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We introduce pencils of geodesics as generalized points in classical geometries X. We
generalize the spherical harmonic analysis on X to pencils (in particular we consider
spherical functions and spherical Fourier transforms on pencils). By means of “Radon
transforms” (i.e. by changing the invariance type of a function through integration) we
can relate the theories on different pencils. By evaluating the Radon transforms of
spherical functions we get various product formules.

In the interesting case that X =H" (hyperbolic n-space) we express anything expli-
citly. The spherical functions in particular can be expressed by Jacobi functions, the
Radon transforms can be reduced to fractional integral transforms.

By a Radon transform we also transfer the convolution structure from K -invariant
functions on H” to H -invariant functions on H” (K =S0(n), H =S80y(1,n —1)).
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1. Introduction

In the Kleinian model, hyperbolic n-space H" consists of the points of the open unit ball
B" CR" CRP". Here we consider the elements of RP" as “generalized points” of H”" and associate to
‘them a “generalized spherical harmonic analysis”. It is a new aspect of this generalization that we can
relate the different theories obtained thus by means of “Radon transforms”.

In chapter 2 we lay the geometrical basis. We introduce “pencils of geodesics” as generalized points
in “classical geometries X"”. The set X" of pencils may be identified with RP" and the action of
G =IX™) extends to X". A decomposition of G is associated to each P X”. We separate the pencils
into “elliptic”, “parabolic” and “hyperbolic” ones and choose a standard pencil of each type in H".

The geometry of “parabolic pencils” in the general context of symmetric spaces has been treated in
detail in [14]. '

In chapter 3 we treat the harmonic analysis on a given pencil 9. We define radial functions on ¥ and
take the radial eigenfunctions of the Laplace -Beltrami operator A on X" as “spherical functions on 9.
The “Fourier transform on 9 may then be treated as spectral decomposition of the radial part of A. ([1])

By a simple general method we obtain the explicit expressions for X" =H". The Fouriertransform on
% can be reduced to the ordinary Fourier transform (% parabolic) or to a “Jacobi transform” ([17]). For
hyperbolic @ a discrete spectral part occurs (n >4) and the continuous part has multiplicity two (so “odd
Jacobi functions” have to be introduced).

The harmonic analysis on elliptic (“classical spherical harmonic analysis”) and parabolic pencils ([14])
is well-known for general symmetric spaces. The “even spherical functions” in the hyperbolic case occur
also as trivial K-types in the harmonic analysis on SO(1,n) / O(1,n —1) ([5D.

In chapter 4 and 5 we study “Radon transforms” between pairs of pencils in H" (i.e. the process of
changing the invariance type of a function by means of an integration)

In chapter 4 we obtain various “product formulas” by evaluating explicitly the Radon transforms of
spherical functions and “spherical functions of second kind”. “Universal factors” (expressible by the c-
functions of chapter 3) appear in these formulas.

In particular we get “integral representations” by applying the Radon transforms to spherical func-
tions on a parabolic pencil.

Our formulas generalize simultaneously the product formula for the common spherical functions on
H", their integral representation and the integral representation for the common c-function on H" (see
(7).

In chapter 5 we study the Radon transforms themselves more precisely. The simple method of chapter
3 applies also here to give the explicit analytic expressions.

As an application, we transfer the convolution structure from the K-biinvariant functions on
G =80(1,n) to functions which are left O(1,n —1)- and right K -invariant.

The Radon transforms generalize the “translation of K-biinvariant functions” and the “Abel
transform” on H” ([17]). Convolution products associated to the Jacobi transforms have been studied in
[9], but only for parameters where no discrete spectral part occurs. (From our approach a certain
obstruction rdle of the discrete part is appearent).

This paper is partially based on work done already in [1]. Also the list of properties enumerated in

[7] has partially served as a program.
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2. Pencils of geodesics in classical geometries

Let X be a Riemannian manifold, 7(X) its isometry group. Closed totally geodesic submanifolds of
X we call planes. Planes of dimension m we call m-planes. By the totally geodesic span <A> of a set
A CX we mean the intersection of all planes which include 4A . For a plane Y in X there is at most one
involution in I(X) for which Y is a component of the fixed point set ([12], L1.11.2.); we call it reflection

sy in Y if it exists. -

We call X a classical geometry if for each x € X the linear isotropy group of X at x is the full orthog-
onal group of X, . In the following X is a classical geometry and X" a classical geometry of dimension n.
It is well known that X" is either a sphere S”, an elliptic space RP", a euclidean space R" or a hyper-
bolic space H" (see e.g. [15], th. II. 3.1).

We call two distinct points of X antipodal if their isotropy group is the same.

Lemma 1. Each subspace Y, of each tangent space X, is tangent to a plane of X. Each plane Y in X is
itself a classical geometry with the induced Riemannian structure (and Y is of the same type as X).

Proof. To the reflection of X, in Y, there corresponds an involution s €7(X). The x-component of the
fixed point set of s is a plane ([15], th.II. 5.1) with tangent space Y, at x.

Let y €Y. Any orthogonal transformation of Y, is the restriction of some orthogonal transformation of
X,. So Y is a classical geometry. (Note that the types are easily distinguished by curvature and antipo-
dal points say)

Lemma 2. To any x €X there exists at most one antipodal point y €X. If x,y are antipodal then each
geodesic through x goes through y too. If conversely two district points x,x,€X can be joined by two
distinct geodesics vy,v,, then they are antipodal.

Proof. Suppose that x and y are antipodal. x can be joined to y by a geodesic y. Since X is two-point
homogeneous, any geodesic through x goes through y too. From s,(y)=y we see that y is unique.
Conversely let first n =3. The pointwise stabilizers of v,,y, generate together the full isotropy group of X
at x and y (note that so(n —1) is maximal in so(n) for n =3). Now let n =2. Embed X as a 2-plane in a
space X°. Even each geodesic through x in X> goes through y too.

Lemma 3. Let 4 CX. Then <4 > is a plane or consists of two antipodal points
Proof. Suppose that x,y €4 are not antipodal. Then by (2) the geodesic y joining x and y is unique. So

yC <4 >. Let z €4. Then there is a z, €y, z; not antipodal to z. The joining geodesic lies in <4 >. So
<<A > is connected and thus a plane.

Definition. Embed X =X" as an n-plane in X" *'. For a geodesic 8 in X" *!, 8¢ X, define the pencil
P(8) of geodesics in X to be the set of nonempty intersections of 2-planes through 8 with X. (These are




geodesics by (3)). Set X={9@):6C X" *',6¢ X} and X(p) = {9@) : pedCX"*!} forpeX" T\ X.

'Proposition 4.

(a) Let xeX. If x ¢4, then there is a unique geodesic through x in %(5). If x €8, then P(8) is the set
P(x) of all geodesics through x in X.

(b) Any two geodesics v;,v,€9(8) lie in a 2-plane.

(c) Let vy,v, be geodesics in X, dim <y,y;>=2. To each p eX"*!\ X there is a unique & through p
with v;,7,€%(8) and $(8) does not depend of p (i.e. X =X(p)).

Proofs. (a) If x &5, then <8,x > is the unique 2-plane through & and x in X" ! and thus <8x>NX
the unique geodesic through x in %(5).

Now let x €8, y €X \ 8. Then the geodesic through y in P() is <éy>NX=<x,y> (use (2)), ie.
PE)=F(x).

(b) Let x €7, \ v1. Then y,=<8,x >NX=<8x >N <y;,x >since dim <d,y;,x >=3.

(c) Let v,,7,€9(6) and pef; then d=<y, p>N<y,p>. Conversely, if dim<y,y,>=2 then
8= <y, p>N<y,p > isindeed a geodesic (as in (b)) and y;,v,€9(0).

Now assume v,,1,€®Pe X" and n=3. Then for x € X" \ <7,,y,> we have y=<y;,x >N <y,x >€9 by
(b), (a) and then for y € <y;,v,>\7v) by the same argument <y,y>N<y;y>€%. Hence PeX” is
uniquely determined by v;,v,. '

Now let 7 =2. Embed X3 in X*, choose an y e X*\ X?, set Y =<X?%y>. By (b) any pencil PeX*(p) is
the restriction {ye®:y CX?} of a pencil # € ¥(p). So the uniqueness follows also for n =2.

As a consequence we may identify X" with projective space RP" (namely the set of geodesics
through p e X" +1\ X"). X" is mapped into X" in a natural way (x —>%(x))

Also the action of 7(X") extends to X" : To g €I(X") choose an extension § I (X" +1 (such exten-
sions exists if g is in an isotropy group, thus for any g €I(X")). Then g(%(9)) is the pencil H(g(9)).

Lemma 5. Let $cX”. If g eI(X") stabilizes some ye9 pointwise, then gP=9.

Proof. Choose x €y and denote the geodesic through x in X" *! orthogonal to X" by B. Let geI(X"*")
be the extension of g which stabilizes also B ( (1), proof). Choose a §C <y,8> with $=9(8) ((4o),
proof). Then g#(@8) = P(gd) = F(5).

Let G=IyX). Denote byA Z(S)={geG :gs = s VseS} the “stabilizer in G”, by
N(S)={geG : gS = S} the “normalizer in G” of some set S of geometrical objects in X.

Definition. Let P X. Denote the intersection with G of the group generated by the stabilizers in I(X )
Z;x(v) (ve®) by L = L(9) (“Isotropy group of ¥”). Set L’ =L'($)=N(9). (From (5) it follows that L
is a normal subgroup of L’).

The orbits of £(9) in X" we call spheres of F.

A




Propasition 6. Let voe® = 9(&)eX", x €Yo\ 8. (Note : L-x = x if x €8). The sphere L-x of ¥ is a
closed submanifold of X" of dimension n —1. With the Riemannian structure induced from X" it is a
classical geometry. It intersects each ye® once or each ye® twice orthogonally.

Proof. Let first n>>3. Denote the identity component of Z(y) by Zy(y). Let L, be the group generated
by the Zy(y) (Y€9). L is a connected Lie group, Lyx a submanifold of X”.

Now let ye®. Zo(y)yx intersects <y;,y,>> at most twice ([12], LL.11.2.) and is invariant with respect
to the reflection in <y;;y,> since S <ppo>Z0o(Y)S <pyo>X¥ =Zo(v)x. Hence zo(yyx is orthogonal to
<7Y1,Yo> and in particular to vy, thus Lyx is orthogonal to yp at x and dim (Lyx) <n —1.

Conversely, for ye?\y, we have dim(Zy(yyx) =1 and Lyx is Zy(yg)— invariant, hence
dim(Lyx)=n —1. From this follows also that Ly(y,\8) is open in X" \ 8; this is true for any vo€9(6)
and X"\ is connected, thus Ly (yo\8) = X" \ 8. Hence Lyy = 9 ((4a)) and Lyx intersects each
yeP.

Next, for ye® and yeLyxNy we have Zixy My =y, Zyx)\vyLoy = LoZyy,
(Y)y = Lyy = Lyx. This shows that Lyx is a classical geometry and that Lyx = L-x. Moreover, if
also ze€Lgyx Ny, z7y then z is antipodal to y in Lyx and thus unique by (2). Using (3a) this shows
also that Ly x is an embedded submanifold and thus closed.

Finally let n=2. Embed X* as a 2-plane in X. Let $X* be the unique extension of 9 ((4c),

proof). Obviously L(®yx CL(Pyx N X% The converse follows from the fact that to any y eL(Pyx there
isayePwithy = s,5,x (see (7), proof). '

Also @ itself (covered twice at most by L-x) can be provided with an L-invariant Riemannian struc-
ture. For n =3, 9 is then a nonspherical classical geometry (note that for n =3, y, is the unique geodesic
normalized by Z (vy)).

% is determined by any of its spheres ((3a), (6)). So L’ is also the normalizer of the set of spheres of
.

Call x eye? “regular point of 9 if Z(x)NH = Z(y); else call x “singular”. So x is singular iff
Sxly = h|, for some k€ H. There are at most two singular points on y ((6)). So L is also the stabilizer of
the set of spheres of ¥ (and in particular closed).

We need some more group terminology. Fix xgey,e9. As usual ([12]) define K = Z {xo}),
M=Z(y), M'=N(v)NK. yy=Axy (where A =expa,aCh,p = t1in g). Then N (Yo)=M’'A . Choose
also a positive Weyl chamber a* Ca.

The groups N(yp)NL / M, N()NL’/M act on y). We denote their preimages in I(a) by
W =W(?) (“Weylgroup of ¥”) and W’ =W (?) respectively. The significance of W and W’ as symmetry
groups in the harmonic analysis on 9 will become clear in chapter 3.

Let o' = {Hoea:expHyx, regular } be the set of “regular elements of a” (W can be shown to be
generated by the reflections in the singular elements)

Define R = R(P,v0)={5,5y0:Y<?}

Corollary 7. Let ag be an interval representing W \ o’.




We have the decompositions H = RM and G = R-expao-K (unique in H, EEO). (The first decomposi-

tion is unique if # €N (v)\ M. The second decomposition is unique if gxo@vo\ expagxo and if gxg is
not singular)

Proof. Let heH, g=G. Choose x eexpagxo and assume gxoed (P=9(8)). Then there are “geodesic
symmetries” s,1,5,, in the classical geometries H-x, H-gx, resp. with sphx = x and sygxoeexpa—o-xo
resp. (unique if the additional conditions are satisfied); hence 5,054 €M and there is a unique H Oea(;
with s,45,8x = expHyxo. '

We conclude the chapter by choosing a standard pencil in each G-orbit of H".
First we separate the pencils #(8) in X into the three types “elliptic”, “parabolic”, “hyperbolic” accord-
ing to “§ intersects yp”, “8 is parallel to y,”, “6 is ultraparallel to y,” in the 2-plane <y,,6>. (This

amounts to 9(8) beeing an elliptic, euclidean or hyperbolic space resp. for n =3).
(8) Nowlet X = H", G = SOy(1,n).

(X) In the elliptic case, $(8) = P(yoMNJ). The spheres of P(8) are ordinary spheres. Our standard exam-
ple is P(xg). Then L = K = exp(m-NEyM =S0(n). W=M'/M, W /W = {e}

(IV ) In the parabolic case (8) consists of all geodesics parallel to exp(a™)x, or of all geodesics parallel

to exp(—a*)xg. The spheres of (8) are horospheres ([14]). We take —a* to get a standard example; let

G = NAK be the associated Iwasawa decomposition. Then L = NM =1 o®R™). L = NAM.
W={e},W =R

(H) In the Hyperbolic case, v, and é have a common perpendicular ([2]). P(8) consists of the geodesics
orthogonal to some hyperplane. The spheres of 9(8) are equidistant surfaces ([2]). We choose the hyper-
plane orthogonal to 7y, in xo to get a standard example. Then L =H =exp(alNyp)
-M=SO0-(Iln—1): L' =HM =H. W={e},W =M /M.

So the partition of H" into types concides with its partition into G -orbits.

3. Spherical functions and Fourier transform on pencils

As in chapter 2 we fix x,70,% with xg eyoePeX. Moreover we choose the fixed geodesic parametriza-
tion vyo(t)=exp(tHoyxo (Hoea™|lHoll = 1).

We call a function on X radial on 9 if it is constant on the spheres of ?; or equivalently , if it is L(%)
- invariant. By restriction to y, we may identify radial functions on & with W- invariant functions on R
(2(7)), by extension to G with left L- right K -invariant functions.

We shall denote the invariant extension of a function f on W\R to X (or to G) by fL, ie.
FEUv@)=f(t) (VIeL). But we shall also write shortly f(¢) instead of f L (yo(2)) for the restriction
of a radial function.

Now fix a Haar measure dl on L and normalize dm on M such that [y, dm =1. The measure on the




spheré L-yy(¢) induced from the Riemannian structure on X" can then be written as w”(tyd(IM). By
denoting the Riemannian measure on X by dx we may restate this as integral formula for the decompo-
sition 2.(7).

Proposition 1. [f(x)dx = [ [fUv@)dlo@)dt  (f eL'(X))
X WA\RL

Later we shall normalize dx and «”(¢) differently; but formula (1) will remain valid (see (8)

It is thus natural to define the space L (L \ X) of radial L - functions on X by identification with
the space L (W \ R?wL (¢)dr). Also “radial functions with compact support” we define in this way. .

The Laplace - Beltrami operator A maps C*(L \ X) into itself ([11], 13.1). We denote the
corresponding radial part of A on expa’x, by AL. Expressed in the geodesic coordinate, it is a second
order differential operator on R (maybe singular for singular ¢) which can be written down explicitly in
terms of the weight function w” (z):

Proposition 2. AL = 1/0"(@t))d /dt("(t)d /dt) = d? Jdt* + (" () /" (t))d / dr

Proof. This is just a “codimension 1 simplification ” of Helgasons formula [11], th. 3.2. There is a sim-
ple proof for it too: let [¢,7,] be any interval of R with [¢,,t,} HoCa’. Choose a ball B in L of measure
one. Set I'=B-y[t,,t;]. By Greens formula and (1) we obtain for f e C®°(W \ R), proving the proposi-
tion

j(ALf)(t)wL(t)dt = [(Af*)x)dx = [t \on-ds =
H r or

GO Jdtl = [(1)F @0 /d (O /eyt

As the spherical functions on 9 we take the radial eigenfunctions of A on X.
Note that the individual radial eigenfunctions are W -invariant on R, while the radial eigenspaces of A
considered on R are even W’ -invariant.

Lemma 3. If W’ /W contains a reflection, then the eigenspaces of AL may be decomposed into even
and odd functions. If W’ contains all translations of R (this is fullfilled for parabolic %), then the eigen-
spaces of AX are exponential functions (maybe times #)

Proof. If W contains all translations of R, then AL commutes with d/dt. Thus it has constant coeffi-
cients. (We have 4 CL’ = N(9) for parabolic pencils).

AL is a symmetric second order differential operator in LW \ R, w*(¢)dt) by (2). So we can treat
the spherical Fourier transform on 9 as the spectral decomposition of AL in LYW \ R,w’()dt) (see [1],
(4.

rs




We turn to the explicit calculations for our standard pencils 2.(8) in the case X = H". We shall treat
the well-known case (K) and the trivial case (N) too.

In computing first _AL and w® we can avoid hyperbolic trigonometry by using a more general group
‘theoretic method. It is based on the consideration of simple invariant functions on the group SL(2,R).
These will be useful again in chapters 4,5.

We work with invariant functions on G . In this picture, the Laplacian A may be written (see [13])
A=A} + 3 V72
i=1
(where Y; (i=1,...,n - 1) is an orthonormal basis in atnNyp)
First we have for f eC*(W \ R)
(Hif Ne)y=d*ds%y [ (exp(Ho)exp(sHo) = d*/ds’ly f(t+s) = d°f /dt?

Defining then g(s),r(s) by g(s)=exp (tHoyexp (sY;)C L-exp(r(sy Hoy K (in particular r (0)=1) we obtain
for f

drdsly fl(g(s)) = r(O)df /dr(t) (4a)
and, if we suppose 7(0) = 0
(F)=d¥dsY, fL(g(s) = FQOdf rdt(t) (4b)

So r(s) needs not be known: Any radial function is suitable to calculate the operator Y. Moreover
¥ =71} (by the M -invariance 2.(5) of ¢ ) and Y,H generate a Lie algebra =s/(2,R). So we may res-
trict ourselves to the case n =2 and work with the group G =SL(2,R). Assuming sectional curvature —1
in H" we may set ([10], p.405)

: : :
Hy = |, i=11 of &= 0 ®)

(where Z; = [H,Y;]). Our standard isotropy groups are now K = exp(RZ,), N = exp(R(Z,—Y))),
H = exp(RY)). So we may apply (4) to the following simple radial functions
¥@)=1r(gg™). [X@g() = chs:cht = 1(0) =0, F(0)= cotht
@) = @gMn  fYEE) =chse’ = i0) =0, F0) = +1 )
fH(@g) = wr(Hegg™). fH(gk)) = chs'sht = r(0) =0, 7(0) = tanht

Where we have used

chse' *
g(syg(s)" = exp(tHoyexp(2sY yexp(tHo) = [ *  chse™" ]

Now AL can be read off from (4), (6). By (2), w" is then determined up to a constant.

&

Proposition 7. Define p = (n —1) /2. Then we have for AL and (up to a constant) for «"




AX = % /dt* + 2pcotht d/dt  W5(t) = (2sht)*
AN = d? /dr?* + 2od/dt oM () = e
A = d? /di? + 2p tanht d/dt WP (r) = Qcht)??

(8) Normalization of measures. We choose dk on K such tha_t fK dk = 1. Next we take dx on X and
then di on N, dh on H such that formula (1) holds for o, w", w# as defined in (7).

(Note that we have to multiply dx and dn by 2™ %k, _,, dh by k,_; in order to get the measures on X,
H-xg, N ‘xq resp. induced from the Riemannian structure on X. Here k,_; = 27" /2 /T(n /2) denotes
the volume of the euclidean unit sphere in R") ‘

Now we will determine the spherical functions on our standard pencils. For AeC consider on R the
eigenequation

@+ P+ N f =0 ©

For L =K ,H there is a unique normed even solution $f of (9) (i.e. ¢F even, ¢£(0) = 1). For L=H
there is also a unique normed odd solution Y of (9) (i.e. ¢¥! odd, :;b,\H(O) = 1). (Remember also lemma 3).

In all cases L = K,N or H there is (at least for A¢ —iN) also a unique solution of second kind ®F of
(9). ®L>0 is recessive at +oo for ImA>>0, it is defined for ImA=0 by lim @& ()~ =1 (4],
1->00

[6]) and is defined by analytic continuation for ImA<<0  ([6], [8]).
Note that ®F is singular at ¢ =0, but that ling 1" 720K(1) (n>2), liné ®K(t) /logt (n=2) resp. exist
1 - 1>

({eD.
Now we recall (see [17]) that the Jacobi functions ¢\ are defined for a,BA€C, az—N, as the
normed even C* - solutions on R of the equation.

(d* /dt* + (2a+1) cotht + (28-+1) tanht)d/dt + p*+A3f =0 (10
( here p=a+B8+1)

The harmonic analysis with respect to the functions ¢{*® has been studied very much (see the nice sur-
vey article [17] which can also be taken as general reference in the following). Comparing (7), (9), (10) we
see directly that the ¢, ¢x’ are Jacobi functions; but also the odd solutions ¥’ may be expressed expli-
citly by using Jacobi functions (the expression given below is checked readily)

Corollary 11. The C* - solutions of (9) on W\ R (ie. the spherical functions on %) are linear combi-
nations of the following functions:

&) @) = o7 790)
N) o) = e (\s£0; e~ is a second solution for A=0)

H) @) = o %7790, () = shtel®P~"() = y{~%p—9)

(Remari::. The functions ¢x’ occur also as trivial K -types in the harmonic analysis on the pseudorieman-
nian symmetric space H’\ G which is a “generalized Gelfand pair” (2], [5]). The occurrence of the yf




suggeéts, that L%(H \ G) is not multiplicity free. This will be confirmed in chapter 5)

By (11) we can reduce the spherical Fourier transform on the pencils in H" either to the ordinary
‘Fourier transform (9 parabolic) or else to the Jacobi transform. In order to formulate the results in the
cases L =K ,H we have yet to introduce the c-functions c(N), d(A) by

of = cLBE + cE(—N@Ly 3l = dT MO + dH(—N@H, (AeiZ) 12)
These can be expressed explicitly in terms of the I'-function ([17], 2. 18.; see also [1], [6] )
271 T(p+3)TGN)

K — &
= Val(iA+p)
- Va2 AT A)
H —
X = T+ T GGA—pT 1) (13
dHQy = Va2e A ITGX)

T(G(A+p+1)I(G(EA—p+2))

Furthermore we have to take into consideration (for L =H) a discrete contribution to the Plancherel
formula at the zeroes of cf(—A), d¥(—A) in the upper half plane ([8]); these lie in
C={p=i(p—2k—1):p>2k+1, keNy}, D = {r=i(p—2k —2) : p>2k +2, keN,} respectively
and the contribution there may be evaluated explicitly by taking residues (see [1], correcting incidently
formula [8}, A.11 by a factor % in the case peN):

_2ip Tk+)T—k—73)
k 2204 kT'(p—k)
_gip Tk+HT(p—k—7)
2% k'T(p—k—1)

d, =

Now we can take over the general results of the Jacobi transform theory ([17], §2)

Corollary 15. The following transformations (“spherical Fourier transforms on pencils”) f —f are
isometries of Hilbert spaces

&) fo= Off(tm @™t ( LENXO-LAOel o7 e )
K =1 T Fonek dA
f (X) 2 6/ (}\)‘Ph(x) ]CK(}\)IZ

W) FO=[@eR0Td  ( LE\X-LRD)
0

7= [F®efeodn
R

H) FO=[fOROH bt ( LB\ X)-LHO0,00[, =2
0

(D Cofly

2B e
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“The formulas for L24(H \ X) are obtained by replacing everywhere ¢ by 4, ¢ by d, C by D and ¢ u by
d,.

F160) = 5 [ Oelio)
0

Remarks. In all cases also a Paley - Wiener theorem holds ([16], th. 3.4). The even L'-functions
(L=K N.H ) and the odd L'-functions (L =N ,H) are mapped onto functions which are holomorphic in
the strip {AeC:|ImA|<p} and continuous and bounded on its closure.

For L =H there is a discrete spectral part for n =4 (even functions) and »n =6 (odd functioné). We
characterize now the “continuous part” in these cases.

Lemma 16. The equation (A+p*+A%)g = f (AeC) has a solution

(a) geWH \ X) for f eN(H \ X) iff f()\)':O (and g is unique)

(b) geLH' \X) for feL¥H \ X) and AeC iff f()\)———O (and there is a unique such g with
£N=0). )

Analoguous statements hold also for odd functions. Also the f with several zeroes and multiple zeroes
(case (a)) may be similarly characterized.

Proof. By the Paley-Wiener and Plancherel theorem for the Fourier transform on H’ \ X we have to
find a function g(\) with (W2—A%)g(\) = f(\) to solve the equation; § has to be even, entire, rapidly
decreasing in the case (a); even, in L%([0,00[, dA /|c#(A)]) and to be defined on C in the case (b). In
both cases this amounts to the stated conditions.

4. Product formulas and integral representations

In the next two chapters we study the process of changing the radiality of functions through integra-
tion. For a pencil 9 on X, L =L(%) and suitable functions f we define

R f)x)= [fUx)dl 1)
L

RLf is radial on 9. We call the restriction of R to functions which are already radial on 9, the Radon
transform from 9; to ¥, and denote it by Rfl’ (L; =L(%)).

Recall that by f~ we denote invariant extensions of functions and also the “restrictions” of invariant
functions to R. _

In this chapter we determine explicitly the Radon transforms of the spherical functions and the
(extended) spherical functions of second kind in the cases of absolute convergence of the integral in (1).

In this way we get various product formulas and integral representations (generalizing the common pro-
duct formula of ¢f and the common integral representations of ¢ and cX(\)).

We restrict ourselves to the case X =H". We may choose %, standard and 9, conjugate to a standard
pencil 2.(8) in order to treat all possible pairs of pencils up to the action of the group.

First, for L,=K, we may write down RX £, explicitly for an arbitrary eigenfunction f of A on X
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A+p+N)fy,=0 0y

Proposition 3. For any solution f of (2), AeC we have
JFaghx) dk = figxo) x(x)
K

Conversely, let 740 be a distribution on X with [x7(gkx) dk = r(x)®7(gx,) for all geG, all x in
some neighborhood of xo (here the left hand side has to be considered as a distribution on X X X in
the obvious way). Then 7 is a solution of (2) on X for some AeC and r(x) = &&(x).

Remarks. We get back the common product formula of X setting  f) = ¢f in (3). We get back the
common integral representation of ¢ by setting g=e, fo = ®{. For f) = ®f the result has to be
modified only in the region d(x,x0)>d(gxo.x0):

< 3 DX (gxo)of(x)  d(x,x0)<d(gxgxo)
JOREkak =3k )0f(x)  d(x xo>d(groo) @

It may be worthwile to note, that the right hand side of (4) may be viewed (for ImA>0) as a Green’s
function multiplied by W(¢f,®%) = —2iAcK(—A) (see [3]; [7], A6) for AK on L*([0,00[,w (r)dr).
—®F /2iAcK(—N) is thus a fundamental solution for the operator A+p>+A? on X (use 3.(1)). Compare
(4) also with the remark in [8], p.255.

Corollary 5. We have the following “mixed product formulas™ for o, Yl
[oll(gkx)dle = ef(gxo)ei(x),  [uk(ghx)dk = Yf(gxo)pd(x)
K K

Conversely, let 7 be an H -invariant distribution on X with [x7(gkx)dk = r(x)®(gx,) for all g€G and
all x in some neighborhood of xo. Then r is a linear combination of ¢1, Y4{! for some AeC and

r(x) = ¢f(x).

Proofs. As a function of x €X, [xf\(gkx)dk is obviously a K-invariant solution of (2), thus a multiple
of ¢f. The factor fi(gxo) can be read off by setting x =x,. For the converse, the proof given in [10], th.
X. 7.2. is easily seen to apply to distributions too.

The proof shows also that (4) holds in the region d(x,xq)<d(gxg,X¢); it applies also to the region
d(x,xg)>d(gxg,x¢) if the integral in (4) is treated there as a function of y = gx,. Note also that the
integral (4) converges still absolutely for d(x,xq) = d(gxg,x) if gx¢7xo. (By the asymptotics of
®X(¢),t -0, see chapter 3).

In the following we will consider the Radon transforms of spherical functions which involve integra-

tions over noncompact groups L,. Only when working with spherical functions of the second kind and
for ImA big enough we may hope to obtain absolutely convergent integrals.

&

Lemma 6. The radial part of the operator Hy + Z/5N(¥7 — Z2) (see 3.5)) on expR™-H, for H-
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biinvariant functions on G is ¥ A# = d2/di® + 2p cotht d/dt.

Proof. We apply the method of chapter 3, (4) - (6). As H -biinvariant function on SL(2,R) we choose
f(g) = 3tr(g-7(g)) where r is the anti automorphism

X1 .X2‘ X1 —X3
[X3 X4]——)[—X2 X4 ]
For Z{ we find f(g(s)) = chtcoss = d/dsly f(g(s)) =0, d*ds%y f(g(s)) = —cht thus

—(Z¥f)t) = + cotht d/dt.

Theorem 7. Define m(\) = —2%cX(—A) /4iAc¥ (—A\)d¥ (—A). Then we have for ImA>p—1, with
absolute convergence of the integrals (and dh normalized by 3.(8))

D (o(g 'x)®F(x) Hg 'xo<Hx

}{ (I)){( (ghx)dh = m() Q);fl(g{ 1x0)(1>{’(ox) Hg_1x0>Hx : @
Jolghx)dn = mQ)N off(z)®f(x) g eNAH (b)
H

[Ol(ghx)dh = mN)-H ofi(g)0fi(x) geHA™H ©
J |

Here o denotes the reflection in the plane H-x, and the ordering on the spheres H-x is the one induced
from vo:N ®H (- exptHoh) = @) (YneNheHteR). Hof(hexptHohy) = ®K(t) (Vh,h,eH,
teR™).

Proof. We may assume g = a = exp(sHo)ed, x = exp(tHoyxo For h = exp(u-Y;) (3.(5) the

radial measure on H-x, and thus on H is up to a constant (shu)*'du (3.(7)).

(i) First we prove the absolute convergence of the integrals. Let L = K ,N or H. Define veR by
exp(sH )exp(uY 1)exp(tHo)e L-exp(VHoy K. For FL = 2fX N 2fH (see 3.(6)) and & = 1,0,—1
resp for L = K N.H resp. we find

FL(v) = 2sh%(u/2)cht(e® + e-e™°) + (e¢+1) + e Gy

So v—»+o for u—oco (remember that we have assumed s>0 for L = H). But
Of(v) = (FE(v))* *(1+0(1)) for v—+co. Hence we may replace ®4(v) by (FL(v)*~* in order to
prove that [@E(v)(shu )™ du converges absolutely for Im>p—1. (As in (4) no convergence
problems arise at the singularity of ®X).

(if) Next we show that lim,_, ,, [, ®H(ahx) / &(s)dh = J,, @Fhxydn.
As in (i) the integrands on the left hand side may be replaced by (FL(ahx) / e*)¢*~®), But the con-
vergence of

. Flagx,)/e* = (gg"m + e *(@gg m

to FN (8) = (gg")n is obvious and moreover monotone since (g-g”);>0. So the integrals




13

converge too (by the dominated convergence theorem say). ’

(iii) As functions of g, the integrals in (7) are L-left H-right invariant eigenfunctions of
H? + 315\ (¥? — Z?). The corresponding radial parts we have already calculated (in 3.(7), 4.(6)
resp., for L=N the dependence of g can be read off directly). In (i) we have shown that indeed we
get the “eigenfunctions of second kind”, the universal factor fH ®'(hx)dh giving the dependence of
x and A.

(iv) To evaluate this factor explicitly, we consider RE®{(x) = fH ®f(hx)dx. We assume ImA>p. Then

®feL(X), so RE®KeL(H' \ X) (see 5.(2)), so RE®K is indeed a multiple of ®# on y(R™). By
using Wronskians ([4]; [8], A6) we can compute

— + )[R = — SO Dy = —W@EH) = —2iAcK(—N)
0

—(A2+p2)fq>{’(t)w”(t)dt = - = =2iAcH(=N)
0
Now by 3.(1) (or 5.(2))

Jofoer o = [afax =2 [ REHOW @,
0 0

X

hence
RE®f = X (=N /27 (=02 ®

(valid for ImA>p—1 by analytic continuation)
Setting g =e in (7a), m(A) can now be read off from (8) by using 2*®F(0) = - —2iAd" (—A).
(Obtainable from 3.(12), see [1]).

Remarks (i) The right hand side of (7a) has to be —2iAcX(—A) times the Green’s function for A¥ on
LY R,w" (¢)dt) for ImA>0,p— 1. (7a) might also be proved directly in this way.

(i) We get various integral representations setting g —e in formula (7b). First this gives an integral
 representation for ®(ImA>p—1). By taking the even and the odd part we also get an integral represen-
tation for ¢, Yff (ImA>p—1). Setting also x =x, we get the integral representation

K(=N) /25 (=N = [ofi(hxo)dh ©)
H

for the quotient of the c-functions. For x =exp(tHg) xg, dividing by e " we also get an integral
representation for m(A) (see 5.(23), (24))
(iii) For n =2, [Im\|<<7 absolutely convergent integrals are also obtained by integrating the functions

o ofl, Yi' resp. The results can be obtained from (7) and 3.12) (eg. fH¢;{<(hx)dh =

KneK(_
% ¢ (x) for G = SL(2,R). In the sense that we take the analytic continuation of the
c ct (—

integrals in (8) and that we use 3.(12) such formulas hold for general n).
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Proposition 10. We have for ImA>0, with absolute convergence of the integrals

oY(e " 'x@V(x)  Ng~'xo<Nx

A{@{((gnx)dn =N (g " 'x)@M\(x)  Ng~'xo=Nx @
[odgnx)dn = K-V odg)of(x) geNMAN (b)
N

Jolgnx)dn = cK(~N"ole)0f(x) geHAN ©
N R :

Here ®'(nexptHyxo) = ¢™*?" (¥neN) and the ordering on the horospheres N-x is induced from
v N@Mmmexp(Hon) = &) = H@P(hexptHgn) (YVheH neN,ieN)

Remarks. We don‘t give the proof which proceeds step for step in the same way as the prove of (8).
Moreover, both formulas (10a) and (10b) are well known in the classical spherical harmonic analysis on
X : They are the “Abel transform of the function ®f” ((10a), for g =¢) and the “integral representation
of the function ¢ ((10b), g =e,x =x) resp. (see [17]).

We shall give explicit analytic expressions for the Radon transforms -and thus for the product formu-
las of this chapter -at the end of chapter 5.

5. Radon transforms on pencils
In chapter 4 we have evaluated the Radon transforms of certain special functions. Here we will study

the transformation R,fz‘ themselves more precisely. We shall also use the transformation R¥ to transfer
the convolution structure from K- to H - invariant functions on X =H".

The Radon transforms generalize both, the “translation T, of K-invariant functions on X” and the
“Abel transform € on X (see [17]):

(T f*)x) = [fX@ghx)dx = REgAFNx)  Qpf(x) = f(g7'x))
@) x) = @F,00) [ X (nx)dn = ®F (x YRS )(x) 6]
N
We begin with two general observations. R” is a positive operator (f >0 = RL f >0) and it maps
L'(X) onto L'(L \ X):

[f@ydx = [ REf)e)"()dt @)
X

WAR
by 3.(1). Together with the positivify this implies also [[R” fll;<||f Il; - (X) is mapped onto (L \ X).

The two operators R,f‘f, RLLIl are real-adjoint. Assume namely that f is L, and g is L,-invariant such
that £ (x)g(x)eL'(X). Then we get by applying (2) in two ways to fx f(x)g(x)dx

Lemma 3. [ fOXRCENOS O = | [ (RS NOg(O)t @)t

Next we will study the transformation pair RY, R¥. First we do this on the Fourier transformed side
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by using the results of chapters 3,4. In this way the geometrical relevance of the c-functions and the
discrete part occurring in L2, (H \ X) = L*H’\ X) will be appearant.

‘Proposition 4. Let f e L}(K \ X), [ImA|<p or f €DK \ X), AeC resp.. Then (" denoting the Fourier
transform 3.(15) on K \ X, H*\ X resp.) '

f ™ = 2RENHN).
Proof.

FO = [roefenoa = f FORESOK 1)t = f REF YOS (1) ()t =2RES SN,
0

Corollary 5. RZ is a bijection DK \ X)—>DH* \ X). R is an injection L'(K \ X)—-L'(H* \ X).

Proof. The first statement follows from the Paley-Wiener theorems for the Jacobi transforms ([16j,
th.3.4), the second one from the injectivity of the Jacobi transforms on L'- spaces ([9], th.3.2. The proof
given there applies also to L'(H* \ X)).

We will also study the operators Rf, RE as unbounded operators between the L2- spaces. Here the
quotient ¢c# (A) / cX (M) plays a significant rdle;
We write it down explicitly (3.13)

oy T@)  TGEA+p+1D)
KN T+ TGEA—p+1)

= po) (6)

Observe that p,(A) is a polynomial for peNy, namely

PN = q,(—2) (pe2Ny), p M) = iAg,(—A) (pe2Ng+1)
where

Y ——El—z———[pm N —(p—(2k — 1)
9N = e 1T (X =@k = 1)

Corollary 7. Consider RF : K \ X)—»>DH*\ X) and RE : LYH\ X) —9°(K \ X) as unbounded

operators between the spaces. LYK\ X) and L¥H*\ X). Denote by P., P, resp. the projections of

L*(H* \ X) onto its continuous part V and its discrete part resp.

(a) The operators P.RE : LXK\ X)-V and Rf:V—LYK\X) are bounded operators for
p & 2Ng+1. For pe2Ny+1 they are closed operators with domains Vl =
{(f eLXK\X): fN) /X eL¥(0, oo[,l K(}‘)lZ) } Vy={feV :fQA)/AeL¥[0,c0[, " ”0\)12) }

resp. They map into the Sobolev spaces {feV :AP/AfeV} and {feLl¥K\X):
AlP/Af & LYK \ X)} resp.

(b) P.R¥ is an unbounded not closable operator (for p>1). If f e L%(H*\ X) is mapped by R into
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LXK \ X), then f V.

Proof. (a) By using the isometries f —f(A) /cXQ), f(A) /c#(A) resp. (From LYK\ X) , L¥H‘\ X) -
'resp. onto L%([0,00[,dA) ) (see 3.(15)), we can transfer the operators P, R¥, Rf, A resp. to get multiplica-
tion by Q) /2c# M), X (=N / c#(—=N), —\*+p?) resp. ((4), (3)).
For pe2Ngy+1 the function ¢X(A) / c¥ Q) and A2+ P/ 2K ) / ¢ (M) are bounded on [0,00[ (see (6)
and note that I'(z +a) /T'(z) ~ z° for z—o0, |argz|<m—¢)
For pe2Nj+1 they get bounded when they are multiplied by A. We see also from the proof that for
f €V (V,resp. for pe2Ny+1), Ae[0,00]
®REFY) = ol QL ®)
le™ M|
(b) Since R¥ is (real-) adjoint to R¥ (see (3)) it is sufficient to prove that Rf is densely definable only on
V ([4]). For p & 2Ny+1 this follows from (a) and from Rf¢, = ¢X (4.(5)) and ¢fe LK \ X). For
pe2Ny+1 and REf e LXK \ X) also RE(A+pP)g eLH(K \ X) where g e L(H* \ X) is the unique solu-
tion of (A—p?)g = f say. But for (A+p?)g the previous argumentation shows that ((A-+p?)gw)=0
(r€C). Thus also f(x) = 0 (neC).

So we may say that Rf, Rf are regularizing (with the degree of regularization described by the
behaviour of cX(A) / c¥ (), A>o0). R¥ is not closable (R not densely definable ) with the obstruction
lying in the discrete part of L¥(H* \ X)

For peNj also the mapping properties of RE on D(H*\ X) are quite nice (for peN, it can be shown
that REf never has compact support for f €)H \ X), f #0).

Corollary 9. Let f eDH  \ X), peN,.

REf eD(K \ X) ifff has a zero of order 2 at any ueC (and also at u=0 for pe2Ny+1).

In general, Rff is a linear combination of the functions @f, 9/ 8#@,{‘ with peC (and also of @, if
pe2Ny+1) on each component U of R\ suppf. (All functions are considered as functions on R by res-
triction to vg).

Proof. If RE f eD(K \ X), then (RE N = f ()\)%—%%—CTI;%:%- (AeC) by (8), but this is indeed an
¢ ¢ (=

entire rapidly decreasing function of exponential type iff the poles of 1 /p ,(A)p (—A) (see (6)) are com-
pensated by zeros of f.

REf vanishes in the 0-compnent of R \ suppf. So we may assume that U is the component of + oo.
But (A + p®)(g,(A + p»)*f =0 on U (see (6); use [17], th. 2.1, refined version). So f is on U indeed a
linear combination of solutions of (A+p?+p?)?=0 (and of (A + p?)¢ = 0 for pe2Ny+1). That only
eigenfunctions of second kind are involved for peC can be seen from (A+pd)g (A+p)RES)
eLYK\ X) (7). (Treat the case p=0 by considering RE(A+p?)(A + p*—) 7! f eV (K \ X) and let
e—0).

Remarks. In the same way we might study any transformation pair Rf, R¥ by using 4.(3), since the
behaviour of the functions ¢, Y, as functions of A is known quite well ([6], [17] ).
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(In particular assume for a fixed g that y,(g) does not vanish as a function of A on the closed interval
I CR™. Let 9, 3,  resp. be the subspaces of LA(H* \ X), L2;(H \ X), L¥(K \ X) resp. consisting of
the f with supp f cI. Then RX, RK)\g_l : LYH \ G)»>%°(K \ G) are invariant with respect to the
‘right action of G. RX|y, RX Ag—1ls, map in K and are bounded (as in (7)); they can even be composed
with bounded invertible G -invariant operators —% (where {C L%(K \ G) is the closed G-span of %) to
get isometries on J(,, G, resp. But these extend to G-invariant isometries from 5 onto % (where QU is
the closed G-span of 9G in L*(H \ G)). This shows that L%(H \ G) is not multiplicity free (since
¥ N6 = {0}) and a fortiori (G ,H ) is not a “generalized Gelfand pair” ((3D.)

As another application, we will transfer now the convolution product from K \ X) to YH* \ X).

Proposition 10. Define a “convolution product” ® on REL'(K \ X) as follows:
REf1®RESf, = RE(f1*f2)
RELY(K \ X) gets a commutative Banach algebra, Y(H* \ X) is a subalgebra.
Their characters are given by
X f— ..ff(t Yol () (0)dt

with |ImA|<<p, AeC resp. and x», = X-».

Proof. Anything may be read off from the fact, that f* >2(REfY(\) defines a character on the common
convolution algebras LYK\ X) (JIm\|<p) and NK\X) (AeC) by (4 and from
R{NK \ X) = UH* \ X) by (5).

It is interesting to compare the convolution product ® on D(H \ X) with the ordinary convolution *
on P(H* \ X) (defined only formally). For the translations S,, T, associated to these convolutions ([17])
we get, a(t) = exptH.

RES ) = (REF O )x) = [REf NG (g 'x)dg
G
= [REf O (a(—)h ™" x)dh " (1)dt
HR

= [REf DORIN(RE)'RES o) (2)at
R

ff@) = [ @ \x)Mdg = [ f1)f ™ a(—1) h™x)dk o (1)dt dh
4

HRK

Il

Jhe YR, RES Y0y (¢)dt
R

(Saf)x) = RINRD T )x) (11)
(T.f)x) = (RENREf )(x) (12)

By (7), (8) we can compare (RZ)~! and Rf on the Fourier transformed side. For peNj in particular
we have the inversion formulas (see also (6))

e
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RO~ = Q(A+0%) RE (13

where

o | W) peN
QXD = 1 N92(—N pedNg+1

So that we may write then
Sof = QuA+A)T.f (14)

So we may say that the translation T, has a regularizing effect, but that it can diverge at the discrete
part. This regularizing effect is compensated and the divergent part eliminated when S, is taken instead.

‘Note that for peN,, T(; f is a well defined function in (H* \ X) if f(u) has a zero of multiplicity 2
at any peC and also at p=0 for pe2Ny+1. Denote the space of such functions f by Dy(H" \ X).

Corollary 15. (Dy(H* \ X),*) is a commutative and associative convolution algebra for peN. The map-
ping f —->Qp(A+p2)f is a bijective isomorphism (WH* \ X),®)—>(Dy(H* \ X),*). The characters of
(Do(H* \ X),*) are given by

H,
f- ff ® 80 )2 o (t)dt (\eC and also A540 for pe2Ny+1)
Q/—N)
@/ 3le )
f—>Rff(t) (d/d,,)zQ,}—-uz) wf(t)dt (peC and also p=0 for pe2Ny+1)

Proof. From (14) we get Q (A+p’)f®g) = (QA+0)f)®g = Q (A+p)f *Q,(A+pYg, thus
[0 p(A+p2)f is indeed a homomorphism; moreover it is bijective by 3.(16). The rest can now be taken
over from (10).

Finally we will get explicit analytic expressions in geodesic coordinates for the transforms Rff.
Again we can use the invariant functions 3.(6). We treat here only the most interesting cases RZix,,
Rf" ‘Ha> Rl{li M

In the following let a = exp (sHy), x = exp (tHo)yxg be fixed. For L,=K let X = Z,, for L, = H
let X = Y, (see 3(5)). Denote the radial measure on M \ L, /M at ¢ = exp(rX) by o (r)dr ie. (3(8)

o&(r)y =

(smr)z" Ydr of(r) =

2 (sh ry*ldr (16)
kn -1

Denote the “L-radial projection” of a exp(rX)yx on y, by u(r), i.e. for any L -invariant function
f* on X we have

fHaexp (Xyx) = fHu(r)). an

So [f"{alx)dl gets

L.
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[ Haixydl = [rha@ exp(rXyx) o(rydr = [f1(r)) «(r)dr 18)
L, 0 0
(where ro=m for L,=K, rg=o0 for L,=H). Rewritten in “kernel form”
u(ro),
[fHaxydl = [ fu) o (r (w)dr 1 du-du- 19)
L» u(0)

For the explicit calculations we simply have to take one of the standard invariant functions 3.(6) for
fL'. For L,=K,L,=H; L,=H, L,=K; and finally L,=H, L,=N, a =e resp. we get then explicitly
for (17)

shu=sh(s +1t) cos’(r /2) + sl; (s—t) sin®(r /2) = chs cht cosr + shs cht (17a)
thus chu du = —chs sht si'nrdr, sin r = (sh(s +1)—shu)(shu —sh(s —t)) / ch’ssh’t
chu = ch(s +t)ch®(r/2) + ch(s —t)sh*(r /2) = chschichr + shssht (17b)
thus shu du = chs cht shr dr, sh* = (chu —ch(s +1t))(chu +ch(s —t)) / ch*sch’t
et = e'ch®r /2) + e 'sh®r /2) = chtchr + sht (17¢)

thus e du = cht sh r d r,sh® = (e* —e')e* + e™") /ch*t
Substituting (17a), (17b), (17¢) in (19) we get

Theorem 20. Let a =exp(sH ), x =exp (tHgyxo. Then we have explicitly in geodesic coordinates (f bee-
ing H -invariant in (a), K -invariant in (b) ):
s+t

[f (@kx)dk = (ky -2 / kn—1(chs 2P~ sht Y*1) [ f (u)((sh (s +1)—shu)(shu —sh(s =) chudu  (a)
K

s—t

/ f(ahx)dh = (ky—3 / ky—1(chs)* Y(cht)?*™ 1) f f (u)((chu — ch(s +1))(chu +ch(s —t )~ 'shudu (b)
H

s+t

' Corollary 21.
(sht Y VRESXE) = a2/ 2 ey 1) ftf(u )ch (2t)—chQu)y’~'chudu (f even) (a)
0
(cht)zn“(R,’?f)(tS = (kn_z/z""k,._l)ff(u XchQu)—ch(2t))y ™ shudu (b)
(cht YT REf ) = (K _z/k,,_l)ff(u)«e“ —e'Ye" +e )P e du ©

All these transforms can easily be reduced to the Riemann-Liouville or Weyl fractional integral
transform. Mapping properties and the inversion formulas for both are well known ([17], §5.2., 5.3.). (For
the inversion of (21a), (21b) see also [16], p153.)
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Explicit analytic expressions for the product formulas in chapter 4 can now easily be obtained. Also a
refined study of the mapping properties of R, Rf is possible. So an explicit inversion formula for RZ,
R is now also available for the even dimensions.

As an example, we write down explicitly the integral representation 4.9) for the functions
c®(—N) /2¢#(—N) and m (). By substituting (17¢) in (18) we obtain for 4.(8b)

mNOE) = (ky—2/ ky—1) f(chtchr +sht YA~ P(shr)?*~dr 22)
H ‘
thus by setting ¢ =0 (see 4.(9))
cK(?K) /25 (=) = (ky=3/ by —1) f(chr)"“’(shr)z"“dr (23)
0

! 7
and by using the other expression for e* in (17c), by dividing through e®*~#" and by letting 1 —co0 (see
4.9)).

m@) = 2%k, _5 / ky—1) 7(chr YA Yshr Y0~ dr 29
0
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