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Small solutions play a crucial role in the theory of completeness of the
generalized eigenfunctions of the infinitesimal generator of the co—semi—
group {T(t)} associated with a linear autonomous retarded functional dif-
ferential equation. In this paper we shall prove a sharp version of Henry's
Theorem on small solutions and, as a corollary, that the ascent o of {T(t)}

is equal to the ascent & of the adjoint ¢ -semigroup {T(t)*}.
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INTRODUCTION

Classically a linear autonomous retarded functional differential equa-

tion (rfde) is an equation of the following form

d
| d—)é-(t)=th,' t =0,
(0.1)

where ¢ € C[-h,0] and L. is a continuous functional on C[-h,0]. The condi-
tion Xy = ¢ is called the initial condition of (0.1) and the space C[-h,0] °
is called the state space of (0.1). The equation (0.1) has a unique solu-
tion x(t;¢) and the semigroup defined by translation along the solution is
a co—semigroup. A good reference for the general study of this equation
(0.1) is the book of HALE [11].

The approach of the equation (0.1) has some disadvantages; for example
the state space C[-h,0] is nonreflexive - which makes the theory of adjoint
operators more complicated - and also is too small for several applicationms,
for example in control theory cf. [18]. So in recent years one has tried
to extend the state space C[-h,0] of (0.1) to a larger reflexive space with-
out losing the co—semigroup property. First BORSOVIC and TURBABIN [5] ob-
tained that under three extra conditions on the functional L one can extend
the state space of (0.1) to M, = c” x L2[~h,O]. Later VINTER proved in [20]
that the three extra conditions on L are in fact redundant. From that time
on the equation (0.1) with state space M2 has been studied intensively; no-
tably by DELFOUR and MANITIUS [81,[16].

In the generalization to the larger reflexive state space My, the de-
finition of L was at first unchanged. It was Vinter who claimed that the
minimal properties on L, such that the equation (0.1) still has the ¢y~
semigroup property, is just that L is a continuous functional on Hl[—h.O].
Vinter's condition on L is necessary and Delfour proved in [7] that it is
sufficient as well.

Consider

dx

H._E (t) = LXt, t

1\
(=)
]

(0.2)

XO = ¢,




where ¢ € M, and L is a continuous functional on H][—h,O]. In this paper we

shall, folliwing the ideas of DIEKMANN [9],[10], associate with the equa-
tion (0.2) a Volterra convolution integral equation. It is indeed this Vol-
terra convolution integfal equation which makes it possible to extend the
state space of (0.1) to the larger reflexive space Mz.

In the sections 1, 2 and 3 we shall study the equation (0.2) thoroughly
starting from the Volterra convolution integral eqﬁation point of view with
minimal assumptions on the kermel z. In our view this is a natural and easy
approach, we get rid of the unpleasant bilinear forms in [8], [16] and ob-
tain a more natural interpretation of the structural operators F and G, which
will be defined in a way which differs slightly from the one of Delfour and
Manitius. In section 4 we shall study the small solutions of the equation
(0.2) . Our main result will be a sharp version of Henry's theorem which has
important applications in the theory of completeness of the generalized
eigenfunctions of the infinitesimal generator.

Our work extends and simplifies many results of DELFOUR and MANITIUS
[731,[8]1,[16]. We emphasize, however, that we derived much inspiration from

reading their papers.

Notation and Terminology

Let R and € denote the set of real and complex numbers, respectively;
the complex conjugate of an element z ¢ € will be denoted by z. Let Ig_de-
note the set of nonnegative real numbers. The space of Lebesgue measurable
maps [a,b] = ¢" which are square integrable will be denoted by Lz[a,b].

Given h € ﬂ{k, let M2 denote the product space En X Lz[—h,O] endowed
with the inner product

h

@) = ¢° 0+ j o -ov! -1 de,

0

.. - . . 0 1 0 n
where each element ¢ of M2 is identified with a pair (¢ ,9 ),9 €€ ,
¢1 € Lz[-h,O]. We shall associate with an element ¢ of M
fined on [-h,0] such that

5 2 function ¢ de-

¢,
¢1(t), -h £t <0,

«  $(0)
¢ (t)

L]




Let Hl[—h,OJ denote the Sobolev space of functions f£:[-h,0] > ¢ with
g%-e Lz[—h,O] provided with the norm
h
= deem 1+ | 1E o )fant
0

"fuﬂl[—h,OJ

Since this norm is equivalent to the usual Sobolev norm on Hlf—h,O], we

have by the Sobolev embedding theorem that the embedding j:Hl[—h,OJ > M, is

continuous. ’
Analogously, let F2 denote the product space ¢” x Lz[O,h] endowed with the
innerproduct
. h —_—
.0 = 8 + | £ 05 .
0

We shall associate with an element £ of F2 a function f defined on R, such
that

£(t) = £1(b), 0<t<h,

£(t) = fo, t 2 h.

Let Hl denote the Sobolev space of functions f: I{++-Cn with essential

support of g%-contained in [0,h] and %%-e Lz[O,h] provided with the norm
h
_ 2 [ df 12,04
llflIHl = (|£Q) |7 + I ldt (t)|7de) 2.
0
And let i : H, > F2 denote the ceontinuous embedding of H1 into FZ'

Since (¢ ,¢]) -> ¢0 + fg ¢1(—s)ds is an isometric isomorphism between

M2 and H1 we take H as the dual space of M2 with the natural pairing

h
<¢,f> = ¢0 £(0) + J ¢1(—t) %%—(t)dt, ¢ M, £ecH,.
3 .
Analogously, we take Hlf—h,O] as the dual space of F2 with the natural

pairing

h
e <<, po> = £ FCR) + J el ¥ Coar, e F, ¥ e H'[-h,07.
| -
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Let M(t) denote the space of nXn-matrices with elements in €. The space
of Lebesgue measurable matrix valued functions A:[a,b] -+ M(€¢) which are
square integrable, i.e. with Lz[a b] elements, will be denoted by MLZEa,b]
prov1ded with the norm the sum of the Lz—norms of the elements A, . of/thé
matrix function A. This norm makes ML [a bl 1nto a Banach space. +

Let V, denote the product space M(€) x ML [O,h], we shall associate

2
. 0 1 . ~ .
with an element ¢ = (¢ ,7 ) € V2 a matrix valued function ¢ such that

z(t) =0, t <0,
g(t) = cl(t), 0 £t<h,
g(t) = CO, t > h.

Let |~| denote the Euclidian norm on Iﬁl, ¢” or M(C), in the last case

this norm is defined by the sum of the Euclidian norms of the elements of
the matrix.

If x is a function defined on [-h,») then X, will denote the translate
of x over t considered as a function defined on [-h,0] i.e. xt(g) = x(t+s),
~h € 8 £ 0. By abuse of notation we shall write X, = (x(t),xt) if X, is con-
sidered as an element of Mz.
Finally, we shall choose h € 34 in such a way that at least one of the

elements of ¢ does not vanish almost everywhere in any neighbourhood of h.
1. THE VOLTERRA CONVOLUTION INTEGRAL EQUATION

We shall start to study a general class of Volterra convolution inte-

gral equations.

DEFINITION 1.1. A Volterra convolution integral equation is an equation of

the following form
g *x=°f

where the kernel 7 is an element of V2 and the forcing function f is an

element of F

)

2°

The solution x = x(+3;f) of (1.1) is defined on R, with values in €".




PROPOSITION 1.2. The Volterra convolution imntegral equation (1.1) has a

unique solution
X=X.(‘;f)=f"R*f.
where R 18 defined to be the solution of the equation
R=R=x*¢C~- L.
PROOF. Since ¢ is L1 on [0,h] and constant on [h,») we can choose a u ¢ R

such that

o«

J lz(e) e *tat < 1.
0
. ~ -ut ~ -ut .
Define R(t) = R(t)e and z(t) = (e then the equation
R=R=*¢[g~-7¢
transforms to the equation
R=R+*¢z-z.
Consider the linear operator T: MLZCR+) +-ML2(R+) defined by

TR >R * ¢ - .

By Theorem (21.32) of HEWITT and STROMBERG [13] and the definition of the
norm on MLZCR+), we obtain
- = - gt < — g -
IITRl TR?& lI(R1 RZ)*gHZ < llR1 Rzllzllgll1 < IIR1 RZ“Z'
Hence, T is a contraction and the Banach Fixed Point Theorem implies that
the equation R = R * £ - £ has a unique solution R. Since x = ¢ * x + £ and

R=R=*x©7-17Twe findR* x=R*xr*x+R*fandR*x x=R* [ * x-[*X.

Hence, R * £ = - ¢ * x and so the solution x is unique and the representation




x=f-R* f holds. [J

COROLLARY 1.3. The unique solution x = x(<;f) of (1.1) Zs locally L2.

Moreover, x(t) is continuous for t = h and the tnequality

=, < c(T)l £l

L%r0,T1] P2

holds.

PROOF. We use Theorem (21.33) of Hewitt and Stromberg: If f,g € L2 then fxg

is continuous vanish at infinity and the supnorm of f*g satisfies
lfxgl < Mgl Mgl .
fxg u £ 2 89

Consequently, x is locally L2 and since f(t) is constant for t = h x(t) is

continuous for t > h.

And
uxu22 - "f-R*fH22
L.°[0,T] L°[0,T]
< ufuz2 + HR*fH22
1?00, 1] 1%r0,T]
< nfuz2 - TﬂR“22 el
L%00,T] M.%[0,71  L°C0,T]
< cl(T)nfu§ + CZ(T)HRHZZ Hfﬂé
2 MLTLO,T] 2

A

2
c(ml £l Fz. |

We shall now associate with the equation (1.1) a co—semigroup {S(t)}.

DEFINITION 1.4. Let (X,l-l) be a Banach space and suppose that to every

s e R, is associated a bounded operator T(s): X + X, in such a way that
(i) T(0) = I;

(ii) T(Sl+82) = T(SI)T(SZ) for all 155,
(iii) 1ims+0 IT(s)¢~¢l = 0 for every ¢ ¢ X.

eIR+;

Then {T(s)} is called a c,-semigroup.

0
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To every co-semigroup {T(s)} we can associate an infinitesimal gemerator A

defined by
A¢ = lim L [T(s)¢-4]
s¥0
for all ¢ € D(A), that is, for all ¢ ¢ X for which the limit exists in the

norm topology of X. The following theorem can be found in RUDIN [17].

THEOREM 1.5. Let {T(s)} be a ¢y

(a) s >~ T(s)x ©8 a continuous mapping from R, into X, for every x € X;

—-semigroup then

(b) A is a closed densely defined operator on X;

(c) For every x € D(A), T(s)x satisfies the differential equation

4 1(s)x = AT(s)x = T(s)Ax.

ds
We shall associate with (1.1) a co—semigroup {8(t)} acting on F2 such
that
x(t+») = r,*xt+S(t)f
Since
t+s
x(t+s) = j c(e)xt(s-—e)de+f(t+s)
0
we obtain
t t
(1.6) S () F) (s) =(£2+° J x(1)dr, £ (t+s)+ J ! (tes-1)x (1) d1) .
0 0

This motivates the following definitionm.

DEFINITION 1.7. For every t € R, define the linear operator S(t): F, - F

2 2
by
t
(S(B)D) () =(£0+g f (£ (0-Rsf ! () dr, £ tere) + (g - hmyws T ()
0

THEOREM '1.8. The family of operators {S(t)} is a ¢ -semigroup.

0
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EBQQE:AThat {s(t)} is a family of bounded operators. satisfying the semigroup
properties (1.4)(i),(ii) is clear from the representation (1.6) and Corol-
lary (1.3).’So, only the c0~property (1.4(iii) remains to be proved.
t h
ns<t>f-fn§2 =1 j(f‘(r)—R*f‘(T>>dT|2+ J €' (exs)=£' (s) +
0 0

(C;"C;*R)*f](t)lzds.

Since CO fg (fl(T)—R*fl(T))df is continuous we have

t
lim ]CO J (fl(T)—R*fl(T))dle = 0.
t+0
0
Hence, it is enough to prove
h
J lf(t+s)—f(s)|2d§ >0 as t+ O
0

and
h
1 1 2
](CS‘CS*R)*f(t)l ds >0 as t + 0.
0

But this is clear from Lebesgue's Dominated Convergence Theorem and the fact

. . . . 2
that translation is continuous in the L -normtopology. [

THEOREM 1.9. The infinitesimal generator B of {S(t)} Zs defined by

1
Bg = (2 g @, L+l glon

with

1
de . 120,07},

D@B) = {g ¢ F, I It

PROOF. By property (1.4)(iii) and Theorem (1.5)(c) we have for every
g € D(B)

1
. Bg= (0 g'@, L +'rg'on.




A

Hence

1

D(B)clg € FZ_I %ﬁ;-+ cl(-)gl(O) € tho,h]}.

To prove the remaining inclusion

{g e F, ] £ L [0 hl} < D(B)
dgl

let g e {g e F2 | a4 € Lz[O,h]} and choose a £ ¢ F

99 A e p(B) such that

’ 1
£l = Agl - é——-- z(e )g 0).

Define h = (AI-B)_lf then h ¢ D(B) and we shall prove that gl = hl which
implies that g ¢ D(B).

Define z' = gl—h1 then 2! satisfies the differential equation

dz 1 1 1
T oAt («)z (0) =

Hence
t
21ty = *F(1- j e M (s)ds)z! (0).
0

But for t > h we must have

dz!  dg!  an!

dt 4t - O

Since we can choose A € p(B) with Re()) arbitrary large, we obtain zl(O) = 0.

Hence, z! = 0 and g1 = h]. 0

Let A € p(B) then it follows from the Closed Graph Theorem that the

operator SA: H1 > F2 defined by

= (AI-B)i

is a bounded invertible operator.
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PROPOSITION 1.10. The norm H-HH on H, 18 equivalent to the graph norm

1

ﬂfﬂB = ﬂlf“F + ﬂBlf"F . feH

2 2 1

of B.‘

PROOF. For every x € Hl we have

ﬂﬂB < [hil + IBill ] MJH

L(#;,Fp) I
and, conversely, for every X € p(B) with |A] > 1

1

{ l -B)ixl
(A I-B)ix ¥

Il < ILOGI-B)il™
H L(F,,H,) 2

1

. o=1
< ILQI-B)il1 'l H])IM ﬂxﬂB. 0

L(FZ’

From the commutativity of S(t) and B it follows that the restriction
g(t) of S(t) to D(B) is a co—semigroup with respect to the graph norm. So

by Proposition (1.10) we have the following theorem.

THEOREM 1.11. The family {S(t)} defined on H, 18 a eo—semigroup.

THEOREM 1.12. The infinitesimal generator B of {S(t)} Zs given by

~ d 1
Bg = 3= + ¢ (-)g(0)

with
D@ ={gen, | L+ (g el
1 dt 1
PROOF. By Proposition (1.10) the limit

h = lim -}:- [3 (t) £-£1
t+y0

exists in H. if and only if

1
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Lim § SOIELE gy g
£40 2
and
Lin | S(OBLEBIE gy o,
t40 2

The first expression is equivalent to Bif = ih and the second to Bif ¢ D(B).

Consequently, f ¢ D(g) and Bf = h. N

COROLLARY 1.13. The co—semigroups {s(t)} and {S(t)} are intertwined. i.e.
there is a bounded invertible operator @ such that Q—lg(t)n = S(t).

PROOF. Define, as above for some A € p(B) Sk = (AI-B)i: Hl > FZ’ Then for

every f € H1

S(t)S,£ = (AI-B)S(t)if = (ZI-B)iS(t) £ = ng(t)f. ¥
2. THE LINEAR AUTONOMOUS RFDE

In this section we shall study the linear autonomous rfde (2.1) and

discuss how this equation is related to the Volterra equation of section 1.

DEFINITION 2.1. A linear autonomous rfde is an equation of the following

form

v
(=]
A d

dx _
'a? (t) = LXt, t
X5 = ¢,

where ¢ ¢ M, and L is a continuous mapping from.Hl[—O,h] into C".

2

Since F, is dualspace of Hlf-h,OJ there 1s a ¢ € V., such that

2 2
h
Ly = EO $(-h) + J Cl(s) g% (-s)ds.
0

A priori the equation (2.1) is only defined for ¢ ¢ H][—h,O]. We shall

first show that in this case the equation (2.1) is equivalent to the
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Volterra equation (1.1) with kernel ¢ and forcingspace H

Choose a ¢ € Hl[-h,O] and define %,

.
= ¢. If we differentiate (1.1)

we obtain for 0 < t < hv
h h
d d ‘
E%(t) - %%{t) = aE-( J z(s)x(t-s)ds - f c(s)¢(t—s)ds), f e Hl'
0 t

Hence

h h
% (£) - 9.x(t-n) - fc(s) %’tf(t—s)ds = —Z;0¢(t—h)-— ad—t J z(s)¢(t-s)ds
0 t

df
+ E(t)‘
Thus, if we choose the forcing function f of (1.1) such that
h
gf(t) = C0¢(t—h) + Ji—f z(s)¢(t~-s)ds a.e for 0 £ £t < h
t dt
t v
and
df
EE(t) =0 a.e for t=h
and
£(0) = ¢(0).

Then f is a uniquely determined element of H1 and we obtain that for t =2 0

the solution x(t;¢) of (2.1) is equal to the solution x(t:;f) of (1.1).

DEFINITION 2.2. Let the linear operator F: Hlf-h,O] + H, defined by

1

t h h
(F9) () = ¢(0) + co I ¢(s-h)ds + J z(s)¢(t-s)ds - I z(s)¢(-s)ds
0 t 0
for t £ h,

F¢)(h) for t 2 h

be the linear operator which maps the initial condition ¢ € Hl[—h,OJ of

(2.1) to the corresponding forcing function f = F¢ of (1.1).
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THEOREM 2.3. The linear operator F s bounded.

PROOF. It is enough to prove

ué%.§¢u22 < c2n¢||2l
L°C0,h] H'[-h,0]
néi.ﬁ¢n22 < |;°|2u¢u22 s hel? N g%uzz
L°T0,h] L[ -h,0] ML'[0,h] L% -h,0]
A2 ) 160)1% < cHIgl?, . O
ML"[0,h] H'[-h,0]

REMARK 2.4. If r is of bounded variation then an adaption of Theorem (2.1)

of DELFOUR and MANITIUS [8] shows that one can extend F to a bounded linear
mapping from.M2 into Hl' However, for arbitrary ¢ ¢ V2
anymore, as is easily seen from the fact that expression for F makes sense

this is not true

for arbitrary ¢ € M2 but that, in general, the function thus defined is on-

1y continuous and not contained in H.,. This is one of the reasons why we

1
are studying Volterra equations with forcing space F2’

THEOREM 2.5. The limear operator F: M, = F, defined by

2
h h t
(Fo) () = (¢O+COJ fb](s—h)ds— J ¢(5)¢(-S)ds,¢0+co J ¢1(s—h)ds +
0 0 0

T

h
(s)¢! (t-s)ds - j £(s)¢’ (-s)ds)
0

18 well defined and bounded.

PROOF. It is clear that the operator F is well defined. To prove
IFol 2 < i’
2 2
it is enough to prove

)

1re) 17, < P12,

£2[0,h] L2[-h,07
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And

h h t hh

J DNk s_j 1 f ¢' (s-h)ds|?de + j![ £(s)¢ (t-s)ds|®at +

0 0 0 0t
hh
jr[ £(s)¢ (-s)ds| at
00

< C‘lc012"¢1“i2[—h,03'+ c, HEH;LZEO,h] “¢1“§2[-h,03 +

2 1,2 2 1,2
E "C"MLZEO,h] ' “Lz[—h,OJ <o he “th—h,OJi .

COROLLARY 2.6. The linear autonomous rfde (2.1) has a unique continuous

solution x = x(*3¢) = x(*;F¢) and “xt"Mz < C(t)llxoﬂM2 = C(t)"¢ﬂM2.

PROOF. We can write the solution x(+;¢) as

x(*3¢) = £-R+f

with £ = F¢ and F¢ is continuous. [J

REMARK 2.7. Theorem (2.5) shows that it is the existence of the operator F

which makes it possible to extend the state space of (2.1) to MZ'

Following Delfour and Manitius, we shall call the operators F and F

structural operators.

We shall now associate a ¢.—semigroup to the linear autonomous rfde

(2.1).

0

DEFINITION 2.8. For every t € R define the following operator T(t): M2 > Mé
by

()¢ = x,(-39) = (X(t;¢),xt(';¢))-

THEOREM 2.9. The family of linear operators {T(t)} Zs a c

&

0—semigroup.

PROOF. That {T(t)} is a family of bounded operators satisfying the semigroup
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properties.(1.4)(i) and (ii) is clear from Corollary (2.6). The remaining
co—semigroup property (1.4)(iii) is clear from the fact that translation

is continuous in the Lz—normtopology. 0

THEOREM 2.10. The infinitesimal generator A of {T(t)} Zs defined by

1
a0 = @', S

with
o 1
D(A)={¢6M| eL[hO] = ¢ (0)}.

PROOF. Because of Theorem (1.5) and property (1.4)(iii) it follows that for
every ¢ € D(A)

Ab = (Lo, éﬁ"’—-

Hence

do! e 101,01, ¢° = 01 0)}.

D(A)cl¢ e M, | e

To prove the remaining inclusion

{0 N, | —-—e L [—h o1, 0 = ¢l(0)}cD(A)

1

Let ¢ be an element of {¢ ¢ M2 | iﬁ: e L [—h 01, ¢ = ¢l(0)} then for all

TeR, x(°:0) € Hl [-h,T].

By Theorem (1.5) (a) we have
s |—>-Lxs is continuous.

Hence

t
x(£)-x(0) _ 1 dx _
g 7 = z-J aE-(s)ds =
0

1
t t

t
j Lxsds > on = L¢] as t + 0.
0
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Since translation is continuous in the L -normtopology we obtain

h

J l X(t'a);’f("e) - % -6)|%d6 >0 as t + 0.

0
Consequently, 1imt+0 %j[T(t)¢-¢].converges in the Mz-normtopology to
Lo!, %%;9 and ¢ € D(A). O

REMARK 2.11. Theorem (2.9) and Theorem (2.10) show that the class (2.1) of

rfde is the largest possible class of rfde with the co—semigroup property

on the state space MZ'

In the same way as done above, the restriction of {T(t)} to D(A) in-

duces a co—semigroup {E(t)} on Hl[-h,O] such that

JT(E) = T(t)j

where j: Hl[—h,O] > M2 is the embedding of Hlf-h,O] into Mz. And we have

the following theorems.

THEOREM 2.12. The family of operators {T(t)} on Hl[—h,OJ i8 a c,—semigroup

0

with infinitesimal generator

K¢=%
with
D@ = {6  H'[-n,0] | ¢ m'[-n,01}.

THEOREM 2.13. The c.-semigroups {T(t)} and {T(t)} are intertwined.

0

We shall now define another structural operator G: F2 > M2 - a generali-

zation of the one first introduced by MANITIUS in [16] - which maps a
forcing function £ of (1.1) to an initial condition ¢ of (2.1).

DEFINITION 2.14. The linear operator G: F2 > M2 is defined by
1

£

£l - ret' (),
(£l-regl) (o4h) .

Gf)!
) !
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Note, that G translates the solution of (1.1) corresponding to £ backwards
over a distance h. The restriction of G to D(B) induces a mapping ¢ from H
into Hl[—h,O] such that iG = Gi, where i:Hl[—h,OJ > M

from Hl[—h,O] into MZ'

1

9 is the embedding

PROPOSITION 2.15.

(i) .G Zs a bounded linear operator;
(ii) G 78 a bounded linear operator;
(iii) N(G) = {0};

Av) R(G) = M,;

(v) R(@© H%[—h,OJ.

i

PROOF. The properties (i), (ii) and (iii) are clear from the definitions.
Since the proofs of properties (iv) and (v) are equivalent, we shall only
prove (v). Let ¢ € Hl[—h,O] and define f by
t
£(t) = ¢(t-h) - ( z(t-s)¢ (~h+s)ds
0
for 0 £ t < h and constant for t 2 h. Then f ¢ H] and for 0 £ t < h

x(t;£) = ¢(-h+t)

which implies that Gf = ¢. [

The following proposition shows the useful interplay between the struc-

tural operators and the co—semigroups.

PROPOSITION 2.16.

(1) T()G = GS(t) for all te R _;
(ii) T(t)C = GS(t) for all te R, _;
(1ii) FI(t) = S(O)F for all te R, ;
(iv) Fi(t) = S(F forall te R ;

(v) GF = T(h);

(vi) GF = T(h);
(vii) FG = S(h);
(viii) FC = S(n).
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PROOF. Clear from. the definitions. []

THEOREM 2.17. (The Intertwining Property). The co—semigroups {T()} and

{8(v)} are intertwined.’

PROOF. Because of Proposition (2.16) G is a bounded invertible mapping from
such that T(t)G = GS(t). [

F2 onto M

2
3. THE ADJOINT EQUATIONS

Let ¢ € V2 be fixed. Apart from the equations (1.1) and (2.1) we can
also consider the equations (1.1) and (2.1) with the transposed conjugate

kernel g*:

3.1 X = g**x+f, ferPF

2;
h
*
(3.2) g—’; (t) = ¢ x(t-h) + J ¥ (s) -g-’g (t-s)ds, t=0
0
M

X, =‘¢, ¢ € 2°

For reasons which will become more clear later, we call these equations
the adjoint equations of (1.1) and (2.1). In the same way as done above,

we can define for the adjoint equations ¢ —semigroups and structural

0
operators: {S(t;c*)},{T(t;E*)}, F(C*), G(C*) ect.

In this section we shall show that there are important duality rela-
tions between the introduced co—semigroups ind structural operators. Before
we start to describe the adjoint operator A of A we shall give some ele-~
mentary spectral properties of A.

Let A(z) denote the complex matrix function

h
(3.3) A(z) =z I - e—ZhQO - z J e—Ztc(t)dt.
0
The complex matrix function A(2z) is called the characteristic matrix of

(1.1) or (2.1) and appears in a natural way if one Laplace transforms the

equation (1.1) or (2.1).
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LEMMA 3.4. Let Ve M2 and A € € be such that det A()) # 0. Tﬁen A e p(A)

and ¢ = (AI—A)~1¢ 18 given explicitly by

~ Tt

s(6) = A LOORW, AT OIR®W) - | e M y(nydrh

o

where

K(p) = A I e M E(Fy) (t)de.
0

PROOF. Since (%I—A)¢ = ¢, ¢ satisfies the following conditions:
. 1 d

@ ael - -yl

.. 0 1 0

(11) A¢~ - Lo’ = 9Y;

(iii) ¢ € D(A).

Define
t
¢l(t) = eAt¢O - J ek(t_T)wl(T)dT, -h £t < 0.
0
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Then ¢ satisfies the conditions (i) and (iii). Moreover, the condition (ii)

becomes
A2 60 = K@) .

Since det A(A) # 0, we can solve ¢0 = A-I(A)K(W). |

COROLLARY 3.5. The spectrum of A satisfies

o(A) = Po(A) = {} € € | det A(A) = 0}.
PROOF. Because of the proof of Lemma (3.4) we have

{r e €| det A(X) # 0} c p(A).

To prove the remaining inclusion choose a A € € such that det A(A) =0

and defime
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At 0
¢

'¢](t) =e

for ~h < t £ 0, where ¢0, ¢0 # 0, is an element of the nullspace of A()\).
Then .

-

Ab = (Lo, 22,201 = 2o.

Hence, A ¢ Po(a). [

COROLLARY 3.6. N((AI-8)) = {6 e M) | ¢'(t) = &%, -ns e <o,

8% ¢ N(AO)}.

LEMMA 3.7. Let £ € Hl and A € € be such that det A()\) # 0. Then

q = (AI—A*)—]f satisfies the differential equation

A - £f()q(0) - $ =t

1 1* 1

PROOF. Since (AI—A*)_ = (AI-A) =, choose ¢,y € M2 such that ¢ = (AI-A) y.

Then q satisfies the equation

<$,q>.

<¢,f> =
And
____h
<Y,q> = q(O)l!)0 + J %%—(s)wl(—s)ds
0
= (0) (6’14 1) + f sy {Ro" (=)= (=) 1as
0
= Aq(h)q:](—h)“q(O)Lq,] + J {- g%(s)+)\q(s)} éd‘l’E. (~s) ds
0
= (Aq(h) —EOTq(O))tb](-—h) + j {Aq(S)-ET(s)q(O)%(s)}%%—(-s)ds
0 _

<¢,f>
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h —_
= f(h)¢1(—h) + J f(s) d¢ (-s)ds.
0
Hence, £ = A\q - ¢ ( )q(O) - %E- 0

THEOREM 3.8. The adjoint operator A*:H] > H, Zs given by

*—ﬂ *.
Ag=g+¢C (+)q(0)

with

i

DA ={qer' | L+ °¢)q0 € B ).

PROOF. By Lemma (3.7) we have

*q =39 4 F

and

D(A*) < {q ¢ H' +£7(+)q(0) € H,}.

k-

The remaining inclusion can be proved in the same way as done in the proof
of Theorem (1.9). 0O

PROPOSITION 3.9. 4 co—semigroup 18 uniquely determined by its infinitesimal

generator.

PROOF. Let {T](t)} and {Tz(t)} be two ¢ -semigroups with the same infinite-

0
simal generator A. Choose a t ¢ R, and define

T3(s) = Tl(t—s)Tz(s).

Then Theorem (1.5)(c) yields

4
ds

d

T3(S)f = 'a';

Tl(t—s)Tz(s) = Tl(t—s)ATz(s)f - Tl(t—s)ATz(s)f =0

&

for every f € D(A). Hence, T3(t) = T3(0) and so for all £ ¢ D(A)
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T (D = T,(D)F.

Since t was chosen arbitrary and D(A) is dense, the proof is complete. [J

THEOREM 3.10 (The duality principle).
(i) The co—semigroups {T(t)*} and {g(t;c*)} are identical;

(ii) The co—semigroups {(T(t)™} and {S(t;c*)} are itdentical.

PROOF. Since M2 and H][—h,O] are reflexive spaces, we have that the adjoint
semigroups {T(t)*} and {%(t)*} are Qo—semigroups. Now (i) is clear from
Theorem (3.8) and Proposition (3.9). To prove (ii), in the same way as done
above, we can describe NG

1
i = o, s feaqton

with

1

d4_ . 1%10,n]}.

D(A)={q€F2|a—t—

And Proposition (3.9) completes the proof. [J

One of the great advantages of the Duality Principle is that it as-

soclates equations to the adjoint ¢ —semigroups.

0

The structural operators are also related by duality:

THEOREM 3.11.

Gy Fe™ =rF
(i) FEH =F
({ii) G(z") = 6";
(iv) G =¢.

PROOF. By Propesition (2.15), Proposition (2.16) and the Duality Principle

it is enough to prove (iii) and (iv). Since the proofs of (iii) and (iv)

are equivalent, we shall only prove relation (iv). We have to prove




for all £ ¢ F, and q ¢ H

o, _
<G(z)f,q> = <<£,Gq>>

R(z") = R". Hence

2 1
h
<G(C*)f,g> = (fO—R**f](h)):g—(—ﬁ) + J (fl"'R**fl)(h-t)-g-%(t)dt
. ,
i—l e
- R T® + [ £l B @eoa
0
h
- ‘r £ (6) ®+38) (-t at
0
h
- ¢ g(0) + f fl,(t) f;(‘g‘—‘ﬁ?g) (h-t)dt
0

= <<f,§g>>, gd

COROLLARY 3.12. The following commutative diagrams

23

. Note, that in the notation of Proposition (1.2)

h
o) = x(e-h) + J £(s) & (t-s)ds x-gHx = £
0 F N
M -
G
{T(£)},A {s(x)},B
F
M —> F
2 < 5 2
§ h
d 0
a%(t) = ¢  x(t-h) + f c*(s) g%(t—s)ds x—C**x = f
0 ~ *
F(z )
o1 >
"H'[~h,0] < |
_ N G
{F(t;21,A¢7) (32518
~ *
F(g)
1 >
H [-h,0] |
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are related by duality.

as the realisation of the

REMARK 3.13. The strange looking choice of H1
dual space of M, avoids a lot of intertwining operators. For example, it
makes it possible to state the Duality Principle in such a clear way as

above.

REMARK 3.14. We could obtain a proof of Theorem (3.10) by calculating the
adjoint semigroup {T(t)*} explicitly, but this involves a lot of calcula-
tions. See DIEKMANN [9],[ 101, who proves a variant of Theorem (3.10) in

the case that C[-h,0] is the state space of (0.1). Since in that case the
adjoint semigroup {T(t)*} is not a co—semigroup, property (1.4) (iii) does

not hold, our proof will not work in that case.

REMARK 3.15. By considering a slightly more general Volterra convolution
integral equation involving measures, the set up given here can be used
to treat the state space theory for neutral equations in general. Compare

SALAMON [ 18] feor analogous results.
4. SMALL SOLUTIONS AND COMPLETENESS; A REFINEMENT OF HENRY's THEOREM

In this section we shall study the small solutions of the equations
(1.1), (2.1), (3.1) and (3.2). Since Henry's paper [12] it is well known
that small solutions play an important role in completeness of the gener-
alized eigenfunctions. And, moreover, that they indicate a certain redun-
dancy in the state space. Qur main result will be a sharp version of Henry's
Theorem (4.23) and, as a corollary, that the ascent a of N(T(t)) is equal
to the ascent § of N(T(t)*). Moreover, we shall give an easy to verify
necessary and sufficient condition for completeness of the generalized
eigenfunctions (4.31).

The concept of completeness has been previously considered by
LEVINSON and McCALLA [15] for scalar equations only; by BARTOSIEWICZ [2]
and DELFOUR and MANITIUS [8], [16] in the case that ¢ has finitely many
jumps and an absolutely continuous part.

The definitions and proofs in this section are based on some results

from cémplex analysis which we have collected in an Appendix to this
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section.

Define

R(z,A) = (zI-A)

the resolvent of A. Let § ¢ M, be fixed and consider the function R(z,A)y

2 .
as a function of z. By Lemma (3.4) we have that R(z,A)y is a meromorphic

function with poles A satisfying the equation

0.

det A(z)

This property of R(z,A) makes it possible to use Theorem V 10.1 of TAYLOR

[19] to obtain in our case:

THEOREM 4.1. Let X be a pole of R(z,A) of order m. Then
G NOT-8™ = Na-n™; |
(i) R(GAI-A™ = R(QAI-A)" );

(iii) R((AI-A)™) <s closed;

iv) M, = N(OAI-0)™eR((AI-A)™) ;

(v)  The corresponding spectral projection P

m+1

on N((AI—A)m) can be re-

A
presented by
_ 1
P)\d) = m J R(z,A)¢dz
T\
where T, is a closed rectifiable curve surrounding only A of the dis-

A
crete set o(A).

Let MA denote the generalized eigenspace N((AI—A)m) corresponding to
an eigenvalue A of A. By Lemma (3.4) and the definition of A we have that

the elements of MA invovle combinations of

k At

te dk

where k = 1,2,...,m and dk e ¢t satisfy a system of linear equations. So

MA is finite dimensional and in fact it is not difficult to construct an

explicit base for Mx’ see DELFOUR and MANITIUS [8], HALE [11].
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Let QA denote R((AI-A)™). The proof of the following lemma is clear
from the fact that A and {T(t)} commute.

LEMMA 4.2. The linear subspaces MA and QA are {T(t)}-Lnvariant.

COROLLARY 4.3. Let A be a finite set of eigenvalues. Then Mz can be decom—

posed into two closed {T(t)}-invariant subspaces MA and Q,

M, = MAeQA

where Nk =% MA’ Q = nAeA Q, and the projection P, on MA 18 given by
P, = ) P.
A Ael A

PROOF. It is enough to note that generalized eigenfunctions belonging to

different eigenvalues are linearly independent. [J

REMARK 4.4. Since the projections P, are in general not orthogonal, the

A
set A of eigenvalues must indeed be finite. However, as we shall see short-
ly it is an important problem to determine conditions which allows us to

extend the above decomposition to the set A = o(A).

DEFINITION 4.5. The linear subspace Ml generated by {MA | Aec(A)} is called

the generalized eigenspace of A. The generalized eigenspace Ml of A is
called complete if the closure Ml of M, is the whole space.
Analogously, the generalized eigenspaces of B,A*,B* ect will be denoted

~ * "“ *)
by MZ,MI(C ),Mz(g ) ete.

PROPOSITION 4.6. Let A be a zero of det A(z) of order m. Then for all L
with 1 < £ £ m the following relations hold

@ ENOI-oY = NanY

(1) eNOIBYY) = N(a1-0h;

(iii) FRAI-a5Y = N9 ;

Gv) *NOI-89Y = NoT-aM) .

PROOF. By the Duality Principle it is enough to prove (i) and (ii). Since

the proofs of (i) and (ii) are equivalent we shall only prove (ii). The
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nullspace N((\I-A)%) is finite dimensional, {T(t)}-invariant and
NCOT-05) 0 (D) = (0}
Hence, by Proposition (2.16)
h((AI—A)K) = T(h)N((kI—A)K) = G.FN((AI—A)Kiyc'GH((XIJB)K) c N((AI—A)K). |

DEFINITION 4.7. A small solution x of (1.1) is a non almost everywhere zero

solution of (1.1) such that

lim 5% x(t) = 0
{00

for all k € R.
Note, that a small solution has an entire Laplace transform.

The determinant of the matrixfunction A(z) defined by (3.3), det A(2),
is an entire function of exponential type. Let T denote the exponential type
of det A(z), by the Paley-Wiener Theorem (A.3) we have that 7 is less than

or equal to nh.

THEOREM 4.8. Let x be a small solution of (1.1) then

x(t) =0 a.e.

for all t =2 nh - T.

PROOF. Let x be a small solution of the equation
X = [*xx+f

f e FZ' Then x is L2~integrab1e along the positive real axis. By the

Plancherel Theorem we have

J e () dt
0
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is Lz—integrable along the imaginary axis. Laplace transformation of the

equation (1.1) yields

A(z) { e—th(t)dt z j e_th(t)dt
0 0

or

o h
A(z) [ e %t () dt J e %l (e + o7 0,
0 0

Let adjA(z) be the matrixfunction of cofactors of A(z), i.e. adjA(z) satis-

#

fies the equation

adjA(z) .A(2z) = detA(z).I1.

Multiply the above equation by adjA(z) then we obtain

o h
" detA(z) j e"th(t)dt = adjA(z){z f e—th](t)dt v e fo}.
0 0

Since the quotient of two functions of exponential type is again of exponen-
tial type we obtain that the entire function f; e_th(t)dt is of exponen-
tial type. Moreover, by Proposition (A.2) the right hand side has exponential
type < nh. And so again by Proposition (A.2) fz e—th(t)dt has finite ex-
ponential type ¢ and ¢ < nh-T.

Hence, by the Paley-Wiener Theorem (A.3)

e Zrx(pde = | e ' (p)dt

t O-—Q

a.e. for all t =2 0. Since ¢ < nh-t, x(t) = 0 a.e. for all

0
and x(t) = 0
g

t =2 nh-1.

DEFINITION 4.9. Let o denote the ascent of N(S(t)),

i.e. o = inf{n € R, : Ve > 0 N(S(n+e)) = N(S(m)) }.

B

Let § dénote the ascent of N(S(t)*),
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i.e. 8 = inf{n e R_: Ve > 0 N(s(n+e)™) = N(S(m™ 1.

PROPOSITION 4.10.
(i) o is the ascent of N(S(t)),N(S(t)),N(T(t)) and N(T(t));
(ii) § is the ascent of N(S(£)™),N(S(v)™) N(T()™) and N(T(©)™).

PROOF. All the co—semigroups in (1) respectively (ii) are intertwined. [J

COROLLARY 4.11.
(i) o
(ii1) &8 € nh-T.

IA

nh-13;

PROOF. By Theorem (4.8) and the Duality Principle. [J

e}

COROLLARY 4.12. N(S(a)) = {f ¢ FZ: A_](z)(z J e—th(t)dt) 18 entirve.}
0

PROPOSITION 4.13. N(T(a)) = {¢ € M, : z > R(z,A)y Zs entire}.

2

PROOF. Because of Lemma (3.4) and Corollary (4.12) only the fact that
Y e N(T(a)) if and only if TFy ¢ N(S5(a))

remains to be proved. But this is clear from the definition of a. [

PROPOSITION 4.14. N

AeG(A)N(PA) ={y e MZ: z » R(z,A)V 78 entirel.

PROOF. This follows from the Laurent series of R(z,A) in a pole A of order m:

o} D, 2
=7 Tt + + RO(Z,A)

(z-\) (z-n2

R(z,A) =

where RO(Z,A) is holomorphic and DA = (AI—A)PA, see KATO [14]. []

COROLLARY 4.15. N

Aeo(A)N(PA) = N(T(a)).

Although in general R(S(t)) becomes smaller with increasing time
Corollary (4.11) states that the closure of the range S(t), R(S(t)), be-

comes constant for t =2 §. In fact we can say even more.

&
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THEOREM 4.16. _

(i) W] = RTE);

(ii) gz =*R(S(6)); .
(iii)_ﬂz(ﬁ*) = R(T(a)*);
(iv) Ml(c ) = R(S(a) ).

PROOF. Because of the Intertwining Property, Proposition (4.6) and the
Duality Principle it is enough to prove (iii). Since o(A) = o(A¥) and

order () = order (X) we obtaln

m

@t = u . NI M)
deo(A)
) — m}\
= N R((AI-A) M)
Aec(A)
= n Q
reo(A) A

1]

n N(Px) = N(T()). [
Aeo (A)
REMARK 4.17. Theorem (4.8) and Theorem (4.16) are due to HENRY [12].
Henry's proof of Corollary (4.15) uses the estimate of HALE [11] on the
complementary subspace Qx in the decomposition (4.3). Later Delfour and
Manitius gave another proof of Theorem (4.16) using an explicit represen-

tation for R(z,A).

COROLLARY 4.18.

!v{ 1

M](C*) is complete 1f and only if o = 0.

18 complete i1f and only i1f § = 0.

The following corollary is due to MANITIUS [16].

COROLLARY 4.19. M1 i8 complete 1f and only <f N = {0}.

PROOF. By Proposition (2.16) and the Duality Principle we have

NE®) = NS ™).
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Hence

N(F*) = {0} if and only if 6§ = 0. [J

Although the above condition for completeness is necessary and suffi-
cient, it is not satisfactory: first of all because the condition is re-
lated  to the adjoint equation which is a little unnatural and secondly be-
cause the condition is not easy to verify. In fact the results given until
now in this section show that it is important to know more about the rela-
tion between o and § and to find ways to calculate these numbers explicitly.

Define ¢ by
exponential type detA(z) = nh-e.

Since we noted already that the exponential type of detA{z) < nh, we have

2 0. Consider
adj A(z) = (Cij)

the matrix function of cofactors of A(z). Since the cofactors are (n-Dx(n-1)
subdeterminants the exponential type of the cofactors Cij is less than or

equal to (n-1)h. Moreover, since
(4.20) A(z) .adj A(z2) = det A(z).1
there has to be a cofactor of exponential type 2 (n-1)h-e. Define o by

max exponential type C.,. = (n-1)h-o.

1 1]
1

A IA

i<n
j<n

Then ¢ < ¢ and in fact we can say even more,

THEOREM 4.21. If € > 0 then o < €.

PROOF. Suppose ¢ = £, We shall calculate exponential type det adjA(z)

on two different ways. Since ¢ = ¢ we have
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'type det adjA(z) < n((n-1Dh-€) = (n-1) (nh-e)-¢.
On the other hand by (4f20) and Proposition (A.2) we have

type det adjA(z) = type (detA(z))™ ! = (n-1) (nh-e)
Hence'

(n=-1) (nh-¢) < (a~1) (mh~-e)=-¢

which is a contradiction if € > 0. [

THEOREM 4,22,

(i) o £ e-03

(ii) § <€ eg-o.

PROOF. This follows from the proof of Theorem (4.8) using the above

terminology. [
We can now state and prove our main result.

THEOREM 4.23. The ascent o of {S(t)} satisfies

o E-C.
Or, equivalently, all small solutioms of (l.1) vanish almost everywhere

for t = e-0 and e~-0 18 the smallest possible time with this property.

PROOF, If € = 0 we have ¢ = 0 and so by Theorem (4.22) o = 0. Let ¢ > 0.
Because of Proposition (4.10) it is enough to construct a small solution

of the equation

x-zxx = £

f e H , such that x(t) = 0 a.e. for t 2 ¢-0 and x # 0 a.e. in any neigh-

1’
borhood” of e-o. Laplace transformation yields that this is equivalent to

constructing a Paley-Wiener function F of exponential type e-¢ such that
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A(z)F(2) = ¢ + q(z)

where ¢ ¢ € and q is a Paley-Wiener function of exponential type < h.

Choose a column of the matrix function adjA(z) such that one of the
elements of this column is the cofactor of maximal exponential type
(n-1)h-o. Since the arguments given below can be repeated for all other

columns we may assume that we can choose the first colummn

LI o
—

[=}

of adjA(z). By (4.20) we have

C
11 detA(z)
. o)
(4.24) A(2) . = .
C o)
nl

We have to consider two cases:
I. € £ (n-Dh;
II. (n=1)h < ¢ £ nh.

Case I. Suppose € < (n—-1)h. Let for 1 £ j < n, Cj denote the Taylor expan-~

sion of le of order n-1 in 0. Then the functions Fj defined by

C..(2) -c.(2)
_ il ]
Fj(z) = zn )

1<j<n, are entire. Let

¢ d
A(z) . = .
‘ & a
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The functions dj,_l < j £ n, are polynomials of degree n with coefficients

constants plus Paley-Wiener functions of exponential type < h. Furthermore

detA(z)~-d
1
F —
1 n
Z
: d
(4.25) A(z) . = i
Fn -d,
)
Z

Since detA(z) is a polynomial of degree n with coefficients constants plus
Paley-Wiener functions we have by the Paley-Wiener Theorem (A.3) that the
right hand side of (4.25) can be written as follows
nh-¢
c + [ e “Tn(t)dt
0
where c € € and h € Lz([O,nh-ehCn). Furthermore, the cofactors are poly-
siomials of degree (n-=1) with coefficients constants plus Paley—Wiener func~-
tions. Hence, F is a Paley-Wiener function and by the Paley-Wiener Theorem
(A.3) we have
(n-Dh-o
F(z) = e “Yy(o)de
0
where § € L2([O,(n—1)h~0];Cn). And so the equation (4.25) can be rewritten
as follows
(n~1)h-o nh-¢
(4.26) A (z) J e Fhy(t)dt = ¢ + J e “fn(t)dt.
0 0

Hence, the function § satisfies the equation
X—C*X = g

t
where g(t) = c+J h(s)ds for 0 < t < nh-e¢ and constant for t > nh-e.
0

Hence, By Proposition (1.2)
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2 ¢ L’10, @-Dhol.

Rewrite the equation (4.26) as follows

(n—1)h-¢ (n-1)h~o nh-¢
A(Z){ ( e *fy (e + [ e—th(t)dt}==c + J e_Zth(t)dt
0 (n-1)h-¢ 0
Hence.
(n-1)h-o nh-¢e (n-1)h-¢
A(z) J et y(t)dt = ¢ + j e 2 (v)dt - A(2) J e Zhy (v de.
(n~1)h-e 0 0
And so
€~0
.27y o (mmhhe)z A(Z)J e %5 ((n-1he+t)dt =
0
nh-¢ (n-1)h-¢
=c + J e-Zth(t)dt-—A(z) J e_th(t)dt.
0 0

Since the right hand side of (4.27) has exponential type less than or equal
to nh-¢ we have by Proposition (A.2)

£~0 |
(4.28) A(zZ) J e *%y((n-1)h-e+t)dt

0
has exponential type less than or equal to h. Furthermore, since
g%-e L2[0,(n—1)h~0] partial integration yields that (4.28) can be written
as a constant plus a Paley-Wiener function. Hence

€=0 h

A(z) J e *Yy((n-1)h-e+t)dt = b + j e ?Y (tyat

0 0

where b ¢ C" and ¢ € L2[0,h]. Hence, P((n-1)h-e++) is a small solution such

that

Y((n-1)h-e++)# 0 a.e. in any neighborhood of e-o.

This yields o = e-0.
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Case II. Suppose (n-1)h<e<nh. In this case T = exponential type detA(z) < h.

Multiply both sides of the equation (4.24) by
h-1

[ e-tht
0
to obtain
“n g(z)
A(z) . = .
Cnl 5
h-1t -zt ~ h-t -zt
where G(z) = JO dt detA(z) has type h, le = IO e dt le’

1 £ 3 £n, and the function C has type e£-¢o. The same arguments as used in

Case I applied to the function c yields

-0 h
A(z) J e 2 ()de = €+ J e *H (D) de.
0 0

Hence, a is a small solution such that
v 70 a.e.

in any neighborhood of e-o. This yields o = e-o. []

The following corollary yields the answer to a well-known question in

rfde theory.

COROLLARY 4.29. The ascent o of the co—semigroup {8(t)} and the ascent 6§ of

the adjoint c,—semigroup {s(t)*} are equal.

0

PROOF. Since ade(z;g*) = (adj (E))T we have a(c*) = ¢ and 0(5*) = 0o, []

The following special case of Corollary (4.29) yields the answer to a
question of DELFOUR and MANITIUS [8] and exténds a recently given result
of BARTOSIEWICZ [2].

COROLLARY 4.30. N(F) = {0} <7 and only if N(F™) = {0}.
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PROOF. By Proposition (2.16) the corollary is just a restatement of o = 0
if and only if 8§ = 0. [

The following corollary yields an easy to verify necessary and suffi-

cient condition for completeness.

COROLLARY 4.31. M] =M, if and only if N@F) = {0}
f and only if type detA(z) = nh.

Or, equivalently, completeness holds 1if and only if there are no small solu-—

tions.

Note, that Theorem (4.23) proves the existence of a small solution if

type detA(z) < nh.

COROLLARY 4.32. Consider a linear autonomous rfde with state space C[-h,0],

the space of continuous function on [-h,0]. Then all small solutions vanish
identically for t = e-o-h and e-o-h is the smallest possible time with this

property.

PROOF. In the proof of Theorem (4.23) we constructed a small solution with

maximal support of the Volterra convolution integral equation with forcing

space H . Use the operator G to map this small solution to a small solution

1
with necessary maximal support of the rfde, since R(G) = H][—h,O] this small

solution is continuous. [J

DELFOUR and MANITIUS also introduced in their papers [8], [16] the
concept of F-completeness. We shall see that Theorem (4.23) also yields an
easy to wverify necessary and sufficient condition for F~completeness, The

generalized eigenspace M] of A is called F-complete if

FMl = R(F).

By Proposition (4.6) FM1 = M2 and because of Proposition (2.10) and Theorem
(4.16) we have M1 is F-complete if and only if 8§ < h. And so Theorem (4.23)
yields.

COROLLARY 4.33. M1 18 F-complete if and only Zf o < h.
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Or, equivaléntly,4F—completeness holds <f and only if all small solutions

are in the kernel of F.

COROLLARY 4.34. For n = 2 F~completeness holds i1f and only if type
detA(z) = h.

EXAMPLES 4.35.

dx1
a) | rre (v) = -xz(t) + x3(t—1)
dx2
e = - -l
it () xl(t 1)+ x3( 3)
dx3
—EE— (t) = X3(t).
Then
Z 1 —e_z
- -1
A(z) = |-e Z 5 -e 2%
0 0 z+1
and
' 2 -z
detA(z) = (z+1)(z7+e 7).
So e = 2.
-z
z -
-1 -
And, C23 = - =ze 2% + e 2z
-z -1z
—e —-e

So o0 =0 and o = § e-0 = 2, and F~completeness fails.

dx1

b) a5 (B = =x,(6) - x,(¢)
dx2
T (B = x (£=D+ x,(t-3)
dx3
qc (t) = X3(t).

Then . z— ! l_l
A(z) = |-e Z 4 -e 2%

0 0 z+1
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and

det (z) = (z+1) (z2+e %),

So € = 2, Further ¢ = 1. Hence

and F-completeness holds but completeness fails.

REMARK 4.36. As already noticed in section 1 we can associate with an ar-
bitrary neutral equation a Volterra convolution integral equation where the
kernel { involves measures. Using the more general Paley-Wiener Theorem in-
volving distributions, given in RUDIN [17], the proof of Theorem (4.23) can
be generalized such that Theorem (4.23) holds for neutral equations in

general.

REMARK 4.37. By the results of this section we have that if the decomposi-
tion given in Corollary (4.3) holds for A = o(A) then

M2 = R(T(a)) @ N(T(a)).

This decomposition for M, is important since it makes it possible to re-

strict (in the case of ngncompleteness) the co—semigroup {T(t)} to R(T())
such that the restricted co—semigroup {T(t)} is injective with dense range,
like in the case of completeness. However, an easy example of Diekmann
shows that R(T(a)) @ N(T(a)) need not to be closed and so

M2 # R(T(a)) @ N(T(a}). But in the example

M2 = R(T(a)) ® N(T(a))

holds. By the Duality Principle this is equivalent to

(4.38) R(T(@)) n N(T(x)) = {0}.
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The condition (4.38) seems plausible and is enough to treat the noncomplete
case in a satisfactory way; instead of the restriction of {T(t)} to R(T(a))

we consider the by {T(t)} induced co—semigroup on the quotient space
M, /N(T(a))

the obtained semigroup {T(t)} is an injective ¢ ~-semigroup with dense range

like in the case of completeness. °

The study of necessary and sufficient conditions such that (4.38) holds,
which is closely related to the study of convergence results for the projec—
tion series of generalized eigenfunctions, will be a subject for further

research.
ACKNOWLEDGEMENT

I am grateful to O. Diekmann for many stimulating discussions during

the preparation of this report.




41

APPENDIX

Let F be a vector valued function, we call F entire, of exponential
type etc. if all the components of F are enitre, of exponential type etc.
Furthermore, the exponential type of a vector valued function F is defined
by the maximal exponential type of the components of F.

It is not difficult to see that all entire fﬁnctions considered in
this paper are entire functions of order 1.

i.e. lim sup
>0

log log M(r)
log r

where M(r) = max{|F(z)| | z = rele, 0

A

6 < 2w},

DEFINITION A.}. The entire function F of order 1 is of exponential type T
if

log M(r) _ T

= (0<ts0)

lim sup
>0
For entire functions of exponential type the rate of growth in dif-
ferent directions can be specified by the Phragmén-Lindeldf indicator func—
tion h

' ig
h(8) = lim sup log|F(re )| .

r
b afr s

PROPOSITION A.2. Let F and G be entire functions of exponential type such
that F and G are 0(z"), m € Z in the closed right half plane. Then

type (FG) = type (F) + type (G),

PROOF. Because of the Ahlfors-Heins Theorem (7.2.6) of BOAS [4] we have for
a dense set of 8 ¢ [1/2,3n/2]

hF(G) -(typeF)cosh

-(typeG)cosh.

© h.(8)
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Hence
. 1 ig 1 i0
hFG(e) = lim sup {r log|F(re )| + ;—1ogIG(re )
T30
= —(type (F)+type(G))cosd
= —(type (FG) )cosd for a dense set of 6 ¢ [w/2,3n/2].
And so

type (FG) = type(F)+type(G). [

An application of the Paley-Wiener Theorem 6.8.1 of BOAS [4] yields.

THEOREM A.3. (Paley-Wiener). Let F be an entire function which is uniformly

bounded in the closed right half plane. Then F ig of exponential type T and
Lz-integrable along the imagirary axis if and only if
T
F(z) = J e *%y (t)dt
b .

where ¢ € LZ(O,T) and ¢ does not vanish a.e. in any neighborhood of t.

We shall call the entire functions described by the above theorem

Paley-Wiener functions.
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