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Asymptotic properties of the mean integrated squared error (MISE) of kernel estimators of a density
function, based on a sample X, ..., X,, were obtained by Rosenblatt [4] and Epanechnikov [1] for the
case when the density f and its derivative f' are continuous. They found, under certain additional regu-
larity conditions, that the optimal choice A, for the scale factor k, =Kn~® is given by h,g=Ken ™'/
with K, depending on f and the kernel; they also showed that MISE (h,o)=0(n ~*°) and Epanechnikov
[1] found the optimal kernel.

In this paper we investigate the robustness of these results to departures from the assumptions con-
cerning the smoothness of the density function. In particular it is shown, under certain regularity condi-
tions, that when f is continuous but its derivative f’ is not, the optimal value of « in the scale factor
becomes 1/4 and MISE (h,)=0(n ~*%); for the case when f is not continuous the optimal value of a
becomes 1/2 and MISE (h,0)=0(n"'/2). For this last case the optimal kernel is shown to be the double
exponential density.
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1. Introduction -
Let X}, ..., X, be independent, identically distributed random variables with density function f and

let
x—X;
by

be a kernel estimator of f. Rosenblatt [4] and Epanechnikov [1] (see also Rosenblatt [5]) studied the
asymptotic behaviour of the mean integrated squared error (MISE) of f,; they found the optimal value
of h,, the asymptotically minimum value of MISE and the optimal kernel, assuming, among other regu-
larity conditions, that w is a density symmetric around zero and that f has two continuous derivatives.
Nadaraya [3] extended the results of Rosenblatt and Epanechnikov to the case where f has s (s =2, s
even) derivatives with f¢) bounded.

~In this paper the results of Rosenblatt and Epanechnikov are extended to the case where the density
f and its derivative f are not necessarily continuous; a bounded density, symmetric around zero, is used
for the kernel and it will be shown, under certain additional regulanty conditions, that, with &,, the
asymptotically optimum value of h,, MISE (h,0)=0(n~**) if f is continuous and /' is not continuous,

whereas MISE (h,g)=0(n~'/?) if f is not continuous. Expressions for lim, n¥*MISE (h,), respec-
tively lim,_, o, n'2 MISE (h,), in terms of w and f will be given; further it will be shown that the dou-'
ble exponential density is the optimal kernel for the case when f is not continuous.

fu) = 7 S

], —00<x <00 (L.

Section 2 contains the conditions on w and f, as well as some properties of, and some examples of,
densities f satisfying these conditions. The main results are given in Section 3; a sketch of the proofs of
these results is given Section 4. Full details of these proofs can be found in the technical report by van
Eeden [6]; this report is available from the author on request.

2. The conditions on w and f

The kernel w will be assumed to satisfy
Condition A. ' '
w is a bounded density, symmetric around zero with

+ o0

0< [ PPw@)dt<co.
. _00.
The density f will be assumed to satisfy
Condition B.
1. f has k (k=0) points of dlscontmmty a;< ... <a; at each of these points f has a left-hand and a
right-hand limit and f(a,7)54f (&), i =1, ..., k.
2. For each i =1, ..., k +1, the function g; defined on [a; _,a;] by

f(aitl) if x=a;_,
gx) = 1f() if g 1<x<ag
f(ai_) if X =4ay,

where ag=— 0, a; +1 =00, has, except at the points b;;< .. <b;, (;=0, a;_<<b;;, b; ;<a;), a deriva-
tive g. At each of the points &1, ... ,b;;, g has a left-hand and a right-hand derivative; g; (b; )7g; (b ),
j=1,..,1 and '

y ’
&0)—&x) = [g@)du, @_,<x<y<a.

Further

+00
. [ If7@)|dx <oo.
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3. For each pair (j)i=l ., k+1,j = 1, .» §; +1, the funciion g;; defined on [b; _;, b;;] by
| gi(by—1) if x=bj_,
gi(x) = {g'(x)  if by_1<x<by;
sy if x=by,
where big=a;-; and b;;11=g;, is absolutely continuous and g,j is continuous almost everywhere.
Further [XZ|f "(x)|dx <co and g;; is bounded. ~

The following Lemmas 2.2, 2.3, 2.4 and 2.5, needed for the proofs of the main results, give some pro-
perties of densities satisfying Condition B. Lemma 2.1 is needed for the proofs of the Lemmas 2.3, 2.4
and 2.5.

Lemma 2.1, If G(x), —oo<<x <co, is absolutely continuous and

+0o0 +o00 )
[ 1GG)ldx <o, [ |G'(x)|dx <co @1

then

'(a) Gx) = fG’(y)dy —0<x <o0
1 ) 22)
(b) G(x) is bounded.

Proof. (a) The absolute continuity of G(x) implies that

X
G(x)—G) = [G'u)du —co<y<x<oo, 2.3)
y
Further, (2.1) and the absolute continuity of G imply (see the proof of Lemma I1.2.4.a of Hajek and
Sidak [2])

G(x)=»0 as x->Foo. 2.4
The result then follows from (2.3) and (2.4). .
(b) The boundedness of G follows from (2.4) and the fact that G is absolutely continuous, and hence of
bounded variation, on finite intervals. O
Lemma 2.2. For each i =1, ..., k +1 the function g; is absolutely continuous on [a; _,, ;]
Froof. See Hajek and Sidak {2], Theorem 1.2.1). O
Lemma 2.3. For each i =1, ..., k +1 the function g; is bounded.

Proof. Fori=2, .., k the fact that g; is bounded follows from its definition. For i =1 and for i =k +1
the boundedness of g; follows from Condition B.2 and Lemma 2.1. O :

Lemma 2.4. For each pair (i.,j), i=1, .., k+1, j=1,.., L +1, the function g; is bounded.
Proof. For all but the pairs (/ =1, j=1) and (/ =k +1, j =1 ;+1) the fact that g; is bounded follows

from its definition. That g,; and g, 4./ +; 1 are bounded follows from Lemma 2.1 and Condition B.3.
]

Note that Lemma 2.3 implies that f is bounded, which implies that f is square integrable. Further,

s
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Lemma 2.4 implies that f” is bounded and Condition B.3 implies that f” is bounded and square integr-
able. Also, each of the functions f, f’ and f” is continuous almost everywhere. If kK =0 then f(x),
— o0 <x <00, is, by Lemma 2.2, absolutely continuous and if k =0, /;=0 then f'(x), —oo<x <00, is,
by Condition B.3, absolutely continuous. ’

Now let
& =f@ ) —f@h) i=1, ..k
Ay = f' O ~f B i=lk+ ], j=1., h+] 23)
and
k k+14+1
8= 306 A=3 A2 (2:6)
i=1 i=1j=1 '
then
Lemma 2.5. If the density [ satisfies Condition B then
+o00 .
8>0 or A>0 or [ {f"(x)Ydx>0. Q@
“w :
Proof. It is sufficient to prove that
. +0
{6=0,A=0} = f {f"(x)y*dx >0. 2.8
— o0

To prove (2.8) first note that
{6=0, A=0}={k=0,,=0} = {f(x), —co<x<oo, and (2.9)

f(x), —oo<x<oo, are absolutely continuous}.

Then, by Lemma 2.1 and the fact that f, f’ and f” are integrable, one obtains that {§=0, A=0}
implies

x y -
fx)= f(ff”(z)dz)dy, — 00 <X < 00, 2.10)

— 000

Finally, {*2{f"(x)}?dx =0 contradicts (2.10) because f is a density. [

The following are some examples of densities satisfying Condition B.
1. The normal, logistic and Cauchy densities satisfy Condition B with k=/;=0, §=A=0 and
JE2{f "(x)Y2dx >0,
2. the double exponential density
fx)= %e_l"', —oo<x <00,
satisfies Condition B with k =0, [;=1, §=0, A>0, [T 2(f"(x)}%dx >0,
‘3. the density

1+x —1sx<0
fx)=<1—-x 0O0<x<l
0 else

satisfies Condition B with k£ =0, /,=3, 6=fi'§§{f"(x)}2dx =0 and A>0,
4. the uniform density




T —l=sx<l
fex) = {O else
satisfies Condition B with k =2, [;=I,=13=0, §>0 and A= [*2{f "(x)}*dx =0,
5. the density

(8 t+x
2a—1

_Ja-x .
f(x)v. % 0<x<l

—1=<x=<0

0 else,

where a > 1, satisfies Condition B with k =2, /,=1;=0, [,=1, §>0, A>0 and ff;?{f"(x)}zdx =0,

6. an example of a density for which §>0, A=0 and [*Z{f"(x)}?dx >0 can be constructed as follows.
Let f be a density satisfying Condition B with k =/;=0. Then [X2{f"(x)}*dx >0. Let ¢ >0 and
let f* be defined by

L&)
1+2¢ for |x|>1

Then f~(x), —oo<x <oo, is a density; further

g‘i.f"(x) = .ﬁ@l

14+2¢
and f”’ satisfies Condition B with k =2, I, =1,=13=0, §>0, A=0 and
+ 00 ) 1 + o0 5 '
o dxX == —— ” dx >0,
SV = s [ Uy

7. an example where §>0, A>0 and [X®{f"(x)}?dx >0 is the density
M+ +17 —1<x<0
fx) = 31+ -1 o0<x<]l
' 0 else,
for which k =2, I,=1,=0, l,=1.

3. The main results

The main results of this paper are given in the following Theorems 3.1, 3.2 and 3.3; the proofs of
these theorems are sketched in Section 4.

Theorem 3.1. If the conditions A and B are satisfied then, for n—sco and h,—0,




+o0

[ wi@)dt +

.MISE(h,,) = o
" -

r

+ o0 +o0 .
%h,’,“{_{b tz-w(t)dt}z—{o {f”(x)}zd.x+o(n}11" +h} if 8=A=0

0 y » .
+ dom3A [ ([ o —tw e Ydy +o(ﬁ +h3) if §=0, A>0

-0 —oo

o0 [+ o]
U8 [ { [w(x)dx Yidy +o(—— +hy) if 80
- nh,

, When [ satisfies Condition B with k =1 1=0, Theorem 3.1 reduces to the results of Rosenbiatt [4],
; Epanechnikov [1] and to Nadaraya’s [3] result for s =2.

The following Theorem 3.2 gives, for h, =Kn ™% a>0, the asymptotically optimum values o and K
of a and K, as well as the value of

My = lim n'"“MISE (K. ~%).

. n->e0

Theoreni 3.2. If the conditions A and B are satisfied and h, =Kn~°, a>0, then
(a) the asymptotically optimum value ay of a is given by :
1 if 8=A=0
ap = {5 if §=0, A>0
' 1 if 8>0

(b) the asymptotically optimum value K of K is given by

i
+o00 5

f w(t)dt
= if 8=A=0

([ rwway [ ey

N

’- +.00
fwz(t)dt
e if 8=0, A>0
6A [ [ (v —t)w(@)ds Py

| —wo—w

&
I
A

0 [

+ 00
[ wie)dr
- if 6>0
28 [ [ [w()dtTdy
0y




(c) the dsymptétical_ly minimum value of MISE, MISE (Kon ™~ ™), satisfies
' lim n'"*MISE(Kgq ™™) =

n—oo

,
["YES

2 1
5 5

' Totzw(t)dt | T{f"(x)}%dx if 8=A=0
I o

sl
S—
3
~
p—d
&

:-i:.a

1
4

+ o0 0
d 3| [ wiar 6Aj{f(y~—t)w(t)dt}2dy if 8=0,4>0
- AL 1
+ o0 2 [= I ] 2.
2| [ wieyde| |28 [{ fw()dtYdy| if &>0.
| --oo ] L 0 y

As for Theorem 3.1, Rosenblatt’s [4] result, Epanechnikov’s [1] result and Nadaraya’s [3] result for
s =2 are a special case of Theorem 3.2.

If it is known that the density to be estimated satisfies Condition B, but it is not known whether £,

nor whether f’ is continuous, then the optimal choice for 4, =Kn~® is unknown; in this case, for any
choice of @ among the values §, 4 and 5 that is not the optimal choice, the asymptotic efficiency relative

to the optimal choice is zero; that is
MISE (Kogn™*) L1
——— =0 K>0, ae{35,3,3} «
oo MISE (Kii %) {5232} Fag

On the other hand, if & is known and one uses h, =Kn~* then the asymptotic efficiency relative to
the optimal choice is positive for all K>0 and is equal to one if a consistent estimator of K|, is used for
K. Nadaraya [3] gives such an estimator for the case when §=A=0.

Finally, the optimal kernel, that is the kernel w that minimizes
Myw) = lim n' " *MISE(Kon ™),
n-—>0

depends on the unknown density omnly through ay. For the case where 8=A=0, it is well-known (see
Epanechnikov [1]) that the optimal kernel is given by

-i—(l——tz) 1’<1
w0 =10 2>1.
The following Theorem 3.3 gives the optimal kernel for the case when §>0.

Theorem 3.3. If the conditions A and B are satisfied and 6>0 then the optimal kernel is given by
w(t) = 3¢ " —so<r<co.

We have been unable to find an optimal kernel for the case when §=0, A>0.

The following Table 1 gives, for several kernels, the asymptotic efficiency, e(w), of the kernel w as
defined by

&
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( )_'_ Moy(w)
e = Md(wo)’

where wy is the optimal kernel. The kernels used in Table 1 are the same as those used by Epanechnikov
[1]; he gives, in his Table 1, the values of [e(w)] >/ * for the case where §=A=0.

w 8=A=0 §&>0
2(1=1% lt1<1
: 1 1940
0 l21>1
Scost Itls—g—
1.000 945
L
>..._
0 lt1>
1—1{¢] [t1=<1
989 968
0 lt1>1
1 -3
T ¥ —o<t<owo 961 974
T
T IR
943 866
0 lt1>1
Te It —o0<t <00 802 1

Table 1. Asymptotic efficiencies e(w) of the kernel w.

Proofs of the theorems in section 3
In order to simplify the notation the index n on h, will be omitted.

For the proofs of the theorems in Section 3 the following lemmas are needed. The proofs of these
lemmas, which are straightforward but lengthy and tedious, are omitted; they can be found in van Eeden

[6].

Lemma 4.1. If the conditions A and B are satisfied then

+ 00
[ 6{fule)—f(x)Ydx = @1

1 + o0 ) + +.c0
— f wz(t)dt-——’-,- [ F&) [ w(@)f (x—th)drdx
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+o0 | +too

f f w({f (x —th)—f(x)}dt | dx.

‘—o0 |—o0

n—1

++ Jrfwfz(k)dx+
n -0

Lemma 4.2. If the conditions A and B are satisfied then

+ o0 + o0 +o0
,{ig_{o f (x)_{o w(t)f (c —th )dtdx .—._{o F2ox )dx. 4.2)

The following three lemmas are needed to obtain the behaviour of (see (4.1))

2
+oo | +oo
[ | [ w®OU & —th)—fx)}dt| dx

as h—0; the first two of these lemmas give Taylor series-like expansions for functions f satisfying Con-
dition B; if k =/;=0 these expansions are Taylor series expansions.

Lemma 4.3. If f satisfies Condition B then, for b; _1<x <b,:jl, by, 1<x —th<by,, 1<j;<|+1],
I<j,<i+Li=1...,k+1

f(x—th)—f(x)+thf’(x)~h2j(t —$)f "(x —sh)ds = 4.3)
( 0
: @ o° if j1=/2

Ja—1
- ‘(li) E(b,.{‘“x ‘*’th)A,7 if]1<jz

Y=h

izl : :
@iy — D) (biy—x +th)by;, if j1>)o

L Y=j2

Lemma 4.4. If f satisfies Condition B then, for b;;,1<x<b;,, b,j,-1<x —th<b,;,, 1<j,<l,+],
1<jo<l,+1, 1<i <k +1, 1<i,<k +1, i iy,
t
fx -—th)—f(x)+thf’(x)—-h2f(t —=8)f"(x —sh)ds = 4.49)
0 ,
b+ iHh—1 IL+1
@) D Giy—x+t)d,+ D D (by—x+th)A,,
Y=/ y=i+1y=1
ja—1 i1
=3 + 3 biy—x tth)Ay,— 38, if i1<ip
=1 p=h
h+1 h—1 I+1
@) — D biyg—x +th)Aiy— D D (byy—x+th)d,,
Y=j2 y=ir+1 y=1
ji—1 i—1
L - 2 (bi,.,—x +th)Ai|'y+ 2 8“ lf i1>i2.
=1 p=iz

Now let




+o
I(xh) = [ w){f(x—th)—f(x)}dt, —oo<x<oo,
+ 00 t .
G(x;h) = h* [ w@)[(—s)f"(x —sh)ds di, —oo<x <o,
— 00 0
X —biy
L+l h
Hyjy(x,h) = EA,, [ = x+th)w(t)dt
=j -0
X—bﬂ
k+1 §+1
+ 3 SA, j (byy—x +th)w(t)dt,
y=i+ly=1

b,~j_1<x<bi-, _]=1, ,Ii+1, lzl, ,k +1,

Hjjo(x,h) = — ZIA,, f (biy—x +th)w(t)dt
r= x —byy
h

i—1 L+1

-3 A, / (byy—x +th)w(t)dt,
1=1Y=1 5 b,
h

by <x<by, j=1,.4+1, i=1,..k+1,

i—1 —

x—a, ]
Vi h) = D8(1-W(—), aoi<x<a;, i=1,. Jk+],
p=1 )

12(x h) -

g _1<x<a, i=l1,...k,
p=i
where

W) = iw(t)dt, —oo<{y << 0o0.

Further let, for j=1, ... J,+1,i=1, .. k+1,

Hij(x,h) = H;jy(x,h)+Hya(x k)
I/i(x’h) = I/il(x’h)—{'—I/I'?.("CJI)

then it follows from Lemma 4.3 and Lemma 4.4 that

Lemma 4.5. If the conditions A and B are satisfied, then

+o00 +oo
[ U w{f x—th)—f(x)}yatFdx =
k+14+1 by
= 3 3 [{G(x,h)+H;(x h)+V;(x,h)Ydx

i=1j=1p_,

(4.5)

(4.6)

@.7n

4.8)

(4.9)

(4.10)

@.11)

(4.12)

(4.13)
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The following four lemmas give the behaﬁour, as h—0, of each of the six terms obtained by expand-
ing the square in the right-hand side of (4.13).

Lemma 4.6. If the conditions A and B are satisfied then .

1 +00 +o0
2 1 2 2 ” 2
lim h4 f G¥(x ,h)dx = {-{;tw(t)dt} _{o {f"(x))dx. (4.19)
Lemma 4.7. If the conditions A and B are sattsﬁed then
L by 0
lim n’ [Hjx J)dx = AF+AZ-) [{ [ —w@)dt Yy, (4.15)
b,, -1 o0 — 00

Isj<i+1, i=1,.. k+1
Lemma 4.8. If the conditions A and B are satisfied then, for i =1, ... k +1,

.1 ¢ ‘ i
lim —- [V2(xh)dx = §F+82) [ (1-W())dy. (4.16)
a;-y 0
Lemma 4.9, If the conditions A and B are satisfied then
by
fG(x J)H; (x b )dx 4.17

— i L :
= illl..l_}(l) ha{G(x,h)V;(x,h)dx

1 b,, Isj<i+1
= lim — [ Hy(x,h)V;(xh)dx =0 {,-:1,... k41

bijl

Proof of Theorem 3.1. From Lemma 4.i, 4.2 and 4.5 it follows that, for # —0,

1 +o0 ) 1 + 00 ,
MISE(R) = —- _{o w (t)dt-; _{Of (x)flx +o(h) (4.18)
n—1 kil by 5
> 3 [{GGh)+H;x h)+V;(x k)Y dx.
i=1j=1p,_,
The theorem then follows from the Lemmas 4.6, 4.7, 4.8 and 4.9 and from the fact that

k+1h+1 k+1h+1

S Sa= 3 343 =A

i=1 j=1 i=1j=1
and

k+1 k+1
28,-2_1: 28,'2:6. O

i=1 i=1

Proof of Theorem 3.2. For the case where §=A=0, the proof can be found in Rosenblatt [4] for the uni-
form kernel and in Epanechnikov [1] for the more general case of a kernel satisfying Condition A. The
proofs for the other two cases are analogous to these proofs of Rosenblatt [4] and Epanechnikov [1]. [

‘Proof of Theorem 3.3. The kernel that minimizes
Myw) = lim n'"*MISE (Kogn ™)
n—ow

when 6>0, is the kernel that minimizes

&
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+ o0 [ <] -] 0
[ wio)dt [ (=W )Yy =2 [we)dt [ {(1-W(y)Ydy. 4.19)
— o0 0 0 0
By Schwartz’s inéquality
0 [> o] 0
[wiya [(1=W@)Ydy = [wE)Q1—-W@)dt} = —6‘; , (4.20)
0 (1] . 0
with equality if and only if '
W) = aw(r) 0<t<oo forsome a>0 4.21)
or, equivalently, if and only if
w(t) = %e—“"' —0<t<oo, a>0. (4.22)
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