4

Centrum voor Wiskunde en Informatica
Centre for Mathematics and Computer Science

E.A.G. Weits

A stochastic model of traffic flow on freeways

Department of Mathematical Statistics = Report MS-R8815 October




The Centre for Mathematics and Computer Science is a research institute of the Stichting
Mathematisch Centrum, which was founded on February 11, 1946, as a nonprofit institution aim-
ing at the promotion of mathematics, computer science, and their applications. It is sponsored by
the Dutch Government through the Netherlands Organization for the Advancement of Pure
Research (Z.W.0.).

Copyright © Stichting Mathematisch Centrum, Amsterdam




A Stochastic Model of Traffic Flow on Freeways

E.A.G. Weits

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

A stochastic model of traffic flow on freeways is presented, which consists of two equations. The first one is
a conservation equation. The second equation is a stochastic evolution equation for the velocity. This evo-
lution equation, which is an example of a stochastic partial differential equation (SPDE), contains a noise
term, that is modeled an infinite-dimensional Brownian motion.
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PREFACE

In this paper an attempt is undertaken to develop a stochastic model for traffic flow on freeways.
Such a model can contribute to the understanding of the fundamental properties of traffic flows which
is a necessary ingredient for traffic control and freeway-capacity calculations.

The model presented in this paper can be seen as a stochastic modification of the model that H.J.
Payne proposed in 1971. It consists of two partial differential equations, one of which contains a noise
term that is modeled as an infinite dimensional Brownian motion.

Chapter one presents a small survey of the various types of models, which have been suggested in
the last two decades. At the same time the choice made in this paper is motivated.

The second chapter contains the necessary mathematical background.

In the third chapter we give a rigorous formulation of the model and discuss how to solve the equa-
tions.

I thank prof.dr. P. Groeneboom and prof.dr. R.D. Gill for reading the manuscript.



Chapter 1

A Survey of Some Models for Traffic Flow

1.1. Introduction
This chapter contains a brief survey of some models for traffic flow on freeways.
We will restrict our attention to an arbitrary stretch of a freeway without entrances or exits. All the
models to be discussed deal with multilane traffic flow in one of the two directions.
There are two important criteria used to distinguish between models:
a)  is the model microscopic or macroscopic? (i.e. do individual vehicles play a role in the model
or does the model only deal with aggregate variables?)
b)  does the model explicitly contain stochastic components?
On the basis of these two criteria we have four classes of models (see Table 1).

deterministic stochastic
. . g . headway-models [2]
microscopic | car-following-models [1] /simulation-models [3]

macroscopic | continuum-models [4,5] | stochastic continuum-models

TABLE 1. Classification of traffic-flow models.

A class of models that does not fit into this table in the class of ‘Boltzmann-models’, models based on
a kind of Boltzmann-equation [6].

In the following sections we will concentrate on the macroscopic continuum-models and on the
Boltzmann-models.

1.2. Models based on a Boltzmann-equation
The central idea is to describe the traffic along the stretch of the freeway by a distribution-function
S (x,v,2): at time ¢ the number of vehicle present at a location between x and x +dx and having velo-
city between v and v +dv equals f (x,v,t)dxdv.

Change of f(x,v,?) is partly due to the fact that drivers increase or decrease their velocity. At the
same time f changes even without velocity-changes as a consequence of the fact that the traffic moves.
This last effect will be called ‘convection’.




Prigogine [6] assumed two reasons for velocity-change of individual drivers:
a) car-drivers react to each other (interaction)
b) car-drivers wish to drive at some desired velocity (relaxation).
These basic considerations give the following ‘Prigogine-Boltzmann equation’
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where d/dt is the total time derivative w.r.t. a moving observer, which decomposes into the true time
derivative plus the convection-term, mentioned above. So the resulting evolution-equation for the dis-
tribution function fis
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Obviously the terms of the RHS of (1b) bear the names: relaxation-term interaction-term and
convection-term respectively.

Much now depends on the choice of the relaxation and interaction terms in equation (1b). There
has been extensive discussion on this issue. For this I refer to the literature. [7]

Important in the present context is that this class of models has limited validity for high densities.
This conclusion is connected with the intermediate position of the model between the microscopic and
the macroscopic viewpoint. By the wish to retain a role for the individual driver one is forced to
impose rather restrictive assumptions in order to keep calculations tractable. More or less the same is
true for the fully microscopic car-following models; these models apply mainly to single lane traffic. A
promising alternative on the microscopic level seems to be simulation, but then simulation yields little
insight in the crucial properties of a traffic stream.

For all these reasons we turn to the macroscopic models.

1.3. Deterministic continuum-models
Continuum-models deal with traffic streams in terms of some aggregate variables. This macroscopic
approach results in a limited number of equations which are relatively easy to understand. Since
continuum-models view the traffic as a continuous stream, they are obviously especially suitable for
high-density traffic. Of course these models are not rigorously built from microscopic ‘principles’ (i.e.
information on individual vehicle-behaviour). On the other hand they contain empirical information
which is available from field-measurements.

We leave the general properties of continuum-models and have a closer look at the deterministic
continuum-models.

There are three basic variables, viz.: the flow ¢ (vehicles p.h.), density p (vehicles p. km.) and velo-
city (km. p.h.). In the continuous approach we have two exact relations:

q = pv V)]
dp _ _9q,
ox &)

Equation (2) is obvious; equation (3) states ‘the conservation of vehicles’. We assume that p and g are
differentiable. In general p, ¢ and v are functions in x and . The range of x and ¢ is usually specified
afterwards (these specifications are necessary for solving a set of equations, once they have been deter-
mined).

To complete the model we need extra information. They are two possibilities:
a) assume that ¢ is a function of p i.e. § =Q(p)
b)  design a third equation describing the evolution of the velocity.
The first possibility yields, writing dQ/dp=c(p),
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This non-linear first-order partial differential equation can be solved. One will get shock-waves as
solutions [4]. These shock-waves bear resemblance to phenomena observed in traffic streams. Assum-
ing that g is a function of p is equivalent to assuming that v is a function of p: v = Vi{p)=0(p)/p.
Now the second possibility to complete the continuum-model exists in assuming a more compli-

cated relation between v and p. Several evolution-equations for the velocity have been suggested. I will
mention two of them. Payne [8] proposed the following equation:
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where d/dt is the total time derivative for a moving observer; v dv/dx is the convection term;
MV (p)—v) is the relaxation term and % g;% is called the anticipation term (K being a constant).
Note the similarity with equation (1)!
The anticipation-term can be subjected to criticism [9]. I propose the following alternative:
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where p is some constant. The reasons for choosing this anticipation term are twofold: Firstly drivers
in a traffic stream will more readily anticipate velocity changes than density-changes, as the first are
more directly creating dangerous situations. The second reason for this choice is that it simplifies the
. equations somewhat.
Let us summarize the equations that make up the continuum-model in its alternative form:
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Equation (2) and (3) are often combined into one equation, so that in fact two equations remain. Of
course if one wants to solve these equations ranges for x and ¢ have to be specified and correspond-
ingly, initial and boundary conditions.

A stability analysis shows that the model is stable if g+ V*(pg)po >0 [cf. 4] for the constant solution
p=po and v =vo="V(pg).

1.4. Stochastic continuum-model
There are several reasons for introducing some form of randomness into the deterministic model.

The first is that all measurements exhibit a lack of ‘regularity’ in spite of certain global effects. If
we are right to believe that the deterministic content of the equations can account for these overall-
effect, perhaps an extra noise term might be suitable to represent the small scale iregularity. A second
consideration concerns the level of aggregation. The amount of ‘particles’ per unit of distance or time
is relatively small, compared with e.q. fluid-flows (in fact, much of the terminology used here stems
from this partial analogy). This implies that the influence of individual particles (vehicles) is still felt;
even more so because the vehicles are not identical (in contrast with particles in fluid flow). Finally
we have from car-following-theories the notion of ‘acceleration-noise’, the uncertainly of each indivi-
dual driver in controlling his speed.




As a first try it seems adequate to supplement the veloc1’gy (evolution-) equation with a noise term.

At the same time we will also add the smoothing term K-‘é—;— to the velocity equation. There are two

reasons for doing this. The first reason is simply a computational one, which will become clear in the
second and third chapter of this paper. The second notivation is that so far nothing in the model
accounts for the fact that two vehicles, having finite length, cannot be at the same place at the same
time. It seems reasonable to assume that the second derivative will more or less take care of this
effect, as the smoothing term will prevent the appearance of very rapid change in the velocity. We will
however take K to be (very) small because for quiet flows the effect ought to be negligable.

After all these remarks let us write down the stochastic (continuum-) model in its first tentative
form

9 9q _ =,
3 + O =0, where q=pv 3
3‘2 Kg—-+}\(V(p) v)+(u— v)——-+r(t x) )

where r(t,x) denotes for the time being the noise term. Equation (7) needs a lot of interpretation,
which will be developed in chapter two. In chapter three, then we shall present the final version of
the model.




Chapter 2

Stochastic Integration in Hilbert Spaces

2.1. Short introduction to It0’s stochastic integral in one-dimension [10]
Let (2, 3, P) be a complete probability space with a right-continuous increasing family {%, t=0} of
such o-algebra’s each containing all P-null sets. We say that the set-up (2, %,{% ], P) satisfies the usual
conditions.

By {b(t), =0} or simply b we will denote a (standard) one-dimensional Brownian motion, which is
characterized by
@) {b(t), t=0} is a real-valued process for =0 and b(0)=0
i)  bis {%}-adapted, i.e. b(¢) is %-measurable for every ¢
@ii)) for all £=5=0 we have that b(t)—b(s) is independent of 9 (i.e. we have independent incre-

ments) and b(¢)—b(s) is a Gaussian random variable with mean 0 and variance ¢ —s.

It can be shown that b has a sample-continuous version. In the following therefore we will assume
that b has continuous paths.

Following Ikeda and Watanabe, let L1([0,c0) X ) denote the space of all real measurable processes

¢ (measurable w.r.t. B([0, 00))X%) that are adapted to {%, =0} and satisfy: E[ fo T¢2(t, w)dt]<co for
all T.

Suppose ¢ is a stepfunction:
#(t, @) = fo@)lje=0y()+ 2fi(@) .10,

where {1;} is a partition of [0,00) such that o =0.




Assuming that T =¢,, for some m we define

T m—1
J#(t, 0)db (1) = 20 Slb(ti+1)—b (@)
0 =

We can calculate that

T T
E[[$(t, )b OF = TE[fi(ti+1—4)] = E[[$2(, w)dt].
0 i 0
Note that this calculation owes its simplicity to the fact that by definition the increment
b(t;+1)—b(;) is ‘aheach of ®@(z;), so that all cross-terms disappear when taking the expectation. For
the same reason: EJ fo (¢, w)db(1)]=0. For general ¢peL,([0,00)X Q) we can set up an approxima-
tion argument.

2.2. Stochastic integrals in a Hilbert-space [11,12]
As before the set-up (2, %, {%)}, P) satisfies the usual conditions. H will denote a real separable
Hilbert-space with inner product <-,-> and norm || - ||.

DEFINITION 2.1. A family of random linear functionals {B;, >0} on H (i.e. B;: H—L(R) linearly)
is called a cylindrical Brownian motion on H if it satisfies the following condition:
For every x e H (x5£0) By(x)/llx|| is a standard one-dimensional Brownian motion.

DeFINITION  2.2. For every H-valued @-adapted measurable function f(r, w) satisfying
T
E[ fo If (¢, w)lPdt]<oo we define

T 0
[<f®,dB>= 2 <f @), $u>dBi(s:)
0 n=

where {¢,} is a complete orthonormal system in H.

ReMARK. From definition 2.1 we have for x =3, a;¢;
B(x) = ZaiBr@?i)
i

2

I

flx I
but also: E(B,(x)/llx)l)> = t. Thus we have the equality
E(zaiBt(¢i))2 = tzaiz

where, by definition, each {B,(¢;)=0} is a one-dimensional (standard) Brownian motion. Noting that
the {B/(¢;),i=1} are jointly normally distributed, we can conclude that all B(¢;) are mutually
independent (e.g. the choice a) =a; =1 and &; =0 for i=3 leads to: E(B,(¢1)B.(¢;))=0.

The above remark implies

T T T T
E|[<f(©),dB>" = JE(f<f), $u>dB($:)} = SE[<f (1), ,>2dt=E[lft)ldk.
0 n 0 n 0 0

The remark also provides us with a general representation for a cylindrical Brownian motion:




B/(x)=2Z3=1b,(t)<¢,, x> where all b,(r) are independent standard one-dimensional Brownian
motions.

DEFINITION 2.3. Let £(H) denote the Banach space of Hilbert-Schmidt operators on H with norm
Il lgs. For an £ (H)-valued %-adapted, measurable function F(t, w) satisfying E f IF()}sdt < o0,
we define an H-valued stochastic mtegral f F()dB, by the following equality:

< fF(t)dB,,x> = f <F*(t)x, dB,>, VxeH
0 0
where F* is the adjoint operator of F. By linearity it is enough to take for x the sequence {¢,}.

We have immediately

T T T
E|[F(1)dB,I* = E2< fF(t)dB,, op>2 =E2< fF'(t)<1>,,, dB,>*?
0

= zEjnF*(tm IPde= EfEIIF'(t)(b,, 2dt = Ef[IF(t)H Yisdt

Let us now return to the definition of B,. B, is a linear random functional on H. Now one might
ask whether it is possible to view B, as an infinite-dimensional random-variable. It is indeed possible
to construct a Hﬂbert-sgace V, into which H can be densely embedded, such that B, is V-valued.

To be specific: V=I*{a,, N} [12] where V¥n, a,>0 and 3,a,<o0, so every element x of V is a
sequence (hl, ha, -++), hy,hy etc. being real numbers, such that I ;a,h2<<co. Let
y=(g1,82 """ ) then the inner-product <x, y> is defined as

<X, y>y = zan n8n-

The dense embedding is u: H—V and u(x =2, h,¢,)=(hy, ha, - * ).
Now we can represent B,(w) as an element of V in the following form:

Bl(w) = (bl(t’ w)’ b2(t9 (a)), ot )
where b,=B(¢,). Indeed, E||B N} =EZ,b3()a, =13,a,< .
This explains why it makes sense to write B,=Z2,b,(f)¢, and we will do this sometimes, even when
V is not explicitly mentioned (note that V is to some extent arbitrary).
FINAL REMARK. Of course it is also possible to define an infinite-dimensional stochastic integral

directly, i.e. without having recourse to the one-dimensional case.
Suppose F(t) is as above and furthermore piecewise constant so that we can define

T n
JF@®dB, = 3 F[B(.+1)~B(t)}
0 i=1

Careful calculation leads to the following result:

T
Al fF(t)dB,HZ = SE|F|}sA = fEuF(t)u Ysdt.
0 i

For general F(t) an approximation argument is used [13].
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2.3. Some properties of the stochastic integral f F(t)dB, [11,14]
T

a) f F(t)dB, is a martingale, i.e.
0

t t
E(< [F(s)dB,, $,>|%,) = < [F(s)dB,,$,> Vn and t=>t,
0 0

< f IF (s)dB;, ¢,> is integrable Vn and < fo ’F (5)dB,, ¢,> is adapted (again Vn). In other words:
< OtF (s)dB;, ¢,> is a one dimensional martingale for each n;
t T T

b) E(sup |l [F(s)dB,I?) < 4E(I [F(s)dB,I") = 4E [IIF (s)llFsds;
0 0

0
¢) an infinite-dimensional It6-formula is valid;
T
d) if _/{; (ENF(0)I|1%5)"Pdt <co, then for p=1,2, - - - there exists a positive constant C =C(p) such
tha

E(If F@)dBI?)<C( [ EIF@)IHs) " dr).

2.4. An application: the heat equation driven by white noise
In this section we set H =L2%(0,1) and we consider the following (formal) stochastic partial differential
equation (SPDE):
2
X, = L_xdt+dB, >0

dx
where: Xj is fixed (XoeL?(0,1)), X, should be zero at the boundaries (x =0, x =1), i.e. the ‘tempera-
ture’ is kept fixed at the boundaries (X, is a ‘relative temperature’).

B, is the cylindrical Brownian motion; dB, is also called white noise, because
By, (1x, )~ Bt,(Ix,.x,1) and By (1, ,,)— By, (13,,,5,)) are independent Gaussian random variables if
(t1, t2] and (51, 52] or (1, 2] and (x, x,] are disjunct.

Solving such an equation means in the first place determining in what (function) space a solution
will be sought. This issue is not a trivial matter. However, the semigroup approach is very helpful in
this case.

Suppose that the noise is absent. Then the equation reduces to

d2
X, = Td;TXtdt’ t>0
Xo€L?(0,1)

X0) = X(1) =0, >0

Note that the equation is now in fact deterministic. We have written d/dx? instead of 92/9x? to
indicate that we are viewing d?/dx? (= A) as an operator on L%(0,1). As this operator is
unbounded, it is very important to specify what is its domain. In agreement with the boundary condi-
tions we choose: D(4)={feL?(0,1): f'€L?(0,1) and f(0)=f(1)=0}. Provided with this domain A
is a closed operator with eigenfunctions {¢;} (¢;=V2sin(wix) and eigenvalues {—A;} (\;=n%3).
Furthermore A generates a semigroup of operators on L2(0,1), U,, such that: 3/9:U, f=AUf, t>0,
feL*(0,1). Thus we have that U, X, is a solution for the partial differential equation (PDE). Without
further explanation we mention that U, X is also the unique solution. We have for the semigroup the
following explicit representation:

UXo = UZ<Xo, 4> = S<Xo,r>e "¢
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Note that from this representation it follows at once that U,XoeD(4) for t>0. For more detailed
information on the semigroup theory I refer to the literature [15].
Next, suppose, we would have the P.D.E.
d2
dX, = -d—x'i’X,dt + f(t, x)dt

(where f (¢, -)eL*(0,1)), then the solution (w.r.t. the same boundary and initial conditions as before)
would be

t
X, = UXo+ [U—of (s, -)ds.
0
This fact suggests that we should have a look at the integral equation
t
X, = UXo+ [U,dB;.
0
This appears to be a nice equation, as U, —; has finite HS-norm for all 0<<s <, and furthermore
t t t
2 g 2 g —2\(t—) 1
E()f||a—s||Hst = 6[”Ut—s”11sds = Of(lze )ds<'2 Ty <oo.
Thus we have
t t
2 _ 2 1
E||0fU,_sdBSn = Eb[HU,_sHHsdsslz <
(We could also have calculated

t t t t
Ell[U,dB,\* = Ell[U;-, Sdb(s)sIP =EZ(fe ™ Vb5 = 3 fe 2V as)
0 0 i i 0 iQ

What we have, then, is an X, that is L2(0,1)-valued. Is this process also in some sense a solution for

the original equation? There are two answers:

1) yes, by definition

2) yes, when we consider a Hilbert-space of distributions that is large enough to contain B, and
d?X,/dx?, it is possible to show that X, as a process in this ‘large’ space satisfies the original
equation.
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Chapter 3
A Stochastic Model for Traffic Flow

3.1. General remarks :

In this chapter we will present a rigorous formulation of the stochastic continuum model of which a
first draft was given in chapter one, section 1.4. Using the theory summarized in chapter two we will
solve2 the velocity-evolution-equation in a suitable Hilbert-space, which will turn out to be a subspace
of L*(0,1).

In our present approach it is necessary to have a noise term which is smooth in the space-direction
(e.g. the cylindrical Brownian motion on the Hilbert-subspace of L2(0,1), mentioned above, will do).
For smoothness (in space direction) of the noise term implies smoothness of the velocity, e.g.
differentiability of the velocity in space direction, which is needed to be able to interpret the conserva-
tion equation.

From a practical point of view this means that we assume that the disturbances of the flow are not
strictly local, but have some nonzero, though small, range. This assumption seems reasonable, except
possibly in case of an accident.

It is important to notice that we are dealing here with a continuous model, i.e. the relevant vari-
ables (mean speed and density) are continuous in space and time. In practice measurements are per-
formed using nonzero space- and time-increments (the space-increments are the freeway sections).
Thus a model corresponding directly to these measurements is discrete. Therefore a continuous model
is to be seen as a limit of (a series of) discrete models.

The continuous model described in this paper results from the idealization that the time- and
space-increments can be taken increasingly small, in the limit even infinitesimally small.

Another way of arriving at a continuous model might be the rescaling of the space- and time-
coordinates. In this case more and more time- and space-increments (of constant length!) are rescaled
onto fixed intervals. Probably this procedure would allow us to use ordinary white noise (i.e. without
correlation in space-direction).

3.2. Formulation of the model
In order to express the fact that we are dealing with stochastic variables, we will write for the stochas-
tic density: X (¢, x) and for the stochastic velocity: W (¢, x).

Thus the conservation-equation or density-equation becomes

X _ @
o ax(XW)- ey
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This equation is supposed to be valid for each realization separately.

To formulate the velocity equation in a regorous way we will first specify in what Hilbert-function-
space we are going to use to solve the equation. All functions will be defined on the interval [0,1],
which represents an arbitrary stretch of a freeway. So for each ¢ in the time-interval [0, T'] X (¢, -) and
W(t, -) will be functions on [0,1].

Because the function-space we will use depends on the exact form of the boundary conditions for
W (t, x), let us first list the boundary conditions:

X(t,0) = Xin(?)
W, 0) = W)

W, . _
(L) =0

where X;; and W;, are positive, differentiable functions. We take W, to be constant in order to sim-
ply the calculations, although this assumption is not essential.

Now let 90, 1] be the space of all functions on the interval [0,1] that can be extended to infinitely
often differentiable functions on R vanishing outside of [0,1]. We provide this vector space with the
norm: _ lfll,= @E&1<f,¢:;>2A*)2  where <-,-> is the L20,1) inner product,
é;=V2sinm(i —4)x and A,;=7*(i —%)*K. The reason for choosing this orthonormal basis (ONB)
{¢:} on L?(0,1) is that {¢;} is the set of eigenfunctions of the operator (—K d2/dX?), which is con-
sistent with the boundary conditions; {A;} are the corresponding eigenvalues. Finally we define 0, as
the closure of 90,1] in L%(0,1) w.r.t. |- ll; in this paper a>0, even 1<a<<17, but in general a may
also be negative in which case 9, is larger than L*(0,1) and contains generalized functions. For a=0
we have @, =L12(0,1). [13]

Let us now write down the velocity-equation for W, (we will write W, instead of W(, -) to stress
that we view W, as a random variable taking values in ,):

2
AW, = (K WAV ()~ W) +=-G (W)t + (W B, @

where we write d2/dx? instead of 92/3x?, as differentiation is now seen as an operator. Other shifts
of viewpoint are: V is a mapping from L%(0,1) to L%(0,1), X, being a L%(0,1)-valued random vari-
able; if we dlenotc the ‘old’ function by V, then V(f)(x)=V(f (x)) for every feL2(0,1). Similarly, if
G(x)=px—>x* then

G(F)x) = G(fx) = pfix)—5f (x)

(a general function G gives some flexibility for future modification of the model, if desired).

So far these comments merely contained some changes in point of view and corresponding nota-
tion. As to the noise term something new enters. Recall that we could write the white noise on
L%(0,1) as B,=Z;b(t)¢; (sections 2.2 and 2.4) for an arbitrary ONB {¢;}. Let us choose here
¢;= V2sinn(i —%)x, in accordance with the boundary conditions. The noise term that we want to use
can be represented as B, =3{2,v;b;()¢; where v; are positive scalars such that y,<c/i? (c is a con-
stant). (see [16])

Clearly the function of the scalars{y;} is to smooth the noise term in the space direction - we will
therefore speak of ‘correlated white noise’ (i.e.: noise correlated in space, white in time). But why this

specific condition: Yi<7c§'? To see this, choose v;,=1/A; (\;=7*(i —%)*K). Next, note that an ONB

for ), (i.e. a=1) is {¢§‘)}={—}\lf ¢;}. But then we can write B, =3;b;(t)¢{" or, in other words, B, is,

for this special choice of y;, the cylindrical Brownian motion on %;. In this way the noise term we
are going to use corresponds to the choice of the boundary condition and function space.
o(W,) is meant to control the amplitude of the noise term, o is a multiplication operator (on ),
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ie. o(f)h(x)=o(f)(x) h(x)=0(f (x))- h(x) for heD, and o a function from R into R.
}27ina11y we will interpret equation (2) using the semigroup-generating-properties of the operator

ﬁ in the following way (cf. section 2.4):

t t t
W, = W1+ [U_,0(W,)dB; +A [U, - (V(X,)~ W,)ds + [ U,_s—‘-f-c—G(M)ds; ©)
0 0 0

2
here W, ; is the solution of the equation: dW, =K :g—CTW,dt for Wy given and boundary conditions

as above. If Wi, (¢) is indeed constant, then: W, | =U(Wo— Wi,)+ Wy,. We assume that Wy(-) is
deterministic, bounded and positive, such that Wy — W, €9, for some a> 17!

To complete the description of the initial conditions we assume that X, is a bounded, positive
(deterministic) function such that H%X oll<oo (ll- Il is the L2(0,1)-norm).

3.3. Some assumptions and their consequences

As pointed out in the previous section ¢, ¥ and G act on functions, e.g. 6 maps (certain) functions
into (%)), the space of bounded linear operators on ;. ¢ will act on functions of the type
JEM+ Wy, ie. (f —Wip)e®D;, where Wi, is a constant (cf. section 3.2). Note that all functions
g€ have the property that g(0)=0, but ¢ is to act on functions which do not necessarily have the
value 0 at 0.

Nevertheless the meaning and interpretation of these mappings are based on their original form in
the deterministic model. Therefore we will impose some assumptions on the functions o, ¥ and G
(where V(f)(x)=V(f (x)) etc.) and not directly on o, ¥ and G themselves. Let us list these assump-
tions:

assumptions on o (6: R—>R)
o is twice differentiable
o” is locally Lipschitz-continuous
(e [0"()—0"(n)|<Cy|x —y| for [x], [y|]<N)
o(x)=0 for x =0.

assumptions on V (V: R—>R™")
V is differentiable and bounded
V” is locally bounded

assumption on G (G: R—R)
G is twice differentiable
G” is locally Lipschitz-continuous.

RemARk. Eventually (in section 3.6) we will impose further assumptions on ¢ and G in order to
obtain a ‘global’ solution for the model.

We will state some consequences of the foregoing assumptions in a proposition.

PROPOSITION 3.1. Given the assumptions on o, V and G we can make the Jollowing statements:
@) Let oD be defined as follows:

U(L): 6D1 + Wm"')E(GDl)

EOIR) = [2 @GNy
[1}

d L d?
—(@DORY) = = [ 0D (FHh)(x)dx
: e
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and

2 —
L @) = [(~ LV AL LV ALY()
+&(~ LVFO)ALY—LV f'(x) AL)h(x)
+25'(—~ LVF)ALY =LV f(x)AL'(x)

+6(— LV f(x) AL)h"(x)]

where feD + Wi, fxX)=F (x)— Wi (feD,) and he%)y. Note that if
ess sup,|f"(x)] < L
then

-‘-ld;c%—(o(")(f)h)(x) = zzc—zzﬁ(f (x)yh(x) (almost everywhere).

For oD we have, (L arbitrary, but fixed):
)
oA = [z P < C
H

(C\ depending on L, but not on f) and;
oD () =Pt < Callf —gli}

. (again C, depending only on L)
(i) For oD as above we have:

U, 6B (f)ls, 100 < C3 (Ze_z\"('_s)h}(““l))
J

where ‘1->a’ means that we consider U, _6")(f) as an operator from 9, into @, (feD, +Wy),
and

10, - o@D )= 0D @)lls, 100 < Callf —gli} (Te ¢ I\Y=D)

where f, g€, + Wy, and 1<a<1-};
(ii) If sup, I X;(x)I<C, and X; is differentiable, then

|<V(X,), $:>] < (C2+C; n-;j;x;n)/i

(iv) Let G™ be defined as
GM: @, + W, — L2(0,1)

M (f)x) = fj’-’y-w(”’(f»(y)dy, feD+ Wi
0

d Ld:
gy‘G( ) = -yfjd?(G( Y Nx)dx

and

2 ~ —
%(G‘”’(f))(x) = [G"(~NVFx)ANY—NV f(X)ANY
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+G(—NVFx)ANX=NV f/(x)AN)]

(again: f=f—~W;, eD,).

If ess sup,|f'(x)|<N then
2 2 .
~;7(G‘”)(f)(x) - d—‘jcz—c;(f(x)) (almost everywhere),

For G™ we can calculate
|<%G(N)(f), 6>| < (C1+Cyllf —Willy )i
and
d_ciry— A aon ;
<2 GV~ 26D @) 6> < Callf —glh/i
where f, gD + W,.

REMARK. {C;} are generic constants, depending only on N or L. We may call the constants L and N
truncation-constants, as their function is to provide the bounds that are listed above.

PROOF. Calculations are straightforward. [J

3.4. Solving the velocity-equation
In this section we will describe the solution of the velocity-equation, assuming that X is a fixed ele-

ment of R? such that supogsgrEH%Xsll’i’ <oo, and sup, .| X(x)|<C,. R? is defined as: {all

'measurable, adapted,  L2(0,1)-valued processes, defined on [0,T]xQ2 such that
X E{SUP0<s<TE")G“21’}"21’<oo}.

REMARK. We assume a complete probability space plus filtration (£, %,{%}, P) to be given in connec-
tion with the infinite-dimensional Brownian-motion B; adapted then means adapted w.r.t. {%, 1=0}.

DerINTTION 3.1. Rf is the Banach-space of all measurable, adapted, “,-valued processes W, defined
on [0, ]x$2 such that lI| W= (supy<;<7Ell W, |1%)V% < co.

THEOREM 3.1. Under the above-mentioned conditions on &, B,, V,G and X equation (3) (the velocity-
equation) has a unique solution, which, in a sense to be explained below, belongs ‘locally’ to R?,

(I<a<ly).

PrOOF. During this proof we consider a kind of ‘normalized’ velocity, namely W, — W, instead of W,
itself. In this way we can solve the velocity equation in RE. Let us define the mapping &, y: RS, —>R?,

t t
b N (W) = UWo—Win)+ [U,_ 6O W, + Win)dB, +) [ Uy (V (Xe) — W, — Wi )ds
0 0

it
+ (UL 0w, + Wiyas
0

where W, Uy, o), ¥, G™ are as explained in 3.2 and 3.3.
In order to apply a fixed-point theorem we calculate for ¥, ZeR%, with Yo=2Zy=W,— Wi
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t
Elg v (Y~ n(@) % < 32 7Bl [U, (6™(Yy + Win)— 0N(Z, + Win))dB, |7
0
t
+3# BN U, (Y, —Z,)ds|Z
0

t
70BN [, (G, + Win)— GV(Z, + W) s 7.
]
Let us consider the three terms separately:

Ell [U, —(0(Ys + Win)—0o(Z; + Win))dB, |7
0
< Co{ [N, —s(o(Ys + Wia)—0(Z; + Win)alHs) 2 ds
0

t
< Co{ [(BIIY, — Z, 12 SN0 ~9p)lp gs o
0 J

t t
< C3f(2}‘,2(“—1)e—27&(1_s))E“Ys—Zs”%pdfz C;;fq(t —)ENY,—Z | Pds
0 J :
where g(t —s) = Ej}\]Z(a-l) e M9

The above estimates are obtained using a result on stochastic integration w.r.t. cylindrical Brownian

motion (e.g. [11] p. 134), using the estimate of Proposition 3.1 and applying the Cauchy-Schwarz-
inequality.
. For the second term we have

t t
EllfU,-(Y,—Z)ds|F = ElA® [SU,—,<Y,~Z,, ¢;>¢ds|?
0 0 i
t

= E[Z(fMe M <¥,~ 2, ¢;>ds)’P

i

t
<EF(fAte ™) <¥,— Z,, )ds )i (S PP IP! for a>%l
i 0 i 1

t t ZE
< ClEzf(e"B:N(t“S)<YS_Zs’¢i>)2pdg}\12ap,(f(e—3zk(l —S))2p~1 dg)ZP"iaP
iQ 0

1 1 _2p—1
Whereﬁl=~2——’ Bzzl——z-P—:_%
t
< CzEzfeﬁM' <Y, —Z,, ¢y >Pds\IP T1- 2 jop
ig
t
< C3 3 fe M TIENY, —Z, | dsNIP e
iQ

t
< C3 [Ce M TINNE| Y, —Z, 12 ds
0 i

if we choose a =2(3—2a)(p — 1)/p, which is allowed as 2(3—2a)>1.
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For the third term we can calculate in a similar way

t
Bl [U, o GO (¥, + Wa)— G2, + Wi 7
0
t
< Clzj’e“&(t—s)E<%(G(N)(ys+Wm)_G(N)(ZS+Wm))’ & >2 A2 +1-2
i0
t
< Gy fSe MTIENY, —Z, P dsh\w 1 i
0 i

<G f (Se M INKD)E| ¥, ~ Z, |7 ds
0 i
choosing a as above. From the above calculations I conclude that
ENg p(Y),— & 827 < Cj‘](t —$)ENY,—Z % ds
where ¢(s) is defined as
Ze""s A=l 5>0

96) = 10, s<0

At this point we can use a technique analogous to the one used by Dawson ([14], p. 26-28) to obtain a
fixed point theorem.

So, finally, we conclude that £ » has a fixed point. Adding W, to this fixed point we obtain the
“unnormalized solution’ that will be denoted by WM,

We will call this W) a ocal’ solution, because, if we define

2 p/ALN)
T = inf{t, sup]%lsL/\N}
X

and W, = W, for 0<t<r then W, is the (unique) solution of equation (3) for 0<t<r. So ‘local’
means: up to the stopping time 7. What happens if L and/or N go to infinity will be discussed in
section 3. [J

We will need the following two propositions.

WM

ax?2

PROPOSITION 3.2. is Holder-continuous w.r.t. t and x.

SKETCH OF PROOF. We have for W)
d2 d2 d2 i
— W = ——U(Wo—Win)+— [U, -, dD(WEN)aB,
de de n de 0[ !

dz t iy d2 ] d »
A U VO~ W~ [, G0,y
0 0

d? L d? -
= Uzjd;;(Wo ~Win)+ Of jdx—zU, —s0D(WENGB,

+ 2V )= W)= 2 U o) o)+ 260w - L v L geogwy)
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where K comes from equation (2) section 3.2. For all terms separately we can verify the Holder-
continuity:

— first term: see the assumptions on W,

— second term: it can be shown that

A
E|SI(ty, x,)—SI(t2, x2)? < Cilt;—12] " +Calx 1 —x2P,
where SI(t, x) denotes:

L [0, o8, )
0

Kolmogorovs continuous-version-theorem now yields Holder-continuity for a.s. each realization
(see [17] p. 273) J

—  third up to sixth term: it follows from the properties of W{¥) and -d;G(” (WEM)Y, O

ProrosiTioN 3.3.

G)  Suppose we have two solutions, WEN) and W), corresponding to X and X, respectively. Then
we have: :

t
EIWED - 1%, < cf(Se ™ ~EIX, — X, I ds
0 i

(i)  Because o is such that o(x)=0 for x=0, we have WM (t, x)=0 Vxe[0,1] ¢<[0, T] and
we QYN where

aZpV
M — 0 Ll <M.
W= {w. S’l:l})I ) | M}

PROOF. (i) Analogous to previous calculations (i) Starting from the positive W) the process W™
might at some moment reach the x-as for the first time. Because the stochastic driving term vanishes

at this ‘contact point’ (let us call it °z’), we have at z —aé—tW->0 (note that at z

rw oW _ -0

o2 >0, ™ =0, W=0;
furthermore ¥ is positive). So the process will leave the x axis in an upward direction, the x-axis is a
reflecting barrier. [J

3.5. The conservation equation
We will turn our attention to the conservation-equation (or density-equation):

X _ _ D X W
ot o Woax X ox
This equation is in fact deterministic and, therefore, we will find a solution for each realization

separately.
For W we take a variant of the WM obtained in the previous section, viz.
{W(LN) for weQ¥ (definition, see section 3.4)
W =

0 otherwise.

We will always deal with a continuous version of WM, So, if we Q}, we have for W:
() W@, x)=0 for all  and x it M<(NAL).
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()  supW(, x)<M+W;
X

(1.4

(iii) sn;p| o @ x)|<M, Vt

2
% W o, x)l<M, vt
X

@iv) sn:p|
PW . - . .
(\) ey is Holder continuous in 7 and x
x

(vi)  from (iv) we obtain that %Z-Z is Lipschitz-continuous in x. (with coefficient <M).

Next, we will find the (local) solution for this equation via the method of ‘characteristic traces’.
Define x =x(t) the following differential equation:
L~ We =W @), xO=s @
This equation has a unique solution for 0<<t <min(T, ), where ., is inf{t; x(t)>1}. (For details
see [18] p.33)

t

( ‘Eo, Xo)

I P x

{ v
s 1
FIGURE 1. An example of a possible characteristic trace.

On x we have for the total derivative of X:

X _ _ 3w
a ox X ®)

Equation (5) has as its solution

X(t) = X (O, s)exp(— j %—I;V(t’, x(t', s)dt")
0

where we have explicitly included the dependence of X and x on s (the ‘starting point’). In terms of
the original coordinates we have:

X(to, %0) = X, 5(t0, x0Vexp(— [ 2t x (o))
0

where
X(,5) = Xo(s)

x(t) = xo+ j" W, x(t))dt

s(tg, x0) = x(0).
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So we have the following theorem:

THEOREM 3.2. The density equation is equivalent to equations (4) and (5), for which the (unique) solution
is implicitly given.

PROOF. See above. [

At this point we will for technical reasons, change the formula for X somewhat. We put:

r

X(to, %0) = X(O,5(¢o, xoexp(— [ 2z, x ()dr)
0
X(0,5) = Xos)

J . ©
X(0) = Xo+ [(W(, x()V Oyt

to

5(to, x0) = x(0)

.

By doing this we take into account that W can be negative, if M>(NAL).

PROPOSITION 3.4. Let two velocities, W and W be giveh, then we have for the corresponding densities X
and X:

to

IX(to, x0)— X(to, X0)] < Ci f W (e, %)= W, B)|dt+C,| f aW\t %)— %W\t T)dt|

. where X is defined via

dx
& = We 70
X(tg) = xo.

ProoF. The calculation is rather straightforward;

[X(t6, X0)— X(to, X0)) < |X(0, 5)— X(0, 5)| exp(— f ., x(t)de)

+|X(0, 3)| |exp(— j Wi, x)d)— exp(— j——-—(t x)dt)|.

We will consider the terms separately.
For term 1 we have:

X, )~ X0, Dl exp(— [ L, x()d) < €1[X(0,5)~X(0, )
0

<Cyls—35]  as X(0,5)=X(0,s)

and X, Lipschitz-continuous

0 - 0 _
=Gyl [W (@, x@) (e, %O)k| < Cs| (W1, 3(0)—~ Wt, )|
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by Lemma 3.1. (see below)
For the second term we calculate:

|)_((O, 5)| lexp(— f %(t, x)dt)—exp(— f ﬂ(t, X)dt)|
< Ciexplmax(— [ aa dt, — j —-——dt) 1| j ——(z (t))-— o (z X(2))dt|

< G f 1 ", x (r»———(t X(e))dt|+C, / ——(z _(t))—-—(t %(t))dt|

to

< f () —F@)dt+C,| [—-—(t %)— %Z(z, )di|

o to

= C, j | f W(t', x ()~ W(t', X(¢'))dt'|dt + C,| [ ——(z x)—-—(t %)dt|

to to

< C, f j [ W', x (@)= W(t', X(t")|d'dt + C,| f -——-—(t ')———-(t X)dt|
(using again the lemma). Combining these two estimates we get the desired result. [
Along the way we used the following lemma:

’LEMMA 3.1. For

to
vu)=| [ W, x)—W(t, D], 0<us<i,

ty—u

we have

v(u) < a(u)+}a(t)exp{C1(u —t)}dt
0

where

a(u) =| f W(t, X)— W(t, X)dt|.

to—u

Proor.

v) < [ Wi, x)— W, Dldt+] f Wi, %)~ W(t, %)dt| < f Jx (6)—%(2)|dt +a(u)
= C, / | f W', x ()~ W(t', X(t")dr'|dt +a (u)
t,—u0
=C } | f W', x()— W', X(t")dt'|dt +a(u) = a(u)+C, fv(t)dt

0t—u

Now a Gronwall-inequality gives the desired result. [J




(e e

23

Next we need to find an upperbound for the L2-norm of X —X, because this will enable us to relate
the density-equation to the velocity-equation.

PRrOPOSITION 3.5.

_ to f a
X —X), 117 < leHW, W,Ilzdz+czfllaW W’

—IPdt.

PROOF. From the previous proposition we get:

1 to

X —X), 1> < ¢, j f|W(z %)— W, X)Pdt dxy+C, / [1——-(: x)-— (t %)t dxg

o |
N le le(t %)- W, x)|2dx0d1+c2/ f,aW - %W

o 1

< C, j f]W(t x)— W, x);2

\t X)Ideth

2
d‘dt-}-Cz / j; LA )—-—(t')|za—;(—2—)—dfdt

where the inequality originates from choosmg the integration-interval for X(¢) (too) large.

r 3

R

¢

1
]
i
0

N

X

H
i
|
'
|
'
.
z

t
FIGURE 2. The integration-interval for X at time ¢ runs from 0 to z (z =x,+ f W', %)V 0)dr)
to

(Note that along x =0 boundary-conditions are given and that (WV0)=0 Vi, x). Now we can
deduce from

xo = X(£)+ j W@, %)V 0)dr'

that

— is positive and bounded. (This can be done by differentiating, using a Gronwall-
x(t

inequality and the fact that | 9% is bounded).

What we get then is

- “ oW, W,
X —X),I? < C; an, Widt+C, jn-——‘— . Pdt O
COROLLARY 3.1.
to am am

X = X),, 17 < Cs fuw, Will? +ll—————tlfrde O
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3.5. Combining the two equations
In this section we will combine the velocity and the conservation equation and obtain a joint local
solution.

THEOREM 3.3. The system of equations (1) and (3) has a unique local solution (WM, XIN)Y yhich
belongs to the space Z(Rf L—;)Wm, R?) for each pair L and N. Furthermore, X™N)(t, x) is differentiable

w.rt t and x and ————(t, x) is Holder-continuous w.r.t. t and x. The constants L and N are the

truncating constants in o and G™).

PrROOF. We will define, for fixed L and N a sequence of elements of R?, which will be denoted by
{X{™, n=1). Of course X{“) (r)=X, for all ¢ (i.e. the first element of the sequence is equal to the
initial value X, for all 7).

I)f{vav;la) insert this X{*¥) into the velocity-equation we obtain a solution W™ (the subscript referring
to ).

We take a continuous version of this W{) and restrict this version to the set

Define W, to be equal to LNL” ) on Q¥ and equal to zero on 2\ Q.
Now, substituting this W~ into the (modified!) conservation equation gives us a solution that
will be denoted by X{¥), the second element of the sequence, that is equal to X, (all £) on 2\ QY.
XYM is obtained by going through this cycle again with the change that
" R WYN)
oY = g¥ Nn{w: SEPI—EJCZ—'<M}
The whole sequence is obtained by iterating the cycle. Every time we have

2 WM
M = oM : i 54 W =
n+1 = On N{w: S;IP| ™! <M}
Note that, for each n,

sup|X,(s, x)] < C(L,N)
and
sup E II%X,,(S)HZP < o0.

By definition Q¥ is a decreasing sequence {2 and has a limit which will be denoted by Q¥.
All the sets O and also Q% are measurable. We want to show that { X&) js a Cauchy-sequence.
To do this we first ‘restrict’ each X¢™ to the set 0¥, and we calculate:
Y ) AWLN)
E(IXEN O~ X1 1uegry) < € oj B(l—5 )~ ()P 1 gt s

t s
< Cof [Se™ T E(IXE )= XE) )12 1 e g2y Y ds
00 ¥

= Ca [gls —u B0 )~ XS )P L0y s
00

Next proceeding by iteration we obtain:
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E(IXE) — XN 1g4) for n>m

< Czj' /S'q(s —u)sz ]q(v —r)......dr dv du ds
00 00

LN)_ LN) 2 ™ n——m_l_ n-—m
< sup E(IX5, — XG0P 194)C3 « __m)!t

<qgm " ~msup E(IXE —X¢0 @)y~ L,

1
(n—m) (m—1)!
Now we will compare X{* and X&) for I>m and m sufficiently large:
E(IXEV ()= XEN@0I? < EQXEN (@)~ XEV(0)l2 1g4)+CoP{ QY \ 0¥}
n-— m 1 n—m m—1 1
2 & - - CsC% m—1)!

+C4P{Q% \ On}

T" =1+ CoP{QX\ O}

1

< C5C'§'_1Tm_lzm—_ﬁ

—0 as m—o0.
Now this convergence is uniform in ¢, i.e.

,Sup_ E(NXEM (@) —XENOI% - 0

for I>m and m—c0. So we can conclude that {X{¥) is a Cauchy-sequence in R”. We will denote
the limit-point by X®M.
At this point several question arise, e.g.:
'— is this limit-point a ‘partial’ solution, i.e. a solution on Q¥?
— is the limit-point ‘non-trivial’, i.e. is X*) not equal to X{¥)? or, in other words, does Q¥ have
positive measure?
The next two lemma’s are devoted to these questions.

LemMMa 3.2. QY has positive measure.

ProoF. We will show that
LN)

P(sup su})] W( t x)|>M) <—5 ¢

M2
where the constant C is only depending on N and L. For then
LN

2wy
oM = ﬂ{suP] ax2

has positive measure. Furthermore we get 0¥ - as M— 0.
For W) we can write (cf. Prop. 3.2)

Wi i y d?
9x2 =7 U(Wy— Win)+fUt_s?a(L)(mlLN))st
0

2 LN

) 3
(&, X)|<M)} =8\ {sup sup|—5—[>M}

+ 20wy - R v ot -w)

1 d -wmypann_ Ly d -
oA GO WD)~ U - GO(Iy)
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We have the following upper bound
A 2 r_d L) (wALN) VIR |2
E(g}}gl—‘m(h )< +C2{E(§}£OIWU’”‘°‘ (W{)dB,|?)

+C3E(sup| WiV )+ C4E(Sltlp|—‘;i GOWENP).
nt,x nhx
From

t
W = U(Wo—Win)+Win+ [U, oD (WED)dB,
(1]

t t
A [ Uy V(XD — WY + (U, Gy (W) s
0 0
we deduce

t
sungﬁ,"”)(t, ) < +C2suB| f U, -, oW ENYdB, 2
nx. nx, 0 )

r T
LN) 2 A~y ANy
+C3J‘m§‘l’1’}éswﬁ @ x) ds'+C4J's'},?( T GO(WEN)(s, x)))ds.
From this, using Gronwalls lemma, we obtain
t T .
suEWﬁ,LN)(t, xy < Cs+C 5suel f U, —sO‘L)(Wﬁ,L”))dBSF +C, fsup(jd%G(N)(m,’“”)(s, X)),
e nEEY o mx

This intermediate result and the boundedness of %G‘” WWEN) now give

W 2 ¢ d* L) pALN 2
E(supl——5—(, »)f) < C1+C,{B(sup ()/;Z—U,_so‘ (W{H)dB, ).

What remains is to estimate
! d2 )
L L) LN 2
E(Eltlg IO/ i U, - oD (WEDYGB ).

Define for this purpose
~ (LN) . . .
W (s, x, 0) = SIWEN(s, x, @)1 supl [ %zru_,o‘"(m,”’)d&;;ﬂ;ﬂ [ %:—IJ,_,«;‘”(W,:"’)dB,]};

n

- . =~ (LN) . .
it is easy to verify that W™ is measurable. Now we can estimate

(d: Ly(LNYIR 2 YL N
E(sup) Of 5 Ui a0 (WS MB.") < E(sup| Oj ! W )aB, )

ntx
<C (C dependingon L).

The last inequality follows from the fact that
L
E(SI(t1, x1) = SI(t2, x2))? < Calty 13" +Cslxy —x,f

where SI means ‘stochastic integral. (c. Prop. 3.2). Applying IL(IPhnogorovs continuous-version
theorem (see [17] p. 273) yields the estimate (note that Elld®(W™" |# <c0). So, finally, we can




27

conclude that
3 W(LN) 1 2 L)
P(sup| . x)|>M) < e E(ﬁl}g] 2

@ x)P)

A
|

Yz (C dependingon L and N). O

LN)
LeMMA 3.3. The limit-point X*Y) is differentiable w.r.t. x; both X'™¥) and XD e bounded on Q¥

and the corresponding W\V) belongs to RE + W,

PROOF. As X{M XN in RP, smultanﬁl)xsly WM WM in Rf),. Solving the density-equation
with W= W(L" ) gives us a density, sa Xt We calculate
g Yy, say

. aW(LN LN)
X" e <c f(W(L”)—W(LN))S I2ds +C, / I augx IPds
LN) LN)
(see Prop. 3.5, note that aW( satisfies the Lipschitz-condition, even if 8; does not). So we

conclude that XM X" m R? or, X =x@ in RP and as X" is differentiable, we may
choose XY 10 be differentiable as well. Correspondingly we can choose W) to be in RP + Wi,
(|

We will continue the proof of Theorem 3.3. Lemma 3.3 says that on Q¥ XIV) (and WUM) is a solu-
tion for the system of equations (1) and (3) (see section 3.2), provided we replace o by o», G by G™
and use the modification of the density-equation that eliminates the effect of possibly negative veloci-
ties. As Lemma 3.3 is valid for all M, and Q¥ —Q (as M—>c0), we obtain a solution (W&, XM
on { by letting M go to infinity. Furthermore, as M—oo, the boundedness of 1 guarantees that
WY sta ;s in (Rf +Wy) (cf. Prop. 3.2 and Theorem 3.4 in section 3.6) and consequently XY
stays in R”.

Now, even if one of the truncating-constants (i.e. M) has been removed, L and N cannot be removed,
at least not very easily. Because of the presence of these %arargsters we again (cf. section 3.4) call the

solution we obtained local. If we define 7y==inf{z, sup, oW =N} (and for the moment L =N)
PxI" 352

then (XM, W) is the solution we are looking for, for 0<<t<ry.

3.6. A global solution
As the last step in the construction of the model we want to obtain a global solution by ‘removing’
the parameters L and N.

For this purpose we make specific choices for ¢ and G:
D d(x) = a-x (‘@ is a positive const.)
2) G’(-) is bounded.
These choise are rather restnctwe, o is more or less wholly determined in this way and G(x) cannot
be equal to px—%x? as we would prefer, but we have to assume instead that e.g.
G'(x)=(—H)V (u—x)/\H (H some large positive constant).

Now we can formulate a global result.

THEOREM 3.4. The local solution obtained in the theorem of section 3.6 is a global one (i.e. for all t such
that 0<t<T it satisfies the equations (1) and (3)) if we choose & and G as above.




28

PrOOF. The first step will be to ‘remove’ N. For this purpose define: 7y=inf{1: ]a W( |<N } and

write for ———=— & W( (cf Prop. 3.2)

32 A ‘ d?
ax? - ox2 U(Wo— Win)+b/.ljt—s—&xTo(L)(W(LN))st

+ 2wy - Xy a0)-wo)

1 d conpamnn_ Ly d ~my
G (WU KU,de Wy).

Using this expression we calculate

W( ’ d?
i‘:PA 7J |2p) C,+ CzE(x,sttg:J Oj U, _sE-Z-O(L)(W(LN))dBS )
d
+ C;(x’stth V(XN — Ny + C4(x§1£”|2x—G(N)(VV(LN))|2P).
We will use the following:

E( su sup. |[WEMEP < C)+CoE( Sup | / U, -0 D(WENYGB, )

C3E( f g ssufp,\sl—*G‘”’(W"‘”’)lz"df)

(cf. the proof of Lemma 3.2) and:

t
E(xilgﬂpz‘i—(wm)pp )< C1+CaB(sup | Of 7‘1; U, _ oD (L) 4B )

[wam 2 N) (g (LN 2P
+CaE(x§gNll/W‘ dy )+ C4E( sup |G (W)

50 that
d
B 80,y OV < CUE( sup | 070))
!
< Cot CoB(up |[-4-Urm o 0¥ ), )
+CaE(sup | j U, —sdD(WINYGB, |#)+ Cs E f sup == W<LN>12Pds
which implies that

X<ty A\

t
E(_sup | ai W) < C+CoB( sup | U,_s—c-gc-a(’“)(W(L”))stW)
X<ty AT g

and the same (with other constants) is true for
E( sup TlW(LN)IZP).

Xt <7y
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The last two estimates lead to the (intermediate) conclusion that

L) (/LN
B p, T < €t CoB sup [t oo cyve
C depending on L (cf. Lemma 3.2). Then our final conclusion can be
PN aZW(L”) cGi+0)
Pon<D) = P( sup 1”55 oM < 2 EC,2p 1 < pz

or, in words, for N going to infinity (and L constant) 7, will a.s. become larger than 7, which means
that

W = WD for O<r<my
is well-defined (cf. [19)).

REMARK. In the calculations above ¢y, ¢;, - - - are different constants only within one line.

As a first step we have removed N (for fixed L). Let us now in the second step remove L. To do this
we first notice that

Rw
E - A—
f 2
which is proven along the same lines as the previous result (note only that
leOWENI, < allwd);

where the constant ‘@’ comes from: o(x)=a -x). Then we have

aW‘ lz")

| <J J independent of L

E( S@T C1+C2E(suP f U,_so(’“)(W(L”))dB ¥

< C3 (C3; independent of L)

where we used again the Holder-continuity of the stochastic integral which results from Kolmogorovs
continuous version theorem (cf. Lemma 3.2); note that the moduli of continuity are independent of L
as J (see above) is independent of L. Finally, we conclude that

P(r,<T) = P( su | |>L) P(su ] I/L) 1 —E(su ]Mlz)

L P up 77 EGpl
—-0 as L-sc0

where, of course, we have defined

2
L = inf{s, 'a AN

This means that the deﬁmtlon
W, =wWD for 0<t<r

is a proper one; so for the special choices of o and G we have now obtained a global solution W (and
of course also the corresponding X). [
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3.7. Discussion .
It turned out to be quite difficult to obtain a global solution. Rather restrictive choices for ¢ and G
were necessity. At a certain point in the calculations no less than 3 truncation constants were being
used.

One source of these difficulties is the fact that we were trying to mach two rather unrelated equa-
tions; one equation (the velocity-equation) essentially situated in L2-type function-spaces; the other
equation formulated in terms of characteristic curvers. Another source of difficulties was the necessity
(partly for computational reasons) to solve the velocity-equation in a function space that contains very
smooth functions. This caused problems in handling the ‘parameters’ ¢ and G.

We hope to present a different approach in a subsequent paper. Section 3.1 contains some remarks
concerning the possible direction of such an alternative approach.
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