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Stochastic dynamical systems with a cyclic structure *)
by

J.V. Lankelma

ABSTRACT

This paper deals with a stochastic version of the "hypercycle', introduced
by Eigen and Schuster. The '"cycle'" is a dynamical system with a simple
cyclic structure. After conversion to a set of stochastic differential

equations, Kolmogorov's exit problem is asymptotically solved with the
WKB-method.

KEY WORDS & PHRASES: random perturbations, Fokker Planck equation, exit
problems, WKB approximation, hypercycle

*) This report will be submitted for publication elsewhere.






1. INTRODUCTION

In this report the hypercycle, a particular kind of dynamical system
is considered. The hypercycle of Eigen and Schuster [3,13] is introduced in
theoretical molecular evolution theory as a fundamental process, explaining
the phenomenon of selforganization as it occurs in prebiotic evolution. The
most important feature is the cyclic structure of the equations. In n

dimensions we have the following situation:
(1.1) —-f£=bi(x) i=1,n.

with bi(x) principally dependent on X, and X p» counting indices modulo n.
For each n there is a w limit set in the positive octant of R". For n < 4
there is an (asymptotically) stable fixed point, for n = 5 there is (probably)
a limit cycle. The last fact has not been proven, but seems almost certain
from the large amount of numerical evidence.

Many processes in nature are intrinsically stochastic rather than
deterministic, so it seems natural to consider the equations with an extra
stochastic component of arbitrarily small covariance (O(éz)). For the
stochastic equations no stability concept exists and instead we must solve
the exit problems as stated by Kolmogorov, in order to determine the
persistence of the system under small random perturbations.

An elegant method to solve these problems is due to Matkowsky and
Schuss [12]. Formal adjoint equations are solved asymptotically and combined
with the original equations. This work is a generalization of earlier
results of Grasman and Matkowsky [7] on self adjoint operators. In this
report the method in [12] is worked out numerically in a three dimensional
problem, which brings about considerable complications compared with two
dimensional systems, e.g. Bobrovsky and Schuss [1]. Asymptotic expressions
for the adjoint equations are obtained with the WKB-method. This method
has its limitations in this problem, since there are points at the boundary
where the deterministic vector field (1.1) vanishes. A small neighbourhood
of these points has to be excluded in the WKB-approximation. Moreover, as
a numerical process the method is rather time consuming, even for the

three components.



In section 2 we deal with the model equations. For the dynamical system
with a small stochastic perturbation the corresponding Fokker-Planck and
backward Kolmogorov equation are formulated. The dynamics of the deterministic
hypercycle are described in more detail.

In section 3 the asymptotic approximation of the expected exit time for
the attraction domain of a stable point is given. The WKB-Ansatz for the
adjoint equation requires a detailed analysis of the eikonal equation at
the stable point. This is done in 3.2b. The solution of this equation with
the ray method is treated in 3.2c and 3.2d. In 3.3 the method is applied to
the cycle with three components. Since the boundary contains singular
points, the solution of the adjoint equation will have its largest values
on the bouﬁdary near these points. However, the WKB-approximation breaks
down at such (turning) points. Consequently, the asymptotic method does not
hold for e€+0, since this limit shifts the maximal boundary value of the
solution of the adjoint equation into a singular point.

In section 4 randomly perturbed hypercycles are analyzed by solving
stochastic difference equations. Ixit times from simulations are compared
with the asymptotic expressions of section 3. In first order approximation

they agree quite well.

Acknowledgement. The author is indebted to J. Grasman for many stimulating

discussions during the preparation of this report.

2. FORMULATION OF THE EQUATIONS

2.1, Model equations for the exitproblem

Let D be an open bounded domain in the positive octant of Euclidean
space " with a smooth boundary dD. The dynamical system (2.1), with b(x)
a smooth vector field in R" has by assumption a unique stable fixed point
Z in D,

dx

(2.1) a-E=b(X)..



On the smooth boundary 3D the vectorfield is tangential or pointing inside.

Writing the outward normal as v(x) we have on the boundary
(2.2) b(x).v(x) < 0.

In the deterministic system (2.1) all trajectories not contained in the
boundary will approach Z for increasing time t. When the deterministic system
(2.1) is replaced by a set of stochastic differential equations with a given
arbitrarily small covariance the stability property is lost. The system will
leave any bounded domain containing Z in finite time with probability one.
Adding a vector W(t) = (Wl(t),...,Wn(t))T where Wi(t) are n independent

Brownian motions, formally gives the Ito equation

* ~ 3 = 3 + . . . L4 -= °
(2.3) Xm(t) bl(X)dt EZJGlj(X)dWJ(t), i l,nm, € >0
The symmetric diffusion tensor Gij joins the jth component of stochastic
process W(t) with the ith component of stochastic process X(t). For each
component of W(t) the following holds,

(2.4) EWi(t) =0, EWi(t)Wi(s) = min(t,s).

Brownian motion W(t) corresponds to the standard Gaussian white noise £(t)

denoted as distributional derivative
(2.5) £(t) = W(t), EE(t) = 0 E&(t)&(s) = &(t-s).

This results in the infinitesimal displacement dX in (2.3) being normally

distributed with expectation b(X)dt and covariance ezA(X)dt, where A = (aij)
(cch)ij is non negative matrix. In the sequel A is assumed to be positive
and independent of X. The elements of A and b(X) can be used to define a

differential operator Le,

% b

2
(2.6) L€ = ie .2 alJ 9X. OX. i71i9x
ij i 71

The Fokker-Planck and backward Kolmogorov equation associated with the



stochastic differential equation (2.3) are

ov *
(2.7) —8—1? + LEV =0
ou
(2.8) _B-E - Leu =0

where LZ is the formal adjoint of Le' The exit problem as formulated by
Kolmogorov is split in two parts. In the first place the (asymptotic)
expression for the exit time, which is defined as the minimal time Te(x)
needed to reach the boundary from a given point x in D in stochastic process

X(t);

(2.9) TE(X) = inf (t |X(t) e 3D, X(0) = x).

It is well known that the expected exit time may be obtained by the solution
of a Dirichlet boundary value problem (Schuss [12]). The boundary value

problem with natural bounddry conditions is

L u(x) -1 xeD

(2.10)

u(x) 0 x e 9D.
For each positive ¢ the solution ue(x) = Ete(x) is bounded so exit will occur
from domain D with probability one.

The second part of Kolmogorov's problem is the (asymptotic) distribution
of exit points on the boundary. Let f£(x) be the characteristic function of
a measurable set in the boundary. The probability that exit will occur
through the section of 3D given by f(x) is calculated by solving the boundary

value problem

L v(x) 0 x €D

(2.11)

v(x) = f(x) x e 3D.

The solution of this problem is related to the transition probability

density function pe(x,y,t) of process X(t), which is defined as the



fundamental solution of (2.12)-(2.14)

Bpe
(2.12) LEPE = 3t X € D, t>0
(2.13) P, S(x-y) xe€eD, t+0
(2.14) P, = 0 x € 3D.

The transition probability P, defines a density function qe(x,y) on the

boundary as follows
(2.15) qe(x,'y)ds(y) = Pr(x(r ) e ds(y) | X(0) =x)

with dS(y) a surface element of the boundary. Using the density qe(x,y) the

solution of (2.11) is given by the expectation of f(x)

(2.16) v(x) = E_£(X(1))) = J £(y)q_(x,y)ds(y).

aD
It is well known that the exit time is asymptotically given by the reciprocal
value of the smallest positive eigenvalue X? of the system (2.12)-(2.14).
(Friedman [5], Ventsel-Freidlin [14]). This eigenvalue is exponentially

small in €,
(2.17) Er (2) ~ 1/A% ~ W o/e’
b Te 1 e€

for certain positive constants WE and Q.

2,2. An example: the hypercycle

The molecular evolution theory of Eigen and Schuster is based on the
dynamics of systems of coupled nonlinear differential equations. In references
[3,13] some interesting sets of equations have been introduced. One of these
systems, the so called hypercycle has been chosen as a model for analysis
of the influence of stochastic variations. The deterministic equations of

the hypercycle in n dimensions are



n
(2.18) —_ = bi(x) = Xi(kixi4l.-.zl ijjxj—l) i=1,n.

The reaction sequence is closed through the counting of indices modulo
n. The constants ki’ i = l,n represent positive reaction rates. When small
stochastic perturbations are added to this dynamical system the long term
behaviour is completely altered. This will be investigated in the coming
sections. Domain D is an open bounded set with smooth boundary 9D in the
positive octant of Euclidean space IRn, which contains all possible w-limit
points in this octant. There is only one fixed point (Z) inside D, with

coordinates
(2.19) Z=(z) = (1/ki+1/zjl/kj).

Using the variable c = Zixi and adding equations (2.18) gives

de _
(2.20) -&-E— (] C) ijxjxj_l.
J
This shows that the hyperplane ¢ = 1 is attracting. The vector field b(x)
vanishes at each coordinate axis. The intersection of the j—th coordinate

axis with the hyperplane c = 1 is indicated by Xj' As an example the case

n = 3 is illustrated in figure 1.

X3

"
N

X

Figure 1. Fixed points in the three dimensional case



The eigenvalues of the Jacobian of b(x) in Z are {-1,-1+1iv/3}, each
multiplied by (Zjl/kj)-l, so Z is attracting. The eigenvalues in X, are
{O’O’ki+l} again counting indices modulo n. The eigenvector associated with
the non zero eigenvalue is contained in the hyperplane c = 1 and the plane
*i-1
X, = 0, i = 1,2,3) the points Xl’ X2, X3 appear to be '"saddle" points. For

= 0 (see figure 1). When the flow is restricted to the boundary (planes

example, in the coordinate plane X, = 0 consider the function

2 2
(2.21) U(xl,x3) = (l—xl) + X3,
Then
du _ _
(2.22) e 2klx1x3U(xl,x3) < 0.
Consequently U is a Lyapunov function for the flow in the plane X, = 0,
X[ ,Xg > 0 and X1 is in this sense a stable equilibrium. The system (2.18)

is structurally unstable since there are many zero eigenvalues.

In our study of the asymptotics of exit problems we deal with one
specific example, the cycle with three components, k = (1,3,5) and Uij = 6ij'
In the simulations the cycles with two and five components are also treated.
In the first case there is a unique attracting fixed point in D, in the
second case the fixed point Z with coordinates given by (2.19) is unstable
since for all values of n = 5 the central fixed point Z is a saddle.

Schuster et al. [3,13] give numerical evidence for the existence of a limit
cycle when n = 5, for any choice of reaction constants in (2.18). This limit

cycle comes near the boundary when the reaction constants are of different

order of magnitude.
3. ASYMPTOTIC SOLUTION OF THE EXIT PROBLEM

3.1. Solution with the adjoint equation

In this section we describe some general results obtained by Matkowsky
and Schuss [12] for exit problems. The Kolmogorov equation with boundary

values



L€¢ =0 x in D
(3.1)
o(x) = £f(x) x € 9D

is solved in combination with a solution y of the homogeneous adjoint Fokker

Planck equation, suitably normalized in equilibrium Z.

(3.2)
v(Z) = 1.

Accordingly the integral (3.3) vanishes over domain D
*
(3.3) J wL€¢ - ¢std0 = 0.
D

With Gauss' divergence theorem this integral can be written as

da. .
2, 93¢ 1] 2 ij
1 - - =
(3.4) J 3€ (Wg;' ¢§H) + Yob.v £ Ve 5o do =0
i
oD
where v(x) is the outward normal on the smooth boundary and g% is the
conormal derivative Zij aijvisgju For €+0 the solution ¢ (x) of the backward
equation (3.1) must have a cons%ant value in D outside a small neighbourhood
of the boundary; ¢(x) is constant on the characteristics of the lower order

operator, which intersect in Z;

(3.5) 9 _ 5y 3

dt i i 9x. 0.
i

The constant value of ¢(x) inside domain D is called C,. At the boundary

0
oD there exist two kinds of boundary layers
a. At BDP where b.v(x) = 0 a parabolic layer,

b. At BDO where b.v(x) < 0 an ordinary layer.

To start with the parabolic case, ¢(x) is in the layer approximated by
(xy,%x¢)
c—f(x,) S WXt 2,0 2
Oet./g es/2s:

m

(3.6) E(xr,xt) = £(x) + ds



with radial coordinate X5 X indicating the set of two tangential coordinates

t
and s(xr,xt) to be determined. Since s = 0 on the boundary all tangential
derivatives are zero on the boundary. With the form (3.6) substituted in

(3.1) and retaining only leading terms we obtain
(3.7) Ly, 28 35 o 7y, 25 o,

With the assumption that in the boundary layer all tangential derivatives of

s are much smaller than the normal derivative, equation (3.7) reduces to

ds (2

1 _ 9s
o) 8 = POk g

(3.8) 5 ar]-:

The non trivial solution of this equation is

X
r
2 1
(3.9) (x_,x ) = (.[ b (y,x )dy)?.
erxt ‘/‘:;1;0 rthy

The expression (3.9) used as argument in the error function (3.6) satisfies
all conditions. The only property that is needed from ¢(x) is its normal
derivative on the boundary. Consequently br(xr,xt) is written as a linear

expression in X 3 br(xr’xt) = xrcr(xt). The required normal derivative is

co—f(x) c (x

3'(; _ 2 /It
(3.10) (Bx )(xt) - £ VT a :
T rr
On the boundary BDO, with b(x) pointing inside domain D there is an ordinary
boundary layer. With well known methods the radial derivative on this

boundary is computed;

c ~f(x.)
(3.11) &y =2 b)).
axr t 2 t

€

Together with the asymptotic expansions for y(x), to be derived in section
3.2, the radial derivatives of ¢(x) determine the constant co(e) and
implicitly the asymptotic expansion for the distribution of exit points on
the boundary, since co(e) is the only unknown in formula (3.4).

The problem of exit time (2.10) can be treated in the same way.
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Lu=-=1 in D
(3.12) .

u=20 on oD

According to the maximum principle the solution u grows very fast, so u is
scaled as follows

2

/e cl(s)v(x)

(3.13) u(x) = eK

with unknown constants K and c](e). The function v(x) is 0(1) in € and
satisfies the boundary condition v = 0. It appears that the same approximation
with boundary layers can be applied. As in the previous case tangential

derivatives of v are neglected in the normal derivative;

ov arr cr(xt) 1 o e
90 IE:'I aij Vi 3xj S a ., Y cr(xt)arr.

After some calculations the constant cl(s) is evaluated

fp vdo

K/el 1 K/e2
/EE do -} IBDO ve a_ b.vdo

(3.14) c](s) =

Vb Ve
P

When the asymptotic expansion for the forward solution we(x) has been

obtained, the constants cl(e) and K can be evaluated.

3.2. WKB-Ansatz for the adjoint equation

3.2a The eikonal and transport equations in three dimensions

In this section a stationary asymptotic solution will be constructed
for the Fokker Planck equation. In the WKB-method the solution is assumed
to be in the form (Cohen and Lewis [2], Maslow [101])

o]

(3.15) we(x) ~ exp(lz Xo €2m Sm(x)).
e” m=

The expansion truncated after two terms is also known as physical optics

approximation. This approximation will be used, it is denoted by
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2
(3.16) b G = w(xye Qe

The physical optics approximation cannot be used when the fixed point is not
attracting. For example the case of a saddle is treated by Mangel and Ludwig
[9]. They approximate the solution with error functions in analogy with
diffraction theory. In our application such points occur at the boundary of
the domain of attraction and are, together with a small neighbourhood deleted
from domain D. Substitution of (3.16) in the forward equation and sorting

terms in powers of € gives

1 2Q 2Q 2Q
(3.17) 2 j.aij 3%, ox. | Z1'. bi 9x%. 0
ij i i
an eikonal or Hamilton-Jacobi equation. The second term gives a transport

equation for the function w(x), which contains first and second derivatives

of Q(x)

ow 1 32Q

aQ . -
(3.18) .z. (a.. —+b )—8—}_(._ + ("2‘ 'Z aij m'*' leb(X))W = 0.
ij i ij i 73 :

ij ij i

Since the equations contain only derivatives of Q(x) and the vector field
is smooth in D, Q(x) is fixed by prescribing the value at x = Z, where the

characteristics intersect.

3.2b Local analysis near the equilibrium

For numerical integration of equations with the ray method, sufficiently
accurate local approximations near Z of Q(x) and w(x) are needed. From the

eikonal equation we conclude

(3.19) vQ(z) =0

since A is assumed to be positive definite. Then Q(x) is a quadratic

function in a neighbourhood of fixed point Z,

1
a)

(3.200  Q(x) =3 )

2
) Pij(xi zi)(xj—zj) + o(lxl ™), Pij

i’
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By differentiating (3.20) the gradient is also known
(3.21) p; = (VQ)i = ?jpij (xj-zj) i=1,3,

The deterministic vector field can be approximated near Z as

Bbi
(3.22) bi =3, — (x.—zj) i=1,3,

j 9x.

i J
Substituting these two approximations in the eikonal equation and sorting
powers of x gives with the symmetry of A and P a Riccati equation

(3.23) PAP + BP + PB. =0, B = (b..) = (=d).

Assuming that P is regular, (3.23) is multiplied from left and right with

S = P_l. This reduces (3.23) to the simpler Lyapunov equation
T
(3.24) SB + B'S = -A.

All eigenvalues of B (evaluated at Z) have negative real parts, so matrix

S has an integral representation

< T
(3.25) S = J B T APt 4.
0

The quadratic form S is positive definite, since (for x # 0)
1
(3.26)  x'Sx = J 1a? &®F 2 at > 0.

This implies that matrix P is also positive definite. For simplicity A is
assumed to be the Kronecker delta Gij(I). Matrix P in (3.20) is now computed
with the Lyapunov equation (3.24). This equation can be written as a linear

1

system of nine equations in the entries of S(S=P_ ). The coefficient matrix

is the sum of two tensor products

-

(3.27) (BYeI + T®B)S = -I.
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The arrows indicate that matrices S and I are written colummwise as vectors.
Since eigenvalues of the matrix in (3.27) have the form Ai-FAj, with A in
the spectrum of B there are no zero eigenvalues and there exists a unique
solution S. Inverting matrix S gives the required matrix P in the quadratic
approximation.

In the computations it is not a priori clear how precise the approximation
must be to provide accurate initial values. As a precaution third order terms

are introduced

1 1
(3.28) Q(x)‘=-§i§ Pij(xi—zi)(xj—zj)-+€;§kRijk(xi—zi)(xj-zj)(xk—zk)

with Pij and R, . invariant under permutation of indices. The gradient is

ik
also better approximated with this relation

- _ _ 1 _ _
(3.29) (VQ); = p, = IPs. (xj zj) +sz1;< Rijk(xj zj)(xk z,) -

Evaluation of the coefficients Ri' requires knowledge of second order

jk
terms in the expansion of b(x) near Z. Substituting the expansion of b(x)
and (3.29) in the eikonal equation gives the already known Riccati equation

(3.23) and relations which determine the coefficients Rkﬂm;

(3.30) DT Ripe = U 1S kylym < 3,

where the symbols are defined as

* T.. =P.. + B..
1] 1] 1]
2

b,
i

Ukﬂm = —ZiBiﬂmPik = —Zi EEZEE; Pik plus terms obtained by

permutation of k,£,m.

System (3.30) can be written as a set of 27 linear equations in the
unknown variables Riﬂm' Reduction to a system of only 10 equations is
possible, since the R.p, are considered to be invariant under permutation

of indices. The Riccati equation implies that
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T=P+B = (-I)(PBTP"I).

Eigenvalues of T are necessarily eigenvalues of B (multiplied by -1).
Consequently the coefficient matrix of the original set of 27 linear equations
is nonsingular and there is a unique solution R. Approximation of w(x) in

a neighbourhood of Z is analogous. According to the normalization ¢(Z) = 1
also w(Z) = 1. Near Z a quadratic expansion is used for w(x) and the

divergence of b(x).

= - 1 - -
wi) = 1+ 2w, Gegmzg) 4 ziz w5 (%7250 (25720
(3.31) ]
P P _ 1 _ _
divb(x) = divb(z) + E.F, (x,-z,) + 2125 Fyy(epmzg) (-2
Substitution of these expansions in (3.18) gives the coefficients W, and

Wij (i,j=1,3) as the solution of a linear system resp. a matrix equation;

(3.32)

= —l[(Z.R.. +B

ZiTjiWik =~ R ijk)wi+(ZiRiij+Fj)Wk+F. 1 i,k = 1,3,

jk

The matrix in the right hand side of the last equation can be calculated

when the coefficients Ri'

ik and Wi have been determined.

3.2c The ray method

The left hand side of the eikonal equation can be interpreted as

Hamiltonian H(x,p), with p; = (VQ)i' The associated system of bicharacteristics

is
dxi

(3.33) rrae Pi + bi i=1,3
d]Pi

(3.34) —d'g— = —ZjBiij i=1,3
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with parameter s defined along the bicharacteristics. The principle of
minimal action defines the change in Q(x) along the bicharacteristics to be
equal to the Lagrangian,

dx.
dQ _ —1_ I
(3.35) T Zip. H(x,p) = Zipi > 0.

i ds 2

Equation (3.20) implies that Q(x) is positive on a small neighbourhood of Z.
Together with (3.35) it is clear that Q(x) is positive on the rays (projection
of bicharacteristics on the x-space) emanating from a neighbourhood of Z.
The solution w(x) of (3.18) can be obtained after the solution of the
Hamilton Jacobi ‘equation. With (3.33) the w equation simplifies to
3.36) ¥4 dagrdivbx))w = 0

ds 2 '
Now there is one more difficulty in the second derivatives of Q(x) being
unknown outside a small neighbourhood of Z. As remarked by Ludwig [8]
transformation to ray coordinates permits a better statement of the problem.
Apart from the s-variable another two variables 6, ¢ are needed. With these
two variables the starting point of a ray on a small sphere around Z can
be specified. The Jacobian Z of the transformation (XI’XZ’X3) + (s5,0,9)
transforms along the rays as
(3.37) %d—g = AQ + divb(x)
the expression in the right hand side is the divergence of the rayfield.

When this identity is substituted in the w-equation the result is

4

2.0 ..
P log(w™J) = =divb(x).

(3.38)

3.2d Numerical integration of the Hamiltonian equations

Equations (3.17) and (3.33) give the velocity of the rays in x-space
T
(r“'(xl ’X29X3) )

dr 2.4
(3.39) IS5 = (2, +0 ) D = Ih(,.



16

Consequently the velocity of the ray equals the velocity of the deterministic
vector field. Equations (3.33)-(3.34) and (3.36)-(3.38) are integrated to
obtain w(x) and Q(x).

The initial values needed for numerical integration of the ray equations
are given on a small sphere around Z. The two variables describing -the
sphere are 6 and ¢. When these variables have been initialized also Q(x),
VQ(x) and w(x) can be computed on the sphere with the approximations derived
before. The system to be integrated is larger than the ten equations of
(3.33)-(3.38), since the integration of Jacobian J is only possible with the

use of additional variables. Indicating x-coordinates with vector r, J equals

or ar or
(3.40) J = 35 X % ° 3s°
. OXj oxXj .
Consequently the 6 variables 50 59 i =1,2,3 have to be integrated and

initialized. Differentiating the Hamiltonian system (3.33)-(3.34) with respect

to 6 and ¢ results in the necessary equations for these 6 new variables.
oP; P4
Also 6 additional variables 7&%’ -?ﬁ% (i=1,2,3) follow from this operation.

Details of the computations are omitted. The total number of equations to

be integrated is now 20; 7 from the system (3.33)-(3.35), equation (3.38)
or r 3p 2p

30° 3¢’ 86° 34"

In all trajectories integration of the system ends in a caustic surface

for w2J and 12 equations for

(Jacobian=0) or an exit in the plane X, = 0. On regular trajectories the
precision is sufficient for 4 significant digits in the answers
(x],%,,%5,Q(x) ,w(x)). .

The third order derivative terms seem to have little influence. For
each trajectory the traversed path is only slightly different from the
path with identical initial values, but only second order approximation
for Q(x). Also no significant change in Q values on the boundary is found

when the third order terms are neglected.

3.2e Another method for the computation of Q(x)

With the Taylor series of Q(x) around Z on a small sphere another
approximation can be obtained on a larger sphere, concentric with the first.

From a certain number of initial points, distributed homogeneously over the
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first sphere, the ray equations are integrated until the larger sphere is
reached. With the collection Q-values an approximation of Q(x) on the larger
sphere can be made. For example a polynomial approximation has been made with
spherical harmonics.

The integration is carried out with an appropriate NAG-routine [11].
The final sphere is the largest sphere around Z that fits in the positive

3 . . . .
octant of IR™. This sphere touches the coordinate plane x, = 0 in the point

Zl’ the orthogonal projection of Z onto this plane. ’
Data gathered from many rays exiting in the plane X, = 0 indicate that

the value Q(Zl) = 0,0052 +0.0001., It appears that the Q(Zl) value obtained

with the method of successive spheres gives the right order of magnitude

but nothing more than that. The reason for this phenomenon is the concentration

of rays in each step; the rays bend in the direction of caustic surfaces

and are contracted into the areaswith low divergence of the vector field

b(x).
Since the most important ray is the one transporting minimal Q-values

(see other sections) a shooting method was constructed in order to find

this ray. Two extra variables are introduced:

aQ _ or
(3.41) =5 = VQ.5§

9Q _ or
(3.42) 5—(-5 = VQ.-a—(-g .

Consequently, each of these two is composed of 6 variables which are already
computed in the system of 20 equations. With a NAG-routine the integration
is repeated over a certain range: parameter s 1s zero on a small sphere
around Z. For a fixed value s = S hax the minimum of Q(x) isagearghed on

the surface of end points of rays with s = 8 hax’ such that 50 3%-= 0.

The normal vector on this surface is the product §%~X %%—. In an extremal
point the gradient of Q will be along this normal, giving

2J

QX x 2y () = —21_ vq(s)

(3.43) x 2L
06~ 9¢ hvql 2

along the minimal Q ray. In the special case of the hypercycle with three

components (see (3.3)) this ray approaches Xl on the xl—axis for increasing
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values of S .
max

3.3 Application to the hypercycle

Again we restrict ourselves to the three dimensional case in
(2.18) and diffusion tensor aij = Gij' The WKB-solution is supposed to be
valid at least in a small neighbourhood of the ray transporting the lowest
Q-values. This is supported by the strongly diverging character of the rays
near the minimal ray. (see also Ludwig [8]). However, domain D has not been
specified up to this moment.

The complete positive octant would be the simplest choice for D. Consider

the part of the (non-smooth) boundary (x1=0,x2=0 or x,=0) where a regular

solution we is possible. This part will be a non empt; set in the boundary
since exit will occur with probability one for each £ > 0. As remarked in
section 3.2 Q(x) is a Lyapunov function for the deterministic system. In

2.2 it has been shown that the hypercycle with three components has three
attracting fixed points in the boundary (Xj, j=1,2,3 in fig. 1). Consequently
the only possible minima of Q(x) on the boundary are these three points. In
computations carried out in section 3.2 it appears that the minimum of Q is
attained in X, and that Q is approximately equal to this-value in a large

1

neighbourhood of X1 in the plane x, = 0. Compare this with results of

Bobrovsky and Schuss [1], where inza two dimensional system the same
phenomenon occurs. Since Q(x) is approximately constant on a relatively
large area in the boundary, the value of w(x) is also important when the
maximum of wg on the boundary is to be determined. This is certainly the
case for the e-values used in the simulations (szz_s) in section 4.2. For
these € values the maximum of ws is approximately on the line Xlzl’ with
Z.  the orthogonal projection of Z on the boundary plane X, = 0. When ¢

1

decreases the maximum approaches X, (table 1). Returning to the question

1
of how to define domain D we conclude that D may be considered to be
unbounded. Values ofwbeon a hyperplane Zixi = ¢ » 0 would be vanishingly

small compared with we near XI'
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Substitution of (3.6) (3.10) and (3.16) in (3.4) gives the following identity

_ f(x )
(3.44) J[ zele Qe 0"t 7= Ve G - £ (x, ) (o W2 %{Q—))do =0
€ T
BDP

after neglecting terms of smallest order (52) remains

1 2 —Q/e2 0 ( ) 2 1 93Q
(3.45) J "2—5 we ( 7’# Ve z t) + f(Xt) ——zg—)dc(xt) =

£ T

aD
It is clear tgat asymptotically all integrals are determined by the extrema
of Q(x). According to section 3.2 the absolute minimum is in Z(Q(Z) = O,
Q(x) > 0 for x # Z). For a regular WKB-solution there can be no other
extrema inside D, since VQ = O implies J = 0. In equations (3.33) Ty
would be reduced to b(x) and the ray bends back to Z, resulting in a multi
valued function Q(x). In an extremal point X' on the boundary VQ(X') is
orthogonal to the boundary, so (VQ.b)(X') = 0. The eikonal equation gives
VQ(X') = 0 which means that also the radial derivative sﬁi(x ) has to be
zero.
This eliminates the last term in (3.45) and gives the asymptotlc expression

for <o (e);

2
we Q/e /E;T§;7'f(xt) do(xt)

IBDp

(3.46) Co(e) ~
o/’ o
faDpwe . cr(xt) dc(xt)
Each characteristic function f(xt) with support contained in the boundary,
which is identically one on a neighbourhood of the minimum of Q gives C.~ 1.

0
The numerator of the expression for Cl(e) (3.14) is evaluated as

3/2
(2re?) $2) 98,2 3
H(Z)2

(3.47)

where H(Z) is the Hessian of Q(x) in Z.
The minimum of Q(x) on the boundary (K in (3.13)) is estimated as
0.0038 +0,0001. Substituting this in (3.13) we have for the exit time

2
(3.48) TE(Z) ~ Cl(s:)eO'OOBS/E .

Only Cl(e) remains to determined. The numerical evaluation of the denominator

in (3.14) is difficult since information about we(x) near X, is incomplete.

In this region Q(x) =~ K but unfortunately w(x) is not known. In simulations
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and the shooting method it appears that a considerable bundle of rays with
low Q-values is close to the boundary plane X, = 0, but upon approaching
X, the rays are repelled and either exit in the plane X, = 0 or enter
caustic surfaces. We therefore consider the exit problem for a slightly

smaller domain D' <D, shown in cross section in figure 2.

Xq The main contribution to the first
integral in the denominator of

5 (3.14) comes from the boundary

. 3
X, > 0.5 and x, small. In the

D 3 2
approximation we take X, = 0.
*2

Figure 2, Domain D' in cross section at X, = 0.5. The boundary consists

of deterministic trajectories and the plane x, = 0.5.

3

A numerical estimate of the second integral in the denominator of (3.14)
over the boundary at Xy = 0.5 equals 683, with a relatively large error
(about 257). As already mentioned the maximum of we is located

approximately on the line X1 1° By a Gaussian approximation the first

surface integral is reduced to a line integral over xlzl. This is accomplished

by assuming a quadratic growth of Q(x) in the normal direction (n) on X,Zy-

The proportionality factor is approximately constant ( —0 in the
prop y PP y (T)—g

region of the largest contributions to the integral. After translating and
rotating the coordinate system this constant is used to reduce the surface

integral to the line integral. Cl(e) can then be given as the quotient

3

(3.49) c,(e) » 238'2€ 5
2.6e7I(e)+6¢

2
I(e) = L J we(K_Q)/8 v6(1-x) (18-5x) dx is of order 1.
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Evaluation of C](e) for several e's in the range used for simulations

gives the following table

’e I(e) Cl(e) §1
2~ 0.78 3.4 .30
27> 1.06 3.1 .38
270 | 96 | 3.2 | .46

Table 1. The last column gives the x,-coordinate of

the point on the line XIZ1 where ¥_ is maximal.

4, MONTE CARLO SIMULATION

4,1 The stochastic difference equationms.

Dynamical systems with small random perturbations can be simulated with
the Monte Carlo method. To perform the simulation, the Wiener process W(t)
has to be replaced by a pseudo random generator G(t). A NAG routine [11] is
used to supply normally distributed random numbers with zero mean and unit
variance. Euler's method can be applied to the stochastic difference equations

(4.1) with time step h (Franklin [4]).
(4.1) x, (t+h) = x, (t) + hb, (x) + evh G,(t) i=1,n.

The time step h (h=0.03) gives an error in x of order 0O(h). Define the

new stochastic variable Axi(t), i=1,n;
(4.2) Axi(t) = xi(t+h) - xi(t).

This variable has for the first and second moment

(4.3) EAxi(t) hbi(x) + e/h EGi(t) = hbi(x)

ezhEGi(t) = ezh.

(4.4) Var Axi
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Consequently in unit time the expectation of Axi equals the local vector

field b(x) while variance in unit time equals e,

4.2 Results for the hypercycle.

Computations were carried out for the deterministic system (2.18) in
the cases n = 2 (A), n =3 (B) and n = 5 (C). According to equation (4.1) the

following stochastic difference equations are obtained:
(4.5) x, (t+h) = x, (£) + hx, (t) (kixi_](t)-zjijjxj_l(t)) + e/h 6, (1),

Each simulation starts in the stable equilibrium and comes to an end when

one of the coordinates changes sign.

A. Two components.

In case of two components the reaction constants have been chosen as

k =1, k,

coordinates (1/4,3/4). Simulation of the exit process gives for e40

= 3, Consequently there is a unique stable equilibrium Z with

concentration of the exit point distribution on the point in 9D with minimal
distance to Z (this point is (0,3/4)). Averaged over several hundred

simulations the mean xz—coordinate at the moment of exit is 0.742.

2
. . . . . £
A least squares approximation of the exit time T, in the form T, R aeb/

gives the result

2
(4.6) % 1.6 0:033/¢

B. Three components.

The reaction constants have been chosen as in 2.2 k] =1, k2 = 3,
k3 = 5. The stable equilibrium Z is consequently at the point
15 T
Z.) = 5= .
(4.7) (z,) = 53 (1/3,1/5,1)

As in case A there is an exponential growth of the exit time for descending
values of € Table 2 gives for several hundred simulations in each e the

number of exits in each coordinate plane (x]=0, x2=0 or x3=0) and the
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averaged exit time T, for that e-value. Also at each € the averaged X, and
x3—coordinate are given for exits in the plane X, = 0. The reason for this
choice is the concentration of exit points in the plane X, = 0 for descending
€. In this plane the exits are concentrated on a small area near Zl’ the
orthogonal projection of Z on the plane. An approximation of the exit time
in exponential form gives the following result

2
e0.0040/5 )

(4.8) TR 3.1

Exits on boundary X, = 0

€ T X,=0 X,=0 X;=0 il X,

1 .10 81 102 17 .321  .659
1/2 .29 72 118 10 .289  .642
1/4 .79 76 124 0 .268 .636
1/8 2.5 62 138 0 .235  .646
1/16 10 46 154 0 .238  .644
1/32 186 0o 10 o0 24 .64

Table 2. For each & 200 simulations are given on each line,
except for € = 1/32 with only 10. The last two
columns give the averaged x;- and x3-coordinates
for exits in the plane x5 = 0. Coordinates of Z;,
the orthogonal projection of Z on the plane are
(0.21, 0.65).
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512 1024 1/e2

Figure 3. Experimental exit times (4.8) (dashed line) vs. theoretical
values (3.48). The vertical axis shows log(t(Z)/3).

C. Five components.

As in preceding cases the starting point of each trajectory is chosen
in the w-limit set of the deterministic system. The fixed point Z however,
is a saddle point and the w-limit set is now (probably) a limit cycle in

the plane Zi= X, = 1, surrounding Z (Schuster [13]). The five reaction

1
constants come from an example in this reference;

(4.9) (k) = (25/13, 1/13, 19/13, 1, 7/13).

For this choice of constants the "limit cycle" is easily found. Starting
somewhere in the positive octant inIR5 the deterministic trajectory is
followed until the cyclic change in x-coordinates is less than a certain

preset tolerance.

The "limit cycle" is numerically represented by 200 step points, distributed
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homogeneously in time. The simulation procedure is almost the same as with A
and B, the only difference being the starting x-values which are obtained
by interpolation on the steppoints. The total collection of starting points
is homogeneously distributed over the cycle.

Since the cycle comes very close to the boundary at some points exit times
are much lower than in case B or A. The values log T, and log € show an
almost linear relation (figure 4), so an approximation of T, was made in the

form aeb, resulting in

-0.35

(4.10) TR 0.009(82)

e
logrek

2log €

Figure 4. Exit time for the_limit cycle with five components. log T
as a function of “log €. €
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5. CONCLUSIONS

The smaller cycles with 2 or 3 components have an exponential growth
of the exit time TE(Z) as a function of 82. However as indicated in figure 4
for 5 components, the larger cycles will have an algebraic growth of exit
time. Only in the special case with all ki (approximately) equal, Z will be
near the center of the hyperplane Zixi = 1 and then the stability will be
better.

Numerical results from the shooting method appear to be in good agreement
with the simulation experiments.The exponential factor 0.0040 in formula
(4.8) agrees well with the minimal Q-value on the boundary (0.0038) found
in section 3.3. The present approach is related with the following results. In a two
dimensional problemwith rotational symmetry Williams [15] found an exponential
behaviour of exit time froma limit cycle around anunstable fixed point in the origin,
where the boundary is taken concentric with the cycle. Bobrovsky and Schuss [1]
find algebraic behaviour of the exit time for the case of a center Z in a
domain D bounded by a closed trajectory of the vector field b(x).

Graham and Haaken [6] show that the function Q(x) can be interpreted
in a very wide sense as a generalized thermodynamic poteﬁtial for Markov
systems that satisfy conditions concerning time reversibility. The shooting
method is a very cumbersome way to obtain a single Q-value on the boundary.
Due to the strongly diverging character of the rays in the most interesting
direction (the minimum on the boundary), convergence in the shooting is hard
to obtain. Moreover, the critical points on the boundary have to be excluded.
The neighbourhood of a turning point needs a different approach. Since in the
precent problem, as well as in the problem of Bobrovsky and Schuss, the
minimal Q-value is approximately maintained outside a neighbourhood of
the turning point, the asymptotic method will still produce meaningful
results. Finally, the ray method does not give values all over the boundary,

since the rays may end in a caustic surface, before reaching the boundary.



27

The structural difficulties mentioned above make it worthwhile to look
for a different approach. In a subsequent report we study the same class of
problems for a different function y. Instead of the WKB-Ansatz ¥ will be
replaced by a function that allows numerical integration over the volume and

boundaries in the divergence theorem.
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