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The current stored program control (SPC) telephone exchanges are the opera-
tional units of the telephone networks. One of the problems with these
exchanges is the performance degradation during time periods of peak demand.
The problem of overload control is then to maximize the number of admitted
and succesfully completed calls under technical constraints of which the
main one is the available processor capacity. In the paper the processor
load of a SPC telephone exchange is modelled as a hierarchical queueing
system while the problem of overload control is formulated as an optimal
stochastic control problem. The latter problem is solved. An implementation

of the derived control law will be suggested.
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1. INTRODUCTION

The purpose of this paper is to present a mathematical model for the
processor load of a telephone exchange, to formulate the problem of overload
control as a stochastic control problem, to solve the latter problem, and
to suggest ways to implement the solution,

Telephone exchanges are the main operational units of telephone net=-
works, The currently installed telephone exchanges are computer controlled
and are called Stored Program Control (SPC) Exchanges. In such an exchange
the operations are executed by a processor according to a stored program.
The operations of such an exchange may be summarized as follows. If a
customer takes up the receiver this signal is noticed by the exchange.
Possibly after some delay, the exchange answers by sending a dial tone.
After the customer has dialed the desired number, the exchange establishes
the connection with either the requested local phone or with another
telephone exchange in the network,

The objective of the operation of a telephone exchange is to maximize
the number of admitted and succesfully completed calls without too much
delay. A call will be termed succesful if it reaches a ringing or busy
signal, or if it reaches another telephone exchange in the network [71,

One of the problems with the operation of a telephone exchange is that
its performance can degrade considerably during time periods of peak demand.
During such time periods the response time of the exchange is relatively
long. This causes impatient customers to dial prematurely, before a dial
tone has been given, after which an incompletely received telephone number
takes up processor capacity and ends up as an unsuccesful call, Other
requests for connections that have been transmitted properly to the
exchange, may encounter long processing delays. This then causes customers
to abandon the call and, possibly, to attempt to redial. In this case too
capacity of the exchange is wasted. Empirical data [7] on customer
behaviour indicate that when delays are long prematurely dialed calls may
exceed 207 of the call request, while abandoned calls may exceed 407 of
the call requests.,

The problem of overload control is then to maximize the number of

admitted and succesful calls, especially during periods of peak demand,
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A control variable is the access of a call request to the telephone
exchange. A call request may be either admitted or refused.access. A
technical constraint in this problem is that the available processor
capacity is limited. For references on this problem see [6,7,10,13,14,15].

Basically two approaches to the problem of overload control have been
considéred. The first approach is to propose a control algorithm based on
engineering experience, This algorithm is then evaluated theoretically and
through simulations. One such control algorithm is to limit access to the
exchange when the number of calls being processes exceeds a certain number,
and to start readmitting calls only if this quanity falls below another
level. A second algorithm [7] in the same approach consists of a technical
structure and a last-in-first-out control law.,

The second approach to the problem of overload control is to synthesize
a control algorithm via optimal control theory. This approach has been
proposed by F.C. Schoute [13,14,15], and been worked out for a discrete-
time queueing model. The simulation results for this case indicate a
significant increase in succesfully handled calls, and encourage further
research in this direction. The background for this approach is system and
control theory in which the concept of state and synthesis of algorithms
play a central role. This should be seen in contrast with queueing theory
in which analysis dominates the discussion.

The approach presented in this paper is an extension of that of
F.C. Schoute [14]. The load of the central processor of a telephone exchange
will be modelled as a continuous—time hierarchical queueing system. The
problem of overload control will then be formulated as an optimal stochastic
control problem. The solution to this stochastiec control problem will be
derived., Ways to implement the solution will also be suggested. The approach
df th{s paper differs from that of F.C. Schoute [14] in that continuous—time
queueing systems are considered which makes some unverifiable assumptions of
[14] unnecessary, and that an optimal stochastic control problem is formulated.

Throughout the paper use will be made of the theory of stochastic
integrals and of stochastic differential equations; for references see [5,91.
For an elementary introduction see [4]. Knowledge of stochastic control

theory is helpful, but necessary only for the proofs.

A brief summary of the paper follows. In the next section the model is




proposed and evaluated. The problem of overload control is formulated as a

stochastic control problem in section 3. In section 4 this problem is solved

and interpreted. Ways to implement the solution are suggested in section 5.
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problem of overload control and comments on an earlier draft of the paper.
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2, THE MODEL

J.W. Cohen for suggesting the problem and

In this section the technical set up of a telephone exchange will be

summarized and a mathematical model in the form of a hierarchical queueing

system developed. In the next section the problem of overload control will

be formulated as an optimal stochastic control problem.

An engineering model

To model the operation of a

telephone exchange and, specifically,

the dynamics of the processor load, it is necessary to describe the technical

set up in some detail.

A customer who takes up the
telephone exchange, to be called
detection at the exchange placed
buffered requests will be termed

at the buffer a call-in-build-up

receiver sends thus a signal to the

a call request. Call requests are on

in a buffer by the central processor. These
calls=in-build-up. During its presence

generates tasks which are again handled

by the central processor., These tasks consist of a request for a dial

tone, a request to establish a desired connection, and related actions.

It has been argued by F.C., Schoute [14] that the variables calls-in-

build-up and tasks are the essential state variables that describe the

dynamics of the processor load. This suggestion is followed below,
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Fig. 1. An engineering model of a telephone exchange.

An engineering model for the dynamics of the processor load is the
hierarchical queueing model depicted in figure 1. Call requests by customers
are represented by the arrival process. The first queue represents the buffer
with the calls-in-build-up. The first server unit is assumed to have an
infinite number of servers. The calls—in-build-up in queue ! generate tasks
during their presence there. The second queue represents the tasks for the
central processor., The second server unit is assumed to have only one server and to
operate on a first-in-first—out basis., The combined queues will be called a
hierarchical queueing systembecause the arrival process of tasks for queue 2 is

assumed to be proportional to the number of calls—in~build—-up present in queue 1,

A mathematical model

A mathematical model for the above defined hierarchical queueing system
will be formulated next, It will be assumed that both queues have an
infinite buffer, that queue 1 has an infinite number of servers, and that
queue 2 has only one server, All arrival and server processes are assumed
to be Poisson processes, possibly with time-varying intensity.

Assume given a complete probability space {Q,F,P} and a time-index
set T = R . The notation (mt,Ft,teT)s:M1 will be used to indicate that the
stochastic process m is a martingale with respect to the o-algebra family

(Ft,teT). Similarly the class of submartingales is denoted by Sule. For

terminology on stochastic integrals and martingale theory consult [5]. Below
z, ={1,2,...}, N =1{0,1,2,...}, and for any n ¢ Z
Nn= {O,l’z"..’n}.

+, Zn = {1,2,...,11},




Let the arrival process a: X T > R be a Poisson process with intensity
AI: T >R, Let the servers of queue 1 be represented by a sequence of
independent Poisson processes {bk,k € Z+} b : & xT~>R,, each with
intensity process u: T R,. Furthermore, let the task generating processes
be represented by a sequence of independent Poisson processes {ak,k € Z,}
a: QxT>R, each with intensity process A: T »> R . The server process
of queue 2 is presented by a Poisson process b: Q x T » R with intensity
Myt T » R, . Assume further that the Poisson processes {a,bk,ak,b,k € Z+}
are mutually independent.

Let further x: @ x T +~ R, represent the number of calls—in-build-up
that are being served in queue 1, and 2: @ x T > R, the number of tasks

in queue 2 that are waiting or being served. Let for all t ¢ T
F_= 0({as,bks,a S,bS,Vs < t,Vk € Z+})

and let the o—algebra family (Ft,t € T) be constructed such that it

satisfies the usual conditions [57.

Under the above conditions one obtains the following representations for

the dynamic behaviour of the processes x and y:

(2.1) dx

]

£ = 98 T I w) (e k=z=l I[l,xt_](k)dbkt’

(2.2) dy, = _Z_ I x j(k)da, - I[]’m)(yt_)dbt.

k=1 t—
In (2.1) the second term on the right hand side presents the server process.
The term I[l,w)(xt—) is present to let a completion of service effect X,
only if there are customers being serviced; thus if X > 0, The
infinite sum represents the infinite number of servers. Note that if there

are x customers present that then a number of x, servers are busy. That

the infinite sum presents the situation where eazh customer is served by

a separate server is due to the forgetting property of the exponential
distribution and the assumption that the server processes {bk,k € 2.} are
independent. The first term on the right hand side of (2.2) represents the
arrival prodess at queue 2, This arrival process is constructed from the
task generating process. Note that if there are X, customers present in
queue 1, that then there are X, task generating processes that arrive at
queue 2. That the infinite sum represents the situation where each customer

has his own task generating process follows by an argument similar to the

justification of the infinite sum in (2.1).
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For the processes x and y a special semi-martingale representation is

derived:

dxp = dap = Iy oy () kzl Iri,x

. (k)db
bx 107 Pkt

da -1 (x. ) 2 I (k)db
t [1,0) Tt~ kel [l,xt_] kt

[ (0) = Iy (=) kzl Itl’xt_](k)u(t)]dt+dmlt

[Al(t) - xtu(t)]dt + dmlt

t € T) € M,. Furthermore

where (m 1

lt’Ft’

I[l,xt_](k)dakt " 101 ,e) e ddbe

| Trn,x,_100ME) = Iy oy G ug(£)1de + dmy,

= [xtx(t) - I[l,w)(yt)”o(t)]dt + dm2t,

where (m Ft,t eT) € Ml‘ It follows from these calculations that

2t?
<m;,my> = 0.
The representation of the dynamic behaviour of the processor load is

thus given by

(2.3) dx

‘ [Al(t) - xtu(t)]dt + dm

1> *0°

(2.4) dyt [xtk(t) - I[l,m)(yt)uo(t)]dt + dm

2t°70°
This representation is analogous to that of a model for software reliability
developed in [11],

To allow readers to evaluate the hierarchical queueing system the

differential equation for the probability distribution of the queueing

systems will be presented,
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2.1 PROPOSITION., Given the hierarchical queueing system specified above. Let
p:T X N XN+ R

p(t,k,m) = P({xt =%k} n {yt = m}).

Then p 18 a solution of the differential equation

(2.5) p(t,k,m) = [P(t’k"l’m)l[l,m)(k) - p(t,k,m)JAl(t)

+ [(k+1)p(t,k+l,m) - kp(t,k,m)Iu(t)

+ [p(t,k,mrl)I[l’m)(m) - p(t,k,m) kA (t)

* [t komtl) = p(ekmIp; o @lug(e), p(0,k,m).
PROOF. The elementary calculation is omitted. 0

3. THE PROBLEM FORMULATION

In this section the problem of overload control will be formulated as
a stochastic control problem.

An engineering model for the dynamics of the processor load has been
presented in section 2, see figure 1, This model is now modified to account
for the fact that access to the telephone exchange can be controlled, see
figure 2, With the switch S a call request may be admitted to the telephone
exchange, or be refused access, It will be assumed that customers that
have been refused access will not try to regain access. This assumption
is a modelling approximation. However, it can be circumvented at the cost

of additional complexity of the model.

"CALLS-IN-BUILD-UPY

ADMITTANCE
ARRIVAL /\ PROCESS /\

- e >
PROCESS Xg
RE&JECTION
PROCESS v "TASKS "
N Queue 2
Ye

Fig. 2. An engineering model of a controlled telephone exchange.
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A mathematical model for the above specified engineering model will
be formulated below. The class of admissable control policies will consist
of controls for the switch § that at each time moment are based on the past
of all processes of the queueing system. The formulation of the stochastic
control problem is completed by the specification of the cost function

for which a discounted cost is taken of the form

Y

(3.1 Jl(u) = E[ Jf g(xs,ys)exp(—CS)ds]
%o
where g¢: N X N+ R and ¢ ¢ R.

A preliminary formulation of the stochastic control problem is then to
determine a control in the class of admissable controls, if one exists,
that minimizes the cost function Jl(u). Below a formal problem formulation
is given that follows [2] rather closely, The objective for the following
discussion is to construct, for any control policy, a measure on the given
measurable space.

Let {Q,F} be a measurable space on which are defined counting processes
n: @ x TR, and b: 2 x T >~ R , and families of counting processes

{ak,k €z}, {bk,k €23, 2,2 @xT>R,b:axT>R.Forme?Z, let

"
TR TU{+~} be the m~th jump time of the counting process n. Let further

{z_,m € 2.} be random variables z _: © - {0,1} and a: Q@ x T > R
m + m +

(3.2) a = ¥ z T

m=1 mfst}

Define the g—algebra families, for t ¢ T

Gt = 0({bks,a s,bs,Vs < t,k € Z+}),
% tZT "
F, = 0({as,nS,Vs < t})th,
and for m € Z+
©H = 0({Ti’zi’Vi € Zm}),
Km = U({Ti,zj,Vi € Zm,j € mrl})’




where Zm ={1,2,.,.,m},

Let lo: T > R+ and

(3.3). U= {um,KmYch,m € Z+)le €z,

u: Q~[0,11, u is K vG_ measurable}.
m m moT

For any u e U the conditions

(3.4) 1. E[T, St}!HmVGw]
u mt m

3. b s b, for k € Z, are mutually independent Poisson processes

k* &
with the intensities specified in section 2;
determine a probability measure fﬁ on {Q,F}, The proof of this fact is

analogous to that of the remark in [2, p. 2241,

The interpretation of the above construction is that with respect to
ﬁﬁ n is a Poisson process with intensity AO, and that when a call request
arrives or the process n jumps, that then Gm determines the probability

that this request is admitted into the arrival process a; see (3.2) and

(3.3(2)).

3.1 PROBLEM., Determine u* ¢ ﬁ_such that

Y

3(5*) = EG*[J g(xs,ys)exp(—cs)ds] < J(),
t

0
for all u ¢ U. If such a u" exists it is called an optimal control,

As in [2, lemma 1] one can then show that there exists a predictable
process u: @ x T~ [0,1] {ut,Ft,t € T} such that with respect to 55 the

counting process a has the intensity process {utko(t),Ft,t € T}, or that

(3.5) da, = utAO(t)dt +dm , a

t 0’
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‘where (mt,Ft,te'T) € MI(PE)' Moreover, for m € Z_, is uTm =u_ a.s. P-.
One can then reformulate problem 3.1, Let the class of admissable

controls be

(3.6) U= {u: @ xT=1[0, 1]](u F ,t € T) a predictable process, such that

there exists a probablllty measure Pu on {Q,F} such that with
respecttoiP and (F ,EeT):

1, n has the intensity process Ao(t);
2., a has the intensity process utAO(t);
3. ak’bk’b have the intensity processes as given in section 2;
4, whlle n,ak,b ,b are mutually independent;
(3.7) 5. E Ifto exp(—cs)g(x sV Yds| < =},
Under certain integrability conditions it can be shown that given a
predictable process (ut,Ft,te:T) there exists a probability measure P s

see [8]., The only restrictive condition in the class of admissable controls
is condition 5. However, this is necessary for the comparison of cost
functions. It will be assumed that U is not empty. The queueing processes

x and y are specified by the representation

(3.8) dXt [ut)\o(t) - XtU(t)]dt + dm]t’XO’

(3.9) dy, [xtk(t) - I[l’w) (yt)uo(t)]dt + dm, ¥4

This representation follows from the discussion of section 2.and (3.5).

3.2 PROBLEM, a. Determine a u* € U such that
ZRUbLEN, y L
1
J(u*) = Eu[J g(xs,ys)exp(-cs)ds] < J()

t
for all u € U. If suchoa control exists it is called an optimal control

for this problem
b. Determine a control u* € U such that for all t € T
t
1

(3.10) . Eu*[J g,y )exp(-cs)ds|F ]

< E [J.g(x 5V )exp(-cs)dle 1,
t

0
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for any control u € U such that for all s ¢ T, with s < t, u, = u* . If

) S
such a control exists it is called a conditionally optimal control.

3.3 PROPOSITION. Assume that u* € U s an optimal control for problem 3.2.
Define for m e zZ, Gm = ur, where T 18 the m—~th jump time of n. Then

{Gm,me:z+} i8 an optimal control for problem 3.1.

PROOF. This is analogous to that of [2, Prop. 2]1. O
4, STOCHASTIC CONTROL

The optimal stochastic control problem 3.2 posed in section 3 will be

solved below.

4,1.THEOREM. Given the stochastic control problem 3.2. Assume that there
exists a function v: T x N x N > R that satisfies the system of differential

equations
(4.1) v(t,k,m) - cv(t,k,m) + gk,m)
+ [v(t,k-1,m) - v(t,k,m)Iku(t)
+ [v(t,k,m+l) - v(t,k,m)Ikr(t)
+ [v(t,k,m-1) - v(t,k,m)]uo(t)l[l,m) (m)

4

[v(t,k+1,m) v(t,k,m)]ko(t).IR?(v(t,k+1,m)—v(t,k,m))
=0, v(tl,k,m) = 0,

. *
Define the control law u : T x N x N~ R

(4.2) oy = T ((t,x _*ly ) = v(tx._,y,)).
Assume that
t
(4.3) Eu*l[ exp(—cs)g(xs,ys)ds] < o,
& to

a. Then u" e U s an admissable conditional optimal control for problem 3.2.

b. Let forme Z_, u = u¥ . Then (G*,ulez ) is8 an optimal control for

problem 3.1,




12

4,2 REMARKS, 1. The solution presented in 4.l has a nice interpretation.
From the proof of 4,1 it follows that v(t,xt,yt) is an estimate of the
future cost based on the current information at time t ¢ T. At any time

te T .
v(t,xt_+1,yt_) - V(t’xt-—’yt->

is then the increase or decrease of the estimated future cost if a new call

request is admitted to the exchange. The optimal control

*
u, = IRr(v(t’Xt—+1’yt—) - v(t,xt_,yt_))

has thus the interpretationthat a call request should be admitted if and
only if the estimated future cost is reduced by doing so.

2. Whether a solution to the system of differential equations (4.1) exists
is an open question. The main difficulty is that this system is doubly
infinite because k,m ¢ N. It seems likely that there exist E(t), m(t) e N,
depending on t ¢ T, such that for k > k(t), m > m(t) no call requests should
be admitted. This divides the set N x N in two areas in which (4.1) should
be solved. However the determination of k(t) and m(t) is not clear. In
section 5 a finite and time—invariant version of the stochastic control
problem will be investigated for which one can hope to obtain more explicit

results,

4,3 PROOF of 4.1. Let h: @ x T X U-+R
t

(4.3) ht(u) = J.exp(—cs)g(xs,ys)ds + v(t,xt,yt)exp(—ct).

%o

It will be shown that u" as defined in 4.1 belongs to U, that for any
u € U the process h(u) = (ht(u),Ft,te'T) € Sule(Pu), and that h(u*)<le(Pu*).

2, By the differentiablity assumption on v, the stochastic calculus rule,

the representation (3.8,3.9), and some calculations, it follows that
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) = v(0,x )

v(t,x

27t 0°Y0

t

[

+ J [ﬁ(s,xs,ys)

9

+ [v(s,xs+l,ys)

v(s,xs,ys)]uslo(s)

+ [v(s,xs-l,ys) - v(s,xs,ys)]Itl’w)(xs)xsu(s)

+ [V(s’xsﬁys+l) V(SsXS’YS)JX§A{S)

+ [v(s,xs,ys—l) - v(s,xs,ys)]I[1,w)(ys)uo(s)]ds +*m,

where (mt,Ft,te'I) € Ml(Pu)' Then

dht(u) exp(—ct)[g(xt,yt)—cv(t,xt,yt)+ﬁ(t,xt,yt)

7t

+

[v(t,xt-l,yt)—v(t,x )]I[l,w)(xt)xtu(t)

+

[v(t,xt,yt+l)—v(t,xt,yt)]xt A(e)

+

[v(t,xt,yt-l)-v(t,xt,yt)]IEI’w)(yt)uo(t)

+ inf kA (t)[v(t,x +1,y )-v(t,x
k,e[0,11 & ° £t

eXp(_Ct)[utx0<t)[V(tpxt+1:yt)_v(t’xt:yt)]

t,yt)]]dt

+

-~ inf ktko(t)[v(t,xt+l,yt)—v(t,x
kt6[0,1]

Let for any u € E_r(u): 2 xT-=R

t,yt)]]dt + exp(—ct)dmt.

rt(u) = exp(—ct)utko(t)[v(t,xt+l,yt)—v(t,x )]

27t

- inf {k. A

)1},
k,el0,1] °© 0

(t)[v(t,xt+l,yt)-v(t,xt,yt

3. Take any u € U. Because v satisfies the differential equation (4.1), one

has

(4.4) dht(u) = rt(u)dt + exp(-ct)dmt.

&
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By definition of r(u) one has that for any t € T rt(u) > 0, Hence

h(u) € SubM, (P ). Because v(t,,x, ,y, ) = 0, h_ (u) satisfies the terminal
1"y 1 t] tl tl

condition

t

htl(u) = .[ exp(—cs)g(xs,ys)ds.
t

0
4, Consider now the control policy u*specified by (4.2)

*
u_ = IR_(v(t,xt_+1,yt_)—v(t,xt_,yt_)).
By the measure transformation construction, the processes x and y that
» * . »
satisfy (3.8, 3.9) exist, Then (ut,Ft,te‘r) is a predictable process.,
*
It is now necessary to assume (4.3). Then u ¢ U is an admissable control.

P . *
From the definition of r(u) it is seen that r(u ) = 0, hence that

h(u®) e Ml(Pu*)’ From [1,16] then follows that u" is conditional optimal
for problem 3.2. From 3.3 then follows that (G;,me'z+) is optimal for problem

3']. D
5. TOWARDS AN IMPLEMENTATION

Practical application of results from optimal control theory to over-
load control demands a control law that is time-invariant. The reason
for this is that one is generally interested in long term control of over-
load. In additions a time-invariant control law is much easier to implement,
An approach to determine a time—invariant control law is to use the
solution of the optimal stochastic control problem of section 4 and to
let the starting time ty 80 to—=. This comes down to taking the limit
1i

of (4.2) with w instead of v, However, there is a difficulty with this

m, ., v(t,k,m) = w(k,m), and to use as optimal control law the structure
approach. The system of differential equations for v(t,k,m) is doubly
infinite because it is indexed by N x N, This makes convergence analysis
rather involved.

Below another approach is followed that proceduces an algorithm that
is relatively easy to implement., Specifically, it will be assumed that the

server units have finite waiting rooms and that, if the waiting rooms are

filled, additional customers or tasks are not admitted or produced.
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5.1 ASSUMPTIONS. Consider the hierarchical queueing system developed in the
sections 2 and 3, '

1, In queue 1 there can be maximally kl customers in the system that are
being served.

2, If the serving room of queue 1 is filled then newly arriving customers
are turned away and are assumed not to return,

3. In queue 2 there can be maximally m, customers in the system that are
waiting or being served.

4, If the waiting room of queue 2 is filled then the servers of queue 1|
stop serving completely.

5. The intensities of the arrival and server processes do not depend on

time explicitly. Below these intensities will be denoted by Ao,u,l,uo € R,

Under the assumptions 5.1 one can derive the following representation

for the controlled hierarchical queueing system

(5.1) dxt = [KoutIN (xt)—uxtIN (yt)]dt + dmlt’ X,
kl—l ml—l 0
(5.2) dy, = [AxtINm _l(yt)"“oltl,w) (yt)]dt + dm,, , yto.

1
In (5.1) one notices that if there are k] or more calls—in-build-up in the
first queue then the arrival process to the first queue is stopped. Similarly,
if there arem, or more tasks in queue 2, then the servers of queue 1 stop

1
serving, see (5.1), with as a consequence that the arrival process to queue

k

2 stops also, see (5.2). In the following it is assumed that xtO: Q>N
1

y. s Q>N .
to |

5.2 PROBLEM. Consider the stochastic control system described by (5.1,5.2),

with the assumptions 5.1 and cost function (3.1).

a. Assume that the class of admissable controls is specified by (3.3). The
problem is then to determine an optimal control a e.ﬁ.

b. As in section 3 one can reformulate the above problem. Assume that the

class of admissable controls is given by (3.6). The problem is then to

. . *
determine an optimal control u ¢ U.
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5.3 THEOREM. Given the stochastic control problem 5.2 with the assumption
5.1.
a. There exists a solution to the system of differential equations

v: T x N x N- >R
kp  omy

(5.3) v(t,k,m)~cv(t,k,m)+g(k,m)

+ [v(t,k-1,m)~v(t,k,m) ]kuIN (m)

ml—l

+ [v(t,k,m+1)—v(t,k,m)]kXIN (m)

ml—l

+ [v(t,k,m~1)~v(t,k,m) ]uOIZ (m)
+

+ [v(t,k+1,m)~v(t,k,m) ])\OI (k) *

kl—l

*IR_(v(t,k+1,m)-v(t,k,m)) = 0, v(tl,k,m) = 0,

b. Thesolution to problem 5.2.b.1s the control law

*
(5.4) u, = IR__(v(t,xt_+l,yt_)—v(t,xt_,yt_)).

c. The solution to problem 6.2.a is given by the control (ﬁm,m€Z+), where

withu” specified by b.,

forall m € Z, .

(e ¥1). G +1) £: T > RY

]

PROOF, a. Let M

£(e)T

(v(t,0,0),v(t,0,1),... ,v(t,O,ml),v(t, 1,0),... ,v(t,k1 ,ml)).
Denote the elements of f(t) by

£E)T = (F) o(0),6) ((©)sunnsfy (0,6, ((B),in,f  (6)).
2 3 5 1 b 3 1

Ky

Let further gy € RM,

" gl = (g(O,O)38(0,1),---,g(O,ml),g(I,O),---,g(kl,ml)),

and A € RMXM, F: RT > R be such that the differential equation (5.3) is

represented by
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(5.5) £(t)

G(E(E)) - g5 £(t)) =0,
where

G(x)

(A+tcD)x + F(x),

Fp,m ) = Al nO-f O Fy n (O 10,

ifksk -1,
0, otherwise.
The components of F are indicated as those of f. It is then a calculation
to show that G is Lipschitz, of which the key step is to show that if
X,y € R then

|xI,_)=yI,_] =< |=yl.

This is easily done. The existence of a solution f of (5.5), and hence of
the solution v of (5.3), follows then from standard analysis.

b. The proof of this statement is analogous to that of 4.1, O

Although the optimal control law of 5.3.b is indexed by a finite number
of values, it is still time-varying. Implementation of this control law is
therefore difficult, In the following attention is restricted to statiomary

control laws.

5.4 PROBLEM . Consider the stochastic control system (5.1,5.2) and the class

of stationary control laws

(5.6) Es = {(u(xt_,yt_),te T)lu: NkIXNm] + [0,11],
and (x,y) are determined by (5.1,5.2)

with u_ = u(xt_,ut_)}

Consider further the cost function

00

= —o(am Xs¥

(5.7) w(xto,yto,u) Eu[J' exp(~c(s to))g(xs,ys)ds‘FtO 1.
tO .

The problem is then to determine a control u e U , to be called an optimal

stationary control, such that for any u ¢ Eg, X, € Nkl, ytO € Nm]

w(x ,u*) < w(x

£0*Y oW

t Yt
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Because x and y are finite valued, the conditional expectation in (5.7)
is well defined, It is easily seen that the expression for w does not depend
on t € T explicitly. Because only controls dependent on (xt,yt) are

admitted in ES, is (x,y) a Markov process. Hence w depends only on (xt ,yto)

and u,
Define w*: N, XN =R
ki "my
(5.8) w*(k,m) = inf w(k,m,u).
uel
—.S

Problem 5.4 can be solved by methods from the theory of Markov decision

processes [12, Ch.6]. The key steps are outlined below

5.5 THEOREM. Consider the stochastic control problem 5.4. Assume that the
class U, 18 relatively complete.
a. For any s,t ¢ T, s < t,

t

(5.9) W*(xs,ys) = inf Eu[r exp (e (1-8))g(x;,y )dr
uel
—S S

+

- - * Xy
exp(~c(t=-s))w (xt,yt)lFS 1.

b. If there exists a u* e ES such that for all s,t ¢ T, s < t,

t
(5,10) Eu*[{ exp(—c(r-s))g(xT,yT)dT
s

+ eXP(-g(t-s))W*(xt,yt)le’y]
= inf Eu[} exp(—c(T-s))g(xT,yT)dT
uel
] s

+ exp(~c(t-8))w (x ) |72V

£

then u" is an optimal stationary control.

co W as defined by (5.8) is the unique solution of equation (5.9).

PROOF. The proof is analogous to that of the discrete—time setting presented

in [12,6.2] and therefore omitted. O

&
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The class of admissable controls

U, is called relatively complete [17]
if for all e e (0,»), X, eNk,y € N

there exists a u € U such that
to —S

*
WK 02T 0o < W (X g,5,0) *+ &

5.6 THEOREM, Consider the stochastic control problem 5.4. Assume that the
class U, 18 relatively complete. Assume further that there exists a
ws NN X N = R such that

kl my

(5.11) g(k,m)=cw(t,m)

+

[w(k-1,m)-w(k,m) ]ukI_N (m)

ml-l

[W(k,m+l)—w(k,m)])\kIN (m)

ml—l

[w(k,m=1)-w(k,m) JHOI[ 1,%) (m)

+

+

+

Cw(k+1 ,m)—w(k,m)]AOI (k) IR- wk+1,m)-w(k,m)) = 0,

N.
kll

a, Then an optimal stationary control law for problem 5.4 is given by

(5.12) u*(xt_,yt_) = IR_(w(xt_+1,yt_)—w(xt_,yt_))INk _l(xt_).
1
b. The total cost is given by w(xto,yto).

PROOF, Let s,t ¢ T, s < t. Let w be a solution to the equation (5.11). A

calculation then shows that for any u ¢ Es

t
Eu[J exp(—c(T—s))g(xT,yT)dT + exp (—c(t—s))w(xt,yt) |F}S{’y]
) t

Eu[w(xs,ys) + J exp(-c('r—s))[g(xT,yT)—cw(xT,yT)

8

-+

[W(XT’yT+])~w(xT’yT)]AXTIN (YT)
ml—l
Lw(x ~1,y )-w(x_,y ) Jux T (v,).

ml—l

+

+

[W(XT 2Y "1 )—W(XT ’y'c) ]UOI[ 1,2) (y'r)
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- X,y
+ [W(XT+l,yT) W(XT,yT)]AOuTI (XT)]dTlFS ]

N

t k-l
= w(xs,ys) + Eu[J exp(-c(t=s))
s

[w(xT+l,yT)-W(xT,yT)]AOINk -I(yT)
1

- - ey
[uT IR?(W(XT+1,YT) W(XT’YT))]dT!Fs 1.

The expression on the right-hand side of the above equation is minimized
for u, = u*(xt_,yt_) given by (5.12), and then vanishes. Thus w is a
solution of the equation (5.9), and by 5.5.c. the solution of (5.9); thus
w o= W*. Furthermore u’ specified by (5.12) achieves the minimum value as
shown above, and from 5,5.b, then follows that u" is an optimal stationary

control, Because w = w*, by (5.8).the total cost is given by w(xto,yto). 0

The equation (5.11) for w can be solved by a policy improvement method,
by a successive approximation method, or a combination of these methods:
see [12,6,2],

Implementation of the control law (5.12) can now be considered. The

equation (5.11) for w can be solved, and the control law is then given by
(5.12),

6. OPEN QUESTIONS

The problem of overload control of a SPC telephone exchange has been
formulated as a stochastic control problem. The latter problem has been
solved. A stationary control law has been derived that may be considered
for implementation. Simulations of the controlled queueing system have
not yet been made.

The approach of this paper can still be made more realistic., In practice
one may observe y but not x. In this case one obtains a stochastic filtering
problem and a partially observed stochastic control problem. These problems
may be considered in the future. In practice one does not know the values
of the parameters of the queueing system, for example of AO’ Hy A, Hye Thus
one encounters a system indentification problem for point process systems

and the adaptive control problem for point process observations. Much

research remains to be done.
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