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0, Introduction

/
Let 9 be a real semisimple Lie algebra, G its adjoint

group, and G = KAN amn Iwasawa decomposition for G, Let
Gc be the adjoint group of the complexified Lie algebra <?c'
In [1] we studied the global holomorphic continuation of

the maps X, h, ¥ : G_5K, A, N determined by

o]
]

2<(x) h(x) v(x).

The main result of [ 1 s Chapter l] is as follows. Let
&., ot ., 7t be the Lie algebras of K, A, N and let Kc’ Ac’
Nc be the connected analytic subgroups of Gc with the
complexifications %:C, 010, ﬁtc as their respective Lie

algebras, Put
S = G ~-K AN
c ¢ c¢cc

(the set theoretic difference). Then we have

Theorem O.,1l, The set S is algebraic and the maps %,

h, ¥ extend to multi-valued holomorphic maps Go=S —>

—— Kc’ A, NCo Moreover, h2 and Y are rational (hence

c
single valued). If {xn} is a sequence in GC-S converging
to a point x €S, then the set {_hz(xn) ; neN} is not

relatively compact in Ac'

Remarks. (i) For the terminology of multi-valued holo-
morphic maps the reader is referred to the appendix.

(ii) Observe that S can be identified with the union

of’ the lower dimensional Kc—orbits on the flag manifold




Gc/Pc’ where Pc is the parabolic in Gc with Lie algebra

centralizer(atc) & n_ (cf. also [ 11, 13] ).

We used the above theorem in the study of the
asymptotic behaviour of elementary spherical functions on
a real semisimple Lie group (see L171, see also L2] for
more general results),

In this paper we prove a generalization of Theorem 0.1
which has a similar importance for the harmonic analysis
on semisimple symmetric spaces, As an application we
derive a result which is of crucial importance iﬁ the

paper [lL], where a generalization of Kostant's con=-

vexity theorem to semisimple symmetric spaces is given.




1, The main result

-
Let © be an involution of 9% .« Then there exists a
Cartan involution © of ¢} which commutes with <T
(ct. [5] ). Let 4 ,b. denote the +1 eigenspaces and
P the -1 eigenspaces of & and T respectively., Then

we have the joint eigenspace decomposition

o) = knq @ kol @ ynop ® Pahy . (1)

Let K be the maximal compact'subgroup of G with Lie
algebra , and let ﬂbq be a maximal abelian subspace
of %ne¢ . The set A = A(a) ,O‘qu) of restricted roots
of olpq in q_ is a (possibly non-reduced) root system
(cf. [13]). Fix a choice A* of positive roots for A .
The lLie algebra ,[ off the centralizer L of (Rp in G

q
admits the direct sum decomposition

Z - qulkhea o 1

k jele] ph

subordinate to ( 1 )., Since L normalizes the Killing ortho-
complement ’ZO = (£nk) e ,th of Olpq in Z , it

follows that

L, = (LnK) exp(/Eph)

is a closed subgroup of L with Lie algebra ’{6' Moreover,

writing qu = exp(Olpq), we have the direct product

L LoxAPq . | (2)

Let otph be a maximal abelian subspace of /Z and

ph
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put

= OL 9 0’- ®
a P Ph jole]

Then OLP is maximal abelian in P - Let Z&; be a choice
of positive roots for Ap = A(Q} s o’(,p), compatible with

At , and put

Then

n - 2_ 9"

Q x € At

is a subalgebra of M , normalized by £ . In fact,

writing 4'Z.L = nnk , we have % = 'nL @ 'rLQ as a semi-
direct product of Lie algebras. It follows that NL = NN L
normalizes the group NQ = exp(?LQ), and we have the semi-

direct product

Moreover, the parabolic subgroup Q = LN has the Levi

decomposition

Proposition l.1l. If XxX€&€ G, then there exist unique

A(x) € (Lon K\L, hq(x)é Ay vQ(x)a N, such that

x € K A(x) ny(x) vQ(x)'. ()

Moreover, the maps l, hq and V¥ are real analytic.

Q
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Proof. This is an easy consequence of the Iwasawa
decomposition G = KAN (where A = exp(OLp)), the décompo-
sitions ( 2 ) and ( 3 ), and the fact that qu centra-
lizes NL. Observe that hq(x) is the qu-part of h(x) in

the di t oduct decomposition A = A _A .
e direct pr c pos phpq

The main result of this paper is a generalization of
Theorem 0.1 for the decomposition ( L ). Let Lc be the
centralizer of OL in G, Q_the normalizer of £ + n

fole] c c c

Qc

in Gc and N = exp(n Then it is well known that

Qc Qc) °

’ QC and N are algebraic .and connected. Moreover, Q

Qe

is a parabolic subgroup with Levi decomposition Qc = LcN

L
c c

Qc”’

Let Kc’ Ac’ s L be the connected analytic

quc Oc
. . o .
subgroups of GC with Lie algebras ch, alc, pac ’ IOc

Then we have

’ LOc are the

9

Proposition 1,2, The groups Kc’ Ac
identity components (for the usual topology) of algebraic

subgroups of Gc'

Remark, If we speak about connected components, it will

always be with respect to the usual (i.e. non-Zariski) topology.

Proof, The holomorphic involutions of GC whose diffe-
rentials at the identity are 0 and T , are denoted by the

same symbols. Define

1

<},

@x = x—l, x|off € @-Id(of() for o(eAp},

'K = {xea_ ; 6x

“e

TA = {XGGC




-1
1 = € H T =
quc {x A s (x) x }u
Then Kc’ Ac, quc are the identity components of the alge-
. 1 L} 1 | .
braic subgroups Kc’ Ac, quc' As for the last assertion,

we claim that LOC is the identity component of

'LOc = {xé Lc; det(leJ"‘) = 1 for € A+} o

To prove this it suffices to show that /{0 equals

|/{O

{xed; tr(ad(x)leg?) = 0 for «entl.

since ‘{kerx; x€ A+} = 0, we have "ZO ﬂOqu = O, Hence

it suffices to show that [O. C 'Zoo

If A€ , we write Ap(o() ={P6Ap; p]a"l_pq AL .

Thus, if «€ A , then

gt = = F

pED (%)

Let t,(X) = tr(ad(X)\O‘)* ), for X€ X . since Ink acts by
skew symmetric transformations on OJ" , it follows that

ty = 0 on Ank . Moreover, for X € oL we have

ph
t(X) = > ¢ (X) dim(qP).
pe Ap(o( )
Since Ap(x) = -Ap(-x ), it follows that t, =-t_, on

oz'ph' On the other hand, if X € OL then TX = X, so that

ph’
te(X) = t4(TX) = tr(T. ad(X)- r"llo;“ ) = tr( ad(X) | af”‘)

=t x(X)' Hence t, = O on Ol

oh’ Since obviously t,(k.X) =

= t(X) for Xeéd , k€ Ln K, this implies that t, = O on

L K o = . 1
(LaK) m'ph 'th’ hence on 'ZO’ We conclude that 'ZOC [O'

We now have the following generalization of Theorem O.1.




Let SQ be the complement of Kch in Gc' Then clearly

ch S, and we may identify SQ

dimensional Kc—orbits on the flag manifold GC/QC.

with the union of the lower

Theorem 1.3. The set 8 _ is algebraic. The maps 2., h

Q a
and 1)Q extend to multi-valued holomorphic maps GC—SQ —_—
. 5 .
—_— CKcn LOCI\LOC’ quc’ NQC The map Q is rational

and there exists an integer m> 0 such that hg is rational.

Moreover, if {xk} is a sequence in GC-S converging to

Q

a point x €S then {hZ(xk); k€ N} is not relatively

Q’
compact in A .
pqgc
Loosely said the line of proof is as follows., Suppose

- -1 -1 2
:xél&flan. Then ( ©x) lx_= (6n) (62 ) "2 a"n, Now
f, a, n can be solved from this by using properties of

the N_ L

- it N = (N o
Qe OcqucNQc decomposition (here NQc ( Qc) )« The

latter decomposition is studied as follows, First we
construct an embedding of G, in the matrix group GL(n,C)
(here n = dim qc)q Then, in the next section, we gene-
ralize certain matrix computations which go back to [ 8 ,
Ch. 2, ¢8].

The proof is completed in Section 3.

2
Let < be the ordering of Glp which is lexicographic
in the coordinates relative to the simple roots of z&*,

and let xs<(... <«x1_ be the corresponding enumeration of

=

the ‘elements of AY, wor every 1€ j€ s, we put OJJ. = O)

Moreover, we write ¢ _ . = X

07 %si2 O'qu, 0}s+2+j

= 6Q}s+l-j for 1 j$s. Now let (.,.) be the positive

definite inner




product on ¢ defined by (X,Y) = -B(X, ©Y) for

X,Y € c} . Then —

6y = 9, & ... d® 9, (5)

(where t = 2s+2) is an orthogonal direct sum decomposition.

Select an orthonormal basis (ei; 1<i¢n) of o} which is

subordinate to ( 5 ) and such that the ordering e_,...,e
1 n

of its elements is compatible with the ordering of the sum
in (5 ).

If 1<jst, let dJ, = dim(o;j), and let Pj denote the
orthogonal projection q -—%¥qju In the sequel we shall
identify real linear maps with their complex linear
extensions, Also, given a linear endomorphism X € End(O}c),
we let Xi. denote the dix dj—matrix of the linear map
(Pifx)‘%j from tqj into ¢, and we identify X with the
matrix of blocks (Xij; 1€4i, g t). With these notations
the composition of endomorphisms corresponds to matrix
multiplications in the usual way:

(XY)ik= Z X

. Y Y - ,
1¢j¢t I Tk

for X,YéEnd(q’lc), 1<£i,k<t.

Now let
ny = { x€ End(e}); X;5 = 0 for 1€j¢ist },
ﬁ'Q = {XG End(tq); Xij = 0 for 1€igjgt § ,

0 for i £ 3§ }.

M=
f

- {x€Ena(q);

X, .
1J




Moreover, £ =

Then clearly End(¢ ) = EQ o L o U

= I 44 where
(5] Zpq’

=0 _—

£y = {xed; tr(x;,) =0 for1<ist} ,
= {xe¥X; X, €¢.I, f <3 .
g-z’pq { ,__Z_, Iy IJ orl\JSt}

Here we have written Ij for the identity matrix of sigze
d.xd..,
J J

Consequently

End(0] ) = EQe Ly e o, & 7, (6)

—

Proposition 1.4. Let B ve any of the algebras 71

Q’
4

0 Rpgr g Then ad((:b) - ad(‘q)ﬁ 2z,

Proof. The inclusions ad(® ) < ad(9 )n% are obvious
(see also the proof of Propositién 1.2). Therefore the
direct sum decomposition ad(¢}) = ad('YTQ) @ ad(/fo) @
@»ad(Olpq) & ad(WtQ) is compatible with (- 6 ); The latter.

sum being direct, the inclusions must be equalities.

Now let G = GL(9g ), G, = GL(o;c), and put

Ny, = {x€g; =x=-1€m 1,

Noo = ix€gs x-I€ @y |,

L, =1{xeg; =x,=0 if i £ Gt

Lo, = 1x€Ly; det(xy) =1 for 1<$j<tt,
' Age = {xeL,s x € C.I, for 1$jstd .

These are algebraic subgroups of 9—0 with Lie algebras
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Z-‘Qc’ Zt—Qc’ Zc’ £0c? _Q'L_pqc respectively. The following
corollary is now immediate, -

Corollary 1.5. Let B be any of the groups NQ’ —I:I-Q, LO

o . .
or qu. Then B_ = (6 n B,) . In particular, B, is the

identity component (with respect to the usual topology) of

an algebraic subgroup of GL(O} c)'




2, Decompositions in GL(O}C)

If 1< kg t we define the polynomial function

Dk: _G_rc—-?C by

Dk(x) = det( X545 1€i,j<k),

for x€ G , Moreover, we let D .21 and D = D,,...D,. We
=c 0 1 t

now have the following result.,

Proposition 2.1. Let 1<k€t. If x€G_, ﬁé—_l\—ch,

Le L , neN then

Qc’

Dk('ﬁxf.n) = Dk(ﬁexn) = Dk(x) Dk(z)"

Proof. If 1<k<t, xE€ End('OJ:C), let mk(x) denote

the matrix (x .3 1 £4,3¢ k). Then an easy matrix computation

1J
yields mk(ﬁxfn) = mk(ﬁ)mk(x)mk(ﬂ)mk(n) and 'm,k(l’,x) =

= 'W'lk(f)‘m,k(x)u The assertion now follows by taking

determinants,

If 1{ k§t, we define the subgroup Gk of 90 by

6 = {xeg; x;5 = 0 for 1< <K, i>3t .
Thus G, = (_}_c and Gt = ‘LCEQC' Moreover, we define the sub-
group Nk of _I_\I_Qc by

N, = {xey_QC; %y, =0 for j # ik}

Proposition 2,2. Let 1$k<t, y€ G, Dk(y)' # 0. Then
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there exists a unique Wk(y)é Nk such that Wk(y)yéEGk+l.
—
Moreover, the map y Dk(y)Wk(y) is polynomial (in the

entries of y).

Proof, The uniqueness follows from the fact that

—

Neo G, o= {1h.

The existence is proved by sweeping the k-th columm
(y_k) of ¥. This amounts to left multiplication by an ele-
ment . of ﬁk. More precisely, let Ek be the space of linear
maps from ngc into OJk+lc D ... & thc' If ae& Ek’ we put

a, = Pea for k+l< j <t and identify a with its matrix

P |

eaecae

Also, we let wk(a) denote tine element of ﬁk whose k-th

i i ven = . 3¢ = =
column x is given by Xj 0O for 1&€jtk, X Ik’ xj aj for

k<jgt. If Ek is viewed as an abelian group fof the addition,
then the map Wy s Ek-—afﬁk thus defined is a group iso-
morphism.

if y€G,, Dk(y) # 0, then clearly det(ykk) # 0. Put

Yk+1 k

-1

o, (y) = = e (Ve ) -

@8 s 8}

<
o+
W

&

Then wk(c(k(y)) y € G ;. Hence Wk(y) =’Wk(0<k(y))u Since

-1 . ,
Dk(y)det(ykk) = Dk_l(y), it follows that Dk(y)Wk(y) is

polynomial in the entries of vy.

S R R AR 08 SR



Corollary 2.3. Let y€G , D(y) # O. Then there

exist unique U(y)€ N L(y)e L. and V(y)€ N _such that

Qc’? Qc
y = U(y) £(y)V(y). The maps U, £ and V are rational,

Proof. In view of Proposition 2.1, the polynomial
function D is left EQC-invariant. Therefore we may apply
Propbsition 2.2 repeatedly and infer that for yéEEC-D-l(O)

there exists a W(y)€ N such that W(y)yeiécﬁ it is

Qc Qc*

unique because E cn L = {I}. Clearly W(y) is ratiomal

ac”t Lcl¥gc

in the entries of y and therefore U(y) = W(y)-l is. The

proof is completed by the easy observation that the map
0o : :

L_x Noe — L.Noes £,n) > €n is a diffeomorphism

with rational inverse,

We end this section with a proposition which will be
needed in the next section. If 1 jXt, d]. # 0, let

M
the function lj: A —> € be defined by

=pqc
X . = . (x)-I..
|, 3003
for xéiépqc. It might occur that dj = 0O for some j. This
only happens when ,Zb = 0, j = s+1l, In that case we define

A lE 1., Observe that the latter equality holds in any case,
s+

Proposition 2.4. If x = ulbv, with ueN, . A e Loos

b € é‘pqc , VE -I:]-Qc , then

: AE)%5 = D)/ (x),

for 1 j< t.
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Proof.

of L

v

1< isk

D, (b) =

A, (0)%

oc® We have Dj(x) = Dj(b)Dj(e) = Dj(b).

In view of Proposition 2.1 and the definition

But ebviously

(1skst),

from which the assertion follows (recall that DOEEl).




3. Proof of the main result.

—
In this section we complete tne proof of Theorem 1,3.
We start with some results on the N L A -decom-
Qc Oc pgc Qc

position,

Proposition 3.1. The map p: Lch'quc — L. »

(¢,2) >42a is a finite covering,

Proof., By a standard computation of differentials,
the map p is seen to be a submersicm, Moreover, since

Ach is central in Lc’ p dis a group homomorphism. Hence
#)

its dimage L., A is an open subgroup of L . The latter
0c¢ pqgc c

group being ccmnected , it follows

that p is an epimorphism of Lie groups, Since LOc and

A are connected, whereas L_n A is discrete, it
pqc Oc prac

follows that p 1is a covering with fibre p-l(e)

= L NnA °
Oc pqc

From Proposition 2.4 we infer that L_ N A consists
=0c  =pgc

of elements bDEA with
—pgc
9
),J.(b) =1

for 1 ¢ js$t. Hence is finite, In wview of

LOc n é-pqc

Corollary 1.5, ( ) is contained in L , hence

Ocn =pqgc

finite. Consequently, P is a finite covering.

Lemma 3.2. The map 7 : NQCx Loo™ qucxNQc — G -D" (o),

(n,2,a,n) —— nlan is a finite covering.
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Proof. By Corollary 2.3 the map Y o: (7,£,n)—> wkn

from W= N L xN onto G -D_l(O) i diffe

WL = _ch —cx—Qc G, is a di eo;r_nor—
phism. Since D is not identically zero cn Gc, GC-D— (0)
is connected. In view of Proposition 3.1 it therefore

-1 -

suffices to prove that Y ~~ naps G,-D l(O) onto
m =N

ch ch NQ

Since N’ is a diffeomorphism, it follows by comparison

oe Now clearly wv"l(GC-Dhl(O)) > m .,

of dimensions that there exists an open neighbourhood U of
(esese) in MWL , such that V = ¥(U) is an open neighbour-
hood of e in GC—D_l(O). Hence ﬂv_l maps V into W\ . By
analytic continuation, the holomorphic map ﬂy_l maps the
connected complex analytic manifold GC-D'l(O) into the
Zariski closure € of m . By connectedness,
ﬂl-l(GC~G_l(O)) is contained in the identity component ¢ ©
of the linear algebraic group if' (with respect to the usual
topology). Finally, by Corollary 1.5, f’o = M

s SO

that ‘1(GC-D’1(0))C m.

Let (u,&b,v) denote the multi-valued holomorphic
inverse of the covering 9 with base points e and
(e,e,e,e) (for the terminology used here, we refer the

reader to the appendix).

| d.
Proposition 3.3. Let 1 j€t. Then the map Xj3°b:
d.
- . *
G_-D Loy — ¢*, v —>2,(b(y)) 7 is rational.In fact,

if yE'GC-D-l(O), then

a.
)'J-(b(Y)) Jo= D,(v)/D;_,(¥).

Proof, This follows immediately from Proposition 2.4,




Corollary 3.4, Let g be the least common multiple

A =1
of dyy.vsd , qs-e,d . Then g >0, and the maps v3 Gc:E- (0) —
—s N and b»: G ~D_l(0) —» A are rational. Moreover,
Qc c pqgc

if {yk} is a sequence in GC—D_l(O) converging to a
point yé€& D_l(O), then the set {b/"(yk); ke fN} is not
relatively compact in A .
pac
Proof., Obviously v is the restriction of V to GC-D—l(O),
hence rational (see Corollary 2.3). Since épqc centralizes
’{Oc’ we have AS+1 = 1. Hence the rationality of

the map b#' follows from Proposition 3.3.

Now let j be the lowest index among l,...,t such that

Dj(y) = 0., Then Dj_l(y) # 0 (recall that D,= 1) and by
Proposition 3.3 it follows that we must have dj # 0 and
di. p/d.
M J J
x5 () = Ay(o(sy) —~0

as k —»>oa, Hence {ﬂﬁ(bﬁ(yk)); 'ké(N} is not relatively
compact in the subset qj(quc) of €¢\{0} , so that the

last assertion follows.

Before proceeding, we recall some facts that can
essentially be found in L 10, Thm. II.1.3 and Proof of
Prop., IV. L. 4 ] . Let B be aﬁy connected Lie group and
¢ an involution of B. Then Bd- denotes the fixed point
set of 6. The set ) = {x€B; o(x) = X—l} is a
smooth submanifold of B, Now B acts dn cy according to
the rFule b-x = W(b)xb_ln By a computation of differentials

one may check that all B-orbits are open in GT.. Hence

the connected identity component /4¢(B) of ?F is equal

to the B-orbit through e:
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{ U(b)b_l; b< B }.

A, (8)

/
The manifold A@'(B) is called the space of symmetric

elements in B. The map B —sA.(B), b +—>s o(b) b
induces a B-equivariant diffeomorphism B \B _,_':_"_>/j°_(B).
. s o
If C is any open subgroup of B , than lC\B l < oo
(cf.[10, Thm. 1v.3.4] ) and the above map B —=4(B) in-
duces a finite covering C\B — 4 (B).
Applying the above to Gc and LOc together with

the holomorphic continuation of the Cartan involution © ’

we obtain finite coverings
X —»A4, X, —>A,,

where X = KC\G09 X. = (K_n

L c LOC
A= Ay (Too)-

Let us now return to the proof of the main theorem, If

)\LOc’ j = /36 (Gc)v

x€G_, we put x' = (ex)'l, In view of Lemma 3.2 the map

. -1
(L,p,n)— n'lbn wmaps J LXqucx Nac into 3 -D""(0).

L N -1
Proposition 3.5. The map &£: /fLXqucxNQc —s 4 -D (o),

(£,0,n)—» n€bn is a finite covering.

Proof., Consider the finite covering 7 of Lemma 3.2.

One easily checks that 7"1(/3 -D-l(o)) equals the smooth

submanifold

T = {(A'ﬁ,k,,b,n)é NQCxL XA

0c pqe™ged B =1 L= 1},

Let S be the connected component of T which contains

(e,e,e,e). Then Y|S: S ————./S(GC)I-D_l(O) is a finite




S

A S R R
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covering. Moreover, the map 1 /8Lx'qucx:NQc o

(e7b’n)' —> (n',e,b,p/)

N
— ch LchquCXNQc’

. P , .
maps /ng qucx NQC diffeomorphically onto S . Since

€ = (g1S)-1 , the proposition follows.

Define the map

5\: XLXqucx NQC e /fo qucx NQc

by & (£,a,n) = (&2 ,az,n) (here £ denotes the coset of £ ).
Then clearly ) is a finite covering.
Consider the map % GC-—’,J , X+—> x'x, and define

the polynomial function F: Gc-——v C by
F(x) = D(Mrx) = D(x'x).

Then F is left Kc—invariant, hence can be viewed as a
function on X, Similarly, F—l(O) can be viewed as a sub-
set of X. As such it is the preimage of D-l(O) under
the finite covering &; : X “"/5 induced by 49'“ Being
the complement of an analytic null set, X-F—l(O) is

connected, so that the restriction of af% to X-F-l(O)

is a finite covering

_1(

m x-F"t(0) — 4-p""(0).

Finally, if we define the map f : XLx quclxNQc — X

by ?(f,a,n) = Kcean, then A;°Y = €& | where £ is

the map of Proposition 3.5. Hence im(¢ )Clii'l(im £) =

= X—%"l(o) and the following diagram cowmrmutes:
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-1
A -
X X pqcx Nge — = X-F~ 7 (0) B

3|
JLx ALuo* Voo

3 L "
A -p"t(0)

Since ¢ , & and ’q are finite coverings, we now

have the following result,

Lemma 3.6. The map ¢ : (Kcn LOc)\L XA X

Oc ""pqgc NQc ?

——*'K;\GC-F-l(O), (Z}a,n) — KcQan is a finite

covering with base points (¥,e,e) and &.

Proof of Theorem 1.3. Let T : GC—F-l(O) — X—F_l(O)

be the restriction of the canonical map Gc —_— X,
Moreover, let <& = ( §l, zz, 23) be the multi-valued
holomorphic inverse of the covering cf with base points
(E,e,e) and e, In view of Proposition 1.1, 1locally at
€ the basic branch ?5 of § is given by z‘é‘ o T =

= (A ’hq' VQ) . Consequently ?lo T, 320 T, 3'3077: are
the multi-valued holomorphic extensions of o, hq’ v

Q
7C‘"l(im (f) =

to Gc-Ful(O). Moreover, 'I’l(X—F”l(O))

= K L

=1
o OcqucNQc = K Q,, and therefore S G -K Q = F (o)

1l

Q

is algebraic.

As for the last three assertions, by holomorphic con-

tinuation it follows that

xtx = Yo(x)' M=) A(x) B2(x) v (x)

for all x(EGc-D-l(O)u Consequently, with the notations

S
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preceding Proposition 3.3,

24 _ W -
hy ('x) = b(x'x)" (7)
VQ(X) = V(’X'X) . (8)

Now put m = %p—. Then the last assertions readily follow

by application of Proposition 3.4,

We end this section with two related propositions,

which will be useful in the next section.

(S]
Proposition 3.7. GC—SQ = GCQC.

Proof. From L 9 , Proposition 1 ] it follows that

(3]
Geti KL ., Hence G Q =K Q .
c c C c . c cc

Proposition 3,8, Let (a,n)é€ qucx NQc and assume that
xé&Ge L, an. Then
¢ Oc
aZ/‘— = hz#(x)v
Q-
n = %4 X))o
s

Proof. It follows that x'xén'/gLazno Hence, with
the notations preceding Proposition 3.3, we have aau =

= b(x'x)* and n = v(x'x). The assertion now follows by

comparison of these two formulas with ( 7 , 8 ).

&




4, An application to reductive symmetric spaces

—

In this section we will apply Theorem 1.3 to obtain
the following result which is basic for L4171 ,

We assume that G is a real reductive group of the
Harish-Chandra class (class H ) with Lie algebra )
that T is an involution of G, and that H is an open
subgroup of G°. The space H\G is called a reductive
symmetric space of class H (see also [3] ). There
exists a Cartan involution © of G which commutes with
T (cf., [3] ). Its fixed point set K is a maximal
compact subgroup of G, We may now introduce groups A _,

Pq

NQ’ L, L., by the same definitions as in the case of an

0
adjoint group in Section 1, By a

standard computation of differentials one may check that
the map H;cLOx.qux NQ-———> ¢, (n,l,a,n) —> hlan is

a submersion onto an open subset J[2 of G, The main result

of this section is:

Lemma 4.1. If x€(., then there exist unique

L(x)e (Hn LO)\LO, apq(x)é qu, nQ(X) e NQ such that

x € HL(x) apq(X) no(x). (9)

The corresponding maps L s apq and nQ are real analytic.
Moreover, if {Xk} is any sequence in XL converging

to a point x € 9) , then the set {apq(xk); ke N} is
not *relatively compact in qu.

We split the proof of this lemma into two parts,

the first being:




Reduction to the adjoint case, Let X(G) denote the

group of all continuous homomorphisms G — R and put

° = ﬂ{ ker 1%l 35 X € X(G)} . Then °G is a closed
subgroup of class H . Let » = P0 centre(o}) and
put V = exp ¥ . Then V is a closed vector subgroup of G
and we have the direct product G<= %gxV (see also

[]_}4, p. 196]), Moreover, putting ’))‘h = L)}n'b and '»’q =

= ¥n0] , we have ¥ = ﬁh ] 'D’q and a direct product
VX~ VX Vq, where V, = exp(d

h h
bined with the above this yields the direct product

h)’ Vq = exp(’v’q)o Com-

G «~ th°G’xvq. (10)
Now clearly VqC.qu and th H(\LO0 Therefore, putting
°qu = °Gnqu, °Ly = %6nL, and °H = °GAH, we have
direct products qu =~ oqux Vq’ LO ~ thoLO and
H ~ thoHu Moreover, NQCOG, "and so the set °42 =
= Q0. N°% equals 0HOLOOquNq, and {2 admits the decom-
position 2 = v, °0 x Vq subordinate to ( 10 ). Thus

the HLOAp N ~-decomposition of (2 is compatible with the

a Q
decomposition ( 10 ) of G and  of% « v, x (% ) x Vq'
Therefore, it suffices to prove Lemma 4,1 for the group °G
together with the decomposition °0. - 0HOLOOAPqNQ.
Thus we may as well assume that G = °G., In that case, the

the centre Z(G) of G is contained in K. Assume now that the

lemna is valid for the image AdG(G) of G in the adjoint

G
G in °3c“ We claim that it then holds for G as well, In

group Gc of q}c under the adjoint representation Ad, of

fact, if (li,ai,ni) € (("Hn LO)\LO)xqux N (i = 1,2) and

Q

Helaln1 = H82a2n2, then it follows that AdG(al) = AdG(aZ)’

AdG(nl) = AdG(nZ)’ whence a, = a

1 5s My = D, and Hll = Hiz.




the uniqueness statement holds

Hence (HAN Lo)el = (HnLO)e

2,
and the maps £ s apq and nQ are well defined on XL .,
o
By a standard computation of differentials it now
follows that the real analytic map (Q,a,n)r’ﬂ' Hean
maps ((HA L )\L.)xA_xN diffeomorphically onto the
0 0 ra Q
canonical image {L of fL in H\G. Its inverse is a real
analytic diffeomorphism & : Q —» ((HAL )\L_ )x A__x N..
— 070 pa” Q
Now 1let T : O — 0 be the restriction of the canonical

map G —» H\G to £t . Then (¢,a equals ¢.TC ,

pq’nQ)
hence is real analytic.

Finally, ker(AdG) = Z(G) is contained in K, hence in

-1

KNL C Ly, It follows that £ = QZ(G) = Ad, (AdG(n.)),,
whence '3AdG‘fL) = AdG(all ). Therefore, if {xk} is
a sequence in L converging to a point x € -X¢2 s then
by applying Lemma 4.1 to the sequence {AdG(xk)} in AdG(G),
we infer that {_AdG(apq(xk)); ke N} is not relatively
compact in AdG(APq). It follows that {apq(xk); k€ W}

is not relatively compact in qu, and the lemma's

validity for G has been established.

From the above we see that it suffices to prove
Lemma 4.1 under the following assumption (A) which we

assume to hold from now on.

(a) o] is a real semisimple Lie algebra and G is
an open subgroup of the normalizer GlR of %

- in the adjoint group Gc of -(%c'

The next idea is to exploit the duality introduced
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by Berger [5] (and also used by [6,7,12 1 ).

The space
—

d

g% = i(kno) @ (ko) @ (pne ) ® i(pohy)

is a subalgebra of cﬂc, called the real form dual to
0} - The restriction ed of the (complex) involution T to
Q@'is a Cartan involution for q}d, with associated eigen-

space decomposition
d d d
4 = ke vy,

d
where 4% = bcn ogd, ‘Pd = 6,0 9 (read this as:

the 4 in the dual situation, etc.), Similarly, we put

td - G)Qd, bd= kcnagd, oldzqocnogd. et ¢, k9,

Hd be the connected analytic subgroups of GC with Lie

algebras d 'ﬁd and d respectively, Moreover, let
i I

d d d ‘ d d d

= A = L =1L G = Y N
pg = %pg’ “4pg = 4pg’ NG Mg ac ' 9 ’d
Ng = exp(# 3), and define Lg = (Kdn Ld)eXp(‘pdn ‘bdn 7).

Then according to Proposition 1.1, we have a decomposition

d d.d,4d .4 . . d d d
G” = KL A N with e nding ma h s
o*paa corresponding pPs A, q’ vQ
d d d d d d ' .
G —> (Lof\K )\LO, qu, NQ determined by
d +d d d
x € K X (x) hq(X)'VQ(X)' (11)

The idea is now to view ( 9 ) and ( 11 ) as different
real forms of the same multi-valued holomorphic decom-
position.

Let HC be the connected analytic subgroup of Gc with
d

Lleaalgebra b(}. Set SQ = Gé.HchNQc' Then according
to Theorem 1,3, the maps Xd, hi,'vg have multi-valued

holomorphic extensions to maps -Gd—Sg — (HC(\LSC)\LgC,




To complete the proof of Lemma 4,1, we need the follo-
/
wing.,

Proposition 4.2, Under the assumption (A), the set .0

d
Q"

is a union of connected components of G=-S

Proof. The group HxQ acts on Gc according to the

rule (h,q).x = hxq-l, for héH, q€Q, x€G_ . In view of
d —
Q

Moreover, by an easy computation of differentials at points

Proposition 3.7, this action leaves GC-S G:.Qc invariant.

of G: Q,» it follows that all Hx Q-orbits in GC—Sd are

Q

submanifolds of real dimension dim(G). Hence G-Sg is
a union of open H x Q-orbits. Now L is just the H x Q-
orbit through e, hence open and closed in G—Sg.

End of proof of Lemma 4.1. Let 21’ 22 € Ly,
al,azéqu, n,,n, € N,  and assume that H'Ql.alnl = Hﬂzaznz.

" T . .,
Then Gcflaln1 = Gclzazn2 and using Proposition 3.8 we
infer that n, = n and aZP'= a%“ « The map

1 2 1 2

exp: czpq__+ qu being a diffeomorphism it follows that

a, = a Hence HZl = Hez from which it is immediate that

1 2°
(H(\Lo)ll = (H/\Lo)fz. This proves uniqueness and the
maps A , a q? Bq Bare well defined by ( 9 ). By the
same argument as in the reduction part of the proof it

now follows that these maps are real analytic,

Finally, by Proposition 3.8 we have

2 d 2
a(x)* = ng(x)7,
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for x € ). . By Proposition 4,2, ofL is contained in Sg
and so the last assertion of the lemma follows from the

o
corresponding assertion of Theorem 1.73.

)
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Appendix: Multi-valued holomorphic maps

_—

Let X be a connected complex analytic manifold. A
covering p:E —»X together with points e€ E, a€ X such
that p(e) = a is called a covering with base points of X,
We write p: (E,e) —> (X,a) for such a covering. Let a
point an_ be fixed from now on,

Fix a universal covering T C%,x) — (X,a) with
base points of X. A holomorphic‘map f from i’ into a
complex analytic manifold Y idis called a multi-valued
holomorphic map from X idinto Y. Let us denote the germ
of a holomorphic map F at a point x by Fx' Then
fa = f“o (ﬂ;<)—l is the germ of a holomorphic map at a.
We call fa the basic branch of f at the base point a;
it determines f uniquely, and f is called the multi-
valued holomorphic extension of fa to X.

If we work with multi-valued holomorphic maps this
will always be done with respect to a base point. Thus a
multi-valued holomorphic map will always be viewed as
the multi-valued holomorphic extension of a holomorphic

germ at the base point,

Single valued maps. A holomorphic map G: if—a-Y will

be called single valued on X iff Gy ° (ZE )—l = GV
for all £,7 € X with =({ ) = T(n ). Clearly G is
single valued if and only if there exists a holomorphic

map [: X—>Y sucn that G = F°® . We often identify

a holomorphic map F: X — Y with the associated single

valued map FeT , viewed as a multi-valued map X-— Y.

S e

- (7 )7




Composition., Let Y, Z be complex analytic manifolds

and f a multi-valued holomorphic map X —Y. If/
g: Y —»7Z is a holomorphic map then g.f is a wéll
defined multi-valued holomorphic map X — Z. If Y is
connected and g: Y — Z a multi-valued holbmorphic map
with base point b = f(d ), then gof 1is defined as
follows,

By definition, f actually is a holomorphic map
X —»Y. Now let p: (?,@ ) —= (Y,b) be the universal
covering with base points of Y. Since X dis simply
connected, there exists a unique holomorphic map

~ ~s

f: X—sY with £(x) =p , £ = pef, called the lifting
of f. The map gof: X —= Z is a multi-valued holo-
morphic map X —» Z, called the composition of f and
g. We also denote it by go.f. Its basic branch is given
by (gof)a = gb°fa' Observe that these definitions are

compatible with the identification of holomorphic and

single valued maps described above,

The inverse of a covering. Let ¢ : (Y,b) —(X,a) be

a covering with base points. Then there exists a unique
holomorphic map ¢ : X —>Y with Y(A) = b and

?oﬂl =T . We call q’ the multi-~valued holomorphic

inverse of ¢ . Observe that its basic branch is given

by A, = (g7
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