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INTRODUCTION

An operator closely related to the Hilbert transform on the circle is
shown to be unitarily equivaleﬁt_to a shift realized on a basis of Pollaczek
polynomials. This operator is the composition of the Hilbert transform H
restricted to the evenan—functions followed by the multiplication M by sgn
9, on the circle -m < 6 < w. The polynomials are in one of the families in-
vestigated by POLLACZEK [8], with an orthogonality structure on the whole
real line. The study of the operator MH leads directly to a Dirichlet
problem for the disk on which one wishes to find harmonic functions with
specified boundary values on the upper half circle (0<6<m) and with the
directional derivative on the real diameter being of specified constant
(possibly complex) diyection. The prototype for the problem is the class of
even (f(reie) = f(re-le)) harmonic functions. This modification is a limiting
case of a Dirichlet problem for certain special functions coming from the
Heisenberg group.

Fundamental to the analysis is a group of Mobius transformations which
commutes with the operator MH and leaves the directional derivative condi-
tion invariant.

After a summary of results, the development of the paper is divided in-

to three sections and an appendix.

§1: the analysis of MH, its structure as a left shift, a one-parameter family
of rational functions of MH, each of which acts as a shift on a certain

Weighted Lz—space having a family of Pollaczek polynomials as basis;

§2: the Dirichlet problem for LZ(O,N), sketch of the related problem on the
Heisenberg group, use of the Pollaczek polynomials to find an explicit
solution to the problem: fix a complex number u, for each f ¢ LZ(O,W)

find coefficients {an: n > 0} such that the harmonic function

e o]
2 anrn(cos nb+iy sin nd)
n=0

has f as boundary value on 0 < 8 < 7w as r > l-; of course the possibili-

ty of such a solution depends on yu;

£



§3: the Poisson kermel is explicitly found and is used to prove existence
and convergence theorems for Poisson integrals of continuous or L
functions on (0,m). The permissible values of u depend on p. For con-

tinuous functions only the values u = | and # £ -1 are excluded;

Appendix: a summary of needed results about the Pollaczek polynomials with

orthogonality on the whole real line.

The following measures and LP spaces will occur in the paper:

LP(O,M): the space Lp((O,n); (1/m)d8), at times it is convenient to identi-

fy (0,7) with the upper half circle {elez 0 <86 < w};
LP(T): on the circle T := {ele: -1 < 8 < 7}, with measure (1/2m)d6;

iv . the subspace of LZ(T) consisting of even (f(e_le) = f(ele)) func-

L.:
E
tions, sometimes identified in the obvious way with LZ(O,n);
gt for - /2 < B < w/2 the measure
Bs
du, (s) :=—C—CLS—B—————e—ds, on R
B 2 ki
ch E‘S

LP(UB): short for LP(I{,uB).

Crucial also is the function
w(0} := -(2/7) log|tan 6/2|

(whose harmonic conjugate is sgn 6), which maps (0,n) onto R and induces
an isomorphism of Lp(uo) to LP(0,7). The orthonormal polynomials for Mo
will be denoted by pn(x); (they are sometimes called Meixner-Pollaczek

polynomials, see the Appendix for more details). They are generated by

<2}

(1+it)_%- iX/z (l_it)—%+ix/2 = 2 tnpn(X) (lt'<1).
n=0

e

Define two self-adjoint operators on LZ(T) by He'™ ;= (sgn n)elne (neZ)

the Hilbert transform, and Mf(8) := (sgn 6)f(6), (~m<8<m), the "multiplier').

THEOREM 1. HM Zs an isometry on Lo and is a (right)shift of multiplicity 1

with coRernel Cl1 (the constant functions). Specifically



HMpn(W) —ipﬁ+1 w), n=z0,

v

MHpn(w) = ipn_l(w), nx1,

and {pn(w): n > 0} Zs an orthonormal basis for Ly-
For a complex number X say that a ¢ -function on the disk

D :={z e €: |zl < 1} or on the strip S := {¢ € €: |Im ¢| < 1} satisfies

condition CR, (suggest "Cauchy-Riemann") if £ is harmonic and

of

-\ of _ A Bf
e SE-(X) = e 5% (%)

for x real in the disk or strip, respectively (equivalently,

et 35 @ - (s gy 0 = 0).

JIn particular, condition CR0 is equivalent to being even and harmonic,
and in a limiting sense CR_ is analyticity. We consider the problem of
finding functions satisfying CRA with specified Lp(O,ﬂ) or C[O,n] boundary
values in the upper half disk. We will show by finding the Poisson kernel
that this problem has unique and appropriately bounded solutions for any
P, 1 £ p < ©» when |Im| < %-(I-I/p) for p > 1, Imh = O for p=1. The device
to study CR

A

is the operator MH, since I+(thA)MH maps LE (condition CRO)
into L2 functions satisfying CRX (in a sense to be made precise later).

The subgroup G of the full Mébius group of the disk that preserves
the upper half disk leaves the property CR, invariant, and commutes with
MH on LE. Indeed this group consists of the transformations

£,(c) := (c+th 7 )/((th 7 ) g+, te R,

and is isomorphic to (R,+) since ft1°ft2 = ft1+t2- Accordingly all inte-
gral transforms of interest in this paper will be expressed as convolution

over G. The conformal map (to be used throughout)

I+g

2
p(C) it ;‘._ 108 1-z ‘ s



which maps the disk onto the strip S = {z:|Im z| < 1}, takes the action of
ft into translation by t, that is, p(ft(C)) = p(p)+t (lzl<l,teR) . We will

denote the inverse mapping of p by

W(o+it) <= th %-(c+ir), (ceR ,~1<1<1) .,

Note that W(o+i) = et? with cos 6 = th %—0, and 1:'Lmr_>1

for 0< 8 < w. The lines T = constant are mapped by W to circular arcs

_Re p(re'®) = w(o)

joining -1 to +1 in the disk.

DEFINITION. For A ¢ €, 0 + it ¢ S let

iAo
KA(O,T) i=

4]ch E.(o+ir)12 {e“U/Z sin((% -id) (1-1))
2

+ e““"/zsin((-’z‘- +1) (1-T))}.

For a measurable function f on (0,n) satisfying fg 1£(0) | (tan 9/2)-2(Imk)/w
d9 < = the Poisson integral is defined by

™

P.LEIW(o+it)) := J f(arccos th
A R 2

W)KA(O“W,T)dW.

THEOREM 2. For A ¢ R, 1 £ p <o, f ¢ LP(0, ) the Poiseon integral PA[f]

satisfies CR, and converges radially to £, that is,

A

m
J IPA[f](rele)-f(6)|pde ~0 as > 1-,
0

for 1 < p < =, Further if £ € CLO,w] then PA[f] extends to a continuous
function on the closed upper half disk and agrees with £ on the upper
half circle.

For Im\ # O there is a modified LP boundedness and convergence.

THEOREM 3. For A ¢ €, 1 < p < », [Im\] <.%-(l— %), if £ € Lp(O,n) then

J IPA[f](W(o+iT))FT A(o)l/p-f(w(c+i))]pduo(o) >0 as v~ 1-,
R



where
Ll o
FT’A(U)-R-BXP «ImA)(I/T 1)o)ch i-ol(rch E;) (0<t=1).
§1. The operator MH

The description of the action of MH, and its adjoint HM, is based on
elementary algebraic lemmas debending on the fact that (p~5)2 is essen—
tially constant as a boundary value function.

'¥n this segtion we use L0 to denote the subspace of odd
(f(e—le) = —f(ele)) functions of LZ(T), and HZ(T) to denote the usual

Hardy space (¥ closed span{elne: nxz 0} CLZ(T)).

1.1. DEFINITION. For f analytic on D or S let Jf(z) := £(z), so that Jf
is analytic, and if f ¢ HZ(T) then Jf e HZ(T).

1.2. PROPOSITION, For each f ¢ LZ(T) there are functions 8158, € HZ(T) such
that £ = gy + Jgy3 further if £ € Lo then £ = g + Jg for some g € H".

1.3. PROPOSITION. There is a nonunitary continuous representation R of G on
L2(1) satisfying IR 1, < V21 and having B2(D) Ly, and L as in-

variant subspaces.

PROOF. Define REf(Z) ;= f(ft(z)) for Jz| £ 1; in |z] < 1 this is well de-
fined for f or £ in H ', on |z| = 1 it is defined for almost all z by using
boundary values. Calculus shows that the Jacobian for the transformation ft
is bounded by (1+]|th g-ti)/(l—lth %—tl) = exp(%—ltl). Clearly H2 is in-
variant. Also f _(z) = ft(z) implying that J commutes with Rt (each t ¢ R) ,

t

and so LE and L0 are invariant subspaces. [

We describe the algebraic and G-commutation properties of M and H.

1.4, PROPOSITION. M Zs self-adjoint, M2 =1, ML

MR = RtMifbr all t € R.

= L0 and ML = LE. Also

E 0

PROOF. In general, Rt commutes with multiplication (Rt(fg) = (Rtf)(Rtg))
and Rt(sgne) = ggn O since R, preserves the intervals 0 < 0 < 7 and

-t < 8 < 0. [



1.5. PROPOSITION. H Zs self-adjoint; H2 =P, (the projection of L2 on ll),
HLp =L, and HL, < Lg, and for f € LZ(T), HR f = R HE for all t e R Zf and
only if £ € L.
PROOF. Only the commutation relation needs any detail here. Write

f e LZ(T)‘as f =g+ Jh with g,h ¢ HZ(T). Observe Hg = Pog = g ~ g(0) and
H(Jh) = —PO(Jh). Then (HRt—RtH)f = (g(0) - h(0) - g(t) + h(1))1, where

T = th g-t, since Jh(x) = h(x) for -1 < x < 1, This is zero for all t ¢ R
if and only if the analytic function g-h is constant on the real diameter

-1 <x <1, if and only if h = g + ¢ for some constant c. []

1.6. PROPOSITION. HMILE is an isometry of codimension 1 and MHZMILE = 1.
Also R, commutes with MH]LE.

PROOF. Let £ ¢ LE then <MH2Mf,f> = <H2Mf,Mf> = <Mf ,Mf> = <f,f> since
Mf € L0 and HZIL0 = I. The adjoint of HM, namely MH, has kernel €l since
Ivasl = Idfl for each f ¢ LZ(T). Note if f ¢ LE then RtHf = HRtf (by Propo-

sition 1.5) so that MHRtf = MRt(Hf) = RtM(Hf). |

General operator theory applied to HM implies that L_ splits into two

E
closed subspaces on which HM acts respectively as a shift and as a unitary

operator. We will show that there is no unitary part. The shift structure is

obtained by the standard method.

1.7. PROPOSITION. {(HM)™1: n = 0,1,2,...} <8 an orthonormal set in Ly and
)™ = @)™ 1 forn 2 1.

PROOF. Since HM is an isometry TaE)™l = 1. Let m,n be integers with

m > n = 0, then <(HM)m1, (HM)n1> = <(HM)n(HM)m—nl,(HM)n1> =

= «@m)™ ™1, omP@n> = <@n™,1> = M@m™ ¥ M ,u1> = 0, since
2

MEM = I on L. Similarly ()™ = @™ = @)™ forn= 1. O

We now show that w induces an isomorphism of L_ onto Lz(uo) which maps

E
{(MM)™1: n > 0} to a basis of orthogonal polynomials.

1.8. LEMMA. Any polynomial in w, respectively p, is an element of LE’ re-
spectively HZ(T). Further the boundary value of Re(p™) is

£



in/21 . .
I GoEnd A,
=0 ¥
PROOF. For any polynomial p we have

™
‘%; J lP(W(e))lzde = %‘J lP(W)Iz(ch %-w)_ldw < o,
4] R

Let n > 1, then Re(p") = Re((Rep+iImp)n) = Egn/ZJ

_2. 2' -
20 () Rep) ™ (1mp) V(-1
in the open disk. Now take radial limits (except at *1), then Re p - w and
(Imp)2 + 1, Thus Re(pn) € LZ(T) implying that pn € HZ(T). O

We will use the following to show that HM maps any polynomial in w to

another polynomial in w of degree higher by one.

1.9. LEMMA. There are constants €0i defined for integers n,j with n =z 0

and 1 < j < [n/2] (cnj = 0 for j out of range) such that
[n/2] s s .
n+l_yn+l) + 5 c (xn+1 23_yn+1 ZJ)(x—y)ZJ

nj ’

n n 2
(x-y)(x+y ) = o & i)

for any (commuting) variables x,y.

o o 2
PROOF. Fix n = 0. The sets E, := {(xn+] ZJ-—yn+l 2J)(x—-y) J.0< j < [n/21}

and E, := {(x+y)n—23(x—y)23+l: 0 < j < [n/2]} are both bases for the space

2
of skew~-symmetric polynomials of degree n+l in x and y. The transformation

matrix from E, to E2 is triangular, indeed

+1-25 n+1-2] 2j 25— +1-2j -2k 2k+1
AT e = 29T Grr 1330 & ™ ey

s

(this comes from expanding X" and y" as Zﬂm[(x+y);(x—y)]m respectively).
On the other hand

_[n/2] s .
Gy Gy = 27 Y T G0 o) T ey 23T
L

This has the coefficient 21—n for the j = 0 element of E,, which in turn

2
appears only in the j = 0 element of E], with coefficient 2 n(n+1). Hence
the j = 0 element of El appears with a coefficient of Zl_n/(z—n(n+1)) =

= 2/(n+1) in the expansion of (x—y)(xn+yn). 0

&



.10. PROPOSITION. For n = 0,1,2,... HM(Re(p™)) = -(1(n+1))Re(pn+])—

(i/2) 7 n yIn/2T 43

c R (pn+1 2J) (the latter sum is vacuous ifn=0o0r 1).

PROOF . M(Re(pn)) is ‘the Boundary value of (l/di)(p—a)(pn+5n) which equals

L

[n/2 . . .
n+] ~n+1 n+l1-2j -n+1-2j, , - 2]
22l ) + ~Zl, c i (P P ) (p-0) )

This has the same boundary value as

A _ [n/2]
e R L W)

sz, ntl-2] -n+1-2j
41 ‘n+l nj( 4)- (p 0 )).

j=1

Now we apply H to this sum and obtain

[n/2] . . .
1 2 , n+l —n+1 _ndpmtl=23 -n+l-27
T Gte ) + 321 C oy (7807 (o +oo D),
the stated expression. We used the facts Hpm = pm and Ham = -Em form = 1

(since p(0) = 0), and all powers of p, p occurring in the expression are

positive. [J

Ln.mmﬁmﬂmwa(%ﬂwsMﬁome@%dwlon%,md
{pn(w): n = 0} 28 an orthonormal basis for L
mp (w) = -ip (W) and MHp (w) = ip _, (w).

g " which HM acts by

PROOF. Let q, be a real polynomial (that is, real eoefficients) of degree
n with leading coefficient ¢ # 0, then by Lemma 1.8 there is a real poly-
nomial q, with the same degree and leading coefficient asmq1 such that

ql(w) = Re(qz(p)). By Proposition 1.10,

i

HMql(w) HM(Re(Cpn+q3(o))) = - %— Re(pn+l)+iRe(q4(p))

- _ 1ic Wn-i-l + iqs(w),

where d459,>95 are real polynomials of degree < n-l, n, n respectively.
Thus (HM)nl is a polynomial of degree n in w with leading coefficient
(-i)"/n! which is orthogonal in Lz(uo) to all polynomials of lower degree,

by Propgsition 1.7. By the uniqueness of orthogonal polynomials it must be



a scalar mul;iple of pn(w). The latter has leading coefficient 1/n! (see
the Appendix) hence (HM)nl = ()" P, (w) . The fact that {p (w): n20} is a
basis for L (uo) follows from a general theorem of Hamburger (see FREUD [31,
p.84) asserting that the set of polynomlals is dense in L (Ii,u) for any

c|x]|

positive measure p such that f e du(x) < = for some ¢ > 0. [

The theorem allows another proof of the commutativity R MH = MHRt on LE.

Indeed Rtpn(w) P, (wtt) = E (W)q (t) (see the Appendlx) Now apply

-0 n-j
MH to both sides and obtain
n=1i
i J.Z.O pn—j—l(w)qj(t) = 1pn__1(w+t) = RtMHpn(W)

for the right side (teR) . This is a manifestation of umbral calculus and
the fact that {nlpn(w)} is a Sheffer set (see ROTA [9] Ch.2).

There is a family of measures relevant to the Poisson integral defined
in the introduction, namely (tane/Z)-ZB/“

BW(ch %—w)_l dw on R (that is, uB) with

dd on 0 < 6 < w, or equivalently
- % < B < 5. POLLACZEK [8] found

the orthogonal polynomials for these measures also. They too have a shift

structure, this time for a rational function of MH. It is pointed out in

ROTA ([91,p.43) that these Pollaczek polynomials have such a structure.

Any formal power series in MH may be applied to polynomials in w since
MH lowers the degree. In particular we may consider

oo

T, := MH(T+i(tang)MD) | = §  (-i tang)™(m)
n=0

n+l

The polynomials pi(w) are described in the Appendix.
8 _ . B
1.12. PROPOSITION. TBpn(w) = 1pn_1(w), for n 2z 1.

PROOF. For a € R,

MHeiaW = (1/cha) § @ tha)nMHpn(W)’=(i/Cha) y tha)npn_l(w)

n=0 n=}

= -(tha)e™™¥,
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Thus the series

iow n+l iow _ ~tha olow

Tge " = I (i eane)RCehe) ™ e = g

-n=0

converges for o in some neighborhood of 0. On the other hand

- - o . n
 low ch(a-iB) _ ( i tha )

B
cosB Pn(W)’

n=0 1-i tha tanB
and applying the operator TB to both sides and comparing the coefficients

in the two power series we obtain the result. [J

1.13. THEOREM. MH(I+(i tanB)MH)—l is bounded on Lz(uB) foyz-—lzr- < B < 1‘2_, and

its adjoint T

8 satisfies:

B

* B, o .2
TBpn(W) = -i cos B pn+1(w0

and
IT5El = cosel £l for each £ e Lz(“e)'

Also (1 /cosB)TZ is a right shift of multiplicity ome.

PROOF. The boundedness follows from

“TBPi(W)" /"pi(W)" = [(cosB)™/(cosB)® 11 = cosB

and from the fact that {pi(w): n = 0} is an orthogonal basis for LZ(uB)
(by the theorem of Hamburger used in Theorem 1.11). Further T;pi = ch+1

for some ¢ € € and

B 12 _ *B B = B B = By 2
c“pn+1“ B <TBpn’pnﬂ> - <pn’TBPn+1> - 1"Pn“ ’
. 2
thus ¢ = -i cos™8. [

It is symbolically neat to observe that MH((cosB)I+(i SinB)MH)-l is

a left shift on Lz(uB).
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§2. The Dirichlet problem for LZ(O,n)

The CR condition was motivated by the D1r1ch1et problem on the ball
in the Helsenberg group HN (topologlcally ¢ XIQ for a second-order dif-
ferential operator LY (which is hypoelliptic except for
y = *N, *+(N+2),+(N+4),...), solved by GAVEAU [4] for y = 0. After expressing
the problem in terms of harmon%c (that is, in the kernel of Ly) polynomials
(see GREINER [5], DUNKL [2], GREINER and KOORNWINDER [6]) it leads to the
problem:
given f ¢ C[0,n] find a smooth function g on {z ¢ €: [z] < 1, Imz > O}
agreeing with £ on the half-circle and annihilated by

2
‘DOLB i= (z~z) 525? - 0 g%-+ B g%
(N—y)/2, B = (N+y) /2.
0 are the Heisenberg poly-

in the interior. In the application to HN’ o

The homogeneous polynomial solutions to Dasg

nomtals
n (a).(B) .
C(a’B)(z) 1= ———J———E;l 7 P nx0
n j20 1° t(n-j) %

In an effort to discover more about this problem we fix u ¢ €, let v > 0
and o := (1-p)v, B := (1+u)v and let v -+ 0. The operator DuB tends to

(a multiple of) the ordinary Laplacian off the real diameter, and to

A
3z
pu = th\, whose homogeneous polynomial solutions are exzn + e Azn = 2chl.

(1) — + (1+n) jL-on the real diameter. So we get condition CR, with
dz
°rn(cos nf+ithisin nb), for z = rele. In this section we will use u or XA, as
convenient.
We consider the problem of whether each f ¢ LZ(O,n) can be expanded in

the form

£f(8) = ag * 2 an(cos nb+ipsin nb) with 2 lanl < o,
n=1] n=0
(Lz—convergence of the partial sums). If this occurs we will say {a }
solves (S ) for £. To study this problem we identify L (O w) with L , SO

we actuglly consider terms like cos nO+iu(sgné)sin nb, namely (I+uMH)cos nb.
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2.1. PROPOSITION. The operator I + uMH has dense range in L for all u e €;
it is one-to-one exactly for |ul < 1, and has a one-dimensional kermel for

lul > 1.

PROOF. The statements are easy cbnsequences of MH being a left shift. Thus
the range of I + uMH always includes all polynomials in w (that is,
yN_O c. p (w)) and the kernel 1s easily described as an infinite series in

(0} 1

2.2..THEOREM.
1) If lul < 1 for each f € Lg there 18 a unique solution {a } of problem
(Su) for £, and a = <(I+uMH) f ¢ >, where ¢0 = 1 and

¢ = 2cos nb for n=1;

2) 2f lul = 1, the set of £ € Lg for which (Su) can be solved ig a proper
dense subspace;
3) Zf lul > 1, problem (Su) can be solved for each £ e Ly with the solution

set
a_ = <mMuI+D) £, > + ciPq 1), ce €
n *'n nw  17° ?

where Al 18 the unique number with lImAll < /4 such that th)\1 = 1/u.

PROOF. For any Y € €, (Su) can be solved for f if and only if f = (I+uMH)g

with g(8) = 2:=0 a cos n and ge L Since I + uMH has a bounded inverse

for |ul < 1 (note IMHI=1), this estzblishes (1) . By Proposition 2.1 the
spectrum of MH is the closed unit disk, but since I + yMH is one-to-one for
[yl = 1 it must have a proper subspace as range (closed-graph theorem).
This shows (2).

For lu]l > 1 and £ ¢ L, let g = HM(ﬁI+HM)—1f, then
(I+uMH) g = (HM+uMH2M)(uI+HM)_lf = f. The kernel of I + pMH is spanned by
z:=0 (i/u)npn(w), but we need to expand this as a cosine series. By the
generating function (see Appendix) the sum is

iAlw

(chkl)e where thk1 = {/u and lImAll < /&4,

&
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A id,p
The boundary value of the analytic function e is exp A](iw(e)—sgne),

thus the boundary value of the harmonic function

: : _ iklw
b(exp(ir p(2)) + exp(ir 0(2))) is (chd Je

This function has the expansion

3 2 [(iz)™+(iZ) ]q (— A

n=0
since
2ix ./«
1+ 1
exp(lklp(z)) = G Z)
Thus E:=0 i 4, «4/n)k ) cos.nb spans the kernel of I+ uMH, and its norm is

|ul/(lulz-1>i O

LAUWERIER [7] dtudied some boundary value problems with a particular
case amounting to: given a function f on (0,m) study the function
EZ 1 (a /n)r" sin nd for 0 < r < 1 where {an} is determined by
£ = o,
work he found the kernel of I + pMH and also the biorthogonal set for

an(cos né+iusin n8), for fixed imaginary pwith hll> 1. In this

{cos nO +iu(sgnd)sin n6: n> 1 for |ul > 1, n 2 0 for |ul < 1}. He also
described the behaviour of the series 2:=1
certain smoothness conditions. Here we are mainly concerned with the

(an/n)rn sin n® when f satisfies

analysis of the Poisson kernel (which is not in [7]1) for the CR, problem,
and its relation to MH and the group G.
We proceed to the construction of functions satisfying CRA‘ The idea

is this: for any cosine series g = 2n=0 ap cos nd in LE,the function whose

value is Em -0 2 (cos nf+iysin nd)=(I+uMH)g(8) on 0 < 6 < 7 and is

2:_0 a (cos n6—1u31n n|6])=(I-uMH)g(l6]) on - m < 6 < O, has (ordinary)
P01sson integral E =0 3,F "(cos no+ipsin me)(-m<6<w,0<r<1), which satisfies
CRA'

2.3. DEFINITION. For |u]l <1, f ¢ L (0 7) define %’ e L (T) by f (8) = £(8)
for 0 < 0 < m and = (I-uMH) (T+uMH) f(lel) for -« < 8 < 0.

&
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2. 4 PROPOSITION. The Poisson integral P[f 1 satisfies CR, and has £ as
(L ) boundary value on 0 < 8 < w.

To be able to extend this result to other LP spaces we need a more
explicit description of the construction of fu. We will do this by using
the G—-action.

For |ul > 1 one may find a solution to the CR problem by piecing to-
gether £ on (0,7) and (I—uMH)HM(uI+HM) 1f on (—ﬂ,O) and then taking the
Poisson integral. Of course there is a unique (up to scalar multiplication)

function k € L2(T) so that P[k] satisfies

CRK and k=0 on (0,m,

namely

iAlw(e) -inAI/Z
k(p) = e = |tan6/2] on -m < 6 <0,

(where th)\l = 1/u, see Theorem 2.2). When Al € R, that is u > 1l or u < - 1,
then k(®) is bounded on (-m,m) and continuous except at O and tw, thus P[k]
is bounded on the open disk.

The Poisson kernel for CRA’ that is, an integral transform on (0,w)
which gives the values of P[fu] will be derived by starting at z = 0, then
using the G-action for real z, -1 < z < 1.

We note that the (ordinary) Poisson integral commutes with the action
of the Mobius group, hence with the subgroup G. Thus for f ¢ LZ(T) the

Poisson integral satisfies

™
PLE£](0) = —l——J f(8)ds
-
and
_
PLR,£1(0) = (R_PL£1)(0) = P[f](ft(O))=—21?J (R £)(0)do, for t e R.
-

It is useful to express this in terms of the adjoint of Rt (see Proposition

1.3).



2.5. PROPOSITION For f ¢ LE; te R,R *£ (arccos(th 5 Tw) =
f(arccos(th (w- t)))(ch w)/(ch (w t)), and fbr fel (T)

PL£](th ——t) = <f R 1>,

PROOF . It is a simple calcu]atlon to find R using the 1somorphlsm of LE
with L (u ). Also for £ ¢ L (T), PL£1(0) = <f 1>, 0

9.6. PROPOSITION. For £ ¢ LZ(0;m), t € R, lul < 1,

P['Eu](th % t) = <f,R:(I+iIHM)—ll>;
and

(T+7EM) 11 = (chD)exp(ilw),
where

u = thy and |ImA| < w/4.

PROOF. First

kil
~ Lt _ ~ _ _ .—l—_
P[fu](th A t) = RtP[fu](O) = P[Rt'fu](O) = 5 I Rtf(e)de +
0

0
{ -—
+ 3_‘? R, ((T-yMH) (I+uMH) Heclelyae
-
q it
- 5_1_“_ | (I_.(I_um)(1+uMH)'1)Rtf(e)de = -11; J (I+uMH)_1Rtf<6)d9-

= <(1+uMH)_lRtf,l> = <Rtf,(I+ﬁHM)_11>,

Since R, commutes with the Poisson integral and with MH (see Proposition
1.6).

Further

amn = ¥ Gt@o™ = ] @0, (w = (chh)exp(itw)

n=0

where p = tha. [

15
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2.7. COROLLARY. For A € €, |Im\| < n/4, t e R, f ¢ LZ(O,N),

chi J lA(t_ﬁO

5 f(arccos(th = w)) —-——————-dw,

~ ki)
P[fu](th--[;- t) = 2

R (t-'W)

(where p=thk).

We can expand P[?u](x) in:a Taylor series near x = 0. The coefficients
will be realized as integrals of f against the power series expansion of
the above integral kernel. Restricting a series y -0 @ r (cos né+ipysin nb) to
the real diameter gives ; =0 2 xn, and so obtaining the coefficient a

amounts to integrating £ against the nth function in a biorthogonal set.

We use renormalized Chebyshev polynomials, namely t, := 1,

0
tn(cose) = 2 cosnf, fornz=1.

2.8. PROPOSITION. For A ¢ €, we R, t € R the coefficient of X" in

1 - ; - »
(chx)elx(t V) ch %w/ch % (t-w), where x = th % t, Zs

(chn)e AV § g AN Tw
120 n-j i 2

(note that t, (th Zw(8)) = 2cos j0 for 0<8 < m, j = 1).

PROOF. By the generating function (see Appendix)

ixt o L. .. m..n & a4
e = )y @ th t) qn(}_ N o= Y () qn(?r— 2.
n=0 n=0
Also ch W/ch (t=w) = (1-x2) /(1-2x thg— whx?) = Z;O xntn(th -’ziw)

(the ordlnary P01sson kernel on the real diameter for cos® = th w/2 w). [J

This biorthogonal set was found by LAUWERIER [7] in a different way.
§3, THE POISSON KERNEL

The kernel for the whole disk can be quickly obtained from Corollary

2.7 by some simple observations: for f e 2 (0, ﬂ) the function PLE J(th~—t)

has the Taylor.series 5 =0 2 xn where x = th + 4 t and

£(8) = ﬁ2n=oe%1(cos né+iusin ne), in turn the Poisson the integral is
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z an(2chA) -1 (e)\ zn+e_)k-z-n)

= (e}\/2ch}\) 2 a zt + (e_k/ZchA)}‘ a En;
n=0 n - “n

it remains to allow t to assume complex values in the strip S, mapped by W
onto the disk D. The resulting transform will still be a convolution over

R (that is, the image of G), indeed with the function

] /eikt+}\ ei)\t—)\\
™

— +
4\ch—Z—t: chlrz—E/,

t € S. For convolution this is to be interpreted as a function of ¢ with

“+
f

o + it and t is fixed. Some algebraic manipulation leads to the following:

3.1, DEFINITION. For A ¢ €, 0 ¢ R, -1 < 7 < 1 let

iAo
e

1

Pe“g/zsin((g--ix)(l-r))+

K, (0,1) .
A 4lch & (o+it) |2 ¢

+ o M0/2 ﬁﬂ(%ﬁDU%D}
3.2. PROPOSITION. For any fixed Ty 7 0 (and T < 1)
IKA(O‘,T)I = 0(exp(~(Imr)o)/ch _12r_ o)

uniformly in |t| < g~
™ . 2 2,7 2,
PROOF. Note that |ch 5 (o+it) | = sh (3 o) + cos (7 T). Thus for

~gImA

T 2.7 2,7
-1 <1<, |K)\(c,'r)| < BA e ch 70/(sh (—2- o) + cos (7 1))

where B)\ is a constant depending only on A. For

2.7 2,7 2.7 2,7
-t. <1< 1, sh (-2—0)+cos (E-T)Zsh (50)+cos (7'(0)2

0

> chz(sz— o) cosz(—g- ). O

To
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At this .point it becomes convenient to work solely on the strip S.
The formulas can be easily converted to the disk by using the various
mappings like z = th %{0+ir), and w+i = p(eie) with cos® = th %-W, we R.
The integrals that we use here all involve limiting behavior at #= in §
(that is, *1 in the disk). To suitably control this we introduce the condi-
tion BCRA(Bounded CRA)::say f satisfies BCR

A
and for each o > 0 there is a -constant A such that

if f satisfies CRA on the strip

{£(o¥iT) | < A exp (~oImr +-%lol) for all o ¢ R, T S TS T4 This is a

reasonable restriction as the following shows.

3.3. DEFINITION. For |Im\| < w/2, f measurable on R +i (the upper edge of S)

satisfying

‘J |£Qw+i) lduy_, (@) < o
R

define the Poisson integral of f by

Px[f](o+ir) = J f(w+i)KA(0—w,T)dw, (c+ite8).
R
3.4. PROPOSITION. For f as in 3.3, PA[f] satisfies BCR, .

PROOF. Since PA[f] has the form exh + e_A(Jh) with h analytic, it must

satisfy CRA‘ Also for any 5 > 0

|, [£1(o+in) | = [ |£Goi) | R, (omwy 1) [dw
R
< J |f(w+i)]eWImA(sech %-W)dw .
R
~wlmA m
*sup (e (ch E-W)iKA(O“W,T)I), for “Tg ST < T5-
0
weR
The supremum is bounded by supW(Be-WImAch %—W e—(c-w)lmk/ch %-(o—w)) <
< B exp(-oImA+ %—Iol) (for some constant B, by Proposition 3.2). [

It is important that Kl acts as reproducing kernel for the class BCRA.

We adjust K, for narrower strips.
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3.5. THEOREM, If |ImA| < 3 and £ satisfies BCR, on S then for each t with

O0<1< 1,

f(o+iu) = (1/1) J f(Ofw+iT)KA(¥3 %)dw for -t <u<1t, 0¢ R,
R
PROOF. If A = 0 this is the ordinary Poisson kernel for the strip (see
WIDDER [10]) applied to even functions. Now assume X # 0 and f satisfies
BCR,. Then £ = ekg + e‘AJg for a unique analytic function g on S, and g can

A
be determined from

g(o+it) = (2sh20) " (e £ (o+it) —e V£ (o-it)) .

Passing to the consideration of analytic function we state a version of
the Cauchy integral formula for the strip (it can be proved by the calculus
of residues):

ki)

o [ (c~w)+iuldw,

h(o+iu) = (1/41) j [h(w+it)+h(w~it)] sech
R

lol

valid for 6 ¢ R, -t < u < 1 < 1, provided |h(o+iu)| < Ae? for some

a < 7/21 and A < = in the closed strip |ul < 7.

Let h(g) := e—iAE/Tg(E) for £ € S, (and g from above). Then h satisfies
the hypotheses for the formula since |g(o+iu)| = O(exp(—oImr+ %—Iol)) uni-
formly in -1 £ u < v and |(Im\) (1/7-1)| +-% < %%—for [TmA| < %-and

0 < 1 <1, This gives the formula

[eg(writ) +

]

g(o+iu) Sffffiffsz_J e ~hhw/T
b4t

R

+

e_kg(w—it)]sech é%(c—w+iu)dw

T

21

-au/T .
e J elx(c w)/'rSech

it (o—w+iu) £ (w+it)dw.

R

Now use this formula for g(o-iu) and combine to obtain
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£(o+iu) = e'glo+iu)we ‘g(o-iu) = (1/1) J £ (o=, (o/t,u/0)dw. 0
R
3.6. COROLLARY. If g.satisfies BCR, on‘f (1 Imr|< %) and
(1/9 J [g(c+iT)|e(ImA)c/Tsech %%-do +> 0
R
as t > 1=, then g = 0.

0 1 < 1 and then use the formula for the strip

with T restricted by 7

PROOF. Choose numbers 0 < 1, < T

-, S usT < t < 1. By an integral inequality and

0~ 0 i
the bound from Proposition 3.2 we obtain
m

|g(o+iu) | < A exp((~-oImA+ E-Icl)/r) .

«(1/71) J lg(wtit) Ie(Imk)W/T

R

sech M dw.
2t

Now fix o and u, and let T >~ 1. [

<% and 1>t > (218]-m)/(2]8]+m) then

a + iB, (aeR) then there is a constant Al

(0g,1) for c e R, 0 < 1 < 1,

3.7. PROPOSITION. If - % < B
KiB(C,T) > 0. Further if A
such that IKA(U,T)| < A

AKig
PROOF. From Definition 3.1 we see that we are concerned with the positivity
of sin((%~iB)(l—T)). The argument is in (O,n) if T satisfies the stated

bounds.,

Next let A = o + iB. Some calculation leads to

(%, (0,0 | /Ky (0,0)% = 1 + sh?(a(1-0)) (1-cos G 1) /ch’ G 0))/

™

T 6 cos ((1-)Dsin((1-0)8)) %,

(sin((1-1)3)cos((1-1)8)+th
The denominator always llies between

sin®((§ -8)(1-0) and sin’(( +8) (1-0)),

and the.numerator is bounded by 1. Thus the fraction is bounded by
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(sh(ax)/sin(bx))2 where b = g-i B, and x =-1-t, But this is an increasing
function on 0 < x < w/|b|. Hence the original ratio (lel /KiB)Z is bounded

by 1 + shzu/sinz(%-—lsl) for 0<t<1. 0O

In fact, as one can see from the proof, for any Ty with

0> 1, > (2|8]-w)/(2]|B]+7) there is a constant A (depending on A and TO)

0

such that |K,(0,1)] < AKiB(o,T) for 1 > ¢t 2 T This will not be needed in

the further development.

3.8. THEOREM. For A € €, |Im\| < w/2, £ € CLO,w] the Poisson integral
PA[f] extends to a continuous function on {z € €: |z| < 1, Imz > 0} agreeing

with £ on the upper half-circle.

PROOF. We consider f as a function on R +i which is continuous and has limits

at +~, by means of the map w. Thus £ is uniformly continuous, and so it

suffices to show: for any € > 0 there exists M > 0 and Ty < 1 such that:

(n IPA[f](c+ir) - f(o+i) | < ¢
for T <t <1, all o € R;
(2) IPA[f](a+ir) - f(zo+i) | < €

for 0 > M (for +») or 0 < =M (for —~) and all T with 0 < t < 1.

Part (1) follows from the standard convolution approximate identity argument

and the facts

J KA(O,T)dG =1, J 'KA(G,T)!dG = AX’ (0s1<1),
R R

and

lKl(c,T)Ido >0as 1+ 1 for each & > 0,
lol>8
The first is just PA[]]’ and the second and third follow from the same claims

for KiB(G,T) and Proposition 3.7, where B = Imi. But
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’ J K;g(0,1)do < max( sin(( +8) (1-1)), sin((z -B) (1-1))1-
lol>6

. J (e—Bgch %—c)(sh2 %-Gy—ldc,
lol>6 '

which tends to 0 as © >~ 1, for each fixed 8§ > O,

To prove (2) we first observe that

lim J IKA(U,T)!dG =0 uniformly intin 0 <t < 1,
Mo '
lol>M

since

‘ J IK)\(U,T) ldo < A, J (e_Boch %o) (sh2 %o)_]dc.
loj>M lo]>M

Now given € > 0 choose M so that |f(o+i)~f(~+i)| < ¢ for ¢ > M/2 and

IKA(G,T)ldU <g for O0<s1T<1,
lol>M/2

If o > M then

Px[f](o+i1)—f(w+i) = ( J + J’ )KA(G-W,T)(f(w+i)—f(°°+i))dw.
w>M/2  w<M/2

The first integral is bounded by A e, and the second by

A

20 £ I lKA(o~w,T)|dw = 20 £l J IKA(W,T)]dW;
w<M/2 w>g-M/2
by assumption o > M and so o -~ M/2 > M/2 and we get the bound 2Ifl e. [

The continuous function result together with the following identities

will be used to study LP-behavior.
3.9. PROPOSITION. For A € €, |Im| < %

(1) %-J e1AW sech %—w dw = sechi;
R
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ioco ch(i-ot1)

iaw
(2) J.e KA(G—W,T)dW = e YO

R .
foroe R, -1 <t <1 and |Im(A-0)| < w/23

3 K(o,u) = (1/1) JKA(%T»,}-:—)K)\(G-—W,T)dW
R
for o e R, —t<u<r7t<lj

™ _ ilo m
—é?dw—e sech-é-c,

4) . (/o

J emw/T KA(C-W,T)SeCh

R

for o e R, -1 <1< 1.

PROOF. The first integral is done by use of the contour which is the posi-

tively oriented boundary of the rectangle with vertices *A,fA+2i, for some
A > 0. The integrand has just one pole at w = i. Also the integral from
A+ 2i to -A + 2i is e_ZA times the integral from -A to A. The other two

pieces ~ 0 as A + «,

For (2) start with the analytic function g(o+it) = (2(::h()\—ot))_1

elu(0+lT) and let f = ehg + e—l g. Then f satisfies BCR, and has the value

. A
e on 1t =1. The argument of Theorem 3.5 can be almost directly used to

show that KA reproduces f from its boundary values. Further

f(o+it) = chkk—ar)/ch(k—a).

For (3) we again use Theorem 3.5, this time applied to

f(o+tit) := KA(G,T). Finally (4) is the special case of (3) with u=0. [

We proceed to the LP aspects of the Poisson kermel and its boundary
behaviour. Clearly any £ ¢ Lp(uImA)’ 1 < p £ » has a Poisson integral (see

Definition 3.3). However for LP(O,W) there is a bound for Im)\ depending on p.
3.10. PROPOSITION. If 1 < p < » and |B| < % (1- %) then Lp(O,ﬂ) c L'l(ﬁB).

PROOF. By Holder's inequality

&
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; .
: j |£ (i)™ sech %—w dw < » for all f « Lp(uo)
R
if and only if

J ePav sech%— w dw < that is, 8| < w/(2q)
R

From Theorem 3.5 one might expect the measure that appears in the re-

prodﬁcing formula 3.9(4) namely (1/1) sech %%-dw on the lines T = constant
in S. However the factor eWImA in K, can not be ignored, as we will see.

A

3.11. THEOREM. (1) Let 1 < p <, |Im A] < %-(1— %) forp>lorImA =0
for p =1,'and 0 < v < | then for each f ¢ Lp(uO) =P (0,m))

(/20 f IP, [£1(o+i0) 1Pexp(c Im A(1-1) /1) (sech 2% )do
R
s & (COS((i:;ég_l))6)>p | J |£(o+1) IPdu, (),
R
(where B = Im A, %—+ é.= 1);
(2) Let 1 < p <, |ImA] <w/2, 0 < 1t < 1| then for each f « Lp(uB) (where

B =1Im A),

j IPA[f](OT+iT)|pduB(U) < AP J £ (o+i) [Pdu (o) .
R R
PROOF. Both parts can be proved at once. We consider only bounded continuous
functions f with limits at #~ (that is, C[O,w]) and only 1 < p < «; the
case p = | is an obvious modification.
Let B be a real constant to be chosen later, satisfying

|8~Bq/pl < w/2, then

IPA[f](c+iT)l ] J f(w+i)KA(c—w,T)dwl

A

R
Ay J ]f(w+i)lKiB(c-w,T)dw
R
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(see Proposition 3.7)

(j |£(w+i)]p eBWKiB(o—w,r)dw>1/p
R .
/J ~Bwa/p \Ma o, -Bole (°°S(B~qu/p)\‘/q
\ e KiB(0~w,T)dW, = Ak e cos(B—Bq/p)/
R .
(j £ (ui) | P eBWKiS(o—w,T)dw)‘/P.
R

The integral was computed using Proposition 3. 9(2). Take the final inequality
for IP [£1(o+it) |, raise both sides to the pth power (note p/q=p-1), mul-
tiply both sides by exp((~ﬂFB)0)/(21 ch ) and integrate over o € R . The

result is

(172 J lP;\[f](c’*iT)lp eXP((%+ B)o) sech 5 do
R

p/cos(B~Bq1/p)\ p Bw, .
AA\ cos (B-Bq/p) / 5 J [£(wti) |Fe "dw

R

1 Bo/t _ uted

- J e Kis(c w,T)sech e do.
R

The latter integral is eBW sech %’W by Proposition 3.9(4). Choose B = -8

to get (1) and B = 0 to get (2). [

We can now establish a boundary value result; recall the function
F_ A(U) = exp(Im A(1/1-1)0)ch %-0/(T ch %%9 from Theorem 3 in the introduc-
2

tion.

3.12. THEOREM. Let 1 < p <= and A € € with |Im A| < —(1— —) for p > 1 or
InA=0forp=1and let £ ¢ Lp(uo)(“'Lp(O ™), then

J |£(a+i) - Pk[f](c+iT)FT’A(c)l/plpduO(o) >0 as T > 1-.
R
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PROOF. Let € .> O then there exists g ¢ C[0,n] (moved to R +i) such that
Hf-gﬂp < g. By Theorem 3.11,

J ]Px[f](o+it) - Px[g](o+ir)]PFT’A(c)duO(o) < AE P
R
Thus

_ 1/p _ _ 1/p
I £ PA[f]FT’AHP < It gﬂp + lg PA[g]FT’AHP +

1/p 1/p
1 - .
PA[f]Fr,x P)\[g]FT,)L p
But Px[g] converges uniformly to g as 7 + 1 (by Theorem 3.8) and
0 < FT A(o) < 2/t so by the dominated convergence theorem

, d
lg - Px[g]Fi/pﬂ + 0 as T > 1. The bound for F_

Ap
Y o T 1
bound ch i—c/ch E;—S 2 exp E(l- ;)IGI., O

) comes easily from the
s

By a similar argument we could show that if f ¢ LP(UB) with 1 £ p < »,
and A = a + iB, with |B| < n/2, then

J lf(o+i)—PA[f](o+ir)Fi{§(c)IpduB(c) >0 as T > 1-,
R

3.13. PROPOSITION. Under the hypotheses of Theorem 3.12, PA[f] 18 the unique
function satisfying BCR“ and having £ as boundary value in the sense of the

Theorem.

PROOF. If g is a function satisfying BCR, and converging to f as in 3.12

A
then
(1/7) J |g(o+it) - PA[f](0+ir)]e(OImA)/Tsech %%-dc
R
< (A/T){ J lg(o+it) - Pk[f](o+ir)lp exp(cIm\(1/t-1)) -
R
1/p
» sech %%-dg]

for somé constant A by Holder's inequality, and the right side tends to O
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as T > 1-. (Roughly A = 0([cos(quA)]_1/q), where %—+ = 1.) By Corollary

3.6, g - Px[f] =0. 0

Mg

We note that if %{l— %) < lIm AI < %-then there exists a nonzero func-

tion f satisfying BCRK such that

lim I lf(c+it)|pe0(1mk)(l/T-]) sech %%—dc =0,
T>1-
namely f(o+it) = ch(A(1=1)+ein/2) exp (io (A-ien/2)) with € = sgn(Imd); this
is to get the exponent in the correct interval.

The case A ¢ R allows a somewhat nicer boundary value result, namely
Theorem 2 in the introduction. By Proposition 3.7, IKA(O,T)I < AAKO(U,T),
but K. is the ordinary Poisson kernel for even harmonic functions. As a

0
result, by an argument similar to that of Theorem 3.11, one can show that

IPA[f](o+iT)lp < Ag PO[Iflp](o+iT)

for £ e LP(0,7). The latter is the even harmonic majorant of I£1P. Thus

Theorem 2 follows from the standard results for the ordinary Poisson kermel.
Finally as a nontrivial example we find the CR, Paisson integral for

£(6) = sind on 0 < 6 < m, and the corresponding Fourier series. Again the

Pollaczek polynomials appear.

3.14. PROPOSITION. Let £{8) = sin® on 0 < 6 < mand X € C, JIm Al < w/2,
then

+

- A
ixe/2 p _ sin & (o+iT)
p,[£](o+it) = 5 [ A(1-1/2) 2

sh sh %'(c+ir)

sin & (o-it)
+ e_x(l-T/z) 2 } , 0+ it € S

sh % (o-iT)

and (with variable now moved to the disk)

PAEf](reie)  on/(r th A) + (GirZ/(r2th 1)) r(coso+i(th))sind) +

4

2 2 ® .n
A (4NT+
+ __i__,_f_l_ ‘—E‘_—"'Pn_z(}'l;4,0) rn'(cos nd+i(thA)sin no),

s ﬂ3 th A n=2 n(nz—l)

0<r<l, =-mr<06=m
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PROOF. Observe sin 6 = sech %—w(e). First we find the analytic part of

P)\[f], that i.S,

i) (w+it)
g(o+it) := %—j ~ p ﬂdw
R ch 5 (w+it) ch 7 (o—w)
iA(o+it) /2 sin & (o+ir)
e 2
= , =l <1<

sh A~ sh %-(c+ir)

(see Theorem 3.5). The integral is dome by residue calculus using the
rectangle with vertices #A, A + 2i (for A > |o|) as contour. The integrand
has poles at ¢ + i and i(1-t) inside the contour.

Next Pk[f](c+ir) = elg(0+ir) + e—hg(c—ir). The coefficient in the
Fourier series of Pk[f](rele) of the term rn(cos n6+i(thA)sin né) is exactly
2ch A times the coefficient of z" in

1 1-2i)/w

g(p(z)) = ZIEEE—X.[(l_Z) 1421 /7

(1+2) - (l-zz)]
(a simple consequence of p(z) = (2/7) log((l+z)/(1-z)). The coefficients
are found in terms of the polynomials Pn(% A3;-2,0), then transformed by a

formula from the Appendix. [

3.15. COROLLARY. On the real diameter of D,

eiAt/Z sin A-t

2
th A sh %-t

and in particular Px[f](O) = 20/(w th ). Further the boundary value of
PA[f] on the lower half-circle (-t < 8 < 0) Zg given by

3

‘Tr e
Px[f](th Z-t) = 2

-Zik/ﬁ_l

- sin 8(2ch A|tan 6/2| ).

These formulas illustrate some of the behaviour of PA for various A.

Notably, PA[f](O) diverges as A » + » (that is, th A > % 1),

In summary, this paper illustrates some interesting connections between
the Hilbert transform and Pollaczek polynomials and also makes some sug-

gestions for ome's intuition regarding the Dirichlet problem on the

Heisenberg group.
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APPENDIX

This is a collection of nmotations and results dealing with a family of
Pollaczek polynomials. They have been adapted from Pollaczek's paper L8]
(see also CHIHARA [1], p. 179 f£., p.186 f£.).

For parameters B,y with -n/2 < B < m/2 and vy € R there is a family of
polynomials defined by .

(ix—y) /2 'iBt/coss)‘(iX+Y)/2

(1-ie*Bt /cosB) (1+ie

= 1 p Gusv.8),  le] <1
n=0 '

This is equivalent to

(ch(a-ip)\y iox _ T ([ itho 2
cosB /‘e B ; \1-i tho tanB Pn(st,B)s

(valid at least for |th o tan B| < 1).

Explicitly
‘ _ (iel \ n ((Y+iX)/2)j((Y—iX)/2)n_j 3 -2jiB
pn‘(x”Y’B) - \COSB/ jZO j'- (n_j)! ( l) e
and
Pn(X;Y,B) = "(cosB) " PgY/z)(X/2;8+n/2)

in Pollaczek's notation [8].

The polynomials satisfy a three-term recurrence
) +l(x;Y,B) = (1/(n+1))[(x—(2n+Y)tanB)pn(x;Y,B)
2
~(n+y-1) (sec”B)p__, (x5v,8) ]

(thus P, has leading coefficient 1/n!, and is a real polynomial).

For vy > O there is an orthogonality on R,



30

(Zi??sg J P (x;Y,B)Pm(x;Y,B)eBxlT((Y+iX)/2)lzdx
R

= 6mn(v)n/(n!(c088)2n).

In this paper we only need this for y = 1 when the weight is
Bx _

T
Te sech E-x.

The following deal with the shift and Sheffer polynomial structure
(see Rota [9], Ch.2):

P (X *5, 57, +Y,,8) = Jz p. (XI,YI,B)p (xz;yz,g)
(in particular, the case Y, =Y, = 0 gives a binomial family);
-1, -iB .

p (x57+1,8) = (2cosB) (e ~"p (x+ijv,B)

+e*®p (x-i3v,8)), that is, for x e R,

pn(X;v+1,8) = Re(e_lspn(X+i;6,B))/cosB.
For brevity we adapt the notations:

p,(®) :=p (x;1,0); q () :=p (x;0,0);

pB(X) := p_(x;1,B)

n ° n 3% e

The seemingly degemerate values y = 1 = N for N = 1,2,3,... are not so

bad because

((l—N+ix)/2)N pn_N(x;N+1,Q) for n = N.

For example

p,(x;0,0) = (x/m)p__,(x52,0), =n =1.
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