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0, Introduction

/
In this paper we prove a generalization of a con-

vexity theorem of Kostant (cf. {15] ), related to a
vsemisimple symmetric space G/H. Here G is a connected
real semisimple Lie group with finite centre, T an in-
volution of G and H an open subgroup of
¢ ={xeq; T(x)=xYt ,

Let K be a T-stable maximal compact subgroup of G
(for its existence, cf. [6i3) and let © be the associated
Cartan involution, We denote the infinitesimal involutions
determined by © and T by the same symbols and write
P59 for their respective =1 eigenspaces in <§ s the Lie
algebra of G. The +1 eigenspaces of ® and T in ¢ are the
respective Lie algebras & and b. of K and H. Since 6 and T

commute we have the simultaneous eigenspace decomposition

o = kool @ knh @ pno e Pnh . (0.1)
Fix a maximal abelian subspace ﬂbq of %ng and let OLp

be a T =stable maximal abelian subspace of % , containing

ol « Then
Pa

ol = ot @ oL
o ph pa

where oL . = Ol nb s Let E : O —> 0 denote the
ph P jole] P Pa

corresponding projection,

The set A = [X(WJ 0L ) of restricted roots of Ol
Pa Pa

in @4 is a (possibly non-reduced) root system (cf. [18] )

Let AT be a choice of positive roots for A and ZS;

a compatible choice of positive roots for

Ap = A(o;,otp). To




—

G = KA N, (0.2)

.

where Ap = exp Olp. The real analytic map H : ¢ —= (U
P

determined by
x € K exp H(x) N (xeaq)

is called the corresponding Iwasawa projection,

The main result of this paper is, for any fixed

aéEqu’ a description of the image of the map Fa: H——» ot

defined by

pq

F,(h) quoﬂ{(ah) (0.3)

(see Theorem 1.1). Here H is required to be connected (or
to satisfy the slightly weaker conditiqn (1.2)), If T is
a Cartan involution, them T =6., H = K, _mp = Cnpq

and the result is precisely the Kostant convexity theorem.

In the present case the image of Fa is a vector sum
. +
1m(Fa) = conv( We.q log a ) o+ jF(Z&*). (0.4)

Here W n is a certain Weyl group, Iﬂ([&t) a closed convex

KnH
polyhedral cone and we have used the notations "conv" for
convex hull and "log" for the inverse of exp: OLP — Ap.

The cone ]ﬁ(ZXi) can be entirely described in terms of a set
of roots [Si o In particular it is independent of a and

equals im{F = E H(H).
quals im(F ) = B_ - H(H)

We prove the characterization (0.4) by induction over

centralizers in G, using ideas of Heckman [13] . However,




since there exists no obvious infinitesimal version of (0.4),

- we cannot use his homotopy argument to reduce to an infini-
tesimal case. Consequently, we need to compute critical
points and Hessians of Fa on the group. This is done in

Sections 4 and 5, using ideas of [8] .

Another complication is caused by the non-compactness
of H, It is o#ercome by showing that the map Fa s
apart from a right invariance, is proper (Lemma 3.3),
and that its image does not fill up all of oL

Pa
(Lemma 3.9 o These non-trivial facts are established

in Section 3, by comparing Fa with another map Pa (Lemma
306). For a restricted class of symmetric spaces, the map

Pa has been studied by Oshima and Sekiguchi [17] , who

pointed out its importance for the harmonic analysis on

G/H., Lemma 3.3 follows from the properness of Pa’ which
in turn is based on a generalization of a result of [2]
on the global holomorphic continuation of the Iwasawa
projecfion. The full proof of this generalization will

appear in another paper [§].

In the recent literature, Kostant's theorem for complex
groups has been generalized +to a Hamiltonian framework by

Ativah [1] y and by Guillemin and Sternberg [ll]o

Duistermaat ['7] obtained such a generalization for the
real case, At present I do not know whether the result
of this paper fits into such a framework or not,

It is a pleasure for me to thank Hans Duistermaat and

Gert Heckman for some stimulating discussions on the subject

of this paper,




1., A precise formulation of the result

—

The group N in the Iwasawa decomposition (0.2) is given
by N = exp(# ), where

/n_—.Z c{‘\"‘

+
X
éAP

is the Lie algebra of N,

Recall that A = A(O;), Olpq) is a (possibly non-
reduced) root system, If A€ A , we let H denote the
element of Ol iven b

pa g Yy

Hy & kerx , % (H,) = 1.

Here AL denotes orthogonality with respect to the Killing

form <°,.7 of OJ o Moreover, if T is a subset of A+, we

put
T’ (T) = Z ‘R . HD( 9
+
"€ T

where !R+=‘ LO,o),

Since 0 and T commute, 0-T is an involution, The

- i 6-1T =

+1 and -1 eigenspaces of are OJ+ = 1}0& @ % nq
and 06 = haoq @ paty respectively. Now ©¢T acts as
the identity on apqo Therefore, it leaves the root
spaces qf (O(EA) invariant., Consequently, writing

o')":_ = af‘n 0}+ and of_‘_ = O}"((\a}_ y We have

of of

9, ® o (x€A), (1.1)

<8
]




We de‘fine

A

{xeA ; 7 #0} ,

and put A'l_' = A n A*,

The notation I (A':) in (O.4) has now been explained.,

In addition, the Weyl group WKnH is defined as :
= ot
wKr\H NKnH( pq) / ZKnH( Oqu),

the normalizer modulo the centralizer of OLPq in KnH,
With the above notations we can formulate our main

result, We say that H is essentially connected if

o

H o= Zy( 9 ) 8%, (1.2) |

where H° denotes the identity component of H,

Theorem l.l. Let G be a connected real semisimple Lie

group with finite centre,' T an involution of G, and H an

essentially connected open subgroup of Gr ® If aequ, then

-log a ) + P(Ai).

im(~Fa) = conv( W

KnH




2, Some notes on the induction procedure

—
In the proof of Theorem 1.1 (see Section 6 ), induction

via centralizers in G will be used. Therefore, we need

Theorem 1,1 to be valid under the somewhat more general

assumption that G is a reductive group of the Harish-Chandra

class (class’M.), T an involution of G and H an open

subgroup of G° , satisfying condition ( 1.2), All definitions

of Sections O and 1 make sense in the éontext off a group of

class M, Instead of the Killing form we use a Ad(G)-invariant

non~degenerate symmetric bilinear form (o,o> on.fg, which

is positive definite on % s negative definite on P , and

for which the decomposition (0.1 ) is orthogonal. For the basic

theory of a reductive symmetric space G/H of class “H , we

refer the reader to [439

Lemma 2,1, Let G be a grouﬁ of class ‘H sy T an invo-
lution of G, and H an essentially connected open subgroup
of GTo Then Theorem 1.1 holds for G, H if it holds for

Ad(6)°, aa(m)°,

Proof, Let v = centre(% )0 P . Then V = exp(v) is

a closed vector subgroup of G, and we have a direct product

G = GV,

where °G = N {ker | %] ; X : G— R\{0}! a homomorphism }
(cf.&e.g.fzo s P. 196 ] )« Obviously °G and V are T ~invariant,

so that

H = (Hn®) (HAV).




.

Now clearly qu?ﬁ, is right Hn V —invariant, and if

o —
a é 'é Vn A then
G!\qu, a pq’

° ¥ = ° h ]
Eoq H (a'ah) Eoq H(ah) + 1log a

for all hé H, It thus easily follows that we may reduce
the proof to the case that G = °G. Moreover, quﬁ% is

right Z (GLPq)-inVariant, so that by (1.2) we may re-

KnH
duce the proof to the case that H is connected. But then
we may as well assume that G is connected. Finally, the
observation that qu°9{ is right centre(G)-invariant

completes the proof,

For the remainder of this section, let G be a group

of class ‘H N

Let W(Z&+) denote the reflection group of the root

system A+ defined by
A = {xeN ; °32 £o}

(cf. (1.1)). Since Z§+ can also be viewed as the root
system of Olpq in q+, it follows from standard semi-

simple theory, applied to [q+, Q+1 s that

WA, = W (2.1)

KnHO °

T
Proposition 2,2, Let H be an open subgroup of G .

Then <+the following conditions are equivalent,

( i) H is essentially connected,

(idi) W(A+) ~ W o

KanH




Proof. In view of (2.1 ) the assertion follows

straightforwardly from the fact that —

o

H = N ) H . (2.2)

KnH( %pq

Now this is seen as follows, H and Ho-are both © ~invariant
(cf. [ 4] ), nence admit the Cartan decompositions H =

(KnH) exp(pnly ) and H® = (Kn H®) exp(poh ). From this we

see that (K(‘(H)O = KnH®, Moreover, (2.2) will follow from

KnH = N g (Kn H)®. Thus let ké Kn H, Then

KnH(
Ad(k_l) apq is maximal abelian in %nd , By standard semi-
simple theory applied to [g_i_, Q)_*_—) it follows that there

1

exists a k, € (kn H)® such that Ad(kl— k-l) GLP = O,

q Pa
Hence kk_€ N (O'qu) and we are done.,

1 KnH

In the proof of Theorem 1,1 we shall use induction via
centralizers of elements Z & apq' The following result
guarantees that the class of pairs (G,H) under consideration
is stable under this in(iuction. If ¥ is a subalgebra
(or subspace) of 0 , we let 'b“z denote the centralizer of
the element Z € O’qu in ¥, Similarly, if B is a subgroup
of G (or a group acting on O’l-pq), we let BZ denote the

centralizer of Z in B,

Z

and T =-stable. Moreover, if H is essentially connected

Proposition 2,3, Let Z € mpq. Then G, is of class ‘H

then the same holds for HZ.

£

Proof., The first assertion is standard (cf. [17 , p. 286 ).

The second follows immediately from T (Z) = -%,
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Clearly, A+(Z) = {M5A+; ®(z) = 0} is the root
system of cnpq in OLPn QZ. In view of (2.1) we have a

commutative diagram of natural monomorphisms

¢
WKnHZ - wKnH
t T A g W
WA, (2) —L—  w(a ).

Here the map g is an isomorphism onto because H is
essentially connected (see Proposition 2.2). Obviously ?
maps WKnHZ into (WKnH)Z’ and it is well known that im(yp ) =
W(A‘+)Z' Since g is compatible with

the natural actions of W and W(z&+) on Oqu it follows

KnH

that g( W(A ), ) = (W y)y,

surjective, By Proposition 2.2 this implies that HZ is

and we infer that £ is

essentially connected,

From now on we assume again that G is connected and
semisimple, In Section 6 we will prove Theorem 1.1 under
the assumption that it has already been established for

centralizers GZ , Z € mpq. In view of the results of this

section, this induction procedure is legitimate.,




3. Some properties of the map Fa

o

Let L be the centralizer of apq in G, A its Lie

algebra. The parabolic subgroup Q = LN of G has the Levi

decomposition
Q = L NQ H
where NQ = exp('l/l Q)’
Z: oA
4 = O} ®
Q xépt

Let #t

XA s NL = NA L. Then L normalizes NQ and we

have the semidirect product

N = NL NQo (301)

The <.,.» -orthocomplement /ZO of O'qu in A

decomposes as

A

0 /[kq ® /Zkh ® /th ’

where we have written /qu = Zﬂ&ﬂ"l s etca, /ZO is the

Lie algebra of the closed subgroup L, = (KnL) exP([ph)

of L. Moreover, we have a direct product

L = L A. ®

Proposition 3.1, Let x&€ G, Then there exist unigque

a€A , né&EN_ such that
pa Q

&

X €& KLOano. (3.2)

Moreover, log a = B’ H(x).
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Proof, Write x = k a; Ny, where alé Ap, n. € N, Then

1
= s —
a; = ag a, n, = n, n, with aoéAph, aéqu, noé‘ NL’
n€Ny. It follows that x = k ao(xanoa—l) a n, whence (3.2)

and the last assertion is obvious, The uniqueness follows
easily from the uniqueness for the decompositions (0.2),
(3.1) and A = A . A .

p ph pq

~invariant,

Corollary 3.2, The map qu"’H is right LO

0 Q

Proof, Use that L normalizes N_ and centralizes Ap ®

In particular, if a€ A_ , then F_: H— 0l __, defined
ra a pq

by (0.3), naturally induces a map _Ea: H/HNL,, —= GLP o

0 q

Lemma 3.3, Let A be a compact subset of qu. Then the

map A X H/HnLO —> G'Lp s, (ash) —> Ea(h) is proper,

q
We prove this lemma by comparing Ea with another map.

Using the direct sum decomposition 0 = 1}@ ’Zq ) %Q

(ef. [31), one easily checks that the map

HXxLxN. —» G, (h,1,n)—> hln is a submersion onto an

Q
open subset <L of G (see also [14] ) Li6] ) o

Lemma 3,4, If x €4l then there exist unique apq(x)é qu

and nQ(x) € N, such that

x € HL, apq(x) nQ(x) o

Moreover, the maps apq: N — qu and n_3 2 —» N_ are real

Q Q

analytic, and if {xn} is a sequence in JL converging to




a boundary point x € 902, then {apq(xn)} is not relatively

compact in A —
rq

Remarks, (i) We will prove this lemma in another

paper ( [51]).

(ii) If Ot is maximal abelian in 0] then a__ can
ra Pq
be viewed as a branch of the Iwasawa projection associated
with the Iwasawa decomposition OJd =

d d d
heto © ocpq’cn 9" @ WQ’OOO) of the dual real form

gl = i(kna) e (ko) @ (pre) @ i(hoy). (3.3)

Here the subscripts ¢ indicate that the complexification
of a linear spacé in the complexified Lie algebra OJC is
taken, Lemma 3.4 is now an easy consequence of the results
of [2 , Chapter l] » In particular, the last assertion
follows from [2 , Lemma 1.9] o

(iii) If the involution T arises from a signature
on AP (ef. [17]) ), then GLP = o, O(Pq is maximal

pa
abelian in o] , and the above result is contained in [1’7].

In view of Lemma 3.4 we have HNLN = HA L = Hf'\LO,

so that the inclusion H < G induces an embedding
1 ¢ H/HAL —s G/Q

of H/HAL onto an open subset {2 of G/Q (the underlining
indicates that (I is the canonical image of L in G/qQ ).

If ach , we let la or X(a) denote left multiplication

by a on G/Q, and put [—?;a = :\(a—l)&p Let




J : K/KNL — G/Q

be the natural diffeomorphism, and set

Yol = T,

—K,a

Then Q—K , 1s the canonical image of Kona Lt in K/KnL,

the map a is
Q’ P %pq

right Lo—invariant. Moreover, Kr\LO = KN L by definition of

Since LO centralizes qu and normalizes N

L so that for aéqu we can define a map Pa: L. — Ol

O’
by

P (kKAL) ) = log-a,. (ak). (3.4)

If A is a subset of A__, we define the subset L of
Pq —K,A

A x K/KnL by

re! = { (a,x)€ AxK/knL; ke

—K 4 A £7"—K,a.} °

Proposition 3.5, If A is a compact subset of qu,

then the map P: 0 X ot , (a,k)r—> Pa(k) is proper.

=K, AR pPa

Proof, Clearly, it suffices to prove that the map apq

restricted to ﬂK ‘h = {(a,k) € J:*-X K; ak € L4 } is proper,
9
Let € be a compact subset of qu. We claim that the set T =

-1 . . ;
a . .
pq (€ )n ﬂK,.ﬁ, is compact. For assume not; then it is

not closed in cl(XL Hence there exists a point

K,A ).
(a,k)€ AX K such that ak € c1(2 N = 2, and a sequence
{ (an,kn)} in T such that a k —» ak. By Lemma 3.4 the

set a a k is not relatively compact in A contrae-

dicting the assumption on ¥ ., Hence T is compact,
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Lemma 3.6, Let aéSqu. Then

-1 . —

= - -1 © { ° ° 1 o
E, P &

Proof., From the definitions it is evident that J_lo.la.

is a diffeomorphism of H/HNL onto élK

at ’

Let h€H, and set ah = kl exp Y n, with (k,l,Y,n)E K xL

OX
ot XN.. Then Y = E_’H (ah) = F h(HnL . On the othe
o xng o M (a) = B ( n(uer) ) :
hand, a~lk = hl—lexbe)ng where n' = 1 expY n-l(l eXpY)-l'é
NQ’ so that - Y = log apé(a-lk). This proves the lemma,

Proof of Theorem 3.3, The map A xIL@MI,——a-glK At 7
b

(a,h) — j'lW Xa°i (a,h) is easily seen to be a diffeo-

morphism, Thus the assertion follows from Proposition 3.5

and Lemma 3.6,

Corollary 3.,7. If acprq, then the set’EPq°7L(aH) is

closed in oL N
P4

Observe that in view of Lemma 3.6 the following is an

equivalent formulation of Theorem 1,1,

Theorem 3.8, Let H be essentially connected, and let

a€A , Then
Pq

i

im(Pa) conv ( W log a ) o+ ( - 'P(Zlf) ) e

We. now come to the second main result of this section,

It deals with a first restriction on the location of the set

E__ ¢ H (aH). Put
ra

(8




M

{veot ;3 «(U)>0 for o€ A*},

atr (af) =

_—

Lemma 3.9. Let a€A_ , Xécl(cl;q(A"')). Then the

-

function Fa Xt H—R defined by
Fa,X(h) = < X , Fa(h) > s

for h€é H, is bounded from below,

Remarks, (i) If T arises from a signature on A
(ef. [17], see also Remark (iii) following Lemma 3.4),
then Lemma 3.9 is a consequence of Il7 s Prop, 3.8i] o

(ii) The proof presented below is based on a comparison
with matrix coefficients of finite dimensional representa-
tions., This idea goes back to [12], and plays a main role

in [17.] as well,

Proof., The map qu°ﬂ£ is right centre(G)—invariant,
so by factoring out the centre we may reduce the proof to

the case that G is the adjoint group of (ﬁ » Moreover,

if xw is a representative of WfEWKnH in NKnH(

0L ), then
Paq

— £} W‘l
Eoq® " (a X h) = qu H (2" n),

In view of (2.2 ) we may therefore reduce the proof to
the case that H is connected,

For the rest of this section, we assume that G is the
adjoint group of the semisimple algebra CQ s and that H is
connectéd.

In view of Lemma 3.6 it suffices to show that the

function




—
is bounded from above on its domain )L a® We shall prove

this in a series of propositions,

Let o1 be maximal abelian in /)-7 , and put
kg kq

= ol oL .
mq kq ® ra

Consider the dual real form o;d defined by ( 3.,3), and put
d d d d

— = n i °
& = bc nNoa -, Olp Olq,c ) (this may be read as:
"the %k in the dual form", etc.). Let Aq = A (g9, 07.‘;), =
= A(ch, Olq,c),, select a system A:l of positive roots
compatible with A+, and put

d | a,
4/1 = Z_'_ (GJ ) ®
X & Aq

d d d
Let G , K, Ap, Nd be the connected analytic subgroups

of the complex adjoint group Gc with Lie algebras O}d, /f(d,
ozg, 4/ld respectively., Then Gd is a closed subgroup of G'c

with the iwasawa decomposition

b
. d d d d
We denote the associated Iwasawa maps G —> K , O'LP, N
by ’K,d, /H,d’ vd respectively., Now let Ki‘, Ag c? Ng’ be
9

the connected analytic subgroups of Gc with Lie algebras

d d d
= ol = Ol
/ko 1«)0’ p,C q,c’ 'I/Zc, and put
st - ¢ \Kd P
. c c "p,c ¢

(here \ denotes the set theoretic difference). In [2]

we proved that the Iwasawa maps extend to multi-valued




d d d d d
GC\S —> K, ozp,c, N,

(13

d d
holomorphic maps XK, H s V

Let Ld, L. be the centralizers of otpq in Gd, Gc/ghd

let Ld L A be the conmected amnalytic subgroups

0’ 70,c¢’ Tpq,c

d d -
i i = n
of Gc with Lie algebras /EO b4 ﬂpq , Zb,c and (ﬂpq,c

respectively., Then Lc is connected
and LO,cqu,c is an open subgroup of Lc’ hence equal to Lc'
The maps Oid and 1/d map Ld into Ld. Now LC is defined

by global polynomial equations. By holomorphic continu-

ation the images of the multi-valued holomorphic extensions

d d d
j(g, 12% of X, V¥V to Lé\S must satisfy these equations.
d d d . d d d
v N = )
Hence K1 and L map Lé\S into K LC and NL,c NC(XLC

respectively, Similarly, the multi-valued holomorphic

. d d d d .
extension th of H to Le\S maps LO’J\S into <nkq,c°

This dimplies

Proposition 3,10, L \sdg (Ki‘(‘\LC) exp (oL ) N

d
0,c kg,c” "L,c®

The set’Sd'is algefraic in GC (cf. L2 , Lemma 1.8.] )}
Since eé:Sd, its defining polynomiéls do not wvanish iden-
tically on G, so that Jl\Sd is an open dense subset of (L,
Let {Jli; i€ I} be the set of components of fl\\Sd.
Fix 1€ I. Then <2 0L, # ¢  because s is left H- and
right quNQ—invariant. So we may select an element [i of
Iliﬂ LO' In view of Proposition 3.10, li can be written

as a product

L. = hi epri n,

i i?

with h.€ KdﬂL =HNL , Y. €O
1 C [0 C C 1

kq,c’ i L,c*®
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{H d
Let /Ki,O’ 1,0 vi,O ybe the local branches of K",

d d . d
H™, v at Ei, determined by /"Ci,o(’e'i) =h, , ;V,O([l)

1

Y. , < (£.) = n.,. These local branches extend to
i,0*"4i i

d

. d d
multi-valued real analytic maps ’Ki, /Hi’ v :_Qi_.__,

—u, a% | §%,
c pscC c

i

Proposition 3.11., Let qu denote the <.,.Y> -ortho-

d

gonal projection of OLP

p

s C

onto ot « Then
qsC P4, c

E -HY is single valued and equals log-a on 2,
q i pq 1

Proof, Fix a simply connected open neighbourhood U of

d

/., in L ., Then 7"
i i i,O

d d
, H - , V extend holo~-
i,0

i,o

morphically to U, ‘Select a connected open neighbourhood

U, x U, x U, xU, of (e,;e,0,e) in Hx L. xoL__x N_ such that

1 2 3

0o Pa Q

u1U2 eXP(U3) U4C U. In the proof of Proposition 3,10 we

saw that /Hg,O(UZ)C oL
d

kqg,c

3

perties of )Hd: G —-?013

. Moreover, the equivariance pro-

extend'holomorphically, so that

’}(g’o( h? expY n ), = /Hi,o(l} + Y

for (h,l,Y,n)€EU XU,xU

1
in a neighbourhood of /
i

completes the proof,

Let oL be a Cartan subalgebra of 0} containing OL

3

By analytic continuation this

q

and @ * a choice of positive roots for the root system §

of O'Lc in ‘70, compatible with A;;.

&

Proposition 3,12, Let A be a dominant integral weight

for (010 ’ &+) and put

A

= 2_/\_‘01 » Then for some
d,cC

L d
X U, , Therefore E +“/H° = loge.a
L pa " i,0 8°8pq




mé N\ {0}, the function x> exp m)»}td(x), A5 ¢

|
|
I
1
!
|

extends holomorphically to Gc'

Proof. By [21, Lemma 8.5.8] there exists an irreducible
representation T of Gd in a finite dimensional complex
linear space E with a highest Glz—weight X and a Kd-fixed

vector, Fix a highest weight vector e EIE\{O}. It is well

A
%

known that the space EK of Kd-fixed vectors for the contra-

gredient t* of is one dimensional, Moreover, v«e E;

can be normalized so that 77(el) = 1. Thus
exp VHE(x) = M (m(x)ey ),

for x € Gd.

~ :
Now let p: G —» GC be the (finite) universal covering

0

~

of G_, and fix ¢ 'éc with p(8) = e. Then T 1ifts to Ec

that is, there exists a unique holomorphic representation

e d

T  of 'éc in E such that
/';E = 7—0 p

on the connected component T of p-l(Gd) containing €,

~ ns - * o~
put X% = &%n p l(_Kd). Then Eg is also the space of % fixed

vectors for the contragredient T of T » Being contained

in centre(Gc), the finite group p-l(e) leaves E& invariant.

K
Since dim(Ez) = 1, there exists a multiplicative homo-
morphism X : p-l(e)-~90* such that %?(X) = X(x)-I on E;,
for xep"l(e). Let m = |p'1(e)l. Then ‘X™ = 1. It follows

that the function E;~—a0, x F~?q( %(x)el )™ is constant

on the fibres of p, hence is the pull back of a holomorphic

function G,—> €, which in turn restricts to exp m A’ HY
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on G,

¥
Let /ﬂ-ecﬂpq, be the element determined by

X, XY = p(Y) (xeor ).

Pq

X *
Via the Killing form, we view Olpq and cﬂq as subspaces

of afc. Then, if <.,.Y also denotes the dual of the

A
Killing form on 010,

o, a2 > o (<€ 7).

Thus, if J\l, css /\r are the fundamental weights for

. .
(Ulc, §+), then §jl$j5r Ej /\j for certain £ > 0,

In view of Proposition 3,12, there exists a positive integer
m such that if Aj =~n1\j |01q o (1€j<r) then the
H

functions

$j exp Aj°q{d

*
extend holomorphically to Gc. But since /Mé Olpq, we must

have
Moo= Z £.X,, (3.5)
1$jsr 99 |
with Ej = ;l‘gJ (L<jsr),

Proposition 3.13, If x €1, then

£.

exp (X, toga, x> = 11T Jem| . G

1€j€

Proof., By continuity of both sides of ( 3.6) it

suffices to prove the equality on a fixed component _fZi
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d
of the dense open subset L\ S of <L , Therefore, let us

fix i€ 1T, _—

€ Gc\Sd, then

If '}Lg is any branch of /H_d at a point x,

locally at X, we have

= ° 1 ° d o °

?; exp jﬂio (3.7)
A . d . .

From Proposition 3.l11 it follows that exp o/uo’:H,i is single

valued and equals the left hand side of (3.6 ) on T

Moreover, by (3.5 ) it follows that on __(Zi we have

Re(p-’H]) =

Z_ £, Re()‘-.”}tq’) >
J N 1

1§

po R

Taking exponentials and using ( 3.7 ), we find that ( 3.6 )

holds on ﬂi’ whence the result,

End of the proof of Lemma 309. The right hand side of

(3.6 ) extends continuously to Gc’ hence is bounded on the

compact set aKN cl(fl). This implies that the function

exp Pa,X is bounded on the canonical image {1 a of KN a—lﬂ

in K/KNL, Hence Pa - is bounded from above,




L4, Critical points of the functions F

s X
/
In this section we let a&€ A and X € O be fixed and
‘ Pa jsie]
determine the critical set of the function Fa x3 H SR
9
defined by

<{x , H(ah) > ,

for h € H. Moreover, in the mnext section we shall compute

Fa,X(h)

Hessians of Fa,X at points of this set. As it turns out,

the computations are highly analogous to those in [ 8 ] , and
so are the results. As in [ 8 ], the critical set is a
finite union of smooth submanifolds depending only on the
subsets {«¢ A ; (log a) = 0} and {xeA; «(x)=o0)}

of A Moreover, the Hessian of F at a critical point

a,X
is non-degenerate transversally to the critical manifold
through it. Though such results hold for general aEAPq, we
shall only prove them for aéAI’)q,' this being sufficient
for our purposes, Here A' = exp(oOU! with

purp pa P( pq) )

1
Glpq

{z €oL s (2) £ 0 for <€A,y .

Iif uéU(OJ ), the universal enveloping algebra of Gor We
let Ru or R(u) denote the dinfinitesimal right regular action
of u on smooth vector valued functions on G, If f is such a

function, we also write
£(x;u) = (R,F)(x) (xeq).

In view of the Poincaré-Birkhoff-Witt theorem, the .

Iwasawa decomposition ¢j = 4 @ GLP e " gives rise to

a direct sum decomposition




U(g) = (*u(q) +U(q)n) e U(oy).

-
Let E,, denote the corresponding projection U(s ) — U(o’LP).
If véU(OLP), we denote its homogeneous component of degree
m by Ve This makes sense because OY.p is abelian, so that
U(Glp) =~ S(ULP), the symmetric algebra of Ot . This

being said, we have the following result (cf. [ 8 , Lemma 5.1])0

Lemma 4,1, Let x¢ G, ué U(0) )0 . Then

t(x
Ho(xsm) = (By ().,
Here ut(x) denotes the image of u under the adjoint action
of t(x) = exp’H(x)- ¥(x), the "triangular part" of x, and
the suffix 1 indicates that the homogeneous component of
degree 1 is taken.,
Let FX: G —> R Dbe 'defined by

re(x) = <X, H(x)D (x€q).

'Then the following corollary holds (cf. [8 s Corollary 5.2] )

Corollary 4,2, If x€G, U 60} , then

P (x;U0) = (Ut(x), xY = {vu, K= .

Proposition 4.3, héeH is a critical point for Fox
9

if and o&nly if aheg KApNX'

Proof. Write ah = kbn, with k€K, béAn, n € N, Then
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Fa,X(h;U) = <Xn—1 o, U) , so h is a critical point iff
—
Ad(n'l)x LU for all U€h ,
The last statement is equivalent to Ad(n—l)X € o , and since
Ad(n"1)X = X mod 7, this in turn is equivalent +to
Ad(n-l)X - X € Nl , since T maps #t onto = © (#),

we have #tN¢ = 0 and the proof is complete,

Lemma 4.4. Let H be essentially connected, aéAI')q,

equals the set

X € 0L , Then the critical set of F
pq a,X

t’ = U WH_X

X wE W(A—l-)

Remark. By Proposition 2,1, W(A+) >~ NKnH(O—qu)/ZKnH( Glpq).
Since ZKnH(mpq)C Hy, the notation WHTX (we W(A+)) makes

sense.,

Proof of Lemma 4,4, If x is a representative of

-4

wéW(A ) in NKAH(m.pq), and h€H,, then »(ax h) = ¥(a" 1) =
= Y(h) € N,. Hence x_h is a critical point for F (Prop. 4.3).
X W a,;X

Conversely, let h be a critical point for Fa and write

X’
?
ah = kbn as in the proof of Proposition 4.3. Then né€ NX and
it follows that k™ 'ah = bn € Gy. Write h = h h,, with

o -1 -1
h € HN K, h,¢€ exP(ﬂFnb ). Then k™" ah = k h, (b,

-1 -] .
where k™ h € K, h,"“ah € exp(9pno] ), h, € exp (e nb ). Using

ahl)hz,

uniqueness properties of the decomposition G =

= K exp(pnoy) exp(qrmb) and of the analogous decomposition

of Gy (cf. [9, Thm 4,1] ), we infer that k-lhlé Ky,

-]l ..
h ahlé exp(P 0 O]_X), h, € exp(%Ppn /")X)o By standard semisimple

1
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theory, applied to [ohn OJX ’ G}_‘_ﬂ O]X] it follows that

o -1, =1
i &
there exists a £ €KnN Hy such that L hl ahll exp(/O'L pq) .
h i A = A oL
Thus, a being regular for the root system . (O}_I_, pq)’

it follows that Ad(hll) normalizes Olpq' Hence

1 KnH(

of Proposition 2.1 and the assumption on H this implies that

(0] o .
h €& NKnH((ﬂ.pq)(Kﬂ Hy), so that héEN m‘pq)HX' In view

h € fX.

Observe that t X is a finite uniomn of disjoint smooth

manifolds. Moreover, if y € CX’ then

Tth = dAY(e) (bX)’

where Tny denotes the tangent space at y, d)\.y(e) the

derivative of the map ly: G—>G, X+—>7vyX at e,
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5., Hessians of the functions Fa

s X

_—

As in the previous section, we fix a€ A and X € oL,
pa Pa
In addition, we assume that H is essentially connected,

Following [8 1, we write Ey, , E E

0. * By for the projections

6} —> 4 2 Olps according to the Iwasawa decomposition
q =k e oL @ ¥t . Observe that this definition of B,

is compatible with the definition of the map

EOY_ H U(O} ) —> U( GLP) preceding Lemma 4.1.

Lemma 5.1, Let xé G, U,V€ 0 , Then

P (x;0V) = Byl Ut(x), Vt(X)),

where the bilinear form BX on 0}xd is given by

|

By (U, V) < Eg(uv)y , XD

ILuy g (0], x).

Proof, See [8 , Lemma 601] .

Motivated by the above formula we first study the map

Ve E-ad(s(x)) (V), h —>4 in more detail. Given

x équ, let @X be the map H - K defined by
O, (n) = K (xn).

Then, writing

&@X(h) dl@x(h)(e)—lc d@x(h) o dlh(e),

we have the following result.




Proposition 5.2. Let xéqu, hé&éH. Then

®_ (1) = By - ada( t(xn) ). -

Proof. Let VEé'h , and set xh = kt, with k€K, t€ A N.

For s sufficiently close to zero, we may write
xh exp(sV) = k exp K(s) exp A(s) t exp N(s), (5.1)

with K(s) € k A(s)e oLp, N(s) € t smoothly depending on s.
Clearly K(0) = @X(h)v. Multiplying both sides of ( 5,1 )
by k™1 from the left and by t™1 from the right and

differentiating at s = 0, we infer that f((o) = E&(Ad(t)v).

Lemma 5,3. The map @a maps every coset h(HNL) into

a coset “K(ah)(Kn L) and induces a diffeomorphism @a of

H/HnL onto the open subset QK a of K/KnL. Moreover, for

9

each w€ W( A+), it maps the submanifold wHy into wK,.

X

Proof, Fix hé H, € HAL. We may write ah = ’K(ah),llalnl,
. L = -1
o» 1€ A, > B € Noo Thus ah J(an)l £ a L™ n, VA

= % (ah) ’X_(lll) [exp '}{(212) V(Zlﬂ) ale-anJ. The

expression between brackets is easily checked to be con-

i Ll e
with 1 L

tained in A N, so that K (anl) = ’k(ah)fx(ﬂll). Since K
maps L into KN L this implies that @a( h(HnL) ) C X(ah) (HnL').

La .i

The induced map @a: H/HNL —» K/KnL  is just j ™A

(see Section 3), hence maps H/HAL diffeomorphically onto

—‘Q-'-K 2 Finally, the last assertion follows from the fact that
?

that K maps GX into ]%(.

Let 'lf)c, /f(c denote the orthocomplements of A in 1}




and 4k respectively. Then /b = /bc @ (bn/f) and

k = 4° o (knZ), and the maps —
n,— he, U > U + TU, and
"y —s A4S, U +—> U+ 60

. R . c
are linear isomorphisms, They map /l/(.Q n OJX onto /b N OJX

and 4 cﬂ U)X respectively, We mnow have the following,

Proposition 5.4, If hé H, then the map @a(h): b—e’k

maps /Zn’b into Zak and bX into ’fCX . Moreover, the
induced maps b/bnl —> k/ka X and bx/bni—»’ﬂx//fcnz

are bijective,

Proof., The first two assertions follow immediately from
Lemma 5,3 and the fact that d)\.h(e)—lTh(H(\ L) = bn/i R
dk@a(h)(e)-lT O (1) (Kn'L) = /an s etc, Moreover, by the
same lemma the induced map @“(h) : b/bnl —sk/kn X must
be a linear isomorphism, It maps the canonical image of 13 X
into that of &X. In view of the remarks above Proposition

5.4, the last assertion now follows for dimensional reasons,

We now return to the Hessian of Fa x*
9

Lemma 5.5. Let a€A_ , XEOL ., Then for any hé€ H,
pq bq

U,V € 7() s we have:

&

Fax(msvn) = v, ),

where La,X,h is the linear map ba’b given by




L = 2 ad(mY)em - ad(a”t)-ad @a(h) . ad X ° @a(h).

a,X;h

k.

Here W% denotes the projection q—4>b according to the

o
decomposition 0} = b ® 0]_ .

Proof. By Lemma 5.1 we have Fa’X(h;UV) =
=-<vu, 7::,?0 Ad( t(ah)‘l) o ad X ° Ek(Ad(t(ah))V)> o Now
ah = ®_(n) t(an), so that t(an)"t = n~ta"t @a(h), and the
assertion follows from Proposition 5.2 and the observation

that Ad(h"l) commutes with T

g

Lemma 5.6, For each a€A' , XE€En the Hessian
pa pa
of Fa x at any critical point is transversally non-degenerate
4
to the critical set of F .
a,X
Proof, Let h = xwh’ be a critical point for Fa x* Here
9

x is a representative of wé'W(£x+) in NKnH(olpq)’ and

. . ' -1
h'€ Hy. It is obvious that dkh(e) T, (hH. ) = 1y . The

bilinear form (3(U,V) = Fa,X(h;UV) on 'b is symmetric,

Since Fa is locally comnstant on hH we therefore have

; X X?
that @) = 0 on 1)X1}X and on 1)Xx‘b « We must show that

the induced bilinear form on 1}/1}X is non-~degenerate.
The Killing form being non-degenerate on 1} » this comes

down to showing that the map L of Lemma 5,5 has kernel
-1

_ N .

b X Now La,X,h = La',X,h' s where a'= a still belongs

to Aﬁq’ Therefore we may restrict ourselves to the case that

a,X,h

h€Hy.  But then @a(h) € Ky (Lemma 5.3), so 2d(®_(n))

and ad X commute., Hence an element V’E’a belongs to

ker(La’X,h) iff




_30...

ad(a™l) - ad x - 44(O_(n))- O, (n) V € o . (5.2)

s
Now ad(x)-Ad(®a(h))°®a(h) maps ) into 9 and if U €Pp ,
then Ad(a~1)u e o iff U € g ( see the proposition below).
il & ° ® é ot
So Ve ker(La’X,h.) iff ad(X) Ad(@a(h)) @a(h) v o
Now Ad(@a(h))°@a(h) maps 1‘) into 9 , and an easy

root space calculation shows that ( 5.2 ) is equivalent to
2(0, (1)@, n) v € 4.

Since @a(h)éK , Ad(@a(h)) maps kX bijectively onto

itself, Moreover, by Lemma 5.4, @a(h) induces an isomor-
phism b/ bX —— fc//fcx, and we conclude that ( 5.2) is

equivalent to V € l)X°

s, -1
1
Proposition 5.7. IT aEqu, U € 'P , then Ad(a™")U € o}
if and only if U € OL
Pa

Proof, The if part is obvious. For the converse, suppose

that UE P . Using the decompositions ( 1.1 ), we may

write
U = U, + 2 (UO(—GU"()+(U°<-GU’<)
- L + + e - 9
®KENT
< P < X

with U € Enpao =0, U, €9, U_e” . Using that

P4
T =6 on 9,» whereas U= -6 on 0 , we find

- <, - - o
Ad(a l)U = U o+ Z (a “U:( —a"(‘L‘U:(_)+(a “U’f +a TU ).

- - .
Since * 2% £ a for all xeA:, Ad(a l)U € 0 implies

U“ =U% =0 for all ¢ AY. Hence U € Olpq.

+ o




C 11 5.8. Let a&A! X € ot weEW(A « Then
orollary 5 pq’ pq’ ( +)

at all points of WHX

and rank of its Hessian stay constant,

the value of Fa x and the signature
$

Proof. From Corollary 5.6 it follows by continuity that
the statement is true on wa§ (wé'W(l&+)), In view of
R o
Proposition 2.3 we have HX = HX ZKnH
Corollary 3,2 the function Fa

(Olp ). Moreover, by

q
,x is right ZKnH(alpq)—

invariant, and the proéf is complete,

2 E] t 6 l ®
Corollary 5.9 Let a qu, X € ozpq, wew(_A+) Then F_

X .
9
has a local maximum at the critical point hiEWHX if and only if:

®(X) (vt 1oga) y 0 forall xedl, (5.3)

< (X) £ o for all «€ AT . (5.4)

Proof, Because of Corollary 5.8, Fa has a local

X
9
maximum at he€ wHX iff its Hessian at a representative x_of
w in NKnH(ozpq) is negative definite transversally to wH,.
For this it is necessary and sufficient that all its
eigenvalues are £ O (use Lemma 5.6).
By Lemma 5.5, the Hessian of Fa X at X is given by
$
® —- = '
Fa’X(xW,UV) = U , La,X.,x,,(V)> {v , L'(V)) , where
-4
L' = L g a'l = a” o In view of Proposition 5,2 we have
al,X,e
wihy=-1 ‘
L'(v) = -~ 7 * ad(a” )77 - ad(X) - E, (V),

for V&Y . If #€ A, we put "9’1 ={v +eu; ve o }

and N = {v-eu; ve q?}. Then




Hoe el e D (% e ).

se AT .

P

We claim that L' diagonalizes over this decomposition.
Indeed, it is obvious that L' = 0 on 5!\[ « Moreover,
<
if <€ A% . Uve€qg” , then E, (U - 0U) = E, (20 - (U+6U)) =

= -(U + 6U). Also, Ad(aW—')’lead(X) (U + ovU) =

= «(x) (a™y - awer) = A(X) (a™vu + a"™tU). since
a™™vu + a"%u = p(U + tU) + q(U -~ tU), with p = $(a"+ a™"%),
a = $(a™™- a™), it follows that

L' (U - 6U) «(X) cosh o«(w 'log a) (U - 6U),

for U € qi » A similar computation yields:
L'(U + 8U) = o(X) sinh d(w—llog a) (U + 6U),

for U'Ec%i, whence the claim,
Taking into account that the Killing form is negative
definite on & and positive definite on P , we infer

that the Hessian has all eigenvalues € 0 iff ( 5.3:4),

thereby completing the proof,




6, Proof of the comnvexity theorem

We prove Theorem 1.1 by induction on the rank rk([&)
of A, If rk(A) = 0, then qu-’}{ = 0, and the theorem
evidently holds., So let us assume that rk(A ) >0, and that
the theorem has been proved already for groups of lower
rank, In Section 2 we saw that this hypothesis implies
that the theorem is also valid for lower rank groups of
the Harish~Chandra class,

If X Eapq, we write QA(X) ={xeA; x(X) =0},
A*Y(x) = A*n A(X), etc.. Moreover, W(A+(X)) denotes the
reflection group generated by the reflections in roots

« € A _(X). Put
a(X,2) = conv( W(A _(X))-2) + T(A¥(X)),

for X,Z € me° Then the assertion of Theorem 1,1 can be

reformulated as
im(F_) =  0U(0, log a). (6.1)

We shall first prove ( 6.1) for aE.Aéq. As a first step

we have:

Proposition 6,1, Let aE.Aéq. Then

im(Fa) < o0(0, log a).

Proof, By Lemma 4.4 the map F : H— 0 is
Pa

submersive except at points of

e . U U .

wew(a ) x€ apc}{o}
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Being a finite union of lower dimensional closed
submanifolds of H, e has a complement which is open
and dense in H, Therefore im(Fa) has dense interior,
Moreover, im(Fa) being closed (Corollary 3.7), a point

Z of the boundary aim(Fa) of im(Fa) must be the image
Fa(h) of some hé €, Write h = x h', with X a represen-
tative of we€ W(A ) in NKHH(ozpq), and h'€ Hy, X € mpq\{o} .
Then EPCI’J‘L(ah) = Epcz’}{(aw h') which by the induction
hypothesis is contained in OU (X, W—l(_log a)) (cf.

Section 2)., Now put

® - U U oL(x, w_l(log a))e

WE W x € oo_\1o

(A) IANY,

Then from the above reasoning we infer that
d9im(F ) C F (T) € & .

It follows that every component of Olpq\ 03 must be
entirely contained in the set Fa(H)’ or have empty
intersection with it. Now clearly ® C o (0, log a). In
view of Lemma 3.9, im(Fa) does not contain the
connected set at pq\ (0, log a). Therefore

im(Fa)\O'L(O ,log a) = @ and the assertion follows.

Proposition 6,2, Let a€A' , Xe€OL__ . If F has
Pa Pa a,X

a local maximum at hé€ H, then {U,X) € F_ 4(n) for all
3
U € oL(0, log a).
Proof, Suppose Fa x has a local maximum in h& H, Then
9

h is a critical point, hence of the form xwh' , with X,




a representative of w€ W(A +) in NKnH( Ulpq) ,

e
and h HX"

Moreover, by Corollary 5.9 we must have
A (x) «(w ! 1og a) » O for all « € A: ,
* (X) £ 0 forall x€ AT,

In Proposition 6,3 below we deduce that the first statement
implies that { X,z €<X, w"l(log a)y for all
Z € conv( W(A +)- log a ). Moreover, the second statement

implies that <X,Y>§ O for all Y € '(A*). Hence
<X,U>< <X,w_l(loga)> ,

for every U € 0.(0, log a). Since Fa’X(xWh') = Fa,X(Xw) =

= <X s w"l(]_og a)> , the assertion now follows,

Proposition 6,3, Let X,Y € Olpq be such that
«(X) 4(Y) » 0 for all «€A , Then (X , uy) <KX, Y)

for all uew(A+)o

Proof, Let E be the subspace of Olpq spanned by H_, ,

< € A, . Then A+ = A(O)+,Olpq) is a (possibly non-reduced)
root system on E, Moreover, since W(A_I_) leaves E invariant
and acts trivially on EJ', it suffices to prove the statement
for X,YEE, But then it is well known that the hypothesis
implies the existence of a closed Weyl chamber C such that

X, Y€ C. The proposition now follows,

&

. - , 3
Proposition 6,4, If aéAPq then 9 1m(Fa) C aa(o,log a),




Proof, Given X € Olpq, write

oL(x) = Z R-H

X € A(X)

Then for every Z € O'qu, we have

0l(X,2) & Z + oL(X).

By regularity of a, the set OL(X, w-l(log a)) (WEW(A+))

[-]
has non-empty interior OU (X, W-l(log a)) din w-l(log a) + o(X).

! = 6 H k A X = A Ll o

Put Oqu {X Olpq, r (x) rk 1 } Then clearly

® = U U oL (X, W-l(log a))e

Xet
weEW(A +) 0l g

Moreover,

(-] o

® - W, U o, wl(ioe a))

€ X €1
weéE W(A +) O'lpq

is dense in ® , Since im(Fa) is the closure of a union
of connected components of Olpq\ 03 , it follows that
0im(F_)n ® is dense in aim(Fa). Therefore it suffices to
show that 0 im(F_)n ® C do(o, log a).

Let Z € 3im(Fa)n ® o Then there exist wE€ W(A+) and
X € 'O‘qu such that Z € (;L(X, W"l(log a)). Moreover, by
the induction hypothesis there exists a hé HX such that
Z = Ep({’]—{,(awax h) = Fa(xwh). Multiplying X by -1 if
necessary, we can arrange that X is an outward normal to

Fa(H)‘ Thus, F attains a local maximum at xwh. By

a,Xx
Proposition 6,2 it now follows that Z = Fa(xwh) € 0 0L(0, log a).

Corollary 6.5, If aéAr')q, then im(Fa) = 0L(0, log a).




Completion of the proof, Let aGAPq\AI')q, and select

a ‘sequence {an} in Aéq which converges to a., Then
A = {alu{a } is a compact subset of A .
n pa
Let he H, Then E_ -’H(a_h) = U_ + V_, where
Pq 4} n n
. c T +
U € conv ( W(A+) log a ) and v, € (A7), Clearly U
varies in a compact subset of OL_, and so does E_ -+ (a_h).
jole] Pq n
It follows that {Vh} is relatively compact in F(Zl+).
Passing to a subsequence if necessary, we may therefore
assume that the sequences {Un} and {Vn} converge, to
say U and V vrespectively. Clearly U € conv( W(A+)-log a),

vVEMAY). on the other hand, U + V = E o H(ah), and

we have shown that qu(q{(aH))Cl oL (0, log a).

For the converse, let W G}ﬂ(O, log a) and write W = U + V,
with U€ conv( W(A ).log a ) and V& T(AT), Then there
exists a sequence {Un} in azpq which converges to U,
and such that U € conv ( W(ZS+)-log a ) for all n, By
Corollary 6.5 there exists a seqﬁence {hn} in H such that
qu°q1(anhn) =U + YV, and by Lemma 3.3 the set {hn}
must be rélatively compact in H. Passing to a subsequence
if necessary, we may therefore assume that hn converges
to a point hé€ H, It follows that quoﬁ{(ah) =

= 1im E_+/H(a h ) = 1im (U_ + V) = U + V and the
jole] n n n

proof is complete.
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Appendix: the group case

Let G be a comnnected real semisimple Lie group with
finite centre. It may be viewed as a symmetric space in
the following way. Let 'G = G * G, 'T s 'G—'G the involu-
tion given by 'T (x,y) = (v,x). Then 'H = d(G), the diagonal
in GXx G, and the map GXG —= G, (x,y) —» Xy—l induces
a diffeomorphism 'G/'H =~ G,

In this appendix we reformulate Theorem 1.1 for the
symmetric pair ('G,'H) in terms of the structure of G. If
not specified, our notations have an obvious meaning,

Let © ©be a Cartan involution for G, Then '@ = 6x©O
is a Cartan involution for 'G which commutes with 'T, Thus,
on the Lie algebra level we have 'P = Px%p , !'g = 8(0’}),
'pn 'ol = 8(p ), where we have used the notation 8(03 ) for
the subset {(X,-X); XG‘-‘)} of 'c} = cyx6) , etc..

Let OIP be maximal ?.belian iﬁ P and put 'OLP = Ol,p X O'LP
and 'O = §(0t_). Let J: a_ — '@ be the linear

Pa ’ P P Pa

isomorphism given by <)(X) = (X,-X). Then the projection

TE 'Ol 5! is given b
pPq p o—qu & Y

"B (XY) = j(3x-7Y) ).

. 4 * - .
Moreover, with obvious notations, 'qu = l(Ap) s and if
Ii denotes the projection of ‘OIP on the i-th coordinate (i=1,2),
then 'A = T A ] I(T*A . Let AY be a choice of positive, |
P 17p 2P P

roots for AP’

&

G = KA N
b

the associated Iwasawa decomposition and 9{, H G———>ULP the
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+

corresponding Iwasawa projection. Then ’[qu =
k-1 + ‘ A ¥ + ¥ +

: and 'AT = T (A UT (~-A
Ftah Pe TUAN)UTL(-AY)
are compatible choices of positive
roots, The associated Iwasawa decomposition for 'G is
"N——;NX.N.O

1Y
The associated projection "YH : ‘'G ——>'Olp is given by

'lH-(XQY) = ( /}((X)y ""}(( 6y) ), so that

'G = 'K'A_'N, where 'K = KxK; A = A XA
p p P

H

‘B M (x,) 7y ( H(x) + H(ey) ).

It is now straightforward to derive the following equivalent
formulation of Theorem 1,1 in terms of G's structure., Let

W denote the Weyl group of Olp in q o« If XE ZX;, we let
H, denote the element of Olp N (kero()‘L with o« (H,) = 1,

and write

rAn = 2 g

+
o<€”A,P

Theorem A,l, Let G be a connected real semisimple Lie

group with finite centre, G = KAPN an Iwasawa decomposition
for G, and H G—~>(ﬂp the corresponding projection, If

aé.Ap, then the image of the map .Hfa: G — Opp given by
Y (x) = 3 Hax) + H(a 6x) )
is equal to

im(qfa) = conv( W-1log a ) + I1(Z\;).

&

In particular, putting a = e, and using the Iwasawa

decomposition G = KAPN, one easily finds

HOF) = [(al).




Moreover, Lemma 3;3Aimplies that the map H . ﬁr——>CHp is
proper., Now these facts can be checked independently as
follows,

By [10] (cf. also [19] ), there exists a diffeo-

morphism & . Xo(é P ﬁd —> N » such that

i

Z H(m,) . (A.1)
<e¢ ¥

Hed ( () e p)

Here the Cartesian product extends over the set P of

—— —-

indivisible roots in Z);. Moreover, N,

t
2
2
(]

« 3 Where

G is a closed semisimple subgroup of G, whose Lie algebra

14
. -2 - 1Y
is the real rank one algebra generated by oy s o) s %

OQZM . The Iwasawa decomposition of G induces the Iwasawa

decompositions G, = KxAp,xN& with K, = KnG, , etc,. Thus
we see that by (A.l1) the above statements for the map
M. ﬁ-——>(np reduce'to the corresponding statements for the

maps “H : ﬁ;-—>01p « The latter statements can be

checked to be true from-the explicit formula for the

Iwasawa projection of a real rank one group (cfoflhl , [191 ).
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