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1. Introduction

In the performance analysis of computer systems frequently queueing mod-
els are encountered which réquire a two or more dimensional state space for
their description. The mathematical analysis of such models is rather in-
accessible. Only reéenfly fairly general techniques were developed for the
two—dimensional case, cf. [5], [6], [4]. The basic idea behind these tech—
niques is the transformation of the functional equation from which the bi-
variate generating function of the joint queue length distribution has to be
determined into boundary value problems of the Riemann-Hilbert type. These
at present available techniques lead to results concerning the stationary as
well as the time—dependent distributions of the involved stochastic processes.

The main goal of the present paper’is the dévelopment of a technique for
the asymptotic analysis as time + = of the time—dependent distributions for
queueing models which need a two-dimensional state space for their descrip-—
tion. This asymptotic analysis is important for several reasons. Firstly,
for establishing the necessary and sufficient conditions for the process to
be ergodic. Quite often it is not even simple to guess these conditions on
the basis of intuitive arguments; consider e.g. the coupled processor model
in [5] and the ALOHA satellite packet switching models in [9]. Secondly, it
is of great practical importance to obtain information (in the ergodic case)
about the time a system needs to reach a situation in which it can be con-
sidered to be in stochastic equilibrium, after the start of or a disturbance
in the system. As a measure for this time the concept of relaxation time was
introduced for the one~dimensional case (see e.g. [3]). To determine the re-
laxation time of a queueing system the second term of the asymptotic expan—
sion of the queue length distribution is needed.

&

The ideas and techniques which are required in the construction of such

an asymptotic analysis will be elucidated by describing them for a particular




model, closely related to the M/G/l model with alternating service discipline

studied ip [4], §IIT.2. From a practical point of view this model is a little
artificial, but its analysis brings clearly forward all the essential points
also encountered in the analysis of more complicated models. In forthcoming
papers, e.g. [2], the technique developed in this paper will be used for the
asymptotic analysis of the time-dependent behaviour of two-node Jackson net-
works, cf.[8]. The ultimate goal of our research concerns the asymptotic ana-
lysis of time—dependent phenomena in many-node queueing networks.

The organization of this paper is as follows. The investigated queueing
model will be described in section 2. It is an M/G/! model with two types of
customers and a paired service discipline, i.e. two customers of different
type are served simultaneously. Section 3 is devoted to the discussion of the
embedded queue length process at depafture.instants; in section 4 the bivariate
generating function of the queue length process in continuous time will be de-
rived. Section 5 is concerned with the asymptotic analysis of a characteristic
integral. The results are used in section 6 to obtain the conditions for ergo-
dicity and to investigate the relaxation time of the process.ASection 7 con-
tains remarks on the evaluation of the conformal mapping which occurs in the

solution of the boundary value problem, on the waiting time distribution, and

on a simple generalization of the queueing model.




2. The model, definitions

The fdllowing queueing model will be considered. Customers arrive at a
single service facility according to a Poisson process with mean inter-—
arrival time a. With equal probabilities an arriving customer is of type 1
or of type 2. An arriving customer who finds the system empty is immediate-
ly taken into service; otherwise he joins queue ! or 2 depending on his
type. As soon as a service has been completed, a new service is started if
any customers are preseﬁt. If after the completion of a service two customers
of different type are present, then they are served simultaneously. If éfter
the completion of a service the customer population consists of one type,
then a ;ingle customer is admitted to service. In each queue customers are
served in order of their arrival. Successiye service times are independent
random variables with a common distribution functiom B(t), for paired ser-
vices as well as for individual services.

Let Zj(t), t >0, j=1,2, be the number of type j customers present in
the system at time t, and let Zj(0)==o' Our aim is to study the time-depen-
dent behaviour of the process {(ZJ(t)tXQ(t))’tZ 0}, especially its asympto-—
tic behaviour as t+«., In order to obtain the distribution of this process
first the embedded process at departure instants will be analysed, and then
the continuous time distribution will be derived with the aid of renewal
functions, in analogy with the analysis of the standard M/G/1 model, cf. [3],
§1I.4.3. Denote by én’ n=0,1,.., the nth departure instant, and by §j(n),
n=0,1,.., j=1,2, the number of type j customers left behind in the system
at the nth departure instant. Let §0= 0, S ) =3Ez(0) =0, in agreement with
the assumption that the process starts at t=0 with an empty system. It is
readily seen that the process {(El(h)*ﬁz(n)’én)’n==0’1"'} is an embedded

Markov chain which is irreducible and aperiodic. This Markov chain was ana-

lysed in [1]. The results are summarized in the next section (see also




section 7). For the analysis of the queueing system the following functions

and quantities are defined: ﬁor lrl <1, lzli <1, lzzl <1, Rep 20,

o x,(m) x,(n) ~od
¢ @(r;zl,zz,p) 1= Eo P E{z1 ! z, 2 e 71,
e ¥, () 3y, (t) ‘
(2) W(p;zl,zz) 1= é e Pt E{z1 ! z, 2 } odtg
(3) B(z) :=J e “TdaB(D), Re ¢ 2 0;
0

® k
(4) B = [t as(o), k=1,2,..3

0
(5) a = BI/a.

It will be assumed that 83 < o (see remark 1 in section 6).

3. The embedded Markov chain.

For the transform (1) the following functional equation can be derived
in a similar way as that of the common M/G/! queueing model, cf.[3],§II.4.3:
for |r| <1, |z, | =1, [zzl <1, Re p 20,

l—%zl—ézz 1—%z1—%z2
(6) [z]zz—r'B(p-+————E————>]¢(r;zl,zz,p) =z,2, +r B(p-k————a————)x

Z.2Z

. _ . o 172
X [(z2 1)<I>(r,z],0,p)+(z1 1)®(r,0,zz,p)-k(l z, ZZ-+1+ap

)2(r30,0,p)].

Below it will be sketched how this functional equation can be transformed
into a boundary value problem; for details see [1].
From now on it will be assumed that r and p are real, 0 < r < 1, p > 0.

In the functional equation (6) let z,=w, z ==§, and let w be in the set

1 2

1-Re w

(7). L(esp) = {w; Jw| <1, |w|? =1 8(+ )}.

For this choice of z, and z, the generating function @(r;zl,zz,p) is finite,




while its coefficient in the functional equation (6) vanishes; hence the

functional equation reduces to: for w € L(r;p),

: - 2
(8) o(r;w,0,p) , o(r;0wyp) _ 1 [1-—lﬂi——-—99—]®(r;0,0,p)-

1-w - | 1w | 1| 2 ¥oe

From the propertieé‘of the Laplace~Stieltjes transform B(z), cf. (3), it is
readily seen that L(r;p) is a contour (i.e. it is a closed curve which does
not intersect itself) which has the real axis as an axis of symmetry. There-
fore it is possible to introduce the conformal mapping g(r;p;z) of the unit
disk |z| < 1 onto the domain L+(r§p), the interior of the contour L(r;p),

which is uniquely determined by the conditions (cf.[10], theorem 1.2,1.3):
0
(9 - g(r;p3;0) =0, 37 8(rse52) > 0, ‘at z=0.

By [10], theorem 2.24, the conformal mapping g(r;p;z) is continuous in the
region |z| £ 1, and maps the unit circle |z| =1 one-to-one onto the contour

L(r;p). Moreover, the symmetry of L(r;p) leads to the property: for |z| <1,
(10) g(r3p3z) = glr3032).

By inserting w=g(r3psu), |u]= 1, so that §==g(r;p;l/u) by (10), equatiomn

(8) becomes: for |u[= 1,

(11) o(r;g(r;p;u),0,p) |, 0(r;0,g(rsp;51/u),p) _
1 - g(r;psu) 1 - g(r;psl/u)
l1-g(r;psu) |2 [1-g(r;psu) |2 1P

Because L+(r;p) C {w; ]w\ < 1}, the first term at the lefthand side of (11)
is regular for Iul < 1, the second term for lul > 1, Hence, relation (11)

forms the boundary condition of a coupling problem (or Hilbert problem), cf.

[11], §37. It is easily solved by applying the operator




(12) —lv~f cense JEL—, . C = {u; |u]l =1},
C

on both sides of equation (11), for lzl <1 as well as for ]zl > 1. The last
unknown ®(r;0,0,p) is obtained by taking z=0. By introducing the inverse

conformal mapping go(r;p;w) of g(r;p;z) the functions é(r;z,,0,p) and

1’

¢(r;0,zz,p) can be obtained. Substitution of these functions into the func-

tional equation (6) leads to the following result:

+ +
Theorem 1. For 0 < r <1, p 20, 2z, €L (r3p), z, €L (r3p),

1 2
l—ézl—%zz -1
@(r;zl,zz,p) = [r B(p-+————?;————> - zlzz] {—zlz2 +
1-%21-%22
. (1-?1)(1—22)r8(p+“ o ){[ op - 1] 1' i fl_ll.,.
1+ ;fi 1 du (l—zl)(l—zz) 211 ) Il' g(r;p;u)|2 u

Cl1-glrsoswy|®

+ zl.f ! 2[ - (l_. - )+ - (1. - )]du}].
e |1-g(rsesu)|” LU T BotRiE) VT BREIRIE,

Note that the generating function @(r;z],zz,p), |r| <1, lzll

Re p. 2 0, is determined by analytic continuation from the above expression.

4, The continuous time process

By using a similar relation as [3], formula (II.4.45), between the distri-
bution of (zl(t),zz(t)), t > 0, and that of (§1(n),§Q(n),§n), n=0,1,.., the
the following relation between the generating functions W(p;zl,zz) and

@(r;zl,zz,p) is obtained: for ]zll <1, lzzl <1, Rep > 0,

. 1-1z —%zz
(13) ‘l’(p;zl,zz) = Trop B(p +—————-——) ®(1;0,0,p) +




Hence, also the function W(p;zl,zz) is determined by theorem 1. This function
can also be obtained with the aid of two supplementary variables, see [1],

chapter III. Introducing for real p, p > 0, the abbreviations,

(14) v(p3z). := glripsz), |z| <1, Ap) == L(13p),

it follows from (13) and theorem 1 that for p > O,

o 1 du

5t | iy
. - C [1=-y(psuw)]|
(15) li’(p,oso) = | . op 1 @_.
2mwi

Cli-yGpiuw|® ®

In the next sections the asymptotic behaviour of the process {(Zq(t)lZZ(t))’
t > 0} as t » » will be studied. Similarly as for the common M/G/1 queueing
system it can be proved with the aid of the key renewal theorem, cf. [3],
p.102, p.246, that the limits

Lim Priy, (£) =k ,y,(6) =k},  k;=0,1,.., k,=0,1,..,

oo

exist. Hence, the generating function of this limiting distribution can be

obtained from Y(p;z ,zz) with the aid of an Abtelian theorem, in particular,

I

(16) P, := lim Pr{y,(£) =0,y . (t) =0} = 1lim p ¥(p;0,0).
0 o —4‘ =2 040

5. Asymptotic analysis

In order to study the asymptotic behaviour of Pr{l](t)=12(t)=0} as t »

this section is devoted to the investigation of the limit, cf. (16),(15),

. 1 du
an lim =L —_
2
040 2™ T [1-y(psuw)|® @

For the determination of this limit the behaviour of the contour A(p) and of




the conformal mappingAy(p;z) as p ¥+ 0 will be considered first. In order to

obtain a parametric equation for the contour A(p) the following result is

needed.

Lemma 1. For p > 0, u £ 1, and for p 2 0, u < 1, the equation

1-ou

(18) o = o+ )

has exactly one root o=ga(p3u) on the real interval 0 < o < 1. This root

olpsu) Zs an infinitely differentiable function of p and u, with

0 0
(19) 35 ag(psu) < 0, 3 o(psu) > 0, for p >0, u<1.
Further,
_ =1, if u=1, a £ 2,
(20) o(u) := 1lim o(p;u) v
040 € (0,1), - otherwise;
a 2a2 2
(21) o' (1) = =—, o"(1) = ————= (2 B, /B, +1-qa), if a < 2,
2-a (2-a)> 2’ "1

(22) o(w) =1 -/ —2—— /T3 + 0(1-w), aut 1, if a=2;

282/61-1
(23) 1ima—c5(p'1) = :E—L if a < 2
040 d9p 2~a
Blp
(24) 0(p31) = 1 =/ s+ 0(0), p+0, ifa=2,
282/81—1

Probf. The proof is left to the reader. It is very similar to that of the

lemma of Takdcs, cf. [3]. See also [1], lemma III.4.1.

With the aid of the function o(p;u) the contour A(p) can be described by, cf.

(14), (7), (18), for p > O,

&

(25) Alp) = {w; w=o(pscos 8) ele, -1 £ 0 £ 7w},




As p ¥ O the contour A(p) expands, cf. (19), to the contour A given by:

(26) A o= {ws w=0(cos 6) ele, -m £ 09 £ 7w},
Lemma 2. The contour A(p), p > 0, possesses a tangent at every point. The
contour N possesses a tangent at every point, except in the case a=2 at the

point w=1; <t has then at w=1 a corner point with inner angle wm,
/ 2 !
27 wr := 2 arctan Vv 2 82/81— 1, 1 fws .,

Proof.See the appendix. : 0

. . . . +
Next the conformal mapping y(z) of the unit disk Izl < 1 onto the interior A
of the contour A, satisfying v(0)=0, y'(0) > 0, cf. (9),(14), is introduced.
Because A(p) expands continuously to the contour A as p + 0, cf. (25),(19),

it follows with Carathéodory's mapping theorem, cf. [10], theorem 2.1, that

(28) lim v(p3z) = v(z),

uniformly for Iz! < 1; because y(p3z), p > 0, and y(z) are continuous for

|z| <1, cf. section 3, this limit also holds for |z| = 1.

Lemma 3. For p > 0 the derivative _392 y(p3z) 8 continuous and non-vanish—

ing for |z| < 1. The derivative v'(z) is continuous and non-vanishing for
|z| < 1, except in the case a=2 at z = 1.

In the case a < 2, for every 6§, 0 < § < 1,

' 2-8
(29) v(z) = 1+ (z=)y' (1) + o([1-2|""), z-1, |z| <13
in the case a = 2 there exist positive constants NI’NZ’ such that

(30) N, 1=z < |[1-v() ]| <N, ‘/|1-zl, |z| < 1.

Proof.See the appendix. ]
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With the aid of the foregoing lemmas the following theorems on the limit (17)

can be proved.

Theorem 2. In the case a > 2 the limit

. 1 ) 1 du
(31) Lim 271 f 2w ?
040 C |1-v(;uw]

is finite; in the case a = 2 this limit is infinite.

’

Proof. Because y(pju) € A(p) for ]u|= 1, it follows from lemma 1, cf. (19),
(25),(26), that Iy(p;u)l <1 forp >0, lul < 1, and that Iy(u)] < 1 for
lul £ 1, except in the case g < 2 at u=1; then y(1)=0(1) =1. Hence, in the
case g > 2 the integrand, and therefore also the integral, in (31) remain
finite as p ¥ 0. Consider further the case a= 2. The integral in (31) is

equal to

m
1 dse
(32) Ly N
T |1-v(ser®)|?

From the above it follows that the integrand of this integral remains finite

as p ¥ 0 for every 0 except 06 =0. Lemma 3 implies that there exists a positive

M independent of 06 and p such that for p > 0, 0 £ 8 <,
ig i
(33) Iy Cos1) = v(pse )| < M|o]>.
This implies the inequality: for p > 0, 0 < 6 < w,
' i !
(34) [1=v(se )| < [1-v(;1)| + M[o]>,

This inequality leads to the following lower bound for the integral in (32):

for M independent of p, p > O,

o m .
OB ¥ S i A S Croseoew=s 2o
0 0 {1-v(p31) +M/0}

ll-wr(o;eie)l2
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M/ ]
1-y(p31)+MW/m

= —25-[10g{1-y(p;1)-+M/;} - log{l-vy(p;1)} -
™

Because M is positive and y(p31) 4+ 1 as p + O, it is élear that this lower

bound tends to infinity as p + 0. This proves the assertion in the case a=2.[]

Theorem 3.
= 0, if a = 2.
(36) lim 22 | ! du .
+0 2m C |l'-Y(p'u)|2 vl S 24 if a < 2
p H ay'(l)’ .

Proof. First consider the case a=2. As in the proof of theorem 1 the
integral in (36) is rewritten as (32). From lemma 3 it follows that for, say,
0 < p < 1 there exists a positive K independent of p and 9§ such that for

0<e6<m,
(37 lv(p;l)-v(o;eie)l > K|e].

Because the point w=vY(p3;1)=0(p;1) is the point on A(p) with the largest ab-
solute value (ef.(25), o(p;u) is for fixed p, p > 0, an increasing function
of u, u £ 1, ef. (18)), the angle which the line joining the points Y(p;1)
and Y(p;eie) makes with the positive direction on the real axis is obtuse.

Hence, the cosine rule implies for P > 0, 0 £ 6 = m,
ig ;2 2 if, 2
(38) I=vose™ )| 2 [1-vGsD|" + |v(s1) - v(pse )",

From (37),(38), the following upper bound for the integral (32) is obtained:

for 0 < p < 1 and for K independent of o,

il il
1 de 1 de B
(39) | VIR 7 2.2
0 |1-v(pse )| 0 |1-v(;1)|"+K"0
3 1 arcta [___1'___]
«  wR{1-v(p;1} MNT-Y(G;D ]’

Because Y(p;1) =o(p;l1), cf. (25), it follows from (24) that
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(40) lim
p¥0

e

[l

0, lim arctan[———jji~—-] =

— P -
1 —y(p;l) 040 1-v(;1)

Hence, thé upper bound for the integral (32) given in (39), multiplied by p,
vanishes as p ¥+ 0. This proves the assertion for tﬁe case q= 2.

Next consider the case g < 2. Because for p > 0O the function o(pju) is an in-
finitely differentiable function of u, u < 1, cf. lemma 1, A(p) is an analytic
éontour, cf. [12], p.186. This implies that the conformal mapping Y(p3z) is
regular on the boundary |z| = 1, cf. [12], p.186, so that it can be continued
analytically into a part of the region lz‘ > 1. Further, because the derivative
é%‘y(p;z) is non-vanishing at z=1 by 1emma 3, and since y(p3l) + 1 as p-¢ 0,

it follows (see [1], §II.5 for more details) that for p close to zero there

exists a value uo(p) > 1 such that

(41) Y(p;uo(p)) =1, and uO(p) +1 as p ¢ 0.

With this uo(p) the integral in (36) is rewritten as: for p close to zero,

1 du 1 du
(42) — = [ K(p3u) +— —
Cli-yew]?2® {u-u () Huuy(e) =11 u
here
u - uo(p) uuo(o) -1
(43) K(psu) := ;ul = 1.

1-y(p3u) 1=-v(p;1/u)’

From (41) it follows by using yv(p3;1)=0(p31) and (23) that

By

. 4 .9 i
(44) lim — uo(o) = - 11m-5-5Y(p,1)/Y (1) = =y

ovo 0 040

This implies that, cf. (43),

(45) lim K(p31) = - {y' (1)} 2.
p40

Moreovér, it follows from (29) and the fact that for p > O the conformal map-

ping v(p;z) is regular at z=1, that for every 6§, 0 < § < 1, there exists an M
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independent of u and p such that for ]ul==1 and p close to zero,
. 8

(46) |R(p3u) -~ R(p31)| < M|u-1]".

This implies that by splitting up the second integral in (42) as

i [ . 1 du ) 5P gy
(47) ;iz;;tff [g K(p;u) GF?ES?BS‘:;" g K(psu) Gagzsjfjj'jr],
0

on both these integrals an extended version of the Sochozki-Plemelj formulas

(cf. [11],816, [1], lemma I.3.6) may be applied. This leads to

1 du I du

(48) lim —r J K(p3u)

1
—— =2 = -IR(031) + = [ K(Ou) — =2
- 2 s s - ’
010 2mi c u uo(p) u 2mi c u-1 u
u_ (p) :
. 1 0 du 1 1 du
lim = J K(psu) ————— 2 = IR(031) + 5= [ K(03u) —— <2,
040 2mi c uuo(p) I u 2mi c u-1 u

The integrals at the righthand sides of (48) have to be understood as

principle values. Finally, by using, cf. (44), that

(49) lim —22— = 22% 4 (qy,

p¥0 ug(o) -1 24

the assertion for the case @ < 2 follows from (42),(47),(48) and (45). O

6. Asymptotic behaviour of the queueing process

With the aid of the analysis of the preceding section the main theorem on
the ergodic properties of the queueing system described in section 2 can be

formulated. Let yo(w) be the inverse of the conformal mapping y(z).

Theorem 4. The M/G/1 queueing system with two types of customers and paired

sezrvices is transient i1f a > 2, 1t consists of null states if a = 2, and it is

ergodic if a < 2. Further, in the case a < 2, for |z,| <1, |z2[ <1,
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: y,(8)  y,(t) 1=}z -}z,
(50) ¥z o= Lim E{zl S T 8(““7;“—)[‘ .
| AN} .
. ('l—z])(l—zz) 1 - B(_——a ) 1 - YO(ZI)YO(ZZ) ]
1~ %zl- %zz ( —%zl—£z2> {1-Yo(zl)}{l-Y0(zz)} ?
Bl ——————=) =2z, 2
o 172
(51) = 1lim Prly, (£) =0,y. (t) =0} = ——32____
' wo_tif: T SV 1-ja+ay' (1)’
F=vy 8
(52) 1im E{zi(t)} = lim E{Zg(t)} = %a[l +ifrja-__§l_
troo £-ro0 2 231

Proof. 1t 1is easy to see that for thg queueing process defined in section 2
each state in the space {0,1,2,..}x{0,1,2,..} has the same classification,
and that this process is aperiodic. In the case a > 2 it follows from theorem
2, (15) and (2) that

! Pr{_}il(t) =O,_}:2(t) =0} dt < =,
0
so that the process is transient. In the case ¢ = 2 theorem 2 and theorem 3,

imply respectively, cf. (15),(16),

f Pr{_}ll(t) =O,lz(t) =0} dt = =,
0

1im Pr{z_l(t) =0,_}12(t) =0} = 0,

oo
so that the queueing system consists of null states, Finally, in the case
a < 2 theorem 3 leads with (16) and (15) to (51), thus showing that the process
is ergodic. With the same technique as applied in the proof of theorem 3 the
generating function W(z],zz) in (50) can be obtained from (13) and theorem 1
for z, € A+, z, € A+, and by analytic continuation in the whole region

lzll < 1, lzzl < 1. The moments (52) follow in a standard way from the generat-

ing function W(zl,zz). ' g

Remark 1. In order to obtain the above result it was assumed that 83 < w, cf,
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section 2. Theorem 4 also holds without this assumption, but the proof becomes
more tedious. Becéuse the expansion (22) is not valid if By = =, more general
theorems that Kellogg's theorem have to be applied in order to prove the ine-

qualities (30), cf. [1], theorem II.8.2, [13], chapter IX, part I.

Next, the relaxation time of the queueing system will be discussed, cf. [3],
§II1.7.3. The relaxation time T of the probability that the system is empty is

by definition the smallest positive value for which holds
(53) Priy (0)=0,y,()=0} =y = o(™/), £

It is determined by the abscissa of convergence Pa of the Laplace transform
W(p;O,O)-wO/p, in fact T==—1/pc. The discussion will be restricted to the fair-
ly general case that the Laplace-Stieltjes transform g(z) has an abscissa of
convergence f_ < 0, and that B(z) + = as ¢ ¢ Cot In this case the function
o(psu), u <1, cf. lemma 1, can be continued analytically to the region

Re p > P here 0 is the largest real value for which equation (18) has a
double root. By considering the functions 02 and R(p+(l=-ogu)/a) for real values
of g, cf. (19), it is not difficult to see that this largest value °o is at-
tained for u= 1. Hence o is the largest real value for which there exists a

00 such that

I-g I-g
2 _ 0 — -1 ' 0
(54) 00 - B(D + >’ 200 - o B (po + )'

Note tﬁat oy > 1 if ¢ < 2, that oy < 1 if ¢ > 2, and that 00==1, p0==0 in the
case g= 2. The above implies that the contour A(p) and the conformal mapping
y(p3z), lzl < 1, can be continued over the interval 0 <p £0. As in lemma 2
it can be proved that A(p) possesses a tangent at every point, except in the

case p==pggat wW=0,. Because ]Y(p;z)1 < % <1 for p 2 Py |z] < 1, in the case

0

a > 2, relation (15) can be continued over the interval g < p £ 0. This im-
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plies that P.= if a.> 2. In the case g < 2, when o, > 1, the analytic con-

) 0

tinuation of the function ¥(p;0,0) is more difficult to obtain.

Lemma &. In the case a < 2, for p < 0,

'a 1 E_F 2(1

2 i 2 T . 1- ;
(55) ¥(030,0) = " li-yiw]© T uy )y (osuy(p)) {1 - v(p)} |
) pPsY, 1 +90 1 dua Sap .

e ll-\((p;u)|2 K ENCONMICHNOMNEENOY

here uo(p) < 1 28 defined by Y(p;uo(p)) =1 and v=v{(p) s thé smallest

positive root of the equation

1=v

(56) v o= B(p +_§oc_)'

Proof. See the appendix. ‘ |

From (55) it follows that in the case g < 2 the abscissa of convergence p
of ¥(p;0,0) is equal to the maximum of CRY cf. (54), and of the largest branch

point P of the function v{p).

Theorem 5. The relaxation time T of the M/G/1 queueing system with two types
of customers and paired services is equal to —l/pl if a < 2, to --I/p0 if a > 2,

and it is infinite if a = 2.

Proof. The cases g=12 and g > 2 were completely discussed above. In the case
a < 2 the maximum of 0 and CH has to be determined. By substituting v=20-1

equation (56) can be written in the form

(57) v = %[B(p+l{§)+1].

By using the inequality 3(x+1) > vk, which holds for x > 0, x # 1, and the
monotonicity of the Laplace-Stieltjes transform g(g), ¢ > Cc’ it follows read-

ily from (54) and (57) that 0y > Pgs SO that T=-l/p1 if g < 2. 1

Remark 2. In the case a@ < 2 the relaxation time T is equal to the relaxation
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time of a common M/G/l system with mean interarrival time 2o and service time

distribution B(t), cf. (56) and [3], §TI1.7.3.

Example. In the case of an Erlang service time distribution with k phases

k=1,2,..) p

0 and Py can be easily calculated:

2/(2+k)}

% é—i— {k+a- (2+6) (Ja)

o, = 3 {k+ da- (1+0) (4a)

l/(1+k)}
By )

7. Additional results

In order to obtain numerical values for the stationary distribution of the
queue 1éngth process the conformal mapping y(z) or its inverse yo(w) has to be
determined. In [4], part IV, and in [1], §IV.3, it is shown how the conformal
mapping Y(z) and its moments can be determined in general by a numerical proce-
dure. In two cases, that of a negative exponential and that of a degenerate
service time distribution, an explicit expression for the inverse YO(W) has
been found from (7). When the service times are negative exponentially distri-

buted:

YO(W) =1

_ 28 (l--w)2 1-iaw 1l w-=6 /1~ %awéz
§ 1-w - law |’

1 +—
-1
W (1—6)2 1-3a8

_ (-1a0) ¥ (1-3a) (1-1as®)
wo - s

1a(1-8) (1-3a8) + (1-}a) ¥ (1-}a) (1-}as?)

here 6 :=g(~1)={1-V1+4a}/2q, cf. (18),(20). When the service times are

constant

(1-%a)2.

LY = w e2a(179) B >

1+iqg

In these two cases w is rational (2/3,1/2), cf. lemma 2. In general w is not

rational, which makes it hard to find explicit expressions for YO(W).
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In [1], §II.8, the asymptotic behaviour of the embedded process (El(n)’
Ez(n))’ cf. sect. 2,3, as n > =, has been studied. The main result is that if
a < 2,

l—%zl—ézz

3‘_2.(“)} ) (l-zl)(l—z?_)B(——-—-&-——-—) F=v,(z )7, (2,)

2 = % Iz -1z, Ty 2 ) =y (2 )
(T T T

\ o

%, (n)
(58) 1lim E{z1 z

n->

1..
v'(

a

3y

Nt

(59) ¢O := lim Pr{zi_] (n) = 0,352(;1) =0} =

n—>e

—

Note the difference between the limiting distribution of the embedded process
and that of the continuous time process, cf. theorem 4. From (51) and (58) the
stationary waiting time distribution can be derived. Clearly, this distribution
is the same for both type of customers. Let E‘Be the waiting time for an arriv-
ing customer. Because the arrival process is a Poisson process, it follows that
Pr{yf=0}==¢0. Further, for j=1,2, the number of type j customers left behind
in the queue by a type j customer at the instant at which his service commences
is equal to the number of type j customers that arrived during his waiting time
cf. [3], p.256. Let x be a random variable with distribution the limiting margi-
nal distribution (n » «) of §j(n), j=1,2. Then application of the foregoing ar-

gument at departure instants leads to: for |z| <1,

‘ w
w " x> 0) = 5(5E) [ w > 0).

With (58) the above leads to: in the case g < 2, for Re £ = 0,

=y -9, B
(60) E{e "=} =y, + ——;;—'(1 ta) B(D) =1+ 2az’ E{w} = 1-1a 28"

The model as described in section 2 can be generalized by the assumption

that am arriving customer is with probability cj of type j, j=1,2, cite,= 1.

For the asymmetric case the analysis is somewhat simpler, cf. [ 1] . The asympto-

tic analysis leads to the following main result: the asymmetric system is ergo-
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dic iff max{cl,cz}a <.1, and in the ergodic case the relaxation time is equal
to that of a common M/G/]1 system with mean interarrival time u/max{cl,cz} and

service time distribution B(t), cf. remark 2 in section 6.

Appendix

Proof of lemma 2. Because the root o(pj;u) of equation (18) is simple, ex-
cept in the case a=2 for p=0, u=1, it follows with (25) and (26) that the
contours A(p), p > 0, and A possess a tangent at every point, with the possi-

ble exception for A at w=1 when g=2. In this case it follows from (22) that

1
1im-§% cos 6 ofcos 8) = - 1im-é% cos 8 o(cos B) = {282/6%-1} z,
040 640

.ood . N
lim 3p Sin 0 o(cos 0) = llm,ag sin 6 o(cos 8) = 1,
040 640

Hence, the lefthand and righthand tangents at w=1 have different directions,

2
1

with inner angle wm, cf. (27); { € w < 1 since in general 62 > B

g

Proof of lemma 3. First consider the case a # 2, p =0, Let w(s) be the
parametric equation of A with as parameter its arc length s measured from the
point w=-0(-1), cf. (26). By using the properties of the function o(u) given
in lemma 1 it is straightforward to show (for details see [1], theorem IT.8.2)

0 <s, 8. <s

that there exists a constant M, such that for every 12855 1 9 0

1

(s, is the length of A),

0
]w'(sl)-w'(sz)l < Mllsl-szl.

By Kellogg's theorem, cf. [13], theorem IX.7, this inequality implies that
v'(z) exists and is non—vanishing for ]z[ < 1, and that for every 6, 0 < 8§ < 1,

there exists a constant M2 such that for every ©

128y, “T S B, <8, <,

&

i, i0,
Iy'e ) =y O <M,lo -0

1-8
AR
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By a theorem of Hardy and Littlewood, cf. [7], §IX.5, Satz 4, it then follows

that for some constant M, for every z, |z| < 1,

3

[v' (2) =y (D] < 1,]1-2] =8

.. . . . .. )
This inequality implies (29). A similar argument shows that Ez-y(p;z), g > 0,
exists and does not vanish for |z| < 1, for every traffic intensity a.
Next consider the case a=2, p=0. Because the contour A has a corner point

+
at w=1 with inner angle wn, cf. lemma 2, the region A U A is mapped con-

formally onto a region X" U X by
1
g =1 - (1-w'/Y, £(0) = o.

Then the contour X possesses a tangent at every point. Let £(z) be the con-
4

formal mapping of the region lz[ <1 onto X V X with £(0)=0, £'(0) > 0.

Similarly as above it can be shown with the aid of (22) that f£'(z) exists

and is non-vanishing for |z| < 1. Further, by the uniqueness of conformal

mapping,
y(z) =1 - [1-f(z)]w, |zl < 1.

Hence, the existence of £'(1) # 0 and the inequalities {1 < w < 1, cf. (27),
imply (30). Further, the existence of £'(z) # 0, |zl =1, z # 1, implies the

existence of y'(z) # 0, Izl =1, z # 1. il

Proof of lemma 4. Let a < 2 and consider the first integral in (47). As
p + 0, uo(p) ¢ 1 and the integral becomes singular, cf. (48). Because Y(z) is
regular at z=1, the latter can be avoided by deforming the path of integra—

tion for small values of p to a contour C. which includes the points z=1 and

1

z==u0(p) in its interior. Then, for-p close to zero,

&

K(p;uy(p))

1 f K(psu) du _ 1 f K(psu) du
¢ u-uylp) u u, (o)

271 o u-uo(p) u 2mi

1
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The righthand side can be continued to negative values of p without encoun-

tering any singularities until Py

For g <P < 0 the integral over C1 is e-
qual to that over C. The second integral in (47) can be treated similarly.
This implies (55) with v(p) :='y(p;1/u0(p)), cf. (42),(47), and (43) which implies
2
-1 uo(p) 1
CHNOMEEIICHVINC))

K(p;uo(p)j =

Since v(p3u) € A(p) for ]ul = 1, it follows from (7), cf. (14),(10), that

Y(psuw)y(pst/u) = B(p+]— %Y(p;u)a- %Y(p;”u)>, lul = 1.

Because y(p3ju) is regular for |u| = 1 (e¢f. the proof of theorem 3), this re-
lation also holds in some strip l-e < |u| < l+e. By substituting u==u0(p) into

the above relation and by using y(p;uo(p))= 1 it follows that Y(p;]/uo(p)) sat-

isfies equation (56), and the proof of (55) is ready. 0
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