stichting
" mathematisch
centrum MC
AFDELING TOEGEPASTE WISKUNDE TW 249/83 DECEMBER

(DEPARTMENT OF APPLIED MATHEMATICS)

S.A. VAN GILS

HOPF BIFURCATION AND SYMMETRY:
TRAVELLING AND STANDING WAVES ON THE CIRCLE

Preprint

kruislaan 413 1098 SJ amsterdam

BIBLIOTHEEK MATHEMATISCH CENTRUM

——e AMSTERDAM ——



Printed at the Mathematical Centre, Kruislaan 413, Amsterdam, The Netherlands.

The Mathematical Centre, founded 11 February 1946, is a non-profit institution for the promotion
of pure and applied mathematics and computer science. It is sponsored by the Netherlands
Government through the Netherlands Organization for the Advancement of Pure Research
(ZW.0.).

1980 Mathematical subject classification: 34C25, 34C45, 34D05, 35B10, 35B32

Copyright © 1983, Mathematisch Centrum, Amsterdam



Hopf bifurcation and symmetry: travelling and standing waves on the circle*)

by

S.A. van Gils

ABSTRACT

In this paper we consider Hopf bifurcation in the presence of 0(2)
symmetry. The reaction diffusion equation u = DuXX + f(u,u) provided with
periodic boundary conditions may serve as a model problem. We prove the
bifurcation of atorus of standing waves and two circles of travelling waves
and we compute the stability (with asymptotic phase) of these periodic
solutions, giving explicit formulas. Finally we demonstrate how a small

perturbation which breaks part of the symmetry leads to secondary bifurcation.

KEY WORDS & PHRASES: Hopf bifurcation, symmetry, secondary bifurcation,
travelling waves, standing waves, stability
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1. INTRODUCTION

In this paper we study the Hopf bifurcation to periodic orbits at
multiple eigenvalues, where the multiplicity is caused by the presence of
symmetry, and we investigate the effect of a perturbation which breaks part
of the symmetry.

We are motivated by the system of reaction diffusion equations

n
(1.1) u, = D(u)uXx + f(u,u) xe R, pe R, ul(t,x) e R,

provided with the periodicity conditions:

u(t,0) = u(t,2m)
(1.2) :
uX(t,O) = uX(t,Zﬂ).

Due to the periodic boundary conditions, the equations are rotationally
symmetric: if u(t,x) is a solution, then also u(t,x+£) is a solution.
Furthermore, reflection symmetry is present; together with u(t,x) also
u(t,-x) is a solution. These symmetries occurs in many different situationms.
For instance this is the case in the Couette-Taylor problem, describing the
flow of a viscous incompressible fluid filling the space between two concen-
tric cylinders. Independently this has been studied by Iooss [17]. Also
the laser equations studied by Peplowski [24] exhibit these symmetries. Our
methods are only grounded on the presence of the symmetry groups and
therefore similarly apply to all the equations mentioned above.

We will frequently encounter standing and travelling wave solutions.
The existence of these type solutions for (1.1) has been proved by
Herschkowitz-Kaufman and Erneux [14,15]. See also Auchmuty [1], Fife [91].

Hopf bifurcation at multiple eigenvalues has been studied ingeneral
by Kielhofer [ 20]. Here the symmetry yields an (at least) four dimensional
invariant subspace for the linearization at a Hopf point. Among the elements
of this subspace one can distinguish between travelling waves (e.g.

2

Clsin(kx—wt) - Czcos(kx—wt); Cl,g € ]Rn) and standing waves (e.g.

2

sin kx(glcos wt-—czsin wt) 3 cl,c € IRn). As the multiplicity is due to

symmetry there is more hope to get a complete picture of the bifurcations



than in the general case. We utilize the group theoretic methods of Sattinger
[25,26], Vanderbouwhede [28] to analyse the bifurcation equations, which
we derive in the same spirit as Crandall & Rabinowitz [8] do in the case of
Hopf bifurcation of simple eigenvalues. See also the contribution of Othmer
in [111].

Keener [19] showed that there is an intimate relation between secondary
bifurcation and multiple eigenvalues. In [7], Cowan and Ermentrout show
how secondary bifurcation occurs when several pairs of complex conjugate
eigenvalues of multiplicity two (due to the same symmetries!.) cross the
imaginary axis almost simultaneously. Here we will split one pair of multiple
eigenvalues by adding to the r.h.s. of (1.1) a term ng(u,u,ux), 0<n<« 1,
which breaks the reflection symmetry. To this equation we will refer as the
perturbed omne; (1.1) is the unperturbed equation (n=0).

We will show that under certain assumptions on f (which are generically
satisfied) the only time-periodic solutions of (1.1)-(1.2) in a neighbourhood
of the zero solution (£(u,0)=0) are an invariant torus of standing waves
and two invariant circles of travelling waves. Two possibilities exist:

(1) the travelling and standing waves bifurcate at the same side (either
subcritical or supercritical),

(ii) the travelling waves bifurcate to wone side and the standing waves to
the other.

If the remaining eigenvalues of the linearized equation lie in the left

half plane then (generically) in case (i) one of the wave types is stable

and the other is unstable. In case (ii) both types are unstable. These

facts complete results of Bajaj [2] and confirm results obtained independent-

ly by Peplowski [24]. The stability depends on the direction in which the

eigenvalues cross the imaginary axis and the relative size of two numbers

(c

1 and CZ)’ confirming a conjecture of Sattinger [25].

For the perturbed equation we show the possibility for a complex pair
of characteristic multipliers of the travelling wave solutions to enter or
to escape the unit circle. This leads either to the secondary bifurcation
of an attractive invariant torus or to the stabilization of travelling wave
solutions. What will happen depends on the relative size of four numbers.
The paper is organized as follows. In section 2 we state the o.d.e.

which is obtained after reduction to the center manifold and choose suitable



coordinates. We analyse the bifurcation equations and describe the periodic
solutioné of the unperturbed equation (n=0). In section 3 we describe the
dynamics on ﬁhecenternmnifold by averaging the equations. Section 4 deals
with the perturbed equation (n#0). In the first appendix, section 5, we
compute all relevant Floquet exponents and in the second appendix, section
6, we make some comments about the reduction of (1.1)-(1.2) to the center
manifold and we give formulas for c

the r.h.s. of - (1.1).

1 and ¢, (mentioned above) in terms of

2, THE ORDINARY DIFFERENTIAL EQUATION ON THE CENTER MANIFOLD

The equation we consider is

d n
(2.1) —&—yt- = G(n,u,y) n,ue Ry ye R,
and we make the following hypotheses:
H] G ¢ Cr, r 2 6; G(n,u,0) = 0.
H, the linear part of the unperturbed vector field (n=0) is given by

2
oa(u) ~w(u) O 0
(2.2) A =| e al) 0 0 ’
0 0 a(w) -w)

0 0 w() a)

where a(0) = 0, w(0) = @, # 0. Furthermore we assume that the transversality
condition holds: Re o'(0) # 0;
H let for 6 € [0,2m) M(6) be the rotation matrix

3
cosH -sinb 0 0
M(0) = sin® cos6 0 0 .
0 0 cosf sinb
0 0 -sinb cos6

We assume that G is covariant with respect to M(8), i.e.,



M(8)G(n,u,y) = G(n,u,M(0)y),

H4 let L be the matrix
0010
0001
1000
0100

e
]

The unperturbed vector field is also covariant with respect to the matrix

~

L, i.e.:
L G(O,U’Y) = G(O,u,Ly).

H3 is due to the rotation symmetry and H4 renders the reflection symmetry

of the unperturbed system.
At this point we change to complex variables z, =y, ¢+ iyz, z, = y3+iy4
. 2 2 2 1 1 .2 2 3 . .
and define H:t R x € > C by H =G + iG and H = G~ + 1G . Equivalently

to solving (2.1) we solve for z = (zl,zz)T the equation
(2-3) z = H(nsu’z)t

We make this transformation for computational reasons. For instance
we can now describe the rotation symmetry briefly as follows:

Let for 6 ¢ [0,27) I'(6) be the complex matrix
i6

_fe 0
(2.4) ree) = ( . e_ie> s

then H3 is equivalent with

(2.5) r(e)H(n,u,z) = H(n,u,T(6)2).

At n = 0 H is covariant with respect to



(2.6) L= (0 '),
1o

(2-7) LH(O,U,Z) = H(O,U,LZ).
As a consequence of (2.5) one easily derives

LEMMA 2.1. Let in the Taylor series expansion of H' with respect to z

Altemn(n,u) be a nonvanishing coefficient of zll{ E{' zI;Erzl then for i = 1:

k-L-m+n=1and for i =2: k-£L -m+n = -1,
The next lemma follows from (2.7).

LEMMA 2.2. Let A;Kmn be as in the previous lemma. Then

1 2
Akﬂmn(o’u) - Amnkﬂ(o’u)'
After these prelimemaries concerning the symmetry conditions we proceed
doing the quite standard preparations to apply the method of Liapunov Schmidt.

In the following 2ww—l will be the unknown period of the periodic solution,

we write s = wt and look for 2m-periodic solutions of

(2.8) wiE = H(n,u,2).

Let X be the space of continuously differentiable 2m-periodic functions from

R into Gz provided with the supremum norm

huly = sup Q)
X sup u(s)].
se[0,2r) s sel0,2m)

~

Let Z be the space of continuous 2m-periodic functions from R into ¢~ provided

with the supremum norm

“uﬂY = sup |u(s)].
se[0,2m)

Let Bz be the linear part of Hat p =0 and n = 0, i.e.

=% O ).
0 iwo

Define J[O: X > Z by



du(s)

0 ds + Bu(s).

| JlOu(s) = -

Then, equivalently to looking for 27w ]—periodic solutions of equation (2.1)

we look for 2m periodic solutions of the equation

(2.9) ‘]Iou + F(n,u,w,u) =0,
where
du
(2.10) F(n,u,w,u) = (wo—w) I + H(n,u,u) - Bu.

Indeed if u(s) satisfies (2.9) then (Re ul(wt), Im ul(wt), Re uz(wt),
Im uz(wt))T is a real 2n/w periodic solution of §2.1).

We define in X the elements ¢1 = ¢1(s) = (elS,O)T and ¢2 = L¢1. From
the definition of J, and the Fredholm alternative for periodic solution

0
we obtain:

LEMMA 2.3.
N(JIO)

{ue X|u(s) = zl¢l(s)*kzz¢2(s); Z,22, e ¢}

RAE ) = tucz| [iTe™ usdas = 0,071

In Z we define the inner product [ , ] by

1 2 [—
[£,8] = 5- jo“ £(s). g(s)ds.

Consequently R(Jﬁo) = {ueZ| [u,¢1] = [u,¢2] = 0}. As we pointed out before
we will use coordinates that reflect the symmetry. S will be the representa-
tion of S0(2) = R (mod 27m) over Z defined by

(2.11) (S(E)u)(s) = u(s+&), 0 < & < 2m.

On N(JZO) S induces a two dimensional complex representation of S0(2). Let

[213 denote the element z1¢](s) + 22¢2(s) in N(J[O). It follows that
2



oiE
o] [0, DO
N N AP £ A
2
On the other hand also T defines a two dimensional complex representation of

S0(2) over N(J[O):

i6
o[- [ S0

These observations immediately lead to the following

LEMMA 2.3. There 18 zn N(x ) a one-to-one correspondence between
{[21] | ]z I + lz | # 0; Z1s2, € Cl and {e S(E)T(B) (51na¢>l+cosa¢ ) |
€ ele.,.\{O}, a € [0,2], £,0 € [0,2m)}.

Let P be the projection of X onto N(I 0) defined by
u = [u,¢1]¢1 + [u,¢2]¢2.

By the same formula we extend the action of P to elements of Z. This extension
we will again denote by P. Then u € R(.]IO) iff Pu = 0. Without loosing
generality (confert [5, section 5.5]) we look for solutions u of equation

(2.9) of the form
u = s(sinqubl + cosou;b2 + %), Py =0,

P commutes with .][0. Therefore the equation (2.9) is equivalent to the pair

of equations

(2.12a) ‘]IO ex + (I-P)F(n,u,w,e(sina ¢]+cosu¢2+x)) =

(2.12b) PF(n,u,w,e(sina ¢1+cosu¢2+x)) =

As .][0 is an isomorphism of N(P) onto R(J[O) we first solve equation (2.12a).

We devide by € and look for solutions of the equation F = 0, where



1_- .
x+;J[O](I—P)F(n,u,w,E(sma ¢, +cosad,+x)) €#0,

F(ﬂ,u,w,E,o‘,X) = ][ _1
x+Iy (I-P)F (n,u,0,0)(sina ¢, +cosad,+x)) e=0.
u 1 2
(1) Fec™ by i) F(0,0,0,0,0,0) = 03 (iii) F (0,0,uy,

an application of the Implicit Function Theorem (I.F.T.) and some standard

0,a,0) = Id. Therefore

arguments vield

THEOREM 2.4. There ewist positive numbers ;,E,E,Z and a Cr_] function X*
defined on A = {(n,u,w,c,a) e:m5i|n| < ﬁ, lul < ﬂ, lw—woi < ;, lef < ;,
o e [o,gq} which takes values in N(P) < Z such that (i) x*(0,0,0,,0,a) = 03
(ii) dxx/3e (0,0,0,,0,0) = 0; (iii) F(n,u,e,0,% (n,u,e,0)) = 0. Moreover

this solution is unique in a small neighbourhood of the origin in A x N(P).
We summarize the foregoing in:

THEOREM 2.5. There exists a positive number T, such that if u satisfies
(2.9) and 0 < lull < T, then the there exist unique 0,% (depending onu) and
(n,u,w,e,0) € A such that u = sF(G)S(E)(sin&x¢l-fcoscx¢2-+X*(n,u,w,€,u))
and

(2.13) PF(n,u,w,e(sina ¢, +cosa ¢2+x*(n,u,w,€,u))) = 0.

Furthermore 71f (n,u,w,e,a) € N satisfies (2.13) then for all 6,& € [0,2m)
r(6)s(&)u s a solution of equation (2.9).

PF = 0 iff K = (KI,KZ)T = 0 where K' = [F’¢i] for i€ {1,2}. In the

following we will look for zero's of the so-called bifurcation equations:
(2.14) K(n,u,w,e,a) = 0.

As it has been remarked for instance by Vanderbouwhede [28], in general
the bifurcation equations obtained by the Liapunov-Schmidt reduction inherite
the symmetry properties of the original equation, provided that the projection
operators used in the reduction procedure commute with the symmetry operators,

which is the case here. We work this out for the mapping K.



LEMMA 2.6.

. : T
(1) LK(n=0,u,w,e,0) = K(n=0,u,w,€,§"0)
0

ee 2 m
(iii) K (n,u,w,e,a=39 = 0.

.. 1 :
(i1) K (n,u,w,e,0=0)

PROOF .

(1) It suffices to prove that Kl(n=0,u,w,a,u) = Kz(n=0,u,m,e;%-a).
Kl(n=0,uew,s,u) = [F(n=0,u,w,e(sin¢x¢]-Pcos<x¢2-+X*(n=0,u,w,e,a)),¢1] =
[LF(n=0,u,m,s(sinAx¢1-FCOS(x¢2-Fx*(n=0,u,w,e,a)),L¢1] =
[F(n=0,u,w,€(sincx¢2-+c03(1¢1-+Lx*(n=0,u,w,s,a)),¢2]. L commutes with
X . and P. If we apply L to equation (2.12a) then from the uniqueness

o;)x* we derive that Lx*(n=0,u,w,e,a) = X*(n=0,u,w,e,%ﬂ-a). This proves
(i).
(ii) Let a = 0. Define a projection operator Q of Z into itself by the formula
2m
(2.15) =5 I S(0)T(8)u do
0

Q commutes with P and F, Q¢2 = ¢2, Q¢1 = 0 and [Qu,v] = [u,qQv]. If
x* satisfies (2.12a) then also Qx* satisfies this equation because
o = 0. Therefore x* = Qx*. Hence

K’ (n,u,w,e,0=0) = [F(n,u,w,ecbz+x*(n,u,w,e,a=0)),¢1] =

[QF(n 1,056, + X" (n,1,0,€,0=0)) ,¢, ]
[F(n,u,0,e0, + X" (n,1,0,6,0=0)),Q¢4, 1 = 0.

(iii) follows combining (i) and (ii). g

REMARK. We have used the fact that s(—e)r(e)¢1 = ¢1 and S(8)F(6)¢2 = ¢2.

Returning to the reaction diffusion equation (1.1)we see that S(8) corresponds
to a translation in the time variable, whereas I'(8) corresponds to a transla-
tion in the space variable. Therefore we will call ¢] and ¢2 travelling wave

solutions.

LEMMA 2.7. Denote the first terms in the Taylor series of H as follows:

1 . 2 2 2
H (n,u,z) = (1m0+-au+-b1n)zl+-c]z1]z]] 4—czz][z21 +cqz)2,

2 - 2 - =2 (1)
+ c4|z11 z2+-c5|zzl zy*cg 2y Zy+hoo.ts
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37271
(1)

2 - - -2
+c5|zll z,*cg 2, z  +hoo.ts’,

2 . 2 2 2
H (n,u,z) = (1m0+au+b2n)z2+c]zzlzzl +c222|zl! +c.,2. 2
ve,1z.1% 2

4'72 1

where

ho e co(Clul + D Uz 1+ 12,1+ (lul + wD Az 1+ fz, 1) +

5
(Iz]' + 'z2|) )'
Then the expansion of the bifurcation function is given by

fK] (n,u,w,e,0) = €sin a{i(w—wo) + ap +b]n +

clezsinza + czszcosza + h.o.tgz)}

(2.16) 9 2

K" (n,u,w,e,0) = €cos a{i(w—wo) +au+b2n+

{ clezcosza+czezsin2a+h.o.tg2)},
where

2 2 2 4

hoo.t$2) ¢ ol + Inf + lwugD) + (Tul + InD)?+ &%),

PROOF.
2w
K1 (M,u,w,e,0) = 51_7}_ j e_lSFl(n,u,w,e sina¢]+ecosa¢2+ex*)ds

2m
= — J e_ls{(w—wo) % (e sinae’S + ex*l (s)) +
0

1 . * . . is
H (n,u,e sina ¢1 + € cos o ¢2 +ex (s)) - iw,e sinoae }ds.
Because second order terms in the expansion of H with respect to z are missing,
. * . 2
the expansion of ¥ with respect to € starts at order € . The result follows

from the definitions above and Lemma 2.6. O
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The remainder of this section is devoted to the analysis of the points
where K vanishes for the unperturbed equation (n=0). The stability of the
corresponding periodic solutions shall be determined by evaluating the Floquet

exponents. We discuss the perturbed equation (n#0) in section 4.

THEOREM 2.8. Let n = 0. Suppose that

(i) Rea >0,

(ii) Re c, <0,

(iii) Re (clicz) #0,

(iv) Re ¢y # 0.

Then the only possible values of o at points in a neighbourhood of (u,w,e) =
(O,wO,O) where K vanishes are o = 0, o = 23 a = gu There exists E'positive
such that for a € {0,m1/2}, 0 < e < € there exist wunique p = u(e), o = w(e)
such that K(M=0, u(e), w(e), €,0€{0,m/2}) = 0, and for o = 7/4, 0 < € < €
there exist unique = u(e), v = w(e) such that k(n=0, u(e), w(e), e,a=n/4) =0.

Moreover
-Re ¢
_ 1 2 3
w(e) = ¢=—7¢ + 0(e7),
-Re(c,+c,)
- 1 72 2 3
e = =gz ot

PROOF. Define £ = esina and p = ecosoa. At n = 0 we write (2.16) as

Je.g(u,u,8,p)
19-8(1—19‘”’9’5) =

If £ = 0 (a=0) we must solve (if €#0) the equation

g(u,w,p,0) = 0.

Let p2 r and f(p,w,r) = g(p,w,p,0). The real part of f does not depend
on w. By the IFT we obtain r = r(u) such that Re f(u,w,r(p)) = 0. The
imaginary part of f is linear in w, and we obtain w as a function of p such
that Im f(p,w(u),r(p)) = 0. Finally as Re a # 0 we can also write p as a
function of €, and the expansion above follows easily. The case p = 0
(a=m/2) goes similarly, exchanging the roles of p and n. If £ # 0 and p # O

let 52 = r? and p2 = r2 and

2
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. _ /g(u,ﬂ),g,p)\
F(u,w,r],rz) " \gu,w,0,8) )"

The real part of F does not depend on w. Re F(O,w,0,0) = 0 and

/ReclRecz\

D_ . Re F(0,0,0,0) = L )
5 5 172 Re t::zRee1

As Re(cl-cz) # 0 we obtain r, = rl(u) and r

5 = rz(u) such that

ReF(ﬁ,w,rl(u),rz(u)) = 0, We can also solve the equation 0 = H(u,r) =

Re F(u,w,r,r) and obtain r as a function of uy. By the uniques part of the
IFT we conclude that rl(u) = rz(u). Consequently Im F(u,m,rl(u),r](u)) =0
reduces to a single equation, linear in w, and we obtain w as a function of

U. Also here we obtain p as a function of € because Re a # 0.

REMARK 1. The periodic solutions which bifurcate from the p,f-axis are invariant
under S(0)T(8), S(6)T(-0) respectively. Therefore we will call these solutions
travelling wave solutions. Compare the remark below Lemma 2.6. The periodic
solutions which bifurcate from the diagonal are invariant under L. These are the

standing wave solutions.

REMARK 2. With each travelling wave solution u corresponds a circle of
solutions S(&)u, 0 < £ < 27, With each standing wave solution corresponds

a torus of solutions S(E)T(B)u, 0 < £,8 < 2.

----- torus with standing

_ N waves
; N . .
s (u), \u circle with travel-
// \\ ling waves
’ \
\
, \
\
’ uls) 4y g
Re(c1+c2) <0 Re(c1+c2) >0

u: unstable; s: stable

figure 1.

REMARK 3, The first two assumptions replace without loss of generality:
Rea # 0, Rec1 # 0.
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In the next theorem we give asymptotic expressions for the four charac-
teristic multipliers of the periodic solutions. It is obvious that two of

them are zero for the standing wave solutions (a=m/4). Both

r(®)u(e) (s)-u(e) (s)

s = lim

-0 ® ’
and
s > lim S(&)u(e) (s)-u(e) (s)
£+0 :

are independent 2m-periodic solutions of the linearized equation. For the
travelling wave solutions (a=0, a=§) those two solutions are not independent.
Generically only one characteristic multiplier will be equal to zero. In
section 3 we will use this theoremto give a complete description of the dynamics
on the center manifold. The proof of this theorem is straightforward but
lengthy. We closely follow Crandall & Rabinowitz [8]. The proof is postponed

to appendix 1 (section 5).

THEOREM 2.9. For o = m/4, the two non trivial characteristic exponents are
given by:

Ky = Re(c1+c2)e2 + 0(63)
K, = Re(cl—cz)e2 +'0(e3)

For o € {0,%}, the three non trivial characteristic exponents are given by:

2Rec 2 4 0(ed)

(Re(cz-cl) + i Im(cz—cl))e2 + 0(83)
3= (Re(cz-cl) -1 Im(cz--c]))e2 + 0(53).

oY
—
I

)
|

This result shows that generically the stability is as indicated in
figure 1. It also indicates how to construct examples of a diffusive Lotka-
Volterra system with (at least) three species exhibiting stable periodic

(in both time and space) solutions. This would complete results of Kishimoto

(211,
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3. DYNAMICS ON THE CENTER MANIFOLD: THE UNPERTURBED EQUATION

The o.d.e. on the center manifold inherits the symmetry properties of
the original equation. The method of averaging is used to bring the vector
field by a smooth coordinate transformation, smoothly depending on the
parameters, in a form which is covariant with respect to the linear action
of the unperturbed equation at py=0 up to finite order. It is not a priori
obvious that by the averaging procedure the symmetry properties which are
already present do not disappear. Fortunately this is not the case as we
shall prove later on.

The symmetry which is present from the beginning reduces the complexity
of the normal forms. If one could justify the averaging up to all order
then one would obtain the bifurcation function as the r.h.s. of the differen-
tial equation.

First we deal with the unperturbed equation (n=0) and start the averaging

procedure with the equation (compare Lemma 2.,7)

+

c.z. |z |2 + caz, )z 12 + c 22
17171 27172 371

Ne
Il

V4

1 (iwgran)z, 2

+

2 - 2 - - -2
célzll z, + c5]z21 zZ) + Ccpz 2z, * h.o.t.

(3.1) h

Ne
|
+

c.z. |z 12 +c. .z, ]z ]2 +c zzz
172772 27271

o = (wgran)z, 3%2%)

+
+

cslz]]2 zZ. +c,.z 22 + h.o.t.,

clz.1% 2
472 1 1 67271

where

heo.t. e 0Clul (2, 4+12,1)% + ll? Uz, 1+12,D) + (Iz,1+12,1)).

For convenience we will write equation (3.1) as

(3.2) Z = (14-%(U))Bz + H,(z) + h.o.t.,
iw 3
0
the subindex indicating the degree of the homogeneous polynomial in zs El’
Zys Zye

If we apply the smooth near identity transformation
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z = £+ K(E), K& eo(l£]?)

then in the new coordinates £ the equation

F(z)

z
transforms to

"F(E+K(E)) + DK(E+K(E))F(E+K(E)) := F(&).

¢
where by definition K satisfies
£ =2z + K(z).

LEMMA 3.1. If K Zs covariant with respect to the matrix M, Z.e. MK(E) = K(ME),

then the same is true for K.

PROOF.

K(Mz) = KM(E+K(E)) = K(ME+R(ME)) =

-K(ME) = -MK(E) = MK(E+K(E)) = MK(z). [

LEMMA 3.2. If the vector field F is covariant with respect to the matrix M
and the same is true for the coordinate transformation, then also the vector

field F is covariant with respect to M.

PROOF. It follows from Lemma 3.1, the explicit formula for F above and the
relation MDK(g) = DK(ME)M. g

Cubic avaraging is based on the fact that a change of variables
z =&+ K3(&),

where K3 is a homogeneous cubic, can be performed so that the following two

conditions are satisfied

(1) ﬁ(u,z), the vectorfield after transformation, is equivariant with respect
to I'(e), 0 € 6 < 2, and L,

(ii) ﬁB(z) is equivariant with respect to the matrix exp(Bt), 0 < T < 2w,

The transformation which settles these conditions is given by
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=2
ng

2 2- 2- - =2
g = By *egbply e lendte +oegle 17 + B el

2 2= 2= =
By + cqa8lEy + ¢, 18 178, + e le 17e, + ek

~
w
L]
N
~
—t—
N N
L
| ]

After this transformation we are left with the system of equations

. 2 2
(iw zllzll + czzlizzl + h.o.t.

Ne
il

+au)z1 + c

0 1

(3.3)

Ne
ii

. 2 2
9 (1w0+au)z2 + clzzlzzl + czz2lz]| + h.o.t.,
where
h.o.t € O(ful(lz l+]z l)3+luf2(lz [+iz_ D+(lz, |+]z 1)5)
: 1 2 1' T2 1 2 *

We introduce two sets of polar coordinates

Nl—

and in the r, -r, plane we rescale, with |ul

new variables ;1 and ;2 defined by

, i.e. for 1 # 0 we introduce

Dl
°

. { and r, = rzlul

We again replace T, and ;2 by r, and T, respectively. Tranforming equation

1
(3.3) to the new variables, rescaling the time with |u| yields for py # 0

5.0 {i‘l rl(Reasgn{u}+Re c Ty ¥ Re czri) +0(lul)

s

2 r

NN =N

rz(Reasgn{u}+Rec + Reczr?)+0(lul),

1

uniformly on compact sets as u - O,
Taking the limit for u - O we obtain equation (3.5). Notice that the right
hand side is a scaled version of the real part of the bifurcation function

truncated at order three (in €).

t. = r ,(Reasgn{ul+Rec r2+Rec r2)

1 1 171 272

(3.5) 9 5
t, = r2(Reasgn{u}+Re c1r2+Re czrl).

We assume that the conditions of Theorem 2.8 are satisfied and distinguish
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between the following three tases

1.'Re(c]+c2) < 0, Re(cl—cz) <0
2. Re(c1+c2) < 0, Re(c]—cz) >0
3. Re(cl+c2) >0, Re(cl-cz) < 0.

In each case we also distinguish between 1 positive and p negative. Fig. 2

depicts the phase portrait of this limit system in each case.

case 1.

<

»

case 2.

case 3.
fig. 2
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In these pictures, the distance from the fixed points to the origin is of
order l,lthus of the order !u]% in the unscaled coordinates. The geometric
behaviour of the flow of the vector field (3.4) is only slightly different.
The r, and-r2 axis are no longer invariant, the diagonal however still is.
The points P and R represent in four space an invariant circle, the point

Q represents an invariant two torus. From Theorem 2.8 and 2.9 we infer that
there exists for u small enough a fixed but small neighbourhood of P, say
U, such that U.contains an invariant circle. This invariant circle has a two
dimensional unstable and a one dimensional stable manifold. Each point of
the boundary of U which is not on the stable manifold will enter (under the
flow) in finite time a neighbourhood V of Q. Depending on the initial
condition the orbit will approach one of the periodic orbits on the two
torus of periodic orbits which is contained in V. I.e. the torus is
asymptotically stable with asymptotic phase [12]. Similar arguments apply

to case 2 and case 3.

4, THE PERTURBED EQUATION: THE SECONDARY BIFURCATION OF AN INVARIANT TORUS
FROM THE TRAVELLING WAVE SOLUTIONS

We start to analyze the perturbed equation in great detail assuming
H5-H7. At the end of this section we will list all possible situations

dépending on the relative size of cy» C b,, b

22 712 T2°
H5 Re a >0
H6 Re c < Re Cy < 0
H7 Re b] < Re b2.

In the bifurcation equations we replace € sina, ecosa by §,p respectively.

In Lemma 2.7 we have derived that (see (2.16))

E(i(w—w0)+au+b ni—c]EZ-Fczpz-fh.o.t.) 0

1

(4.1) p(i(w—w0)+au+b2n-+02£2-+c p2-+h.o.t.) =0

1
heovt. e oChul+Inl+lumug D (el+loD? + Qul+lnD? + (el+lo™).

If we ignore the higher order terms, than the zeros of the real parts of

equation (4.1) are the intersections of the two curves



{(g,p) e ® | E-Ll(u,n)

{(£,0) € B | p.LyGu,n)

where

+

L,Gu,n) =Reau + Reb n

+

Lz(u,n) = Reay + Rebd

2n

The curves Ll(u,O) = 0 and Lz(u,O) =
intersecting transversally along the
curve L2 = 0 represents an ellips if
ellipse represented by Ll = 0 starts
tangent to the other ellips at (&,p)

) 0 Re(cl—cz)’
R ReclRebl—RebzRe cy
(4.3) Wy = )

Re a Re(cz—c 13

This is illustrated in figure 3.

L,=0

19

=0}

0},

Rec1 52 + Re c:2 p2,

2 2
Reczg + Rec1 p .
0 represent for p positive two ellipses
diagonals £ = #p. For n positive the
p is larger then -nRe bz/Re a. The
growing at u = -n Reb]/Rea and is

= (0,%np) at u = nu,, where

TN
-

Reb
Rea

Reb1

<1J<_nRea

AN

11=T1U0
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These geometric considerations suggest the rescaling
(4.4) U= un.

Of course the results of section 2 concerning the travelling wave solutions,
corresponding to the intersection of the ellipses with the positive & and
p axis, are applicable. We omit the details of the calculations except for
the results on the characteristic multipliers. That is part of appendix 1.
We consider ; as a variable and expand n as a function of € (which measures

the amplitude of the periodic solution) and ﬁ.

Re b -~
2< i_< Mo and

THEOREM 4.1. Let I be an interval [i_,i+] such that - Rea
i, > ﬁo. There exist a positive constant € and Cr_l—functions

(e,0)> n(e,D); (e,i) » w(e,M); (e,0) » u(e,n) defined for 0 < e < € and

I € I which satisfy for all 1 e T: n(0,1) = 0; w(0,1) = wgs u(0,1) = 0 such

that

0

{JI u + F(n,ni,w,u) =0
[u(e,n) .4, = €5 [u(e,D),8,] = 0.

The characteristic exponents of the periodic solution u(s) are given by

{0,2Recle2 + 0(83);k(a,ﬁ); k(e,)}, where
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ke, D) = k,@e” + o) (uniformly for § e D),
Re Sy
kz(ﬁ) = Re(cz-cl) + ﬁE?E;IEﬁT Re(bz—bl)i-i{lm(cz—cl) +
Rec1
§ETB;:§§) Im(bz-bl)}.

The expansion.of n as a function of e starts at order 52

n(e,f) = nz(ﬁ)sz + 0(33) (uniformly for {i e 1),
-Rec]

nz(u) = m.

The travelling wave solution described above corresponds to the
intersection of L2 = 0 with the positive p-axis. From the above theorem
we see that Re(kz(ﬁo)) vanishes and é%-Re(kz(ﬁo)) > 0. This corresponds
in figure 3 to the fact that the two ellipses intersect at u = nﬁo and if
we follow the point of intersection in the first quadrant we find that its
g-component leaves the p-axis with positive speed if p is increased with
positive speed. This is the essential information which we exploit in the

next theorem.

THEOREM 4.1. There exist n >0 and a Cr_z-mapping N> (M) from [0,n]

into R such that ﬁ*(O) = ﬁo; if we fix n in the interval (0,n] and we

follow the above mentioned travelling wave solutions corresponding to this

n as il varies, then two characteristic exponents cross the imaginary axis with

positive speed if i passes through ﬁ*(n) with positive speed.
PROOF. The expansion of n starts with
~ A 2 ~ o~ 2 3
n(e,M) = n,(@ )" + oCld-fiyI1el™ + 1el™),

and as nz(ﬁo) is positive we find that

3
€ = V—A— + 0(|ﬁ-ﬁolln!+!nlz)-

n
nz(uo)
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This expression we substitute in the expansion of k:

3
~ ~ A A~ 12
Re k(fl,n) = p(-fi)n + O(In!2+lu-uol Inh),

_ Rea.Re(bZ—bl)

Re(b2+aﬁo) > 0.
Define y by
&e_K_TEEﬂ, n >0,
w(ﬁ,ﬂ) =

d - ~

%—Re k(1,0) n = 0.

By the Implicit Function Theorem we find the mapping ﬁ* as above, satisfying
Re K(ﬁ*(n),n) = 0. The iast part of the theorem follows from the identity

%ReK(ﬁ,n) =pn+o(Ini*). O

COROLLARY 4.2, If Im K(u*(n),n) # 0 then an attractive invariant torus
bifurcates from the travelling wave solutions as {I passes through ﬁ*(n).

For a proof we refer to Iooss [16] or Langford [22].

REMARK. One usually encounters a non-strongly resonance condition which the
characteristic multipliers have to satisfy at the bifurcation point. This
condition is necessary to bring the equations into normal form up to a
sufficient order. Due to the symmetry a lot of terms in the Taylor expansion

are not present and we do not have to impose this condition.

In the remainder of this section we study the dynamical system on the
center manifold. The remarks we made in the previous section concerning
the averaging procedure carryover to the perturbed equation (n#0). After

linear and cubic overaging we are left with the system of equations

. 2 2
A (1m0+au+b1n)zl + c]zl!zll + czzllzzl + h.o.t.

s _ pe 2 2
(4.5) z, (1w0+au+b2n)z2 + clzzlzzl + c]zzlzll + h.o.t.

hoo.t. e O(Clul+InD Uz 1+1z,)° + (ul+InD Iz, 1+1z,1)
L + Uz l+lz,)).
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We introduce two sets of polar coordinates

i i9

and in the f] -, plane we rescale with /T_f; i.e., for n > 0 we introduce new

variables fl and fz defined by

and suppress the hats. Again we rescale u with a factor n as in (4.4).
Transforming equation (4.5) to the new variables and rescaling the time

with n yields for n > O:

to= rl(Reaﬁ + Reb] + Rec, r
(4.6)

2
1 + Re c, r2) + 0(n)

r

r

-_—N - DN

2
rZ(Reau + Reb, + Rec + Re clrz) + 0(n).

2 2

Taking the limit as n > 0 we obtain the limit system

t, =r ., (Reafl + Reb, + Rec r2+Rec r2
1 1 1 171 272

4.7 ” 5

£, = rz(Reau + Reb2 + Reczr1 + Rec]rz).
This system has on the rz—axis the fixed point P

—Re(aﬁ+b2) I _

P = (0’[_——3&;25_—4') = (O,TZ),

Re b
for 1 > - 2 .

Re a

The eigenvalues of the linearization around this fixed point are

Re <, Re(bz—bl)

) + Re(aﬁ+b2)

}

-2
rz{Re(c2 c

Ay (B 1

(4.8)

-2
)\Z(P) = 2r2 Re c -

-Re b

Re a
i >ﬁ0. Note that at {i = ﬁo, r% = p(z) (see (4.2)). Now we vary {I around ﬁo.

Therefore the fixed point is stable for < i< ﬁo and unstable for

The fixed point that bifurcates from the r,-axis we will call R. If we

2
parametrize {1 by & € R, as
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then
1
R = (£,(pp*E)%).

The eigenvalues of the linearization around this fixed point are

)\l(R) = 2pg Rec, + 0(52)
4, 2 2
(“-9) (Recp®(RecyD ,
AZ(R) = 2 Rec, 7+ 0(g).
-Reb
Finally on the rl—axis we have for {I larger than Re a the fixed point
—Re(aﬁ+b1) 1
- S S I
Q = ([—g—1%,0),

1

which is unstable. Figure 4 depicts the phase portrait when u varies from
values less thenz% to values larger then ﬁo. Figure 5 shows the
corresponding bifurcation diagram.

tr

I / INEE
‘ ri 4

-Re b -Re b -Re b

7 < 2 2 < < 1

Re a Re a L Re a
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invariant torus

P e ::ijfE?/’_

P travelling

wave solutions

on an

invariant

circle

- ¢
Q Q
-Reb
RPN, & >
Re a 0 0
figure 4.
stable
----- unstable

figure 5.

The qualitative behaviour near the zero solution for n small but
positive is the same as depictured above. There exist a positive constant

¥ = y(n) such that annulus A(n)

IA
[a}
IA

J (1-y(m))E& ;< (ey(n))e

(4-10) A(n) ] 1
L=y (2D

IA
H
IA

, < (ry(n) ose?)
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remains positively invariant under the flow, so that the invariant torus
lies entirely within the annulus. All solutions starting in a neighbourhood
of the origin, which do not lie on the unstable manifold of a travelling
wave solution, are attracted by the invariant torus. Except for a positive
factor, the real parts of the characteristic multipliers of the travelling
wave solutions on the rz—axis, are given by AI(P)+0(n), AZ(P)+0(n) (see
formula (4.8)). The corresponding values for the travelling wave solutions
on the rl—axis are obtained by interchanging the roles of bl and b2’
If instead of H6--H7 the conditions

Hé Re ¢, < Re c, < 0,

|
H7 Re b2 < Re b],
hold then the bifurcating torus is unstable and the annulus is negatively
invariant. In the next figure we depict the various bifurcations and their

limit behaviour depending on the real parts of b, b2, Cls Cye The scaling

2
of variables is as before. Throughout we assume that Re ¢y < 0 and Re a > 0.

I: Re ¢, < Rec, <O
Re b] < Re b2

Bl N A
N

TR PN A A

P

/Z attracting
invariant
JS

torus

figure 6a



II: Re c2 < Re c] <0

Re b2 < Re bl ;

AN
N

~ aon

ii//s:——_*— stable
travelling
—~ /#{ wave

0]
/»LN{LI
\\flf“ ¢

solutions
> -é Tl
figure 6b
III: Re c2 > 0
Re b1 < Re b2
Re(c1+c2) <0 . o
p
L
\j /"2 | &y \\&Tj/
s s
£ g
-~ -~ Al A [TRY
Ho< g 0= 0
y
l\ /
1
1: < = r]
H UG

figure 6¢

oy

27
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IV: Rec, > 0
Re b, < Re b
Re(c1+c2) > 0

L
=)

Exchanging the roles of b1 and b2 boils down to exhanging £, r

respectively.

P
€
I £
AIA
=i, 9 5,
T2
A\
'-&./
A N
< P rl
H UO
figure 6d
with p, T

1

2



5. APPENDIX 1.

I: Proof of Theorem 2.10.
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We introduce for a € [0,m/2] the series expansions with respect to €

for the solution (u(e),u(e),w(e)) of equation (2.9)

u(e) eu; + ezu

(5.1) w(si

W, + EW
0

1

2 3

+ ezwz + 0(83),

ue) = we + uzez + 0(83).

+ €3u + 0(83),

The parameterization by € has been choosen such that

(5.2) [u(e),¢1]=:€ sina,

[u(e) ,4)2] =€ Ccos 0,

in agreement with the definition of u above (2.12).

Therefore

[ul,¢1] = sin a, [u],¢2] = cos a,

(5.3)

[un’¢i] 0,

n>2, 1ie{1,2}.

Collecting terms of order €2 in (2.9), and

¢I and ¢2 yields

(5.4) My = o= 0,

Collecting the terms of order 53 we obtain

1 3
(5.5) T u, + UZHuz(O)ul + E-HZZZ(O)(ul) -w

03

writing O to indicate n =

sin a{uza-iw
(5.6)

2

O, u=0and u =

. 2
+sinac,

. . 2 . 2
sin a{uza— iw, +cos"ac, +sin'o cz}

+COSZ C }
)

taking the inner product with

du1

2 ds 0,

0. The solvability conditions are

0,

0,
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. . . 1.
a, ¢, and c, are defined in the expansion of H in Lemma 2.7 as the

coefficients of uz zllzll2 and zllzzl2 respectively.

]’
The characteristic exponents are the eigenvalues of the equation

(5.7) Jiov + Fu(O,u,w,u)v = kv,

See for instance [8]. The Implicit Function Theorem yields the existence of
four characteristic exponents. Here we compute the first terms in the
expansion with respect to € of the exponents. We distinguish between the

cases o = /4 and o € {0,%&.

ca 1: o = =
se 1: -
Both
/7 ieis
v'(e) = 22 1in (JOuE)Tue), ( 1) 0D,
8->0 -ie
and
ieis
vi(e) =2 1in {S(e)u(g)—u(e)} = ( is) + 0(e?)
8-0 ie
are independent solutions of (5.7) with « = 0, Define

is

3 (¢
v (E) = \eis} + w(€),

(e

4
v (&) \e_iS/ + p(E),

where
¥(0) =p(0) = [¥,6.1="Lp,0,1=0, ie {1,2}.

To obtain the other two characteristic exponents we solve the set of

equations

T ()vo(e) = v(e)v! (e) = 8(e)v2(e) = k(e)vo(e) = A(e)v™ (e)

n
o

(5.8)
I (e)v'(e) - ple)v!(e) - qle)vi(e) - t(e)vo(e) - s(e)v' (e)

]
o



Where by definition I (g)v is the left hand side
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of (5.7) with p = u(e),

w = w(e) and u = u(e). The characteristic exponents are the eigenvalues of

the 4% 4 real matrix

0 o 0 01}
(5.9) 0 0 0 o |
y(e) 6(e) k(e) A(e)

p(e) q(e) r(e) s(e)

We will write y(e) = €Y, + ezyz + 0(83) etc. Collecting the first order

terms in ¢, taking the inner product with ¢]‘and
(5.10) Y, = §, =k, = Al =p; =9 =1, =s
The second order terms in e lead to:

-w Jl-v3(0) + qu (0)v3(0)

G.1D I sz 2 ds uz *
1 2 3

= YV ) - 62v (0) - K,V ). -
d 4 4

(5.12) I P2 "W s Y (0) + UZHuz(o)v (0) +

= pyv' (0) = qyv’(0) - v (0)

¢2 yields

= 0.

__(0) (u],v>(0))

x2v4(0) -0
i (0) (o}, (0)
szv4(0) = 0.

The inner product of the left hand sides of (5.11) and (5.12) with both ¢1

and ¢2 must vanish. By straightforward computation we get:

Yo = A, = 0, K, + 16, = c, + ¢
(5.13) 2 2

4y = T, = 0, 5, * ip2 =c, -c,.

Therefore the second order terms of the characteristic exponents are the

eigenvalues of the matrix
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0 0 0 0
(5.14) 0 0 0 0
0 Im(c1+c2) Re(c1+c2) 0

Im(cl—cz) 0 0 Re(cl‘cz)/

and the result follows.

(the case a=0 goes similarly).

T

case 2: a =

In this case vl(e) and vz(e) as defined above are not independent. We

define
. is
vl(s) -1 lim {F(G)U(E)_u(e)} = (") + 0(82),
€ 650 ® \ o/
.0
2 _ [ \ 2
v = () TV
eis
v2(e) =< ) + (e,
0
0
Py = ( is) v v,

e

where 3 (0) = [wJ,¢i] =0, j e {2,3,4} and i € {1,2}. Along the same lines
as above we find that the order e terms of the characteristic exponents

. 2 . .
vanish and the order €~ terms are the eigenvalues of the matrix

0 0 0 0
0 Re(cz—cl) 0 —Im(cz—cl)
2Imc 0 2Rec 0

1 1
0 Im(cz-c]) 0 Re(cz-cl)

and the result follows. [
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II: Characteristic exponents in Theorem 4.1.

Repeating the first part of I with a = 0, n = n(e), u = n(e)fi, v = w(e),
. 0 3 .
find that ng o= wg = 0, u(e) = e(eis) + 0(e”) and Nys W,y satisfy

(5.15) nz(ﬁa+b2) -iw2 + c, = 0.
Define
1 1 r®)u(e)-ule) [ 0 2
v (¢) = - — 1lim = = . ) + 0(e™)
€ 60 ie'®
/ieis\
2 2 2 2 3
vi(e) = + eyl + €Y, + 0(e7)
\'o/ 1 2
eis
v3(e) =‘< ) + ew? + szwg + 0(53)
0
0
va(e) = ( is> + s¢? + ezwg + 0(83)

e
where [w?,¢i] =0 for k € {2,3,4} and i,j € {1,2}.
We solve the equations

. 4 . . . 2 . 3
(5.16) re)v- 5 @V ) = 0, Y@ = eyl + A 4 0,

k=

where now
I (e) = I, *+ Fu(n(S),n(f:)ﬁ,w(e),u(e)).

At order € we find

ik _

(5.17) v w} =0 je{2,3,4) and k € {1,2,3,4}.

At order 82, taking the innerproduct of (5.16) with ¢1 and ¢2 leads to the

solvability conditions
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. 22 23
(s - ) s _ -
1(n2(ua+bl) 1w2) + ic, iy, Yo 0,
221 24 0
. 1Y2 Yz - ’
- . . 32 33
ﬁnz(ua+b1) iw, + ¢, = 1y, Yo = 0,
(5.18) 31 3k
iv, =¥, ;
'~ . . 42 43 _
nz(ua+b2) iw, + 3c1 iy,” = vy = 0

. 41 44
1Y, Yy, = 0.

If we combine this with formula (5.15) then the result follows easily.
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6. APPENDIX 2: REDUCTION TO THE CENTER MANIFOLD

We write (1.1)-(1.2) as an abstract Cauchy problem. Let X be the space
of 2m-periodic continuous functions of IR into R". We characterize the

operator A by
(6.1) D) = {ueX|ue CZ(DR;IRH) & u' e X},

(6.2) Au = u

Let D(n) be the diagonal matrix (dl(U)""’dn(u))’ di > 0. The substitution
operator F: R x X into X is defined by

(6.3) F(u,u) (x) = £(u,u(x)).

Equivalently to (1.1)-(1.2) we consider

= D(w)Au + Flu,u)
(6.4)
uO e X.

It is not hard to see that D(u)A is the generator of a contracting analytic
semigroup. See [3, p. 59] or the discussion below.
By direct computation we derive that

AMu - D(pA=h (heX, A>0)

implies that ul, the i-th component of u, is the 2m-periodic function

given by
d, ([ ,m2m/ATd; 2
6.5) u (x) //;i {e I o (2m=-t)VA/d; h(t)dt

—e —ZWVk/d

ZNXVA/di 27

+ & } T/A/d4 h(t)dr
1-e2" >‘/di 0
2m

+ J -lZNX —T1vA/dg h(r)dt} 0 < x < 2m,

0
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This shows that indeed D(u)A satisfies the conditions of the Hille-Yosida
Theorem [3]. The mapping F is as smooth as f. Fu(u,O) is bounded linear

operator, therefore .
(6.6) L(u) = D(wA + Fu(u,O)

is the generator of an analytic semigroup [18]. The equations (6.1) define
a dynamical system. By definition S(t)uo, t 2 0, will denote the solution

u(t) that starts at u,. The complex number A is an eigenvalue of L(u) iff

0"
there exists k € IN U {0} such that det (—kZD(u) + Fu(u,O)—AI) = 0. Let by

definition for k ¢ IN u {0}
(6.7 EG) = {1 €| det (-k’DGF, (1,00-AT) = O},

We make the following hypothesis on the linearized equations:

There exist k., > 0, wy > 0, Wy € R,a,6>0, ¢ = g, t icz ¢ € such that

0
(a) E(ko) - {iwo,—iwo} c{x e C|Re A < -a}
(B) E(k) < {A e C|Re A < -0}, k # kq» |u—u0; <8
(v) —ng(uO) + Fu(uo,')—imOI has a one dimensional generalized

nullspace spanned by {z}.

Let span{z”*} be the generalized nulspace of —kSD(uO) + F:(uo,‘) + inI,

normalized such that <C,§*>a:n =1=1-<g,C >Gn and define

1k0x —1k0x
v, = e Cs v, = e C
(6.8) ! 'k 2 _'k
* i Ox % % 1 OX %
v, = e z 3 v2 = e z .

From the hypotheses it follows that the generalized nullspace of
(L(uo)—imo) is two dimensional and spanned by {VI’VZ}' In X we use the

innerproduct < , > = Sese>y defined by

2m
<u’V>X =<£; { u(x) . v(x)dx.
0

The projection operator P of X onto XO = N(L(uo)—iwo)eN(L(u0)+iw0) along
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R(L(uo)'iwo)nR(L(uo)+iw0) is given by

(6.9) Pu = <u VT>V1 + <u, v2>v2 + c.c.

The center manifold theorem states the following

THEOREM 6.1. There exist positive constants K, 8§, r, €, y and a mapping C

from A = {q | Iu—uol < 8} x X, into X such that

(1) ImC Zs tangent to X, at 0, Z.e., C(u,0) = 0; D¢C(0,0)w =Y, V€ XO’
(ii) ImC Zs local-invariant, Z.e., if ¢ € X, satisfies ¢l < r and for

0 <t < tls(t)el <r then C(u,PS(t)d) = S(t)¢d,
(iii) Im C Zs conditional-attractive, i.e., 1f for 0 < 1 < t “S(r)uoll < r then

Is(t)u, = S(E)C(u,Pu)l < ke YL,

We do not give a proof of this theorem, but wemention Carr [4], Henry [13]
Chow and Hale [6] and the references given there. Here we only show that
then center manifold inherits the symmetry properties of the equations
(1.1)-(1.2).

The center manifold is defined as the image of the mapping C:

C(u,9) = u(u,9)(0)

where 1 € A, ¢ € X, and u satisfies the integral equation

0
L(uo)s

Ly, (s-1)
u(s) = e b + e

(I—P){(L(u)-L(uo))u(T)

——

+ F(u,u(t)) - F (u,O)u(r)}dT

%’
T L(u )(s T)
0

+ e PLCLGD-L(up))uln) +FGuyu(n)) = F (u,0)u(r) Hdr.
The ~ means that we modify the nonlinearity outside é ball of radius r. Let

£: D{F > R be a C -function such that (i) €(y) =1 for 0 < y < 1; (ii)

<&(y) <1 for 1 <y <2; £(y) =0 for y = 2. For some positive parameter
r, which is in the construction choosen small enough to satisfy suitable

bounds we consider

Fu,w - F0u00u = B0 -F (,00weD .
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The projection operator P, L(u), F(u,u) and §(£¥!0 are all of them covariant
with respéct to rotation and reflection. From the integral equation above
we see that tﬁe same will be true for the mapping C.

Let z]'and z, be the coefficients of v, and v, in Pu (see (6.9)). On
the center manifold these coefficients satisfy in a neighbourhood of the

origin the ordinary differential equation

1 *

4 <D(u)AC(u,z]v]+z2v2+c.c.) + F(u,C(u,z]v]+z2v2+c.c.)),v1>

(6.10) dzz .
& - <D(u)AC(u,zlvl+zzv2+c.c.) + F(u,C(u,zlv]+zzv2+c.c.)),v2>.

It is easy to see that this set of equations has the symmetry properties as

stated in the formulas (2.5) and (2.7). Define

(6.11)  a( = <LG)v;,v> b = <LWv,,v)>.

The linear part of (6.10) is given by

z, a(u) O 0 b(w z)

6.12) al 71 i 0 a(@ b( o0 'ET
9 e, 0 bW a(w 0 z,

3;; \b(u) O 0 a(u) 22;

Let us denote this matrix by B(u). At u:= B(uo) becomes the matrix

u
0
diag (iwo,—iwo,imo,—iwo). There exists a smooth matrix valued mapping
p > T(u) which is of the same form as B(u), i.e. also covariant with respect
to rotation and reflection, such that
(1) T(uo) =1
.. -1
(ii) T (1)

Starting point in section 2 are the equations (6.10) which one obtains

B(u)T(u) is a diagonal matrix.

after applying this smooth linear coordinate transformation.
As we promised in the introduction we will give a formula for ¢ and

c, in terms of the r.h.s. of (6.4). The computations are straightforward.

2
The Taylor series expansion of (6.10) up to order three involves the



expansion of the center manifold up to order two. See [10] for the details

of calculation in the case of a Hopf bifurcation at simple eigenvalues.

Define
L, =-kZD(uy) + F (ug,0)
0 0”0 u0’?
. -1
_1 -—
b=-L, F (u ’0)(V sV )
(6.13) J 0 "uu 91 1°°1
-1 -
-1 -
e = _LO Fuu(uO’O) (stvz))
then
- *
= 1
C] 2<Fuuu(uO’o) (V] ’Vl !V1)3V1> +
- *
(6014) <Fuu(u0’0) (vl ’a> ,V1> +
*
<Fuu(uO90) (V] ,b) ’V1>‘
- *
€y = Fruu(Mgr O (V5755750 vy > +
- *
<F__ (u 30)(V ,C),V > +
(6.15) uu 0 2 1

%
<Fuu(u0’0)(V2’d)’vl> +

*
<Fuu(u0’0)(v1’e),vl>.
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