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In this report some well-known time integrators for the shallow-water equa-
tions are described and compared with each other with respect to efficiency.
In fact, the efficiencies of low-order versus high-order methods and of im-

plicit methods versus explicit methods are considered., Numerical experiments

for a problem posed by GRAMMELTVEDT [4] showed a good performance of the
classical fourth-order Runge-Kutta method. However, conclusions should be
taken with care because the influence of the error due to the space dis-

cretization is not taken into account.
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1. INTRODUCTLION

In this report some well-known time integrators for the shallow-water
equations (SWEs) are described and compared with each other with respect to
efficiency. Standard software for initial value problems [8] is often not
applicable to the SWEs, due to the large system of difference equations
(easily over 10,000) occurring after discretization. In the last decades,
many methods have been proposed to solve the SWEs. Therefore, there is the
need for an evaluation of these and new methods with respect to accuracy,
stability, flexibility and computational costs, because, in practice, re-
liability and the time needed to obtain results are crucial.

Here, we will apply the so-called method of lines approach. In using
this approach, the hyperbolic partial-differential equations (PDEs) are con-
verted into a system of ordinary-differential equations (ODEs) by discreti-
zing the space variables, while the time variable is left continuous. As a
first step some time integrators have been studied for such a system, where
the space discretization for all time integrators is the same.

In fact, we are interested in the efficiency of low-order explicit
time integrators versus high-order explicit methods and in the efficiency
of implicit methods versus explicit methods. To answer these questions,
numerical tests were performed for a problem posed by GRAMMELTVEDT [4].
These tests show that the choice of a method depends largely on the model
and the accuracy requirements.

In section 1, the PDEs will be given and the space variables will be
discretized, furthermore, a heuristic determination of the eigenvalues will
be given. In section-2 the time integrators are described i.e.,

1. an ADI method proposed by FAIRWEATHER & NAVON [1] (1980),
2. the classical fourth-order Runge-Kutta method [10] (1901),
3. a stabilized Runge—Kutta method [7] (1971) and

4, the Leap-Frog method [12] (1922).

The results are presented in section 3 and finally, in section 4, the

methods and results are evaluated.




1.2. The differential equations and boundary conditions

Throughout this report we shall adopt de notation used in [1]. We

denote by w the vector

(1.1) w o= (u,v,@)T,

where u,v are the velocity components in the x~ and y-direction, respective-

ly, and

(1.2) o = Z(gh)%,

where h is the depth of the fluid and g is the acceleration due to gravity.

The shallow-water equations then read [5]

ow

_ ow ow
EY S A(w) 5=t B (w) 5y + C(y)w,

(1.3)

0<x<L, O0<ys<D, t=0.

In (1.3) A,B, and C are matrices given by

JTu 0 /2 v 0 0 0
(1.4) A=~ l 0 u 0 B=-10 v ¢/2| C=|-f
]@/2 0 u 0 ©/2 v 0

L

where f is the Coriolis factor approximated by

(1.5) f =%+ B(y-D/2)

with f and B constants. Periodic boundary conditions are assumed in the

direction.

(1.6) w(x,y,t) = w(xtL,y,t),




while in the y-direction

(1.7 v(x,0,t) = v(x,D,t)»= 0.
Initially
(1-8) W(XQYaO) = w(XsY)- -

It is easy to see that the sum E of kinetic and potential energy,
L D
(1.9) E =} f I (w2402 /4)0% / (4g) dxdy,
00
is independent of time, i.e., the total energy is conserved. Also, the

average value of the height of the free surface, h, is independent of time,

i.e.,
LD

(1.10) h =(J( Jh dx dy)/A
00

is conserved, A being the area of the spatial domain.

1.2, The space discretization

As said in the introduction, we are interested in the efficiency of
time integrators with respect to a fixed space discretization. Therefore,

the PDEs (1.3) are transformed into a system of ODEs;

(1.11) g%-—-p(w),

where F(W) is the space discretization of the right-hand side of (1.3).

Let NX and Ny be positive integers and set

(1.12) Ax = L/NX,
Ay = D/N ,
7 y

then by ij we mean:

&




(1.13) ij = W(jAx,kAy,t).

Now, the space-discretized form of (1.3) we shall use, is

dw.

_dk _
(1.14) It A(ij)Dijk+B(ij)Dy(k)ij + C(yk)wjk,
where wajk = (Wj+1’k—Wj_]’k)/(ZAx)

Dy(k)ij = (Wj,k+1’wj,k+1)/ @Ay), k= 1,..., Ny—l,

Dy(o)ij = (W,

-W. A and
351 J,O)/ Y

Dy(Ny)w' = (Wj

iN N _wj Nj—l)/Ay°

¥y y ’

Hence, in the interior domain central discretizations are used, whereas at
the boundaries, y = 0 and y = D, one-sided discretizations are applied in
the y~-direction., In the x-direction always second-order differences can be

.used as a result of the periodicity (1.6). This discretization was used
before by GUSTAFSSON [5] and FAIRWEATHER and NAVON [1].

We notice that this discretization appeared to be unstable in long-time
integrations as was found by the three mentioned authors. DEKKER and VERWER
[15] proved that for certain initial conditions the total energy increases
locally in time and derived a space discretization for (1.3) which con-

serves the total energy.

1.3. Determination of eigenvalues

In this subsection, we will calculate the eigenvalues associated with
the ODEs, because the magnitude of these eigenvalues do often restrict the
time step in the finite-difference equations (FDEs) (the fully discretized
PDEs). For convenience, we shall assume an infinite domain (R2), which in
our case appeared to be not a severe restriction, presumably, because the

only other operator involved, is the operator defined by the boundary con-

ditions v = 0 at y = 0 and y = D, which is of course stable.




DEFINITION: A system of PDEs, ODEs or FDEs is stable in the L, —norm on R’

Lff for any two solutions w and w holds:
(1.15) lw(t)) —%(tl)le < |w(ty) —G(to)]Lz sty =ty

Of course, the domain for the ODEs and FDEs is a restriction of R2 to the

used grid and for the FDEs t and t, may only assume discreet values in the

time direction. We shall use this definition for small perturbations, which

leads to a linear stability approach.

Let a PDE be defined by
(1.16) = w = D(w) + £.
ot
1f w and w are solutions of (1.16), we have

(1.17) —éa?(w—ﬁ') = D(w)-D() .

Our definition of stability demands then that
(1.18) D(w) - D&) < - e(w-w), € 2 0.

If D(w) is sufficient smooth then, for small values of w-w, (1.18) may be

replaced by

(1.19) D(w) - D(w) "'EE'(W W)
and
(1.20) Re(s, %%’S) < 0, Vs,

Z ow
is often a matrix, (1.20) is difficult to verify, but if«%% is normal, non-

positive eigenvalues are sufficient to fulfil (1.20); in other cases this

where (, ) denotes the inner product connected with the L2-norm, As oD

is a nmecgcesary condition,




L 3 R 3D ;
n our case §;~fo ows from (1'3])((§§)ij =aa 1.3 = 1,2,3)
J

r 3 3 3

U T ey Tt E ~0,/2 = 8/2 5 1
9D ) ) 9
(1.21) — =| -v -f - =Y — - . - - 9
) 5w x Vg T Uy /2 - 4/2 5
9 : 9 9 9
-0/2 -2 — -4/2 2. - -1 - 2
[=¢/2 5~ x b/ 5y g z(uX+VY) Uax TV oy

We now freeze the coefficients in §2~and write s as a Fourier series,

ow
(1.22) s = JJ[;,l(lo_)ell:’-'E dbdb,

It is sufficient to consider one component of (1.22). Hence, we try to find

A such that

ib, x+ib,y
(1.23) {%g-- AI] ae 2 =0

for the accomponying eigenvector a. It is straight forward to show, as

g%-eiblx = iblelblx, that this equation can be replaced by
ib x+ib,y
[oD" . i Bk M
(1.24) l_-g\';f— (b],bz) - )\Il] ae = _0_.
where .
-uX—lb]u—lbzv —uy+f —¢X/2—1b1¢/2
(1.25) DT _ |y ¢ —v_-ib u-ib,v  —b_/2 - ib,$/2
° ow X y 1 2 y 2
—- - - 0 — _l .—- —-
i 1bl¢/2 ¢x /2 lb2 ¢y 2(ux+vy) 1b1u 1b2vj

The third degree characteristic polynomial resulting from (1.24) is diffi-
cult to factorize, therefore we make some simplifications beforehand, using

that ¢, related to the depth by (1.2), is relatively large. Thus we assume

(1.26)" lul,lvl,IuXI,]uyl,!le,IVYI,I¢XI,l§yl << ¢.




Hereby, (1.25) reduces to the symmetric (thus normal) matrix

0 0 —ib1¢/2
(1.27) — =10 0 —ib2¢/2

—ib1¢/2 —%b2¢/2 0

1
The characteristic polynomial of %zr is now
3. 2.2 ¢
(1.28) AT+ (b1+b2) 7:-1 =0,

Thus the eigenvalues are

(1.29) A =0 and A(b;,b,) = /(b +b )¢ 2/4.

?
These eigenvalues show that (1.20) is marginally satisfied and that there

is no damping of waves which corresponds to the conservation of total
energy (1.9).

For the semi-discretized system (1.14) the eigenvalues in the interior
of the computational domain can be obtained along the same lines. However,
the central discretization used in (1.14) has a different eigenvalue, which
follows from

5 ib x+ib, x 1(b1(x+Ax)+b2y 1(bl(x—Ax)+b2y))

1 2 1
(1.30) [Egﬂ e Ay (e - e

i 31nble 1blx+1b2x
= e e e ®
Ax

sin ble sinbsz
By replacing b1 and b2 in (1.24)-(1.29) by — and Ty respective-

ly,we find eigenvalues

sinb Axy\2 ,sinb By '
_ o a i i A 4 VA, 2
(1.31) A =0 and  A(by,by) =i //1\ ax )\ ) el

From these eigenvalues it may be doubted whether (1.14) is stable, because
(1.32) means marginally stability, and the neglected terms, due to (1.26),

may easily cause an actual positive eigenvalue, as must be the case according

to the observed instability of (1.14) for long time integration [1,5,15]




The next step is the time-discretization. Again (1.15) is used, but now

to,t1 are restricted to discreet t values. In explicit methods, (1.15)
often leads to a restriction of the time step.
As a check of (1.15) for FDEs is very tedious, we shall use the simple test

equation

4 ~
(1.32) %¥T-= wl, w o =w <~ ow,

which replaces (1.17) and where X is the maximum of the above eigenvalues

3

A& e o -em

I+
[

(1.33) A=

With the help of the test equation we can investigate whether a time inte-
grator satisfies (1.15), and gives information on the allowed time steps.

However, one must be careful in applying (1.33):

1. 1If §g~is not diagonizable, this will only give an indication.
In our case 32-is almost normal.

ow
2. 1In implicit methods the D operator is split up, this requires a special

treatment. An example is found in section 2.1.2.

Note that in this section time and space discretization are handled

apart, i.e., we first tried to find conditions for a stable space dis-
cretization by examining the ODEs and then a condition for the time inte-
grator is derived, However, an unstable space discretization may be matched
by a stable time discretization, or vice versa, leading to a stable system
of FDEs [3,13]. As an example we mention the well-known first-order upwind-

finite~difference scheme which, when applied to u, = -u_, produces an exact

t
solution for equal space and time step [3]. The approach we followed, is

typical for the Method of Lines [14].
2. THE FOUR TIME INTEGRATORS

In this section, four time integrators are described. Also their stabili-

ty, storage requirement and implementation will be considered.




2.1. The Fairweather—Navon ADI method.

2.1.1. Description

The time integration of (1.14) can be performed by using an ADI method.
Thereby, the right-hand side operator is split into two operators, i.e.
one for the x—direction and one for the y-direction. Based on a Crank-
Nicolson-type time integrator, an ADI method is obtained with unconditional
stability for non-positive eigenvalues. However, a straight forward appli-
cation of this technique gives rise to a set of nonlinear algebraic equa-
tions to be solved (GUSTAFSSON [5]). This can of course be handled by a
Newton process, but Fairweather and Navon linearized the algebraic equations
in such a way that second-order consistency in time was preserved.

The split operators in the ADI method are defined by

1 1
ij(ij) = A(ij)DXij + Cijk and
2.1
¥ W..) = B(W. )D (K)W, + CW
ik Mk R A
where
1 0 0 0 ) 0 fk 0
Ck = fk 0 0 and Ck = 0 0 .
0 (03 0 0 0

It will be clear that (compare (1.14))

dw.
ik _ 1 2
(2.2) — = =F., W, ) + ij

dt ik Wik ¥

Jk) °

A non-linear ADI method [ 51 can be defined by

 _ .n At 1 * 2 ,.n
ij = ij + 7?-(ij(wjk) + ij(wjk)) and
. n+1 * At,_1 * 2 n+l
(2.3) ij = wjk +-~5{ij(wjk) + ij(wjk M,
where
wrj‘k = W(jAx,kAy,nAt) .

The non-linearity is due to the matrices A and B in (2.1). Therefore,

Fairweather and Navon slightly changed (2.1) to
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1 - i

| F.jk (ij) = A(ij)wajk + Ckwjk and
2 ~

(2.4) Pl 0y = B, D @y, + clfwjk,

where '

o= %(3w?k—wn_l) for n 21 and

jk ik
~0 .0 0
ij = ij + @\_ZEij(ij) .

It is straight forward to show that this method is locally second order in
time and space except for the boundaries, where the space discretization is
only first order (see (1.14)). In the remainder, we shall call this scheme

FN-method.
2.1.2. Stability

Unfortunately, the test equation may not be used directly, which is
caused by the operator splitting. Therefore, we try to find a form for (2.3),
where it is possible to use the eigenvalues of the operator %% . This can
be achieved by taking the first variation of (2.3), which is equivalent to

(1.19), assuming that the linearization (2.4) has not yet been performed.

We find
* n At BFI * At BFZ n
(2.5) SW = W + 7 —B_W— W+ —2— -éw— W and
1 2
. n+l _ * At oF * At 3F n+l
A SW = §W "+ T SW + 5 S W .

After some algebraic manipulations it follows that

(2.6) (1 _ At <3F1 N 8F2> . AZZ oF ) 3F2>6wn+l _
' ANE I W o
(| +é£/31‘“1 + SFZ\ N at? oF! BFZ\ ™

We may now replace the operators by eigenvalues if they are normal and have
the same system of eigenvectors, i.e. if they commute. This is in general

not the case but for small At we may replace (2.6) by

&

(2.7) (1 _BEADY omdl Ai@B) sl

2 ) 2 oW
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These operators do commute and are normal under assumption (1.26) so we may

replace (2.7) by
(2.8) (1=at2) s = (14atn) 6w

Inequality (1.15) requires that

1+At) |

(2.9) m]

which, after some manipulations, gives
(2.10) A+ A< 0.

Since A + A = 0 in our case, the only restriction is that At should be so
small that (2.7) may be written. In practice, At may be chosen relatively
large and is often more restricted by accuracy- than by stability require-

ments.
2.1.3. Algorithm

Due to the form of the matrices A and B, no more than two variables
are coupled to each other at a certain time level. This leads to the fol-
lowing steps per timestep:

NE

1 calculate W

2 calculate Z = W™ +-E—F2(W ) >

3 golve for each horizontal row the coupled variables {U k’¢ 1,

4 solve for each horizontal row v } except for the boundarles y = 0,y = D,
5 calculate Z* = Z*W -Z (i.e. W + ;:F (W M)

6 solve for each vertical row the coupled variables {W?+1,¢n;1},

7 solve for each vertical row { nkl},

8 store W' into W" -l and W" *l inio W,

In steps 3 and 6 a block-tridiagonal matrix, each block being (2x2), occurs.
The solution procedure of equations with such a coefficient matrix is es-—

sentially the same as in case of a scalar tridiagonal matrix, which occurs

in steps 4 and 7. Each operation on an element in the scalar case should
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be performed in a generalized way on a (2x2) block in the block-tridiagonal
case.

On horizontal lines (step 3 and 4) the periodic boundary conditions
give rise to cyclic coefficient matrices. This leads to two extra right-
hand sides in step 3 and one extra right-hand side in step 4 (see [11]).
From the above timestep, we conclude that quite a lot of storage is needed.
In fact we need the following arrays of length (3XN xN ) v, v* oWy W Wn+1,

W and W™ 1, but from step 1 we see that W can be stored into W™ 1, and from
step 5 that W *l can be stored in W . In actual calculation V" is calculated
per vertical line. This can also be done for V, but then step 5, which is
faster than the form between brackets, cannot be performed. For the coeffi-
cient matrices, occurring in step 3,4, 6 and 7, at most an array of
9*2%Nx1ength is needed. '

Summarising, four arrays of length B*NX*NY and one of 9*2*1%{ length

are needed.
2.2. The Runge-Kutta 4 (RK4) method

This fourth order method, the most famous of all the Runge Kutta methods,
is of great practical importance for the SWEs, because it is an explicit
method and has a stability region including a relatively large part of the

imaginary axis.

2.2.1. Description [10]

The time integrator assumes the following form

(2.11) L (K +2K,+2K 4K, ) ,
where K] = FW" )
n, At

K, = F(i + 5 K)),
_ n_ At

Ky = F(W+ =5 Ky), .
_ n

K4 = FW +AtK3).
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2.2.2 Stability

The explicitness of the RK4 method makes it possible to use the model
equation (1.32) straight forwardly. By substitution of (1.32) into (2.11)
we find:

2 3 4
(2.12) WS (s (AE?? + (AE?) + (AEZ)

) Wh.
The boundary of the stability region is determined by

wen? |, e’ aen® 6

(2.13) 1 + AtA + 5 4 ) + —i— =

A zero on the imaginary axes can be found by substituting AtA = iy into

(2,13) which results in two equations

1.3

(2.14) “gY = sinf and
2 4
I - %T-+ %Z-= cos®.
Using sinze + cosze = 1 we find
(2.15) y6(8—y2)”= 0.

Thus the zero's are

(2.16) v

0, 6 =0, 2w

and

1

. _ .2 __1
+2V2, sing = i3 Y2 cos® = 3

«
i

Hence, using (1.32), the following restriction on the stepsize At is found

2v/2

(2.17) A

t < T T
Jeh (2 + —1)

7 7

Ax y

A
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2.2.3, Algorithm

In this case the following steps are performed during one timestep:

1 calculate R = F(Wn);

ZSin—-W ‘f‘TR,
3 calculate SOut = F(Sin)’
4 R =R + 2%§ Iy
out
n At
=W+ S
> Sln W 2 Sout’
6 calculate Sout = F(Sin),
7R =R+ Z*Sout,
8S., =W '+4AtS __,
in out

9 calculate Sout = F(Sin)’

n+l n At
10w =W o+ (R+Sout) R

11 store wn+1 in Wo.

The four F evaluations, in steps 1,3,6 and 9, are far more expensive than
the simple addings in the other steps. Thus the number of F evaluations
determines the costs of the method. Storage of size 3*NX*Ny is needed for

. +
R’Sin’s Wn, and Wn+]. Of course, step 11 is superfluous because W :

s
can dirzztly be stored in W during step 10, eliminating the need for an
array Wn+l. Due to the special form of the SWE it is possible to store the
result of an F evaluation in Sin on the costs of a work space of length 3*Ny’
So three.arrays of length 3*NX*Ny plus a work space.of length 3*Ny are

sufficient for this method.

2.3. A stabilized Runge Kutta (RKS) methed
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2.3.1, Description

In section (1.3) it was shown that the eigenvalues of the right-hand
side of the SWEs have imaginary values. Therefore, special Runge Kutta
schemes were constructed [ 7] with a stability region containing an as large
as possible part of the imaginary axis. Here a second-order scheme is used

defined by

L L AR,
(2.18)
with

K, = FWD,

n, .
K2 = F(W +§AtKl),

= n.1
K3 F(W +2AtK2) .

Thus three F evaluations per time step are needed.
2.3.2. Stability

By applying (2.18) to the model equation (1.32), we find the equation
2a9) W - geaedaen? + - oap et

which leads to the following equation for the boundary of the stability

region

(2.20) I+ AbE + e 2 +-%(KAt)3 = ot?.

In the same way as in section 2.2.2 we find zero's

(2.21) AL =

I+

3]

[
-

which are the boundaries of this region on the imaginary axes.

Thus, the time step is restricted by




b SRR
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(2.22) At = 7 ? —.
Veh (—5 + —1)
Ax Ay
2.3.3. Algorithm

During one time step the following steps have to be performed:

I calculate S = F(Wn),
n

2 S =W + At/2%S ,

3 calculate S = F(S),
n

4 S = W' + At/24S,

5 calculate S = F(8),

6 W o= W'+ ALxS.

As in the previous section, the storage requirements can be kept small by
using S for in- and output for the F evaluation. In this case no array is
needed to store the intermediate results, because for updating Wt only the
last calculated S(or K3) is needed. So only two arrays of length 3*NX*NY

plus a work space of length 3*Ny are required.

2.4, The Leap-Frog (LF) method

This method was first used by RICHARDSON [12]. HARRIS and JELESNIANSKI
[6] applied it to the SWEs. The method is fast because only one F evalua-
tion per timestep is needed, but when dissipation is added in the SWEs

the method will become unstable, as will be shown.
2.4.1. Description
The method is defined by the simple formula

(2.23) Wy L s @) .

&

It is easy to see that the method is second order consistent in time.
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2.4.2. Stability
By applying (2.23) to the model equation we find

n+1 n-1

(2.24) W= W+ 2new.

The boundary of the stability region can be found by substituting

(2.25) W =

which leads to

(2.26) At = ————F—— = ising.

So the stability region, coinciding with its boundary, is only the interval

(2.27) (-i,i).

From this result we conclude that the method is useful in our case, but
unstable in case where dissipation is added, because then the eigenvalue
is certainly in the left half plane. However, when the operator F(W) is

split over the various time stages stable methods can be made [9].
2.4.3. Algorithm

One time step is by this method described by:

1 calculate S = F(Wn)

2 5 =Wl 4 2xntss
n-1 n

3wl =y

4 Wt = s.

1

Storage is needed for S,Wn_ and W'. Thus again a workspace and three

£

NI
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arrays are required.

3., RESULTS

In order to compare the four time integrators we have chosen the test
model described by GRAMMELTVEDT [41. As in shallow water calculations one is
often interested in short-time .integration, we have restricted the time in-
tegration to 48 hours fysically. The solutions of the four time integrators

are compared with a very accurate solution calculated by a Runge-Kutta-Fehlberg

method [2] with local-error tolerance 10_7. Only solutions with the same
mesh width in space are compared with each other. Therefore, also the ef-
ficiencies of the methods, determined by accuracy and computational costs,
are compared for a fixed mesh width in space. However, we performed this
procedure for three different mesh sizes in space. In the following,

the test model is described and the efficiency calculations are presented

in tables and plots.

3.1. The test problem

The test problem described below was first used by GRAMMELTVEDT [4].
The boundary conditions were already given in (1.6) and (1.7). The initial

condition is:

(3.1) h(x,y) = H, + H tanh(———-———g(Dél%-y))+ H

0 1 sechz(g(Déz—y)) sin(znx)

2 L’°

The initial velocity fields are derived from the initial height field

via the geostrophic relationship

- (T8 3h _ (& 3h
(3.2) u= (2 5y 0 V" (f) T

The constants used are

L = 6000 km, g =10 msec'z,
D = 4400 km, H, = 2000 m,

1 f = lO-asec—l, H1 = 220 m,
8 = 1.5x10 Mgec I, H, = 133 m.
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A plot of the height lines of this initial condition is given in figure 3.l
This initial condition describes a wave of length L in the x-idrection.

The initial condition is made consistent with the boundary conditions at

y =0 and y = D by éetting v to zero at these boundaries. The three dif-
ferent meshsizes are defined by NXXNy is (15x11), (30%x22) and (60x44), re-
spectively. The solutions obtained with a Runge-Kutta-Fehlberg method
(tolerance 10_7) after two days are displayed in figure 3.2, 3.3 and 3.4.
These figures show the height lines of the solution. The dots occurring in
fig.3.2 mean that more than one height line can be drawn, which shows that
unbhysical height lines enter in the solution on this course grid.

From this plots we see that the solution is largely dependent on the space-
discretization, which is for our purpose not important because we consider
only the error due to the time discretization. These solutions will be used

as a reference in the following.
3.2. Efficiency

Using the reference solutions, we are able to calculate errors. In our
case, several errors are calculated.
dA, i.e., the mean value of

1
i ire ef A’A Vir
the reference solution on the spatial domain A, W= U, W

Define a. = w, - w, , where w. =
i £ ir

=v, w, = h.

2 3

Define next a relative error by
la.-a

i ,irefl

(3.3) rel; = = Ta. .T°
iref

where as of is derived from the Runge-Kutta-Fehlberg solution. The L~,L§

and L error are now defined by

i 1 2 < _
(3.4) E, —-jff;-relidA, E, = Kfﬁz(reli) dA, E_ = m%x reli,

respectively.

Efficiency is defined by the number of significant digits, i.e., the

) s divided by the computational costs to obtain them,
b
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In the tables 3.1, 3.2 and 3.3 the significant digits of h are given to-
gether with the used time step and the needed computation time (in seconds
on a CYBER 170-750). Of course, Atx(computation time)is almost constant. In
the first column, the name of the method and the field length, i.e., the
memory requirements expressed in words (octal), is written. The second
field length is calculated by hand in case the storage is reduced by the
technique described in Appendix A.

The tables show a second-order convergence for the FN, RKS and LF method,
whereas the RK4 method converges fourth order. This can be seen from the

fact that halving the time step implies

10

lolog(error(h/Z)) = 1og(C(h/2)q) =

10106(chd + V10g((1/20Y =

lOlog2 a8 1oglolog(error h)) - gx.30

10log(error(h)) - q
Hence, for second-order schemes the number of significant digits must be
incremented by about .60 when the time step is halved, whereas for the
RK4 scheme an increment of 1.20 should be observed. For large time steps,
however, we find a smaller convergence factor due to the influence of high-
order terms in the truncation error.
For the explicit methods the maximum time step in the most right column is
the largest possible time step. Larger time steps showed instability.
These maximum time steps can be estimated beforehand by relationms like
(2.17).
In the figures 3.5, 3.6 and 3.7 we show the plots resulting from these
tables. In each figure, the three plots refer to the coarse, medium and
fine grid, respectively. The first figure shows the result when only the
computation time is taken into account. As the computation time increases
with a factor four when the grid steps are halved in both directions, we
have adapted the scaling of the axis to this. The second figure shows the

results when the first field length is taken into account. The costs

are calculated by

&
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costs = (1117. + 125*FL/1000)*CPS/3600,

where FL is the field length and CPS the computation time. This formula ap-
proximates the costs as accounted by the SARA computer centre in Amsterdam.
It shows that costs decrease when a faster method is used or when storage-
use is decreased. The figure shows a great influence of the required sto-
rage.

Figure 3.7 makes clear the effect of storage reduction in the way described
in appendix A. This technique is only applicable for explicit methods.

From these figures we may conclude that high-order explicit methods perform
better than low-order explicit methods. The second question concerning the
comparison of explicit methods with implicit methods is more difficult. In
this case, it is quite clear that the explicit methods perform better than
the implicit ADI method. This may be the result of the chosen test problem.
To be more precise. The measured global error is built up of local erros.
This local truncation error consists of derivatives of F. For problems
where these derivatives are small, larger time steps are allowed for ac-
curacy reasons. In this case, the derivatives are quite large as can be
seen from the initial condition, therefore, we cannot make use of the
ability of implicit methods to use large time steps and as the truncation
error of such a method is not better than that of an explicit method, expli-
cit methods become more efficient because less work per time step has to be
done. In practical situations the ability of large possible time steps is
an advantage, because the gradients are usual not as large as in the used
test problem.

Note that only the error due to the time discretization is calculated.

When also the error due to the space discretization is taken into account,
errors may match. As an example we quote again the first-order upwind-dif-
ference scheme. We expect the same effect for the Leap-Frog method, because

also here time and space discretization are treated in the same way, i.e.

central differences are used.




C?mp. Errors At
time L1 L2 L,

FN 1.41 1.21 1.09 .49 3600

52700 4.81 1.76 1.65 i.16 900
18.4 2.95 2.85 2.34 225

53.2 3.91 3.80 3.30 75

RK4 1.05 1.42 1.30 .81 4800

43400 3.43 3.00 2.89 2.34 1200
42000 13.1 5.39 5.28 4.79 300
50.4 7.04 6.93 6.40 75

RKS 1.05 1.31 1.21 .63 3600

42500 3.40 1.70 1.60 1.12 900
42000 12,9 2.81 2.70 2.22 225
38.3 3.75 3.65 3.16 75

LF .886 .77 .66 .18 1800

43600 .881 1.17 1.05 .53 1728
42600 .926 1.27 1.18 .77 1600
.985 1,15 1.05 .59 1440

.995 1.13 1.02 .56 1350

2.51 1.88 1.77 1.29 450

14,0 3.45 3.34 2.86 75

39.7 4.41 4.30 3.81 25

Table 3.1. Signifiant digits of h on

the coarse grid
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i;ﬁz. | Errors At

: le L2 L00
FN 2.68 1.16 1.00 .37 7200
64000 4.70 1.38 1.24 .54 3600
9.00 1.59 1.49 1.01 1800
17.6 1.73 1.64 1.14 900
34.8 2.20 2.09 1.57 450
RK4 6.36 1.98 1.88 1.36 2400
54300 12.2 2.50 2.39 1.81 1200
45200 23.8 3.63 3.52 2.95 600
47.3 4.83 4.72 4.18 300
RKS 6.54 1.77 1.69 1.24 1728
50500 8.24 1.82 1.73 1.24 1350
45200 12,1 1.92 1.82 1.27 900
23.6 2.20 2.09 1.50 450
46 .6 2.73 2.62 2.07 225
LF 5.46 1.72 1.63 1.17 800
54000 6.11 1.82 1.71 1.09 675
50000 8.79 1.86 1.76 1.18 450
17.3 2.40 2.30 1.83 225
50.9 3.36 3.26 2.80 75

Table 3.2. Significant digits of h on the medium grid




Comp . Errors

time At
Ll | L2 L

FN 18.2 1.33 1.16 .54 3600
153300 35.1 1.60 1.44 .84 1800
68.8 1.93 1.82 1.20 900
RKA 47.7 2.73 2.64 2.14 1200
127200 93.9 3.59 3.49 2.90 600
71100 186. 4,75 4 .65 4,09 300
RKS 56.1 2.20 2.12 1.66 768
106700 71.2 2.29 2.20 1.70 600
70000 93.9 2.43 2.34 1.83 450
186, 2.89 2.79 2.22 225
LF 40.6 2.17 2.08 1.54 400
127200 44 .6 2.21 2.13 1.67 360
107200 53.1 2.32 ,2.24 1.81 300
70.9 2.54 2.46 1.94 225
210. 3.49 3.40 2.82 75

Table 3.3. Significant digits of h on the fine grid.
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4, EVALUATION

In this report we have examined some well known time integrators for the
SWEs. The purpose was to compare the efficiency of low-order methods with
that of high-order methods and the efficiency of implicit methods versus
explicit methods.

Considering the first question we found that the high-order Runge Kutta 4
method is more efficient than low order methods like Leap-Frog and the
stabilized Runge-Kutta method. This is due to the fact that the extra F
evaluations are compensated by a large stability region and fourth-order
accuracy. The fourth-order accuracy is essential to remain accurate with
respect to second-order methods, when the largest possible timestep is used.

The second question is more difficult, due to the limited stability
region of explicit methods. When for accuracy reasons, the timestep is
inside the stability region, the Runge-Kutta four method is more efficient.

In the other case, we have no choise, then the implicit method is more
efficient. This is especially the case if the solutions are almost stationary.
Conclusions should be taken with care, because in these experiments we have
not taken into account the influence of the error due to space discretiza-

tion, which may partly offset the shown error.
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APPENDIX A
ON STORAGE REDUCTION FOR EXPLICIT METHODS

In explicit methods, like RK methods, often a number of F evaluations
have to be performed. This is normally done one after another over the
whole field, but this assumes that a certain ij is dependent on all com-—
ponents of W, which is not the case for discretizations of PDEs. In fact
ij is only dependent on a few components of W in the neighbourhood of ij.
Therefore, we propose to perform all stages at once, which avoids the need
for arrays of the size of the whole field. Only a limited number, depending
on the number of stages and the discretization, of line arrays are needed.
We will show our idea by means of the RK4 method of section 2.2. In that
case ij is dependent on five points, i.e. Wj-l,k’ ij, wj+l,k’ wj,k—l’

and Wj K+l Looking in the x,t-plane we may picture the dependence domain
3

of W2*! in one timestep by

ik
Wn+1 0
K4 b:d
K3 X X X
2
K X X X XX
Kl X XXX XXX
' nogooooooo

Fig. (A.1).

Likewise in the y,t plane.

Coming from a boundary, say x = 0, we depict the necessary Kjk(K denoted

by an x) by
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Wt oo
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Fig. (A.2)

The next W?;l can be calculated by the K's denoted by a + and the K's de-
noted by an x inside the drawn lines plus the same set at y~index k-1 and
k+1. Thus we have to store the set of K's inside the drawn lines over a
whole leng£h in y direction. This means seven arrays of length Ny=*3 (ij
consists of three elements). The K's denoted by a + have to be stored also,
but the drawn lines can be shifted to the right when the calculation is

at point 1,k+1 and the K's at the + places are calculated. Thus, three
dummy variables are enough.

This last step, however, makes the algorithm recursive, which must be

avoided in case where vectorcomputers are used. By adding three arrays of

length Ny*3 the algorithm can be reordered in such a way that vector-

operations are possible.




