c G or F2 cG, then (FI’G’F?_) € CI.

In particular (FI’FI’FZ) € CI and (FI’FZ’FZ) e CI.
b. I]"(Fl,F2 vG) € I then (FI’G’FZ) € CIL.

PROOF. a. If x, e L+(F]) and F,c G then
Elx, |F,vel = Elx,[G] by F, cG,

and the result follows from 2.4.c.

b. Again for x, € L+(F1)

1

E[xllevG] = Elx,] = E[x]lG]
by independence and [15,IV.4.2].

Several other elementary properties of the conditional independence

relation follow.

PROPOSITION. Let F ,F,, G ¢ F with G = {@,Q} up to null sets of F. Then
&,,F,) e L iff (F,G,F,) € CI.

PROOF. The elementary proof is omitted.

2.7 PROPOSITION. Let F,F,,G € F.
a. If (F|,G,F,) e CI then (F nF,) < G.

b. Assume that F2 CFI' Then (FI’G’FZ) e CI Zff F2 c G. In particular,

(F,»G, F|) € CI, ¢ff F < G.
PROOF. a. Let A ¢ (F]an). Then
E[IA[G] = E[IA|F2vG]

by A e (Fln FZ) c F1 and (F],G,Fz) € CI,

=I,byAc (FnF)cF,,



hence A is G measurable.

b. = By a. F2 = (F1 n FZ) c G. « This follows from 2.5.a. 0

3. THE INVARTANCE PROBLEM

In this section results for the invariance problem are derived. Some

of these results have been stated without proof in [19].

The investigation of the invariance problem for the conditional in-

dependence relation as defined in 2.3 is initiated with the invariance with

respect to F2 in (FI’ G,F2) € CI. Due to the symmetry of the conditional in—

dependence relation with respect to Fland F2, the invariance of the relation

with respect to F, follows.

1

3.1 THEOREM. Let F], F2’ F3 , Ge F with F2 cF
One has (FI,G,F3) € CI Zff (Fl’ G,Fz) e CI
and o (F, |F3vG) <(F,v G) .

3°

PROOF. = (Fl, G,F3) € CI implies by restriction that (FI’G’FZ) € CI, and by
2.4. e
O(Fl]F3+vG) G c(FyvG).

< Let X, € L (F]). Then

E[xl|F3v G]
= E[Elx,[F v G1|F,v G by o(F |Fyv G) <(F, vG).
= E[xllev Gl by F,c Fq,
E[xl\G] ,
and the result follows from 2.4.c. 0

Il

3.2 COROLLARY. Let F] F,» F5, G € F.
a. One has that (Fl’ G’FZVFB) e CI #2ff (FI’G’FZ) e CI and (FI’GVFZ’FB) € CI.
b. (F,G,F,) e CI and (F|,6 VF,,Fy) € CL iff (F|,G,F5) € CI and
(FI’G VF3,F2) e CI.
c. Assume that GcF,. Then (FI’G’FZ) e CIL Zff 0(F1|F2) cG.
d. Assume that (F1 szv G, F3) € I. Then
(F],G,FZVFB) e CI iff (F,G,F,) € CL
e. (F1 VF3,G,F2) e CI and (FI’G’FB) e CI iff (Fl,G,F3VF2) e CI
and (FB’G’ Fz) e CI.




f. Assume that F3 c(FZ'vG). If (FI’G’FZ) e CI then (FI’G’FB) e CI.

PROOF. a. By 2.4. O(FIIFZ'Vfé v G)c (Fz'vG), and (FI,F2\7G,F3) e CI are
equivalent. The result then follows from 3.1.

b. By a. both sides are equivalent with (F],G,FZ'VF3) e CI.

c. By 2.4. (FI’G’FZ) e CI iff O(FIIFZV G) ¢ G. From G CF2 then follows that
= o(Fllev G) <G.

d. = This follows by restriction. ==(F1'VF2'V G,F3) € I and 2.5.b imply
that (Fl ,G sz,
e. (F]'VF G,Fz) e CI =={(F3,G,F2) € CI and (F G'VF F2) € CI}, while

F3) € CI. The conclusion then follows from a.

3’
{(FI’G vF3,F2) € CI and (F],G,F3) € CI} < (F],G,F3'v Fz) e CI, by applying
a. twice.
f. F3c: (F?_VG) implies O(FIlF3VG) c(F2vG).
The result then follows from 3.1. d

Result 3.2.a. is also derived in [14, Th.2.5] and [5]. Special cases of
3.2.f. are given by [7; 9, 1.b; 14, Cor. 2.6].

3.3 THEOREM. Let F, FZ’G G, € F with G, <G,. One has (FI’GI’FZ) e CI and

o(FllGl) G, iff (Fl’ 5>Fy) € CI and G(FIIFZVG]) < (F,vG,).

PROOF. O(FIIGI) = U(F]lGl'sz) by G, <G
O(FIIG]) = o(Fl[G] vG,) <G, iff (F , G
c(FIIFZ vG) c(F,vG,) iff (F,F, VG

1 and by 3.2.c.

99 Gl) € CI. Similarly

2,F2'VG ) € CI. By 3.2.a. both sides of
256, VF,) € CIL. 0

2
the theorem are equivalent with (F Ne

3.4. COROLLARY. Let F ,F F3,G G2, € F.

a. One has (F,G l,Fz) € CI and (F),6, vF,,F,) e CI <ff (F,,6, vG,y,F,) e CI
and (F ,6,,G,) € CI.

b. One has (FI’GI’FZ) e CI, (FI’G
(F,G,,F,) € CI, (F,,C

| VF,G,) € CI, and (F|,G,,G,) e CI Zff

2 VFy,G)) € CI, and (F|,G,,G,) e CI.

c. If (F|,G,F,) € CI and F cF,, then (FI,G(F3|G]),F2) e CI.

d. (F,,G(FIIFZ), F,) ¢ CI and (FI,G(F2|F1),F2) e CI.

e. If (F,,6,F,) € CI and c(FllGl) =6, c(F,vG)) then (F,,G,,F,) € CL.

£. If (F|,G,,F,) e CI then (Fl,o(GllFl),Fz) e CI. Hence G(leF ) o (6, IF ).

g. Assume that (Fl'sz VG]’GZ) € I. Then (F .G, VG, Fz) € CI Zff (FI’GI’F Je CI.
h. (F],G(FZIFI)'VO(FIIFZ), F,) ¢ CI.



PROOF. a. By 3.2.a. both sides are equivalent with (FI’GI’ GZVFZ) e CI.
b. By applying a. twice one obtains

(F),6,,F,) e CI I(F ,G,) € CI
(Fl,GlerZ,GZ) e CI } I(F G \7G2,F ) € CI1
—3
(F5GysF,) € CI, (F),6,6) e CT [
{(F vF,,G) e CI.

2

C. F1 cF3 implvies that G(F] IG) CG(F3|G) c G. The result then follows from
3.3.

d. By 2.5.a (FI’FZ’FZ) € CI, and from c. follows that (FI,O(F]!FZ),FZ) e CI.
By symmetry (FI,G(FZEF]),F ) € CI.

e. FZC(FZVGI) and 2.5.a. imply that (F ,G VFZ,F ) € CI. Furthermore, by
2.4.c., U(FIIFZ\IGI) = o(F [6) CZGZC(F2\7G1). Now apply 3.3. with G,
replaced by FZVGI to obtain (F]’G?_’Fz) € CI.

f. Take in e. G, = c(GIIFl)xrc(lecl). Then(F],o(Gl|F])vo(F2[Gl),F2)e CI.
By 3.4.d.(F1,c(G1[F]),G]) ¢ CI, hence (Fl,G(G]|F1),0(F2|G])) € CI. Com-
bining these results with 3.2.a. yields (F],G(G]IF]), F

2VO(F2 G])) e CI,
hence (FI’O(GIIFI)’ FZ) € CI. This and 3.2.c. give O(FZIFI)CG(GIIFI)'

g. (F]szvG G) € I and 2.5.b. imply that (F e VFZ’G2) e CI and
(F 1,G ) € CI The result then follows from a.

h. By d. (FI,O(FZIF]), F,) € CI. Then
c(FI[FZ\ro(leFI)xro(Flle)) = O(FIIFZ\IO(leFI))
c o(leFl) c(c(FZIF]) vc(F]IFZ)), and the result follows from 2.4. [J

3.5. PROPOSITION. Let F,, F,, Fq, Fys G|,
Then F F
(FlszvG F3VF4VG ) € I. Then (F, v

(F],GI,FZ) e CI and <F3’G2’F ) e CI.

G, € F. Assume that

2
3’GIVG2’F2VF4) e CIL 1ff

PROOF. = By restriction (Fl,G]v GZ’FZ) € CI, and by 3.4.g. (FI’GI’FZ) e CI.
By symmetry one obtains (F3,G2,F ) € CI.

<., By 3.2.d. (F GI’GZVFBVF VFA) e CI, and by 3.2.a.

(F ,G VG2,F3VF2VF ) € CI. Similarly one proves (F3,G VG2,F vF VF4)€C1

1
hence(F3 G] v G F vF ) ¢ CI. The result then follows from 3.2.e. O

2’
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Next the invariance of the conditional independence relation with res-—
pect to a measure transformation is investigated. In the following there
are two probability measures on {Q,F}, denoted by PO’PI' Expectation with
respect to these measures is denoted by EO(-), respectively El(-). If PO,P1
are equivalent probability measures on {Q,'Flv FZ\rG}, then by the Radon-
Nikodym theorem there exists a Flv F2 v G measurable random variable

p:Q-+R+ with Eo[p] = 1, such that for all A ¢ F]wzexzc

EI[IA] = EOEIAp].
The reader is reminded of the formula
E][X| Gl = EOEXQIG] /EOEp[G]

valid for any random variable x : Q -+ R such that E0|xp|‘<w[]1, 24,417,
The conditional independence relation with respect to the probability measure

PO’PI is denoted by CI(PO) respectively CI(P]).

3.6. THEOREM. Let F],F2,G e F, and PO’PI be two equivalent probability mea-
sures on {Q,F}. Assume that {Q,F,PO} and {Q,F,Pl} are both complete. Let
PO~ R, be the Radon-Nikodym derivative dPl/dP0 with respect to F1\7F2\7G.
Assume further that (FI’G’FZ) € CI(PO). Then (FI’G’FZ) € CI(P]) 1ff there
extst P, € L+(F]v(D » 0y € L+(F2x7G) such that p = 0Py A-8. The decompo-

sition p = Pl -0, 18 non-unique in general.

The result of 3.6 is related to one of the equivalent definitions of
a sufficient statistic. The definition is that the statistic z is sufficient
for the estimation of x given y if for the joint density P, of x and y there

exist positive functions Py and Py such that

P, (%,7) = p,(x,2) py(¥).

[Bahadur, 1; Rao, 16, p. 1311].
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+
PROOF. < . By 2.4 (F]vG,G,GvFZ) € CI(PO). Let x, € L (Fl)' Then

1
E][x]IF2 vG] = EO[x1 p]p2|F2 vGl/ Eo[p]p2|F2vG]
=0, EO[xlp]|F2\7G] /o, EO[pl|F2\rG]

= EO[x]pllG] / Eo[pllG]

because Pl({QZ = 0}) < P ({p = 0}) =0, and by (FlvG,G,GvFZ) € CI(PO),
hence El[xllFZ v G is G measurable and the result follws from 2.4.d.

= Define
o, = Eo[plF]\rG],
p, = Eglo|F,vGl / Ejlo]Gl.
Let A] € (F1 v G), A2 € (FvG). Then one has
EO[IAl IA2 plpzl
= EO[EO[IA1 0, IAZ QZIG]]

= EO[EO[IAl p1|G] EOEIAZ p2|G]] by (F;vG,6,GVvF,) e CI(Py),

= EOEEOEIA1 ol|G] EO[IA2 olcl / Eqole

= E,[E,[T,

Gl] by the definition of PysPos

1
= EOEEl[IAI IA2|G] EOEpIGJJ by (F,,G,F,)) e CI(P))
IA2]G] ol =E[lI, I, 1.

|G El[IAzlG] EO[QIG]]

=E [E [I
0" 71 Al 1 A2
An application of the monotone class theorem then yields that for all

A e (F]vG)v(GvFZ) = FIVFZVG

EO[IA plpzj = E] [IA] .

hence 010, is a version of p, or p = pl.p2 a.s. 0
4. THE PROJECTION OPERATOR

In this section some results for the projection operator are derived.

These results have been used in [18,19].

4.1. PROPOSITION. Let F ,F,,F
. If ¥|c F, then G(F][Fz) F,-
. If ¥,>F, then 0(F1|F2) = F,.
- If (F},G,F,) e CI then o(F][szrc) = o(F][G).

3,Ge__13:.

)
i

o

0
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d. G(Fl‘o(F]|F2)) = G(F][Fz).
e. a(Fllo(leFl)vo(Flle)) = o(leF]).
f. If (F|,G,F,) e CI then
c(o(GIFI)[Fz) = G(Flle).
g- O(O(FZIF1)|F2)= o(Flle).
h. o(o(quFz)[ c(FZIFl)) = c(leFl).
i. If ¥, cF, then FIVO(FZIFB) = G(FIVF2|F3).
j. O(G(FZIFI)VG(Flle)lF]) = c(F2|F1).

It follows from 4.1.a. that for any FI’FZ € E_O(G(Flle)!Fz) = O(FI'F2)°
Thus for any F2 e F, is o(-lFZ) the projection operator onto F, . The results
4.1.d,g,h,i have also been derived in (14,Cor. 4.9, Th. 4.10], but are men-

tioned here for the sake of completeness.

PROOF. Let F

15 = G(F]IFZ) and F, = o(leF]).
a.b. This is obvious from the definition of the projection of F, on F,.

1 2
c. For X, € L+(Fl)’ (FI,G,FZ) € CI implies that

E[xl|F2\7G] = E[xllG].

The result then follows from consideration of the generators of the two o-
algebra's.
d. By 3.4.d. (FI’FIZ’FZ) ¢ CI, and the result follows from c.
e. Again (F]’FZI’FZ) € CI, and by restriction (F
o(F)[Fyy vE},)
G(F1|F21) by (F,,F,,F,) € CI and c,
= F21 by FZ] c F1 and b.
f. O(GlF]) cF implies by a. that

0(0(G|F1)|F2) < Fy- (F|,G,F,) € CI and 3.4.f. imply (FI,O(G[FI),FZ) e CI.
Again by 3.4.f. (F],o(o(GIFl)[Fz),F_) € CIl. From this and 3.2.c. follows that
Fy,c c(o(G|F1)|F2).

1,F21,F12) € CI. Then

g. By 2.5.a. (FI’FZ’FZ) ¢ CI, and the result follows from f.
h. le = o(F12|F1) by g.

= F =
a( 12|F]vF2]) o(FlleZI) by (F,F,,F,) € CI.
i. By assumption F1 c O(Fl\7F2|F3), and also o(F2|F3) c c(leer {F3), hence

+ +
Fyv o(FZ\F3) co(FlvF2|F3). Let x; € L (F)), x, € L' (F,). Then

1 2
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Elx x |F,] = x E[x2|F3]

273 1
is FI\IO(FZIFB) measurable. A monotone class argument shows that for all
y € L+(F]\7F2) E[y[F3] is Fl\r o(F2|F3) measurable, hence

c(Fl\zFZIFB) c F]\ro(FZIFS).

j. By i 0(F21'vF12|F1) = F21\70(F121F1) =F, by g. 0
5. THE 0-ALGEBRAIC REALIZATION PROBLEM

A problem formulation and a brief discussion of the o-algebraic realiza-

tion problem follow.

5.1. DEFINITION. The minimal conditional independence relation Cr ., for a

triple of o-algebra's FI’FZ’ G e F is defined by the conditions
1.(F1,G,F2) e CI;

2. if He F, Hc G, and (FI’ H, FZ) € CI, then H = G.
Notation: (F], G, Fz) € CImin' Then one says that FI’FZ are minimal condi-

tional independent given G, or that G splitts F, ,F, minimally.

1°72
5.2. Problem. The o-algebraic realization problem is given {Q,F,P} and
Fl’ F2 € F to solve the following subproblems.
a. To show existence of a G € F such that (FI’G’FZ) € CImin'
b. To classify all G € F such that (F],G,Fz) € CImin and G c(F1\7F2); and

to provide an algorithm that constructs all those o—-algebra's G.

The existence subproblem of 5.2 is trivial. It is known that
(F],G(F1|F2),F2) e CI . and that (FI,O(FZIFl),Fz) ¢ CI . [McKean, 13, p.
343, property e; Mouchart, Rolin, 14, Th. 4.3]. Moreover, if G CF\ ,then
(F|,G,F,)) e CI . iff G = o(leF]).

There remains thus the classification subproblem of 5.2. In this sub-
problem one can distinguish three major questions: 1. what are necessary and
sufficient conditions for a o-algebra G such that (FI’G’FZ) € CImin?;
2. what is the classification of such c-algebra's G;

3. how to comstruct an algorithm that produces all such G's?

As to the first question, assume that (FI’G’FZ) € CI. A necessary con-

dition for FI’FZ to be minimal conditional independent given G is that

0(F1|G) =G = G(FZIG).



This follows directly from 3.4.c. However this condition is not sufficient,
see [19, Example 4.4]. This question is still open.

The questions of classification and algorithm construction have not
been solved. A step in the construction of minimal G's is given by 3.4.c.,
if (F,G,F,) € CI then (Fl,c(FllG),F ) € CI. Based on the analogy with the
Hilbert space framework a partial result is given by [19, Th. 4.11].

The structure of all o-algebra's G such that (FI’G’FZ) € CImin is rather
puzzling. For G = O(FIIFZ) or G = G(FZIFl) one has (FI’G’FZ) € CImin' Under
a condition (FI,G,F ) € CImin and Gc (F1\7F2) imply that
G C(G(leFl) VU(FI\FZ)). However this is not true in general. Also
G(O(FZ(F1)|0(F1[F2)) = o(F]|F2) by 4.1.h., but his property does not hold

for all minimal G's. Additional information and results are given in [18,191],
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