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This study originates from an attempt to understand the bifurcation behaviour in a certain two-
dimensional iterative map considered by Ikeda et al. in a theoretical study of optical bistability. The map
can be written in complex coordinates z and Zz in the following form: z’ = 4 + Bz exp i(zz —B).

The complex coordinate z has the meaning of an electric field vector, 4 is the amplitude of the incoming
wave, B measures the dissipation of the electric energy and B is called a mistuning parameter. The map-
ping is considered from a mathematical point of view, by using the usual techniques of two-dimensional
maps. The parameter B determines whether the map is Hamiltonian (B =1), i.e. measure preserving, or
dissipative (B <<1). Various plots are given showing the chaotic behaviour of the map, periodic points,
continuous invariant curves, isolated structures, strange attractors, etc.
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Introduction

This study originates from an attempt to understand the bifurcation behaviour in a certain two-
dimensional iterative map considered by Ikeda et al. [1] in a theoretical study of optical turbulence. The
map can be written in complex coordinates z and z in the form

—

z' = A +Bz expi(zz —P), h . (1.1
which may be converted to real form either in Cartesian coordinates or in polar coordinates by using

z = x+iy, z =x-—iy, (1.2)
or

z = rexpi, z = rexp—ib. (1.3)

For the physical interpretation of (1.1) we refer to the paper quoted above. The complex coordinate z
has the meaning of an electric field vector, 4 is the amplitude of the incoming wave, B measures the dis-
sipation of the electric energy and B is called a mistuning parameter. In the paper an intriguing plot was
given of a series of 5000 successsive points of the map (1.1) for the parameter values 4 =3.9, B=0.4 and
B=0. Shown is what looks like a strange attractor. A similar illustration is given here in Fig.4.1 and 4.2
for A =2, B=0.6 and =0. In Section 4 it is shown that these points are also attracted by the unstable
manifold of an unstable fixed point. An initial section of such an invariant curve given in parameter form
by analytic functions is shown in Fig.4.3 for the conditions of Fig4.1. :

In this paper the map (1.1) will be studied from a mathematician point of view using the usual tech-
niques for two-dimensional maps. As a rule the parameters are restricted to the following ranges.

A >0, 0<B <], 0sf<2m 1.4

However, in some cases it might be desirable to give A also negative values, but then 8 can be restricted
to the interval (0,7). The map (1.1) can be considered as a combination of a rotation, a similarity
transformation and a translation. If R denotes the combined effect of a rotation and a reduction of
scale by the factor B

r’' = Br
R g =2 g L ) (1.5)
and T the translation
x'=x+A4,
T r— : (1.6)
y =Y :

then the map (1.1) can be written as TR ie. R followed by 7. Obviously the map is area-preserving for
B =1 and area-contracting for B <1. The dissipative case B <1 and the Hamiltonian case B =1 behave
quite differently as is well-known. In the dissipative case we may have one or more (locally) stable fixed
points. A typical plot is shown in Fig.1.1 for 4 =0.5, B =0.99, B=0. All points are attracted towards
the single stable fixed point at x =0.2625, y =0.7552. In Section 2 the dissipative case B <1 is studied
in detail. All fixed points are situated on an Apollonius circle with respect to z =0 and z =4. Formulas
are given for determining their position, (2.4) and (2.6), and their possible stability (2.12), (2.16) and
(2.17). The conditions for stability are given a geometrical interpretation in Fig2.3 and Fig.2.5 so that
e.g. for a fixed value of B and arbitrary values of 4 and B the possible stability of a particular fixed
point can be read off at once. In striking contrast to this is the Hamiltonian case. A typical illustration
is Fig.1.2 for 4 =05, B=1, =0 in which 6 orbits are given, around the fixed point at x =0.25,
»=0.7580. This map shows all the familiar phenomena such as periodic points, continuous invariant
curves, chaotic rings and island structures.

In Section 3 the Hamiltonian case is considered in detail as regards the positions of the fixed points
and their nature. All fixed points are on the line x =4 /2 and this line is a line of symmetry of the
Hamiltonian map.

In Section 4 we consider the pseudo-chaotic case when all fixed points of the dissipative map are




unstable. It is shown that the attractor is always contained in the closed disk |z —4 | <A4B /(1—B).
An explicit construction is given of the unstable manifold of an unstable fixed point. It can be
represented in complex form by -

o0
z = zo+ Dot
k=1

where ¢ i$ a real parameter. The action of the map (1.1) on the unstable manifold is simply 'z —Az where
A is the unstable multiplier (|A|>1) of the fixed point z,. This enables us to find expressions for the
first few coefficients c,. Once a small initial arc of the invariant manifold departing from z, is known it
can be continued almost indefinitely along the invariant curve. The idea is that the “strange” attractor is
the limit set of the unstable invariant curve. Since this curve appears to be folded up upon itself infin-
itely often it is itself a convincing continuous representative of the still somewhat mysterious “strange”
attractor. It is of interest to compare Fig.4.1 and Fig.4.3 as the discrete and the continuous representa-
tion of the same object. »

2. The dissipative case
A fixed point of (1.1) is determined by the relatlon

z = A +Bz expi(r’—p). 2.1)
This gives

(z—4)/z| = B, 22)
and |

[1—B expi(r>—p)| = 4 ‘ 2.3)

r

The relation (2.2) says that fixed pomts are situated on a so-called Appollonius circle for which z =0 and
z=A are conjugate points. Its centre is z =4 /(1—B?) and its radius equals 4B /(1— B?) (cf. Fig.2.1).

Fig. 2.1. Apollonius’ circle: AP / OP =B,

It is inside and tangent to the sector —¢<<f#<¢ with sin¢p=B. The second relation (2.3) written in real
form as

‘ A2
2 2 _
1-2B cos(r°’—pB)+B* = T 24

This equation gives the r-coordinates of the fixed pomts They can be obtained graphma]ly as shown in
Fig.2.2 by plotting each side of (2.4) as a function of r? in the same graph. In order to compute the
positions r, @ of the fixed points we may use the relations (2.2) and (2.4) or any equivalent relations such

&
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2.5)
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which can easily be obtained from (2.1). The first step is the determination of r? from (2.4) guided by a
graph as Fig.2.2. The next step is finding 6 using

6 = arc sin(—i—r sin(r2— B)). 2.6)

For A =1, B=0.6 and =0 we find
r’=115 6 =063, x =087, y = 063
For A =2 we obtain with the same values of B and B the following set of fixed points.

r r 0 x y B
207 144 039 133 055 L19
523 229 064 184 -136 -101
713 267 064 214 1.60 1.90
1202 347 -057 292 -186 -1.62
13.07 361 055 3.09 187 211
18.54 431 -040 397 -1.68 -1.46
19.14 437 038 406 162 184

Tabie 2.1

The meaning of the parameter B, the degree of (in)stability will be explained below.

In order to analyze the possible stability of a particular fixed point we need its multipliers A; and A,.
Since areas are contracted by the factor B2 we know already that

¢

AN, = B2 : . 2.7
For the trace A, +A, we use the following expression holding for a complex map z’'=z'(z,z)

A+A, = 2Re %?;— | 2.8)
A simple calculation shows that

TO+2) = B(eos(r?—B)—rsin(r*—B)) | @9
Using the expression (2.5) we may write

LM+A) = 1—4 /r(cosf+r*sind). (2.10)
The condition for stability is that both multipliers are inside the unit circle. An equivalent condition is 4

A Al < 1+AA, 2.11)
Substitution of the expressions (2.7) and 2.10 gives

132 < %cosﬂ+r sinf < 3*2‘52. 2.12)

For each fixed point obtained from (2.4) and (2.6) this condition can be checked by considering the value
of the so-called parameter of (in)stability

pP.= %cos0+r sin 6. (2.13)
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E.g for A =2, B=0.6, =0 the values of ¢ are given in Table 2.1. The boundaries of the stability inter-
val are 0.16 and 0.84. This shows that all fixed points are unstable. In order to do this in a more general

way we have plotted in Fig.2.3 a number of curves defined by (2.13) for a few values of p. Then at least
for A >1 and 0<B <1 the possible stability of a fixed point can be read off at once.

One may ask the following question. Are there regions in the x,y-plane where fixed points are always
stable or unstable? In all its generality this is asking too much since there are three free parameters 4,
B and B. However, if B is given a fixed value and 4 and B are considered as arbitrary then the ques-
tion can be answered in an affirmative way.

Let P, be a given fixed point with coordinates xq,yq or rg,0 then values of 4 and B can be derived
as follows. We know that P is on an Apollonius circle for some 4 and that this circle is tangent to the
lines § = +arcsinB. This shows that for a given value of B only points with |sinfy| <B can be fixed
points. The Apollonius circle can be determined by means of a nice geometrical construction as shown in
Fig.2.4. The problem is essentially the determination of a circle passing through two given points P, and
Qo, the mirror image of Py, and a given line, say §=arcsin B. The geometrical construction is deter-
mined by the property ST=S8T,=1/SP,5Q,. There are two solutions. If 4, and 4, are the projec-
tion of the tangent points 7'y and T, on the x-axis we see that Hx (A ) +x(A))=x,.

The value of 4 can be obtained from (2.2) by solving the quadratic equation (2.14)
A*—24rycosby+(1—B?ré =0.

We obtain the two values, dropping the subscripts,
14, = r(cos§— VB?*—sin%f),
2.15
A, = r(cos8+ VB*—sin%f). , 2.15)

I

A simple observation in Fig.2.4 shows that these values are the x-coordinates of 4, and 4,. The
corresponding value of 8 is determined from (2.1) as

z
z—A

B = r2+arg (mod 2m), (2.16)
or (cf. Fig. 2.1)
B =r*— / OPA.

If the values of (2.15) are substituted in (2.12) we find after a few elementary calculations the following

stability conditions:
Case A, .
for =0 2r%inf < C cosf + (C +2)VB*—sin’0 5 17
for <0 2r2lsin@] < cos@ — VB%—sin%f (2.17)
Case A,
for >0 2r%sin8 < C cosf — (C +2)VB2—sin’ . )18
for <0 2r?|sinf| < cosf + VB%—sin% 2.13)
where
3B%+1
C = —. 2.19
_ B2 (2.19)

In Fig.2.5 a geometric interpretation of these inequalities is given in a somewhat schematic way. In both
upper and lower halfplane the region of stability are bounded by a curve which looks like a vertically
compressed horizontal parabole tangent to the lines #= —arcsin B.

&




In the notation of Fig.2.5 in I the fixed point is stable in both situations A4 and 4,. In II there is
stability only in the 4, situation whereas in III both cases are unstable. In IV there is stability only in
the A, situation whereas in IV there is always instability. In particular any fixed point on the real axis is
always stable, a result that can be obtained also from (2.12) by taking §=0 and 4 =r(1%B).

In Fig.2.6 the regions of full and partial stability are given for a few values of B. It appears that the
boundaries are very sensitive to small changes in B if B is close to 1. This can be explained by the fol-
lowing asymptotic analysis. If e=1—B is a small positive quantity we have in the lowest order ot

approximation
T
'™ cosd
. e 2.20)
Ay =~ 2r cosf — cosd
and
for =0  r’sind < 3—°§ﬁ
A .21
for 6<0 r?|sinf| <
2cosé
for 6=0 r? < tanf+ etan20
2 cos“d
A4 ¢ 2.22)
for <0 r?|sinf| < cosf—
: 2cosf
The conservative case B =1 for which e=0 will be considered in the next section.
3. The Hamiltonian case
The fixed points of the map with B =1 which is now Hamiltonian and area-preserving
2 = A+zexpi(r*—pB) | (3.0)
follow from ' )
z—A = zexpi(r’—p). ' 3.2
The relation
(z—A4) = z| (33 ¢ Al

shows at once that all fixed points are on the line x =5A4. It can be shown that this line is a line of

symmetry for (3.1). This follows from the fact that (3.1) can be written as the product MS of two sym-
metric maps with

S :z' = Zexpi(r’—p),
and

M:z'=Z-% )

The relation (3.2) can be written as
id =r expi(0+3(r*—B))sin 5(r2—B).




Taking arguments we obtain '
0 = —3(r2—B)+3m (mod ). (34)

Geometrically this says that the fixed points are the intersections of the two spirals
r=vVg+e—20, r = V—u—20 3.5

with the vertical line x = 14. In (3.5) the argument @ should be taken as a continuously decreasing
variable starting from § = 3(8=x). In Fig. 3.1 the situation is given for =0 Obviously there is an
infinity of fixed points. They can be enumerated by writing

ré = B—20+Qk—1m, k =0,12,. (3.6)
where now 4 is restricted to (—3m,37).
The condition of stability can be obtained from (2.12) by taking B =1. This gives ‘
0 < A /r(cosf+risinf) < 2. : 3N

The left-hand side can be reduced to
r’tand > —1, ' (3.9)

or
x24+yty +x >0
in Cartesian coordinates.
The geometrical interpretation of this condition is given in fig. 3.2. The right-hand side of (3.7) can
be written as
cosf(cos@+rsinf)< 1
since 4 = 2x = 2r cos@. A little trigonometry gives
reotd <1, ’ 3.9

or
rztan(0+12’—) > —1

Thus we obtain a similar region as for (3.8) but with a quarter turn. The corresponding region is given in
fig. 3.2 which combines both (3.8) and (3.9). We note that both conditions (3.8) and (3.9) follow as limit
cases of (2.21). From the beginning it has been supposed that 4 >0 since this is sufficiently general.
However, if also negative values of A4 are allowed we would obtain fixed points in the left-hand half-
plane. Their stability can be considered as above. The corresponding stability regious we also given in
fig. 3.2 as two further quarter turns of the shaded region at the positive x -axis.

The following observation shows that for 4 > V2 stability is only possible for a fixed point in a nar-
row strip just below the x-axis. It suffices to note that the line x = 1/ V2 is tangent to the line
r? =tanf at 0 = 7 /4.

4. Invariant manifolds

In the dissipative case which is considered here the attractor of the map (1.1) can be a finite set of
stable fixed points or periodic points. If all those points are unstable the attractor may look like a so-
called strange attractor. In [1] such an attractor is shown for the case 4 = 3.9, B = 04, 8 = 0. Here a
similar illustration is given in fig. 4.1 for 4 = 2, B = 0.6, 8 = 0. A blow-up is given in fig. 4.2 show-
ing a remarkable fine structure. V

* The attractor whether strange or not is an invariant set of the map and it may be obtained as a subset of
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the unstable manifolds of the unstable fixed points which are all saddles. In this section we construct the
unstable manifold S of a particular saddle. It is an analytic curve of the kind

x =F@¢), y =G() , , @n

where F and G are entire functions of ¢ so that S is an analytically smooth curve. It is shown that §
has.the desired appearance of a spiral with an infinite number of hairpin bends (cf. fig. 4. 3)

The map transports a point with parameter ¢ of S along the manifold into the pomt of S with
parameter Az where A is the unstable multiplier of the corresponding fixed pomt The general situation is
roughly that gomts not on S are attracted. to S by the factor A’ where A’ is the stable multiplier - note
that AN = and are displaced parallel to S by the factor A.

A simple geometrical argument shows that the attractor of the map is always bounded. In section 1
we have seen that the map is the product of a rotation with contraction R and a translation T. This
shows that an arbitrary disk |z| < p is transformed into the disk |z —4| < Bp. However, this disk is
inside the disk |z| << Bp+A4. The transformation

p—Bp+A

defines a linear iterative process. Since B < 1 it converges to the limit p,, = 4 /(1—B). Thus the
attractor will be inside the closed disk

|z|=<4 /(1—B).
If the map is applied once again we see that the attractor is in the closed disk
|z—A| < AB /(1—B). 4.2)

This result is important enough to state it as a theorem.

Theorem The attractor of the dissipative map is contained in the closed disk (4.2).
In order to construct the unstable manifold at the unstable fixed point z, we write

z = zo+F(t) : 4.3)

where
0
F@t)= Dtk . 4.4)
k=1

w1th complex coefficients ¢, and a real parameter ¢. The action of the map (1.1) is as
_ 2o+ F(t) — zo+F(A\t)
where A is the unstable multiplier. This gives the functional equation.
F\) = B(zo+F(@))exp i (| 2o+ F(@)*—B)—Bzg exp i (|zo]*—B). 4.5)

Both sides of (4.5) can be expanded as a Taylor series. Equating equal power of ¢ we obtain relation of
the following kind

B(cy , G, A = (1616280 - - -5 Ck—1) 4.6)
for k = 1,2,..., where ’
B(c,cN) = (\exp i (B—rd)—B(+ir¥)c —iBz%C , @7

withz = zo , 1> = 20|~ :

For k =1 we have ¥, =0. Then (4.6) and its complex conjugate are equivalent to the eigen vector
equations at zo. The eigenvalue equation obtained by eliminating ¢ and ¢ determines the multipliers of
Zo

—~2BARe((1—ir?)exp i (B—r?) +B?=0. (4.8)




If A is the multiplier with the largest absolute value the coefficients ¢, and ¢, are determined up to an
arbitrary common multiplicative constant. This is no disadvantage since ¢ is still free. All further coeffi-
cients can be determined ungiuely from (4.6) and the complex conjugate equation. Solving these with
respect to ¢, and ¢, we obtain expressions of the kind"

A* —SN+ B, = ... 4.9)

where A2—sA+B2 =0 is the eigenvalue. equation (4.8). This means that s = A+X"so that
Ak —sNe+ B2 = (N = )(AF —A).




Appendix Description of figures

Fig. 1.1 Spiral-structure in the dissipative case A = 0.5; B = 0.99; B = 0; Start : (1,1) ;
scale: -1, 2, -0.5, Stationary point : (0.2625, 0.7552)

Flg 1.2 Six orbits in the Hamiltonian case 4 = 0.5; B = 1; B =
scale: -1.5, 2.5 -1.1667 Stationary point: (0.25, 0.7580)

Fig. 2.2 Graphical method for determination of r? from a stationary point for eight values of 4.
B = 0.6; B = 0; scale -1, 30,-0.5,5

Fig. 2.3 Curves of equal (in) stability for same values of p; scale: -0.5, 4, -1, 2

Fig. 2.4 Construction of the two possible values of 4 (with B en B given)

Fig. 2.5 Meaning of the possible values of a stationary point
1 : both stable
II : A-of fig. 2.4 is stable
I : Unstable
IV : A + of fig. 2.4 is stable
V  : Unstable

Fig. 2.6 Regions of stability for some values of B as explained in fig. 2.5; scale: -0.5, 4, -1,2
Fig. 3.1 Regions of stability (shaded area) in the Hamiltonian case for 4 > ; scale: -3, 6, -3, 3

Fig. 3.2 Same as fig. 3.1 plus the curve of the fixed point condition: r = VBxs—20 B = 1; 8 =0
scale: -5, 10,5, 5

Fig. 4.1 5,000 successive points of the strange attractor. 4 = 2;B = 0.6; B = 0; scale: -1, 8, -3, 3
Fig. 4.2 Blow-up of fig. 4.1; scale: 0.3, -0.5, 1.5

Fig. 4.3 Unstable invariant curve of one the seven stationary points :
stationary point : (3.96699, -1.67532) eigenvalue A = 7.79940 4 = 2; B = 0.6; B = 0; scale:
-1,8,-3,3

Fig. 4.4 Compilation of figures 2.1, 2.3, 2.5 and the limit cycle of the attractor in the case
A =2; B = 0.6; 8 = 0; scale: -1, 8, -3, 3.
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Fig. 2.5. Meaning of the possible regions of stabilityof a fixed point
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Fig. 4.3. Unstable invariant curve of one of the seven stationary points of 4.1

Fig. 4.4. Compilation of figures 2.1, 2.3, 2.5 and the limit of the attractor for fig. 4.1.




