stichting

mathematisch

centrum MC
AFDELING TOEGEPASTE WISKUNDE TW 248/83 DECEMBER

(DEPARTMENT OF APPLIED MATHEMATICS)

S.A. VAN GILS

LINEAR VOLTERRA CONVOLUTION EQUATIONS:
SEMIGROUPS, SMALL SOLUT!ONS AND CONVERGENCE
OF PROJECTION OPERATORS

kruislaan 413 1098 SJ amsterdam

BELIOTHEDY BAATUEA T A mmry e arrms 1o s



Printed at the Mathematical Centre, Kruislaan 413, Amsterdam, The Netherlands.

The Mathematical Centre, founded 11 February 1946, is a non-profit institution for the promotion
of pure and applied mathematics and computer science. It is sponsored by the Netherlands
Government through the Netherlands Organization for the Advancement of Pure Research
(ZW.0.).

1980 Mathematics subject classification: 45D05,47D05

Copyright © 1983, Mathematisch Centrum, Amsterdam



Linear Volterra convolution equations: semigroups, small solutions and con-

vergence of projection operators

by

S.A. van Gils

ABSTRACT

In this paper we consider the initial function semigroup and the for-
cing function semigroup generated by linear Volterra integral equations of
convolution type. We prove that the two types are adjoints of each other in
the sense that the adjoint of the one type is the other type semigroup cor-
responding to the equation with transposed kernel. Moreover the semigroups
are equivalent. We prove that the absence of small solutions is equivalent
to the injectivity of a structural operator F which maps initial functions
into forcing functions. We show the convergence of the spectral projection
operators corresponding to the (purely) point spectrum of the infinitesimal
generators on a dense subset of the state space for a special class of

equations.

KEY WORDS & PHRASES: Volterra integral equation, semigroup, adjoint semi-—
group, structural operator,decomposition according to
the spectrum of the infinitesimal generator, conver-—

gence of projection operators, small solution.






1. INTRODUCTION

We discuss two types of semigroups for the Volterra convolution equation
t
x(t) = J c(t-1)x(1)dT, te R

-—C0

. n .
Here x takes values in R°, R, = [0,»), and we assume that £ is an X n

matrix with elements in tho,ﬁa, 0 < b < », which vanishes for t = b. There-
fore we can rewrite this equation as
b
(1.1) x(t) = J z(t)x(t-t)dT, te R ,
0

which we provide with initial condition

(1.2) x(t) = ¢(t), -b

IA

t <0,

where

-b,01], 1
¢ € Lp[ ,0]

IN
o
IN
8

The first semigroup associated by (1.1)-(1.2) acts on initial functions
and is defined by translation along the solution. One solves (1.1)-(1.2)
(see section 2) and defines (T(s)¢) (t) = x(t+s), s € I{P, -b < £t <0.

Related with equation

t
(1.3) x(t) = J z(t)x(t-1)dt + £(t),

0
where f(t) € ip[O,b] ={ge LP(R4) | g(t) =0 for t 2b}, 1 <p < o,
is the semigroup which is defined by tracing the forcing of the translated
equation. (S(s)f) (t) =X(t+s)-ISC(T)X(s+t—T)dT.SeeDiekmann[lO],Miller
[22], Miller & Sell [23]. It was shown for the first time by Burns &

Herdman [5] in the case of a Volterra integro-differential equation with
infinite delay that these two semigroups are related by duality provided

. . . . T
that one replaces in one of the equations 7 by 1ts conjugated transpose 7 .

In [11] Diekmann pointed out that this is a quite general property of delay



equations. For neutral differential equations this has been worked out in
detail by Salamon [26]. See also Staffans [27] for a general functional
equation. '

The use of the two semigroups makes the bilinear form (see for instance
[14,16]), redundant. The semigroups are intertwined by so called structural
operators F and G. F maps the space of initial functions into the space of
forcing functions, whereas G does the opposite. The intertwining relations

are
T(s)G = GS(s), FT(s) = S(s)F.

Quite similar operators have been introduced by Bernier and Manitius
[3,21], but there the distinction between forcing functions and initial
functions is less explicit.

One of the aims of this paper 1is to line up the results obtained by
Delfour and Manitius (see [9,21]), making a systematic use of the two semi-
group approaches. Here this is done for Volterra integral equations. See
Verduyn Lunel [31] for corresponding results for functional differential
equations of retarded type.

We also study some properties of solutions of the Volterra equation, which are
closely related to properties of the semigroups. First we show that the
absence of "small solutions', these are solutions of (1.1) which wvanish
after finite time, is equivalent to F being injective. This extends a re-
sult of Manitius [21]. See also Verduyn Lunel [31].

In the second place we prove that the conjecture, see Salamon [26,
pag.136], that the state space Lp[~b,0] can be decomposed as
R(T(nb)) @ N(T(nb)) cannot be true in general (compare also Hale [14,

pag.64]). We propose another conjecture

(1.4) Lp[*b,O] = R(T(nb)) @& N(T(nb)) ?

Note that as a consequence of Henry's result [15, Corollary 2] R(T(s)) and
N(T(s)) are constant for s = nb.
In his famous article '"On the integral equation of renewal theory"

Feller [13] already remarked that the series expansion of the solution of



(1.1) in terms of the generalized eigenfunctions of the infinitesimal
generator of {T(s)} does not have to converge. In [2] Bellman & Cooke have
extensively studied such expansions for some scalar differential difference
equations. Their results were extended to systems of equations by Banks &
Manitius [1]. Here we prove corresponding results for a class of Volterra
equations, which include the results of [1] and [2].

The paper is organised as follows. In section 2 we introduce the semi-
groups {T(s)} and {S(s)} and the structural operators F and G. In section 3
we study the small solutions and state space decompositions. The main re-
sults of that section are contained in Theorem 3.10 and 3.12. The last sec-

tion is devoted to convergence results.

Notation
n real n-dimensional Euclidian space
c” complex n-dimensional space
Lp[O,b] {f € LP(R+)| £(t) = 0 for t = b} (l<psw)

ﬁ]’P[o,bJ the Sobolev space of absolute continuous functions on R _ which

vanish for t > b and with derivative in Lp(]&+)

L(X;Y) the set of bounded linear operators of the normed space X into

the normed space Y.

fxg fxg(t) = IS f(t)g(t-t)drt

fS fs(t) = f(t+s)

supp the support of an Lp function is meant in the sense of distri-
butions.

2, THE TWO SEMIGROUPS

We will define x to be a solution of (1.1)-(1.2) on the interval

[-b,w), 0 < w £, if x € L;OCE

-b,w) satisfies (1.2) on the interval [-b,0)
and (1.1) on [O,w). We will see in a moment that we can take w = .
We can rewrite equation (1.1)-(1.2) as the renewal equation (1.3) where

the forcing function f equals f(t) = IE z(t)¢(t-T)dT.



The Resolvent R

Equation (1.3) can be solved explicitly in terms of the so-called re-

solvent. More precisely
(2.1 x(t) = £(t) - Rxf(t), te R,,
where R satisfies the matrix equation

(2.2) R(t) = gxR(t) - z(t), t e ]R+.

THEOREM 2.1. Equation (2.2) has a unique matrix-valued solution R € L%OC(RW).
This solution, which is called the resolvent, has the following properties:

loc

(i) for any f € Lp (R) the equation (1.3) has a unique solution

x = x(t;f) e Lll)°°(1R+) given explicitly by (2.1);

(ii) R commutes with t in the comvolution algebra, i.e., Rxg = [*R;
(iii) there exists a real number A, such that the mapping t -—>»R(t)e_)‘t

longs to LI(R+) for Re X > Ay

be-

Part (iii) of this theorem, which is the essential part, is based on
the theorem of Wiener & Levy and we refer to Paley and Wiener [24, section 18],
Miller [22, section IV.5 and appendix I.4] or Cordoneanu [8, section I.3].

As a consequence, (1.1)-(1.2) has a unique solution on [-b,») which we

denote by x(t3;¢).

The semigroup T(s)

Define for s ¢ R _, ¢ € Lp[—b,O] and -b £ t < 0:
(2.3) (T(s)¢) (t) = x(s+t3¢).

THEOREM 2.2. T(s) 78 a strongly continuous semigroup in the space Lp[—b,O],
T.e.:

(i) T(s)T(c) = T(s+o0), 8,0 € R+,

(ii) T() = 1d

(iii) 1imh+0 "T(h)¢"¢"Lp[—b,OJ =0, Vo¢e Lp[—b,O],



Moreover, this semigroup satisfies:
(iv) the explicit representation of T(s) in terms of the kernel and the re-

solvent reads:

{ o (t+s) -b < t < max{-s,-b}

(T(s)9) (1) =
fg Q(t,t+s)¢(-1)dt max{-s, -b} < t < 0,

where by definition
Q(t,S) = Ct(s) - R*Ct(s)s
(v) for s > 0, T(s) Zs the sum of the nilpotent bounded linear operator U(s)

¢ (t+s) -b £ t < max{-s,-b}

(Us) ) (t) =
0 max{-s,-b} < t < 0,

and the compact linear operator V(s)

0 -b < t < max{-s,-b}

(V(s)¢) () =
fg Q(t,t+s)¢(-t)dT. max{-s,-b} < t £ 0,

(vi) T(s) Zs compact for s = b.

PROOF. (i) holds because equation (1.1) is autonomous and submitted to ini-
tial condition (1.2) admits a unique solution on [-b,~). From the definition
of T(s) (ii) 1is clear. (iii) follows from the fact that translation is con-—

tinuous in LP(ID , 1 £ p < o, Rewriting (1.1) - (1.2) as the renewal equation

(1.3), the forcing function is given by f(t) = fi z(t) ¢ (t-1)dt
fg ct(T)¢(—T)dT. Now (iv) follows by applying (2.1). The first statement in

(v) is trivial. The second one follows from the observation that for a given
element a € Ll[O,b] the mapping f » a*xf from Lp[O,b] into itself is compact.

This follows easily from the compactness criterium in Lp spaces which is due



to Riesz (see e.g. [19,Thm 2.13.1). As U(s) vanishes for s = b (vi) is a

consequenée of (v). [

REMARK. If p = « then T(s) is a semigroup which is however in general not

strongly continuous. The representation given in Theorem 2.iv equally well

holds. The restriction of T(s) to the closed subspace M of C[-b,0], where
b . . .

M= {¢ e c[-b,0] | ¢(0) = IO c(t)¢(-1)dt}, is a strongly continuous semigroup.

In the next theorem we characterize the infinitesimal generator A of the

semigroup T(s), 1 < p < =,

THEOREM 2. 3.
@) D@ = (4 e WP-b,01 | 40 = fp c(m(-Ddr)

(1i) Ap = ¢!
(iii) The resolvent (A—AI)-—1 18 given explicitly by
(A—AI)—lw = fg eA(t—T)W(T)dT - A(x)—] IB ek(t—s)(f: z(t)v(s—-1)dt)ds.

Consequently A has compact resolvent and
o(a) =P_(4) = {A | det A(X) = 0},

I

where
Ib -AT
e

AA) =1 - 0 c(t)drt.

PROOF. Suppose that ¢ € D(A).As T(s) is a translation semigroup we know
(see for instance [6, Proposition 1.3.12]) that ¢ € Wl’p[—b,OJ and A = ¢',
Also the solution x(tj;¢) € Wl’p[O,T] for all T positive. Therefore

0
. T(h) ¢—¢ . x(t+h)-x(t) P
0 = lim || ——+ |, [_ = lim ( | =— 222 |" dt =
H10 h Lp[ h,01 L1 ) h
9 I8+hi(T)dT+IO'i(T)dT+x(0)—X(O-) p
lim j . t o . dt.
hto 1

As the first two terms in this formula go to zero as h goes to zero we con-—

clude that

b
x(0) = f z(t)o(-t)dt = ¢(0) = x(0-).
0



Conversely assume that ¢ € Wl’p[—b,O] and ¢(0) = Ig z(t)¢(-1)dT. First
we note that x € W]’p on [-b,0) and x € Wl’p on [0,T] for all T > 0. As
x(0) = x(0-) we conclude that x € Wl’p on [-b,T] for all T > 0. By standard

arguments it follows that

0.

lim || X(t+h;¢i—X(t;¢) _

x(e30) ||, =
Lim L [-,0]

This proves (i) and (ii). To prove (iii) first consider the eigenvalue

problem
Ad = Ao,

or equivalently
b
¢' = A¢ & J (1) ¢(-1)dt = ¢(0).
0
If det A(A) = O then there exists a nontrivial element ¢(0) € C" such that
A(M)¢$(0) = 0. The mapping t » e>\t $(0), -b < t £ 0, solves the eigenvalue
problem. On the other hand suppose now that det A(A) # O. With the abstract

problem (A-AI)¢ = ¢ corresponds the differential equation
o' - Ap =9

which has ,the solution

t
o(t) = et $(0) + I ex(t-T)w(T)dT.
' 0
We can achieve that ¢ € D(A) by choosing
b b
-1 -As
$(0) = -A(N) [ e J z(t)y(s-T1)dtds.
0 s

So ¢ = (A—XI)—lw is as stated is the theorem. From this explicit expression
the correctness of the theorem follows (see for instance Kufner et al

[19, Theorem 2.13.1] for the appropriate compactness theorem). [



We conclude this subsection with a descripfon of the generalized null-
space and range of the operator A-AI. A proof of this theorem is straightfor-
ward. Compare for instance [14, section 7.3; 9,II, appendix; 10, appendix].

We need to introduce some notations:

t
(2.4) CA: Lp[-b,O] -> Lp[—b,O], (CA¢)(t) = - J ex(t_T)¢(T)dT,
. 0
14
(2.5) fOl’.’_i e N v {0}: P. = - — A()\)
1 1. d)\l

We introduce matrices Ak of dimension kn X kn and column-vectors Qk and Wk

as follows:

P0 .
Pr Py
(2.6) Ak = P2 P1 P0
Pre-1 Pr-2 Pi-3 o
1 .2 k
¥ = col( LY .., Y),
b
v = -1’ J £(t) (CY¥) (-t dt.
0
THEOREM 2.4.
(i) N(A—AI)k consists of functions ¢ of the form
k=1 m
At t
p(t) = e { 2 o7 Sk- }
m=0

where E = col(el,...,ek) satisfies AkE =0,

(ii) ¢ € R(A—AI)k iff C ¥, = 0 for all row-vectors C

C such that CkAk = 0.

k

The semigroup S(s)

Define for s ¢ R, , £ € L [0,b] and t € R, :
+ P +



(2.7) (8(s)£) () = xs(t;f) - C*XS(';f)(t)-

Recall that i(t;f) is the solution of (1.3). The motivation to choose this
particular state space emanates from the fact that if the forcing is the
effect of an initial function in Lp[-b,O], it will belong to EP[O,b]. The
next three theorems are the counterparts of the foregoing theorems. The
proofs are quite similar and for the details, which are given in the case

p =1, we refer to Diekmann [10].

THEOREM 2.5. Let 1 < p < ». S(s) Zs a strongly continuous semigroup in

the space fp[O,b]. Furthermore the following properties hold:

(i) for s > 0, S(s) Zs the sum of the nilpotent bounded linear operator
U(s) and the compact operator V(s), where (U(s)f) (t) = £(t+s)
W) £) (t) = (Ct—Ct*R)*f(S)-

(ii) S(s) Zs compact for s = b.

THEOREM 2.6. The infinitesimal generator B is characterized by
(i) D) = {f e W '0,b] | £7+2()E(0) ¢ L (0,01}

(i1) Bf(t) = £'()+z(£)£(0).

(iii) B has compact resolvent, and c(B) = P _(B) = PO(A),

o]
b b b
(B—AI)—lg = - J eA(t_T)f(T)dT - J ek(t_T)c(T)dT~A(X)—1-J e_ka(T)dT.
t t 0
Notation:
b
R LT _ A(t-T)
(2.8) JA' Lp[O,b] Lp[O,b], (ka)(t) J e f(r)dr.
b t
(2.9) L,: ip[o,b] > ¢, L,f = J e £ (s)ds.
0

1 2 k
. col(Gk,G ""’Gk)

[op]
Il

i__ &t L
G G-DT ;31 ¥
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THEOREM 2.7.
(1) N(B—AI)k_consists of functions £ of the form

k-1 m ot
£(0) = [ (-1 3 (@(e ) (6)
m=0
where
Ek = col(el,...,ek) satisfies AkEk =0,

(ii) g e R(B—AI)k iff C G, = 0 for all row-vectors C, such that CkAk = 0.

k k

The structural operators

To describe the relation between the semigroups T(s) and S(s) we need
the notion of two so called structural operators acting between initial func-
tions and forcing functions.

Define for 1 < p < =

F: L. [-b,0] ~ L [0,b]
p p

by

b
(2.10) (F) (t) = J (1) ¢ (t-1)dT,

t
and

G: L [0,b] > L [-b,0]
P P

by
(2.11) (Gf) (£) = x(t+b;f).

THEOREM 2.8. G Zs a bounded invertible operator, the inverse is explicitly

given by

IA
t
IN
o

€ ') () = ¢_ ()-Tx6_ () O
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PROOF. The first statement is a direct consequence of the explicit formula

for G—]. 0

THEOREM 2.9.
(1) T(s)G
(i1) FT(s)

Il

Gs(s), s e R,
S(s)F, s € R,

(iii) V¢ € D(A): Fo ¢ D(B) & FAp = BF¢
(iv) Vf e D(B): Gf € D(A) & AGf = GBf
(v) GF = T(b)
(vi) FG = s(b)

(vii) Providing D(A) and D(B) with their graph-norms, G is a bounded imver-
tible operator of D(A) onto D(B).

(viii) GNEB-ADS = N@a- DX, ke N

(ix) FIN@A-DS = NEADY, K ¢ N.

PROOF. (i) and (ii) follow directly from the definitions. To prove (iii) let
¢ € D(A). Then Fo¢ € ﬁl’lto bl and (F¢)'(t) = fi t(t) o' (t-1)d1-2(t) $(0) . Hence
(Fo)' + z(- )¢(0) € L (I() This shows that F¢ € D(B). Now (iii) follows from
B(F¢) (t) = dt (F¢)(t) + C(t)(F¢)(0) = f t(1)¢' (t-1)dt = F(A9) (t). To prove
(iv) let f ¢ D(B) then ——-(Gf)(t) = (f'—R*f ) (t+b) -R(t+b) £(0) =

= f'(t+b)-+z (t+b)£(0) - R*{f +7(*)£(0)}(t+b) which implies that

GE)"' € L [-b,0]. The compatibility condition is satisfied because

x(b) = JO g(t)x(b-1)dtr. The identity AGf = GBf follows as above. (v): for
teR, x(t) = (F$) (t)-RxFo(t) = T(b+t)¢ = Fo(t+b) - RxF¢(t+b) = G(F¢) (v).

(vi) : using the identity a*b(s+t) = as*b(t)+a*bt(s) we derive

FG(f) = - gb*f (t-b) + ¢ *(R*f) (t-b)
= ;t*f(b)—gt*R*f(b) = S(b)f.
From the proof of (iv) we see that IGfl, < cl £l £ +z (=) £CO) I

A p[O bl L. [0, b] -
C"f"B, provided that f ¢ D(A). Furthermore, G~ 1 maps D(A) into D(B). %hls

proves (vii). The proof of the last two statements goes by induction, em—
ploying the linear algebra which is needed to prove Theorem 2.4, 2.7. We

omit the details. [
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Duality relations

We introduce notation for the semigroups and the structural operators
corresponding to the transpose of the kernel 7. For any initial row-vector

¢ € Lp[—b,O] and any forcing row-vector f ¢ Ep[O,bJ we define

(T7(s)6) (t) = y(s+t3¢) se R., -b<t<0

+

1

S (D) =y (630-y (3D*c(t), s,te R,

where y(+;9) satisfies

,Y(t) fg y(t-1)z(t)dT, te R

(2.12)

y(e) = ¢(v), b= t<0,

and y(-;f) satisfies
(2.13) y(t) = yxg(t) + £(t), te R .

+

(2.14) (FF9) (t)

]

I: ¢(t-1)c(t)dr,t € R,.

(2.15) GFE) (0

y(t+b;f), -b < t < 0.

As a realization of the dual space of L [-b,0] (L [0,b]) 1 < p < », we

choose Lq[O,b], (L [-b,01), 5—+ é-— 1, respectlvely together with the pairing

b .
<p,f> = J o(-t)f(t)dr.
0
. . - .
As a realization of the dual space of CL-b,0] we choose NBV[O,b], which con-
sists of all bounded variation functions on [0,®) such that (i) £(0) = 0;

(ii) f is continuous from the right on(0,®); (iii) f is constant for t = b, the

pairing being given by

b
<p,f> = J d(-t)df(t) .
0
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The dual space of
Cl0,b] = {f e C(R,; R") | £(t) = 0 for t > b}

will be NBV[-b,0] which consists of bounded variation functions on [-b,0]
which are continuous from the right, and vanishing at zero. The pairing is
given by

, b

<¢p,f> = J do (-t) £(t) .
0

DEFINITION. If the pair (T(s),X) consists of the (not necessarily strongly
continuous) semigroup, T(s) of bounded linear operators on the Banach space

X, satisfying SUP . IT(s)l < =, we will denote by
{T(s),X}
the pair (To(s),Xo) where XO is the largest subspace of X (which is closed!)

on which T(s) is strongly continuous and To(s) is the restriction of T(s)

to X .
fe}

DEFINITION. If T(s), To(s), X,XO are as above then
* * %
{T(s),X} = {TO(S) ,XO}.

THEOREM 2.10.

+
(i) F;=Fq, 1<p<ow,
.. * -+
(ii) Gp =Gy 1 <p <o

I

(iii) {T(s),Lp[—b,oJ}* (s (s), Eq[o,b]}, 1 <psow,

(iv) {s(s), Ep[o,b]}* {T+(s),Lq[—b,O]}, 1 <p< o,

Here, the subindices in the first two statements indicate on which Lp—space
the operators act. In the last two statements the assertion for p € {1,»}

holds after identification of AC in the NBV-norm with L,



14

PROOF .
@) <b,Fe> = o 90 (FO) (Dt = = [0 h(-0)z, *6(t-b)dt =

; I;bw(t)cb*¢(—b-t)dt = w*gb*¢(-b) =
PPUR p@eenans-nat = <Fy,e
(ii) <h,Ge> =

f

h(t) (Gf) (-t)dt = ]g h(t)x(-t+b)dt =

~t+b
0

b

0

b

0
P ne-nmde - fo JP7 ROR(tH-0)dD E(0)do =
fg (h(b-t) - fg”t h(T)R(b-t-1)d1) £(t)dt = <G h,f>.
(iii) Casel: | < p < =, For any ¢ € D(A) and f ¢ D(B+):

<£,A6> = [0 £(0)6 (-D)dt = [2 £1(D6(-D)dt +£(0)9(0) =

h(t) (E(-t+b) - [ R(-t+b-0) £ (0)do)dt =

IB (£'(8) + £(0)c(0))¢(-t)dt = <B'£,9>.

. * + * + . .
This shows that D(A") > D(B ) and that A ID(B+) =B . As Lp is reflexive
for these values of p A" generates strongly continuous semigroup and by
standard arguments [6] one shows that D(A*) = D(B+) and hence
{T*(s),Lp[-b,OJ}* = {S+(s),fq[0,b]}. Note that we do not have to take re-

strictions in this case!

Case 2: p = «, We have to restric T(s) to the space
b
X=1{¢ e C([-b,0]; BP) | J ()9 (-)dt = ¢(0)}
0
as a representation of X* we choose the Banach space which consists of the
restriction of functionals on C[-b,0], i.e.’ﬁﬁﬁ[o,b], to the space X. The

o~
duality pairing is as above. For f ¢ NBV[O,b] and ¢ € X we have

b
<f,T(s)¢> = { df(E)T(s)¢o(-t) =

0 s b .
df(t)p(-t+s) + J df(t)< J Q(T,‘t+S)¢("T)dT) =

0

o
n

S
df (t+s) ¢ (-t) + J df (1) Q(t,-t+s) ¢ (~-t)dt =
0

o

Ot———— ! OV—"-—r | 0 'V—UT

n

df (t+s) ¢ (-t) + d

t

O O+——T"

OO0

t
df (1) J Q(g,-t+s)dg ¢(-t).
0
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Therefore
S t

(2.16) T*(s)f(t) = f(t+s)-f(s) + J df (1) J Q(g,s-1)dg.
0 0

At this point we use Lemma 5.1 of the appendix to rewrite this expression as:

(2.17) T'(s)£(8) = £(t+s)=£(s) + £x (¢ ~Rsg ) (s) +
t t
£xR(s) - £*R(s) J z(£)dg + £(s) [ z(£)dE.
s . 0 0
As [gé’l;] (t »(I df (1) (l Q(g,s-1)dg) < [X?:](f)e I C“L][O,b] (1+"R"L1[O,s])’

we conclude from the general theory on translation semigroups [6, Theorem
1.4.9] that T*(s) is strongly continuous on AC(I{F) n ﬁ§§[0,b]. From formula
(2.17) we conclude that if f is in this closed subspace of NBV[O,b] then

L @D = £ (trs) + £ Rxz ) (s) = ST (D)

Case 3: p=1. If f ¢ Ew[O,b] and ¢ € L][—b,OJ then from the identity

<f,T(s)¢> <T*(s)f,¢> we derive that

T (s)£(t) = £(t+s) + £x(g "Reg ) ().

So {1"(s),L_[0,b1} = (s"(s),C00,b1) = {87 (s),T_[0,b1}.

(iv) Case 1: 1 < p < », This follows combining (ii) and (iii). The case

p =1 is as easy as above, so we concentrate on p = <, We restrict S(s) to
~ —_~— ~
C[0,b1. If ¢ e NBV[-b,0] and f e CL0,b] then from <¢,S(s)f> = <S (s)é,£>

we derive that

( fg d¢o (-1) fat Q+(T,s—£)d£ max{-s,-b} < t <0

(2.18) s*(s)¢ (t) =j b s
L d(t+s) + J do (-1) j Q+(T,s-£)d£ - b < t < max{-s,-b}.
0 0
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Where by definition
+4
(2.19) Q (t,8) =1t (s) - ¢ *R(s).

Using Lemma 5.2 of the appendix we rewrite this expression as

t+s
fg ¢ (-1) {Q+(T,S+t)-Q+(T,s)+c(T) I R(o)do}
S
max{-s,-b} < £ < 0
(2.200  S¥(s)4(e) = B 6

o(t+s) + J o (-1)1Q" (1,00 -Q"(1,8)+z (1) [ R(0)do}

0 s
-b < t < max{-s,-b}.

b

Already from formula (2.18) it is clear that the subspace on which S*(s) is
strongly continuous consists of the absolutely continuous functions on [-b,0]

vanishing at zero. If ¢ is in this set then we derive from (2.20) that

p
IB ¢'('T)Q+(T,t+s) max{-s,-b} < t <0
S NCHODIGIE

o' (t+s) -b < t < max{-s,-b}.

Therefore g%-(s*(s)¢)(t) =TT ()" (). O

We can interpret (2.16), (2.20) in the following way:
(2.21)  TUE) =z _(£) = 2 (0) = (z,()=z_(0))*r (L),
s ' .
where f ¢ NBV [0,b] and z satisfies

(2.22) z(t) = zxg(t) + £(t), t

v
o

(2.23)  §7(s)¢(v) =y (©) -y _(0),

where ¢ ¢ NBV[-b,0] and y satisfies
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(4 { )'_ [ y(e-t)z(r)de} = 0 >0
l EE'Y(t 0 y(t-t)r(t)dt} = t
(2.24) ) )
[ Ty (t) = ¢(v) -b <t < 0.

Decomposition according to the spectrum

We formulate the results only for the semigroup T(s). By the equivalence
relation T(s) = GS(S)G_I the corresponding results are valid for S(s).
From Theorem 2.3 we know that R(A,A) is compact. We apply the general
theory for such operators (see for instance [28, Theorem 10.1], [17, sec~-

tion 5.14]1).

THEOREM 2.12. Let A be a pole of R(A,A) of order r, then the state space

Lp[—b,O] can be decomposed as the divect sum of the closed subspaces:
L [-b,0] = N(A-AI)" @ R(A-A) .

We will denote the corresponding spectral projection operator with
range N(A—AI)r by Pi. Recall that Pi = 5%1 IF R(w,A)dw, where T' is a circle

around A, A being the only possible singularity of R(+,A) within the closed
disk.

- Na-ADE, A

I

U

Notation
—_— A€o

(by U we mean the span of

the union)

;%> >FE
F

= R(a-\D T, NA

nkec

From abstract theory we know that PO(T(t)) c etPO(A)

u {0}, see [17,Thm.
16.7.2, p.467]. T(s) is compact for s =2 b and hence T(s) has only point
spectrum for those values of s. This leads to the next theorem (compare

Hale [14, Thm.4.11).

THEOREM 2.13. For any real number B let A = A(B) = {} | A € o(A) and
Re A 2 B). Then

L[-b,0] = U e n ¥

which we will write as
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Mﬁ 18 finite dimensional, and there exist positive numbers K and y such that:

Vo e B, te B : IT()ol < ke BTV bigl,

<
% -
vo e M, te R :In(oel < ke® g0,

3. SMALL SOLUTIONS AND COMPLETENESS OF EIGENFUNCTIONS

DEFINITION. The solution of (1.1) - (1.2) is called a small solution if the
mapping XA »x() = fg e_}\t x(t-b)dt defines an entire function of € into c".
It turns out that small solutions must vanish after finite time. Before we

state this precisely as a theorem we need one more definition.

DEFINITION. An exponential function f(X) is of exponential type T if
[ .

lim SUP__,, r_] log M(r) = 1, where M(r) = max,kl=r

THEOREM 3.1. (Henry [15)). Let x be any small solution of (1.1)-(1.2). Then
x(t) = 0 for t 2 (n-1)b-1, T being the exponential type of X b det A(XA).

PROOF. Here we briefly indicate the proof. For the details in the case of
a retarded functional differential equation see [15]. Define

2(1) = [ e Mx(t-b)dt. Then R(\) satisfies

(3.1) AVRMD) = g(V),
where
b b ¢ |
(3.2) g(\) = J e M (e-b)dt - J e M { J C(T)¢(t-b-T)dT}dt.
0 0 0

As %()\) is entire we infer from this identity that X()A) has finite exponen-
(W) -%(0)

}\ b
than h has the same exponential type and is O(!%ﬂ) on the imaginary axis.

tial type and %()\) = o(1) on the imaginary axis. Define h(}) =
Therefore due to a theorem of Paley and Wiener [4,§ 6.8.1]

o
h(}) = J e—AT¢(T)dT, 0<o<®, ¢eL,(R) -
0
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Combining this with the identity h(A) = [.

0 e-AT(‘Ij x(p-b)dp)dt yields

that x(t). =0 for t = o-b.
Multiplying equation (3.1) on both sides by AdjA()), the matrix consisting

of the cofactors of A()A), we obtain
detA(M)X(X) = AdjA(N) .g(N) .

Since the exponential type of the right hand side is bounded above by nb we

conclude that ¢ < nb-1. [J
This result motivates the following

DEFINITION. Let ¢ denote the ascent of T(t) i.e.:

(3.3) a = inf{t € R, | Ve > 0: N(T(t+e)) = N(T(t))}.
Similarly 8 denotes the ascent of T*(t):

(3.4) § = inf{t ¢ R, | Ve > 0z N(T (t+e)) = N(T(t))}.

COROLLARY 3.2. a < nb-1 and § < nb-T.

From the equivalence of the semigroups S(s) and T(s) it follows that
o equals the ascent of S(t) and 8 equals the ascent of S*(t). The inequali-

ties obtained above are not sharp. This we demonstrate by the following

example
{x](t) = f %, (t-D)dt
(3.5) e x) (1) = f& x (t-r)dr
tx3(t) = fé xz(t—r)dT.

Here
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1 e -l 0
-2a_
A = = - ! 1 )
-A
0 = - ! 1

and type detA()) = 3, so nb-1 = 3.2-3 = 3,

First restrict to the subsystem

Xl(t) = Ié Xz(t—T)dT
(3.6)
xz(t) = fg x](t—T)dT.

The set of small solutions of (3.6) in Lp[—b,w), 1 <p <o, is given by

{x € Lp[—Z,w) | % (8) =0, t2-2;x/(t) =0, t2 -1}.

Therefore the set of small solutions of (3.5) equals

1\

{x € Lp[—Z,w) | x](t) =0, t > -2; xz(t) =0, t=-1; x3(t) =0, t>0}.

We conclude that the ascent corresponding to (3.5) equals nb-1-1.

The set of small solutions of the adjoint system

yl(t) = fé y2(t—T)dT

+

(3.7) y,(8) = f§ v, (t=Ddt + [}y, (t=n)dr
y4(t) =0

is

{y e Lp[—z,w) | yl(t) 0, £ 205 y,(t) =0, t>-2;

y4(8) = -y, (1), -1<t <05 y,(t) =0, t =0}

Therefore § = nb-t1-1.
In this example a = §. It is an important open question whether this

equality holds in general. We will come back to this question later on.
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In the next theorem we give several characterizations of N(T(a)). By the

equivalence, the corresponding statements for N(S(a)) are also valid.

them.

THEOREM 3.3.

() N(T@) = (¢ € L[-b,0] | the mapping ) A !

L, (F¢) of
€ into € is entire}

(1i) N(T(w)) = {¢ L[-b,0] | the mapping A » R(A,A) ¢ of C
into Lp[—b,O] 18 entire}

(1ii) N(T(x))

n

n NEY.
A
A€o

PROOF. Define E(A) = fg e—Atx(t)dt, then x(\) satisfies

A x() = L, (Fo).

We omit

Recall %()) defined in Theorem 3.1. The mapping A e-i(k) is entire iff the

mapping A = X(A) is enitre. This proves (i). (ii) follows from the explicit

formula for R(A,A) given in Theorem 2.3. The Laurant series of R(A,A) around

a pole AO of order m is given by
v ,—n n-1 _A
ROLA) = ) (A=A,) (A=A I)0  PT + H(A,A),
ne1 0 0 AO

H being holomorphic in a neighbourhood of AO (see [28, section V.10]). This

proves (iii). 0O

As a consequence of Henry's theorem we state

THEOREM 3.4. Vt = §: M = R(T(t)).

PROOF. Let t > 8. M* = U R(Pi) = U N(P? )t o=
Aeo Aeo

—_— +
U NESHE = (n NET)T = NsTent =
Aeo Aeo

NGt et = RTE) .
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' +
Here we have used the identity N(S+(6)) =N o N(Pi ), which is the coun-

A
terpart of Theorem 3.3-(iii) in the "S-language". [

Completeness of Eigenfunctions

We will call the eigenfunctions of A complete iff MA =L [-b,0]. It
follows from the previous theorem that this is the case iff 6p= 0. By the
semigroup property this will be the case iff N(T+(b)) = 0. As T+(b) =GF"
this is equivalent with the identity N(F') = {0}. It has been an open ques-
tion for quite a long time whether the equivalence N(F) = 0 <= N(F+) = {0}
holds, see for instance Delfour & Manitius [9]. Or in other words o = 0 <
§ = 0? A positive answer to this question is given in the next theorem. The
corresponding result for functional differential equations has been obtained
by Verduyn Lunel [31].

Before we state and prove the theorem we first introduce some notation
and recall some facts from linear algebra (see [18,§15]).

By det*z we indicate the element of‘L]CR+) that is obtained from the
expression for det ¢ by replacing the product in R by the convolution pro-
duct. For any square matrix C = (cij) we denote by Adj C the square
matr%x.which consist of all cofactors cofcij of C. By definition cofcij =
(-1)l+J 43 det C:j’ where Czj is obtained from C by leaving out the
i-th row and the j-th column. We also use Adj*C. The well known identity
(Ade)T. C = det C. I transfers in the convolution algebra to
(Adj*r) Txr(t) = detxz(t). T

Let C be a nxn matrix such that det C = O and suppose that the equation
Cx = b has a solution. Suppose that the rank of C is r and that det C # o,
C being the rxr submatrix consisting of the elements i3 1 <1i <r,

1 £ j £ r. All solutions of the equation Cx = b may be obtained by solving

the reduced equation

Cr e T e T T e T T T %
cr1x1+... + Crrxr = br - Crr+lxr+1 - e crnxn'

.,d_,

If we choose for x ...,X_ the arbitrary constants dr+1"' 0

r+1? n
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then the solution set of Cx = b is obtained by Cramers Rule:

n

r
- 1 _ _ ~
X. = 70 jzl (bj 5 cjkdk) Cofcij.

k¥r+l

Finally we state a lemma which we need in the proof of the next theorem

LEMMA 3.5. Let n € N and a; € L.[0,b]l, i € {1,...,n}, be given. For all

1
£ [-b,01: apx...¥a (ab+e) = (-l)n—l(a])b 5ok (a), (6.

1

PROOF. The statement trivially holds if n = 1, so assume that it also holds
if n = m-1 > 1. Then the identities:
mb+t
apke..... *am(mb+t) = (al*...*am_])(mb+t—f)am(r)dr =
b 0
J al*....*am_](mb+t—T)am(T)dT =
b+t
t
- J al* ..... *am_l((m—l)b+t—T)(am)b(r)dT =
0 t
O™ @) ke k(e ) (8-1) (a), (T)dr =
1’p °°° m-1'b m'b
0

D™ @) xex @), (0,

show that the statement is true for n = m. [J

THEOREM 3.6. The following assertions are equivalent:
(1) N(F) = {0},

(ii) sup supp(det*z) = nb

(iii) type detA()\) = nb.

PROOF.
(ii) = (i). Suppose 0 # ¢ € N(F). Then for t ¢ [-b,0]: cb*¢(t) = 0., Multi-

plying by Adj*ab we obtain that det*;b*¢ vanishes identically on the inter-
val [-b,0]. From the previous lemma we derive that det*cb(t) = (-])n_l-
detxz(nb+t) for all t € [~-b,0]. Our assumption implies that there exists ¢
positive such that det*;b(t) # 0 [a.e] on the interval [-e,0]. But then ¢
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must vanish identically on the interval [-b,0] as a consequence of the

Theorem of Titchmarsh [29, page 327]. This proves the first part of the

theorem.

(1) = (ii). Let us suppose that nb > ¢ = sup supp detxz. There exist a

natural number r, 1 < r < n, a rxr submatrix Z of ¢ and a positive number

e such that

(1) det*Eb # 0 [a.e.] on the interval [-¢,0],

(ii) for any square submatrix with size larger then r the detx vanishes on
[-€,07!

Without losing generality we assume that f = (cij) 1 <1, j £ r. We con-

struct a nontrivial element in the nullspace of F by using the linear alge-

bra above. We take into account that in general there is no inverse of

det*gb in the convolution algebra by letting det*Eb be a factor in the ele-

ments which we can choose arbitrary. Let § by any element in L [-b,0] such

that supp(¥) < [-b,-b+e]. P

Define
¢r+l = det*cb*w; ¢r+2 =...2 ¢n = 0.
(3.8) n A
¢i = - jzl (z;b)j rtl *Pk cof(;b)ji, ie {1,...,r}.

Then ¢ satisfies Cb*¢ = 0 on [~b,0] and ¢ does not vanish identically. This
proves (i) = (ii). The equivalence of (ii) and (iii) is trivial. Even a
stronger assertion is true: if sup supp det*f € ((n-1)b,nb] then it is equal
to type det(A())). 0O

As an immediate consequence we mention that o = 0 iff § = 0 and

THEOREM 3.7. The following assertions are equivalent

1) M= L [-b,0]

(ii) o = 0.

By having a closer look at the proof of Theorem 3.5 we can prove the

equality a = nb-t1 in the following case
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THEOREM 3.8. Suppose that p = sup supp detxz € ((n-1)b,nb), and there exist

a natural number r, 1 < r < n, a rxr submatrix T of ¢ and a positive number

e such that

(i) det*Zb # 0 [a.e] on the interval [-€,0],

(ii) for any submatrix of Zy with size larger than r the detx vanishes on
the interval [p-nb,0] [a.el, then a = § = nb—p.

PROOF. All small solutions vanish for t 2 (n-1)b-p. Let ¥ in (3.8) be such
that $(t) = 1, =b < t < (n-1)b=p and Y(t) = 0, (n-1)b=p < t < 0. Then ¢
defined in (3.8) satisfies F¢ = 0 and sup supp ¢ = (n=1)b-p. Conditions

(1) and (ii) as well as the construction of ¢ remain valid if we change from

z to QT. This proves the theorem. [

COROLLARY 3.9. Let n = 2. Then o < b = a = §,

PROOF. Let p = sup supp detxz. If p = 2b thena =6 = 0. If p € (b,2b) then
we can apply the previous theorem. If p < b then type detA(X) < b and hence
a>b. [0

F-completeness

DEFINITION. A solution of (1.1) =(1.2) is called a "trivial small solution"
if it vanishes for t = O.

The notion of trivial small solutions is closely related to the con-
cept of F-completeness, which was introduced by Manitius [21]. The idea
behind the concept is to study the eigenspaces Mﬁ in the closure of the

range of F.

DEFINITION. The system (1.1) is F complete iff FMA = R(F).

THEOREM 3.10. The following assertions are equivalent:

(1) system (1.1) is F-complete
(ii) M = R(P)

+
diyn,__ Py = N,

(iv) the transposed equation has only trivial small solutions,

v) NFGEH n RFH = {03,

+ 4+

i) FetFt = 0= F"

0.
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PROOF. As FM? = M? (i) and (ii) are equivalent.

A = R = B =:iRT3l = N N(p§+) = N(F),

Aeo
which proves the equivalence of (ii) and (iii). From Theorem 3.3 the equiv-
alence of (iii) and (iv) follows. The transposed equation has only trivial
small solutioms iff N(S+(h)) n R(F+) = {0}. As S+(h) F+G+ (v) is a re-
statement of (iv). Another restatement reads T+(2h)¢ 0 =~T+(h)¢ = 0. Mul-

]

tiplying on both sides with (G-l-)—-1 yields (vi). [

EXAMPLE. Consider the system

fxl(t) = fé Xl(t'T)dT
(3.9)
x)(8) = 2 x, (t-1)dr.

The set of all small solutions in Lp[—Z,w) is given by
{x € Lp[—Z,w) [ X1<t) =0, t=-1; x2(t) =0, t > -2}. Due to Theorem 3.8
(iv) the system is F-complete, it is however not complete. In the next ex-

ample neither completeness nor F completeness holds.

x, (0) = jé x, (t-1) dt
(3.10) xz(t) = fé xl(t—r)dr + fé x3(t—T)dT
x3(t) = 0.

The set of small solutions of the transposed system is

{x e Lp[—z,w) [ x () =0, t2-2; x,(t) =0t 2-1;
2

x3(t) = J xz(t-T)dT, 0<t<, x3(t) =0 t > 1}.
0
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Decomposition of the state space

In a first naive guess one would like to prove that the state space can
be decomposed into the closure of the span of the generalized eigenfunctions

and the initial states of the small solutionms.

|
=

Lp[-b,O] = ® N(T(nb)) ?

I
=

Ep[o,bj @ N(S(nb)) ?
However, the next example shows that this cannot be true in general. All-
though the example is artificial, it definitely shows what happens in

systems of equations where several delays are involved.

x(t) fé x(t-1)dT,

(3.11)

x(t) o(t); ¢ € Lz[-2,0].

Let E be the characteristic function of the interval [0,1]. Then equivalent-

ly we consider

(3.12) x(t) = E+xx(t) + £(t);
where f ¢ X = {g € LZ(R+) | supp(g) < [0,2]}. From Theorem 3.4 we derive
that MB = R(S(1)). As N(T(1)) =1{¢ € Lz[—2,0] | supp(¢) < [-2,-11} it fol-
lows that

R(s(1)) = {f € L2(1R+) | supp(f) < [0,1]}.
Furthermore

N(GS(1)) = {f =x - E*x | x ¢ L,[0,17}.

Therefore X ; N(s(1)) ® R(S(1)), because each element of N(S(1))@R(S(1))

is absolutely continuous on the interval [1,2]. Note that in this example
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(3.13) X = N(S(1))eR(S(1)).

We did not find any counterexample to this last identity.
We conclude this subsection with some equivalent formulations of this

identity in the special case that o,§ < b,

THEOREM 3.11, Assume o < b, § < b. Then the following statements are equiv—

alent:
i) L [-b,0]
(1) p[ ]

R(T(b)) @ N(T(b)),

(ii) 'ip(R4) R(S(b)) @ N(s(b)),

(iii) {0} = N(F'6H n *NeP),

(iv) {0} = *N(FG) n N(FD),

(v) T*(b)‘l is ome-to-one,

N(F)

(vi) S*(b)l_L 18 one-to-one.
N(FG)

PROOF. The equivalence of T(s) and S(s) implies that (i) < (ii). Applying
L 1 L L1 1 e . .
(LleLz) = L] n L2 and ~( Lln L2) = IW?LZ’ which hold 1if

L, and L, are linear subspaces of the normed linear space X, to (i) and (ii)

yields (iii) and (iv). Recall that FG = S(b) and GF = S(b). The last two

the identities:

statements are straightforward reformulations. [J
4, ON THE CONVERGENCE OF THE PROJECTION OPERATORS

One cannot expect that the sum of the projection operators P? con-
verges to the identity on the whole state space. For instance if ¢ is a small
solution then P§<b= C, VX € 0. There are some convergence results in cases
where small solutions are absent, see [1,2,20]. Here we give the correspond-
ing results for equation (1.1). Our assumptions on the kernel ¢ are in such
a way as to include the results of [1,2]. In fact we combine arguments em-—
ployed by Verblunsky [30] with those used by Bellman & Cooke [2] and Banks

& Manitius [1]. Therefore our proof is sketchy in order not to repeat al-

most literally the argumentation in [1,2,30].
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THEOREM 4.1. Let ¢ € EP(R*) be of bounded variation such that
() lim cﬁt) = ¢ (b)
(ii) det z(b) # 0.

If ¢ € Lp,[4b,O], p' > p, then for t 2 b

lim IT(0)¢ - | P (TN = 0.
> Aeo P
[X]<r

If ¢ € D(A) and ' € Lp,[—b,O], p' > p, then the same convergence hold fo¥
t>0.

Sketch of the Proof. Consider the scalar case n = 1. If n > 1, modifications

like the ones in [1] have to be made. We rewrite the characteristic function

as
4.1) A = —= g
e
where
b
(4.2) g =2 + (d) - ) - J O™ g gy,
0

Let for ¢ > O
V.= {0 cC| RO+ 3 logh)] < cl.

Then for c¢ and r large enough all zeros of g with modulus larger than r are
contained in VC (compare [2, Theorem 12.9]).

This suggests the transformation

1

(4.3) z = A + 5

log AX.

Let g'(z) = g(A) etc. All zero's of g' with large modulus are contained in

Vc ={zeC | |Re z| < c}.
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The proofs of Lemmas 1-2 in [30,I] carry over to the entire function g'(z).
We draw two conclusions. In the first place, the zeros of g' are uniformly
bounded away from each other. Let us say that |z'-z"| > K > 0 if z', z" are
different zeros of g'. In the second place, let each zero of g' be the
center of a disk of radius p, then there exists a positive n depending on p
such that |g'(z)| 2 n if z is not an element of one of the disks.

Let g(k) be the Laplace transform of x defined for Re ) sufficiently

large. Then Q(A) satisfies

(4.4) A = p(X,90),
where
(4.5) p(A,¢) =L, (Fo).
Therefore
p+ie
1 A 1

x(t) = T AT pr,e)dr,

27m1
u-ie

where for any A € 0(A): Re X < u.

By the above arguments there exists a unbounded increasing sequence
of positive numbers r_and a small positive number p (the radius of the
disks) such that the circle Cp: lz] = rp has no points in common with the
disks. Let us, for p large enough, denote by Fp the positively oriented
curve that consists of the part of Cp which lies to the left of

L

{zeC | Re z = u}. The points of intersection of Cp and L we will call

I+

U 1ap. |
u+1ap
(4.6) J ftamThaLea = Resle’® a0 00,
AY

u-ia Aveanrp
At -1
- J e" A(N) p(x,4)dr.

Tp
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We concentrate on the integral part of the right hand side. Following the
arguments in [ 2, chapter 6] we find after some lengthy but straightforward
calculations that

4.7) lim | [ Lam)“ M
T

p->® A

- 2p-1
L [-b,0] =0, a>—%5

P

We proof the existence of positive comstants C and € such that lIp(A,¢)l <
< o (1=2p) /p—e

b 0
[ e_ch(T)( J e—AT¢(t)dT)dT

0

{
1
x 1

1}

p(X,9)

T
0 0

e—ATd<C(T) [ e—At¢(t)d£}—e—Abc(b)[ e—At¢(t)dt}

1
» b

=T

0 b
e‘AT( j e'xt¢(t>dt)dc(T>+ j z(t)d(-t)dt +
0

=T

0
— ey f e'*t¢(t)dt}.
b

Ov—m—\T Ov—— T

Using Holders inequality
0
-\t j
| ( e "To(-t)dt]| < C(P')('
-b

p'-1
I P+
we conclude that if p' > p we can factor out the desired power of X in the
first and the third term. To estimate the integral involving the second term
in p(A,¢) we use the inequality, which is obtained in the same way as the
one above
1 eA(b+.)” 0, a-> p-1 i

. 1 - _
(4.8) lim llj — o) L [-b.0]
PP A P
P

Thus we obtain that

lim || J e*(b+')A(x)']p(A,¢)dA|lL fb.01 = O
Pt p
P
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and the first statement of the theorem follows. The last statement of the
theorem makes use of the straightforward identity which holds for all ¢ in

the domain of the generator
(4.9) Vo e D) : p(L0) = 1 (pOLEND+ (O],

The factor A"! so obtained does the job. [

REMARK. The condition ¢ € Lp" p' > p, can be weakened to a condition on
the interval [-€,0]: ¢ € Lp[-b,O] n Lp,[-s,O], e small but positive, and
resembles a condition involving backward continuation. Compare for instance
(1, Corollary 4.2].

While finishing this paper Verduyn Lunel has obtained the answer to
one of the questions posed in section 3, and he will publish in [31] the

result: o = §.
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5. APPENDIX

LEMMA 5.1. Recall that Q(t,s) = ¢ _(s) = Rxz (s). IS Q(E,s-1)dE <s absolutely

continuous ds a function of T with derivative Q(O,s—T)—Q(t,s—r)+R(s—r)ISg(£)d£.

PROOF .

t t

J Q(g,s-1)dE = f (ag(s-T)-R(s-r)*cg(T)dE =
0 0

t t s-1

g (E+s-1)dE - f J R(0) ¢z (&+s-T-0)dodE =

0 0 0
tts—r SFT t+s-T1

J z(g)dg - j R(o)do( f z;(&—o)d&)-
S—T ST

Therefore fg Q(E,S;T)dg is absolutely continuous as a function of T with

derivative
t t+s—1
g%-J Q(&,s-1)dg = -r(t+s—1)+z(s-1)+R(s-T) J g (E-s+t1)dE +
0 s-T
s—-T
- J R(o) (g(s=1-0) -z (t+s—T1-0))do =
0 ,
t+s

= . (s=D)+z(s—1) +R*g, (s-1) ~R* (s—1)+ R(s-1) - J t(g-s)dg =
S
t
Q(0,s-1)-Q(t,s-1)+R(s-T) j r(e)de. 0O
0
LEMMA 5.2. Recall that Q+(t,s) = ct(s)-li*R(s). ]8 Q+(r,s+£)dg 18 absolute—
ly continuous as a function of T with derivative Q+(T,S+t)-Q+(T,S) +

+ z(1) f;+s R(o)do.
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PROOF.

+&
z(t+s+£-0)R(0)dodE =

]

r(t+s+g)dg -

Ot .
O

t N
J Q+(T,S+E)dE
0

|
|

T+s+t S
g(t)dt - [ z(t+s+g-0)dgR(o)do +
T+s 0
s+t ¢
- j J r (t+s+E£-0)dER(0) do =
s 0-s8
T+s+t s t+T
t(o)do - J I z (s+£-0)dgR(0)do +
T+s 0
s+t t+T
- [ J r(s+g-0)dER(0) do.
s o+1-s

Therefore Ig Q+(T,S+E)dE is absolutely continuous as a function of T with
derivative
t
[+ _
37 | @ (1,8+8)dE = g(t+s+t) - g(t+s)
0

S
.

0

S

- J g(t+s+t-0)R(o)do + J z(t+s-0)R(c)do +
0

s+t s+

t

p

- J z(t+s+t-0)R(oc)do + J z(1)R(o)do =

S S
s+t
cT(s+t)—cT*R(s+t)—cT(s)+§T*R(s)+c('r) I R(g)dz =
S

t+s
Q+(T,s+t)-Q+(T,S)-z(T)J R(o)do. [

s
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