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Introduction

Process algebra, as described in Bergstra & Klop [6], is a mathematical theory of specification and
verification of concurrent systems. Process algebra is a modification of Milner’s CCS [11], optimized
towards mathematical manageability.

The essence of the approach is an axiomatic framework for the description of processes; verifications
are to be done on the basis of the axiomatic laws. In particular, this approach will hopefully allow, that
in actual system verification, one can avoid the introduction and inspection of models of concurrency. In
our view, the difficulty with these models is the fact that both for a computer and for the human mind it
is nontrivial to represent and analyse them.We think that the fundamental importance of models of con-
currency is to establish the consistency of axioms. For these models, see De Bakker & Zucker [2],
Brookes, Hoare & Roscoe [9] and Hennessy [10].

To us, the most interesting part of research is to find new axioms and to illustrate their use by means
of illuminating examples. In this paper we introduce the conditional axioms CAl-7 (see § 4). Some of
these axioms have a condition involving the alphabet a(X) of the processes involved. A typical example
is:

ni=g
CA4 aX)nri=g
(X)=X

in words: if no action from I occurs in X, then hiding (abstracting from) actions of I in X has no effect.
A more interesting axiom is:

aX(e(HNDH=g
(XNY)=r (Xl (Y))

This axiom allows one to commute abstraction and parallel composition (in appropriate circumstances).
CA2 is absolutely vital for the verification of systems with three or more components put in parallel.

CA2

In order to attach a precise meaning to conditional axioms of the above form we need some insight in
the notion of the alphabet a(X) of process X. We assume that X has been specified by means of a recur-
sive specification with guarded recursion. Then one can effectively find sets

a(m(X)) C a(m(X)) C a(m3(X)) C -+ C a(X)
BX) = Bi(X) 2 Bx(X) D Bs(X) 2 -+ 2 a(X)
(see 2.14, 3. 5)

In general U a(m; (X)) = a(X) but ﬂ Bi(X) = a(X) need not hold (this is connected with the fact
i=1 i=1

that on the basis of a given recursive specification of X the alphabet a(X) cannot be effectively com-

puted see 2.16). In practical cases, either one finds n,m such that a(7,,(X)) = B,(X) (=a(X)), or B,(X)

is sufficiently small to verify the condition of a conditional axiom. We call this small theory about alpha-

bets the a/p-calculus. Though very simple, this « /B calculus is an unavoidable tool in system

verification based on process algebra.

In the last three sections we describe three examples and extensively demonstrate the use of CA1-7.

Concluding remarks

i) System verifications of a related nature, but performed in a model, can be found in Sifakis [13]
and Olderog [12].

i) In 2.17, we find a rather unexpected connection between Koomen’s Fair Abstraction Rule

(XFAR) and determination of alphabets.

ii) The consistency of CA1-7 on top of ACP, + KFAR + RSP (as defined in Bergstra & Klop [5])
is a nontrivial issue. This issue is not touched at all, but each of the laws is checked in detail for
all finite processes.

iv) Future research in this area should involve the analysis of increasingly complicated case studies.
We ﬁrmly believe that process algebra cannot be developed without extensive experimentation on
case studies (examples). If this theory is brought to application, each particular application will
again be a case study (at least from the point of view of the theorist), but with the special
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property that it is sufficiently complex or important to draw the attention of people with practi-
cal purposes. If the theorist considers the study of examples to be a part of theory, then neither
the absence nor the presence of proper applications of a given body of theory will come as a
surprise.
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L Algebra of communicating processes with silent steps

2. Alphabets

3. a/ B-calculus
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1. Algebra of communicating processes with silent steps

The axiomatic framework in which we present this document is ACP,, the algebra of communicating
processes with silent steps, as described in Bergstra & Klop [4]. In this section, we give a brief review of
ACP,.

1.1 Signature.

Sorts: ] A (a finite set of atoms)

P (the set of processes; we have
A CP and elements of P are terms
over 4)

Functions: +:P XP-—P (alternative composition or sum)
P XP—P (sequential composition or product)
l:PXP—P (parallel composition or merge)

L :PXP-P (left-merge)

|:PXP—P (communication merge;
|:4 XA —>A is given)

O0y:P—P (encapsulation; H CA)

T PP (abstraction; I CA4 — {8})

Constants: deA (deadlock)

T¢A (silent or internal action)

1.2 Axioms.

These are presented in table 1. Herea,bed,xy,z e P,H C A andI C 4 —{6}.




ACP,

x+y=y+x Al XT=X T1
x+@+z)=(x+y)tz A2 T +x =7x T2
x+x=x A3 a(tx +y)=a(rx +y)+ax T3
(x+y)z=xz+yz A4
(xy)z =x(yz) A5
x+d=x A6
8x =8 A7
a|b=b|a C1
(@|b)|c=al®|c) C2
dla=d C3
xly=xlly+yllx+x|y CMI
all x=ax CM2 | 7l x=7x T™1
(ax)lLy =a(xlly) CM3 | (mx)lly =(xlly) ™2
x+llz=xllz+yl 2 CM4 | r|x=8 TC1
(ax)|b=(a |b)x CM5 | x|7=8 TC2
a|(bx)=(a|b)x CM6 | (x)|y=x|y TC3
@) |B)=@|b)xly)  CMT | x|(p)=x [y TC4
x+y)|z=x|z+y|z CM3
x| +z)=x|y+x|z CM9

Ip(n=r DT

T(r)=r TI1
dy(a)=a ifae¢H Di r(a)=a if ael TI2
0y(a)=difacH D2 m{(a)=rifael TI3
ag(x +y)=8H(x)+8H(y) D3 'rI(x +_y)='TI(X)+TI(y) TI4
Iy (xy)=05(x)0x(y) D4 Ty )=71(x )T () TIS

Table 1.

1.3 Concwrrency.

We will also assume that the following Axioms of Standard Concurrency hold. These are proved for
all finite closed ACP,-terms in Bergstra & Klop [4].

. yllz=xLylz)

2. @lallz=x|(aylz)

3. x|y=ylx

4. xly=ylx

5. x| |2)=(|y)|z

6. xllpliz)=Cclly)liz
Table 2.

2. Alphabets

2.1 Set of alphabets.

Define @ = Pow (A —{8}), the set of all subsets of 4 —{8}. @is finite, and partially ordered by inclu-
sion, with minimal element & and maximal element 4 — {8}.




2.2 Definition. We define the alphabet function a: P — @ inductively in table 3.

1.1 «d)=2

1.2 af@)={a}ifa € A —{8}
1.3 a(n=2

21 adx)=2

22 a(ax)={a}Va(x)ifa € 4 —{8)
2.3  a(tx)=a(x)
3. alx +y)=a(x)Ua(y)

Table 3.
2.3 Notes: 1. We have to check that

x=y = a(x)=afy),
otherwise this definition is not correct. This is not hard to do.

2. Because of rules A6 and T1, we have to require that a(8)= a(r)= @, so we count only atoms
different from & and 7. This reaffirms the special status of these atoms.

2.4 Infinite processes.

Next we want to define a on infinite processes. Before we can do that, we need some additional
definitions. From now on, we look at terms containing free variables (denoted by X,Y,Z, etc.). First we
need the notion of guardedness.

Note: this is a more restricted version of guardedness than in Bergstra & Klop [3].

2.5 Definition.

Let ¢ be a term containing a variable X. We say an occurrence of X in ¢ is guarded if it is preceded
by an atom, which will not be abstracted by some 7;; to be precise: an occurrence of X in ¢ is guarded if
t has a subterm of the form aM, where a €4 (50 a ¢7!), and this X occurs in M and is not in the scope
of an operator 7; with ael.

2.6 Examples.
Let ¢ be the term

aX + 71X + al LY + v4(a+bZ) + a(Xllr4(Y)).

In ¢, the first and third occurrence of X are guarded, the second is unguarded; the occurrences of Y are
unguarded, and the occurrence of Z is unguarded.

2.7 Recursive specifications.
Let <X,E > be a recursive specification, i.e. a system of equations:

Xl = Tl(Xb-",Xn)

X, = Tp(X1uX,).

Here n €N, and the T;(X),....X,) (1<<i=<n) are terms with free variables some (or all) of X,....,X,,.
We will look at expansions of the X; (1<<i <n). An expansion is formally defined by the following three
properties (here s,¢,u are terms with variables from X, . . ., X,,):

1. . substitution: if we obtain ¢ from s by substituting 7;(X,,....X,,) for an occurrence of X; in s,




then ¢ is an expansion of s;

2. reflexivity: ¢ is an expansion of ¢;
3. transitivity: if 7 is an expansion of s, and u is an expansion of ¢, then u is an expansion of s.
2.8 Definition.

Let <X,E> be a recursive specification as in 2.7. We say <X,E> is weakly guarded if for all
i < n and for all expansions S; of X;, each occurrence of X; in S; is guarded.

We want to define the alphabet for all weakly guarded recursive specifications. The next example
shows that there are some problems to be solved, before we can give the definition.

2.9 Example.
Let <X,E> be given by:

X =iX
Y = 7(X).

Intuitively, the alphabet of these processes is clear, namely a(X) = {i} and «(Y) = .

It becomes more difficult if we add an equation Z = Y.a, for, do we have a € a(Z) or not? (We will
see later that we must have ¢ ¢ «(Z).) The problem seems to be that, although each recursion is
guarded, these guards may disappear when we later do abstraction.

We can solve this problem if we take care that abstraction is always the last step in our specification (i.e.
if X; is defined using abstraction, then X; does not occur in T',...,T; -1, Tj +1,-..,T, ). We call that delayed
abstraction, so e.g. the system <X ,Y > above has delayed abstraction, but <X,Y,Z > does not.

We can delay abstraction by adding an extra atom to 4, as is done in the proof of the following
theorem.

'2.10 Theorem. Let <7,E > be a recursive specification such that the communication merge | does not
occur in equations E. Then <X ,E > is equivalent to a specification with delayed abstraction.
Proof. Add a new atom ¢ to 4, and extend the communication function by defining

tla =8 (forallaed).

If x is an ACP-term, let x’ be the term that results if we replace all occurrences of 7 by ¢, and all
occurrences of 7; by ¢;. Here #; is an operator defined by:

L) =t

tij(a) = a ifaegl

ti(a) =t ifael
y(x+y) = gx)+6Q)
t(xy) = 1 (x) ()

Table 4.
(Compare this with axioms TI1-5).

Let <X,E> be the specification

X, = T](Xl,...,Xn)

—_—

X, = To(X1Xy).

Define a new specification by:

Xy = (TyXy, ..., X))

X, = (T,(X1,.... %))
Y) = 1(Xy)

Y, = 1hX,)




Then we claim X, = Y, ,..,X, = Y,. This follows from proposition 3.6 in Bergstra & Klop [4], and
using the Recursive Specification Principle (RSP)

<X E> <Y E>
X=7

which says that if X and Y satisfy the same equation, then X = Y (see Bergstra & Klop [5]). It is obvi-
ous that the second specification above has delayed abstraction, so the proof is done.

(RSP)

2.11 Example
We consider again the specification of 2.9
X =iX
Y = 7;5(X)
Z =Y.
This specification is equivalent to the following specification with delayed abstraction:
X =iX
Y = (X)) = ti(X)
P ZI — I. a
Y =1 {t }(Y')
zZ = Tt }(Z ')

2.12 Note. In theorem 2.10, we can allow the communication merge to occur in E, if we first make terms
saturated (see Bergstra & Klop, [4], 3.3-3.6).

Now we can finally define alphabets for a class of infinite processes.

2.13 Definition. Let <X,E > be a weakly guarded recursive specification. We delay abstraction as in
2.10:

-

Xy = (Ty(X1 s X))

’

X, = (T,(Xy, ..., X))
X1 = 1y(X1)

X, = my(Xy)

Let m,, be the projection function, given on ACP, by (m eN):

T(a)=a T (T)=T
max)=a T (TX )= Tem,, (x)
T +1(X ) = a7, (X)

T (X +Y) =0 () + 70 ()

Table 5

(here a€A U{t}; xy are terms over A U{t}). In 2.14 we will show that each T (X;) (1<<i <n) can be
expanded to a closed finite ACP-term. Thus we can define




a(X))= U a(m, (X)) (213.1)
a(X;)= a(X) (£} (2.132)

214 Lemma. Let <X,E> be a weakly guarded recursive specification, in which no = or 7; occurs.
Then each =, (X;) can be expanded to a closed finite ACP-term .

Proof. The proof is by induction on m. It is not hard to see, that it is enough to show, that each X; can
be expanded to a term S; in which all occurrences of variables are guarded (the general result then fol-
lows by iteration).

We obtain such a S; as follows.
We define for each m N the m™ expansion of X;, &", as follows:

61'1 = Ti(Xb LR ’Xn)
8 = T(Ty(X),...T,(X))
7= (T AT 1)y Ty (X )seeereedyors Ty (oomperesns))

We put S; = &. Then, if we look at a variable occurrence in the resulting S;, it resulted from (n +1)
successive substitutions. Since there are only n variables, at least one variable, say X;, must have
occurred twice in this sequence. But since recursion is guarded, the second occurrence of X; must be
guarded. The variable in §; we started from results from an expansion of X;, so is also guarded.

N

2.15 Note: in definition 2.13, the partial unions | a(7, (X;)) form an increasing sequence (with respect
m=1

to C) as N—oo, in the finite set @ so the sequence must be eventually constant, and the limit will

always exist.

However, in general it is undectdable, to which set in @ a(X;) is equal. This is illustrated in the following

example.

2.16 Example.

Let K be a r.e. but not recursive subset of N. In Bergstra & Klop [3] a recursive specification
<X,E > is given (depending on n) such that in the initial algebra the following hold:

Xin) = b?if ngkK
Xin) = b".stop if neK (for some k eN).

(here b, stop are atoms).

Thus we have a(X(n)) = {b} if n¢K and a(X(n)) = {b,stop} if nek.

Since K is not recursive, determining whether n €K, for a given n, is undecidable, so determining a(X )
is undecidable.

2.17 Example.

Again consider specification <X,Y,Z > from 2.9. We defined the delayed abstraction in 2.11. Here
we will determine the alphabets. First, we consider X. Let meN, then X = iX = iiX = -+ =
ii - iX, s0 @, (X) = ii...i and a(m,,(X)) = {i} by 2.2. Thus by 2.13 we have a(X) = {i}. Next,
mX

Y = (1 (X)) = ti(X) = ty(iX) =
t{,}(l)t{,}(X) =YY"
Then we get «(Y’) = {¢} as above. But now, if m €N, then

T(Z) = 7y (Y'a) = 'n',,,(tt tY ‘a) = tt..t,




whence a(Z")={¢}. Finally, by 2.13 we get
aY)={t}-{t} = Fanda(Z) = {t}—{t} = @.

We can motivate these results in a different way, if we use Koomen’s Fair Abstraction Rule (KFAR, see

Bergstra & Klop [S]:

VneZ, X, =i,.X,+1T7Y, (G, €I)
(X)) =1 (Yo+..+Y 1)

(KFAR)

Here Z;, = {0,...k—1} and addition in subscripts works modulo k. Here we will use the following
(easier to understand) consequence of KFAR:

X=iX+7Y
T{,}(X)zTT(,}(Y)

This expresses the fact that, due to some fairness mechanism, i resists being performed infinitely many
times consecutively. Here, we have

(KFARk =1)

X = iX = iX+§,
so applying KFAR yields
pplymng y
Y = fr{,-}(X) = 7.

Then Z = Ya = 78a = 78, and we see again that a(Y) = a(Z) = 9.

3. a/B-calculus

3.1 Definition 2.13.1 gives a sequence of subsets of a(X;), which will converge to a(X;). However, as 2.16
illustrated, finding a(X;) itself can sometimes be very difficult. Luckily, in applications it is often
sufficient to have a superset of a(X;), which is not too big. With such a superset, we can even determine
a(X;) in many cases. For this reason, we define B(X;) in 3.4. First we need theorem 3.2. A piece of
notation: if B,C C A U{r}, we define B|C = {b|c:beB,ceC}— {8} (We leave out §, so that
B|C € @.

3.2 Theorem: for all closed finite ACP,— terms x,y:

L a(y)Ce(x)Uap)

2. a(xlly) = a(x)Ua(y)Ua(x)|a(y)

3. a(lly)CaGxly)

4. a(x |y)Ca(xlly)

5. ady(x)) Calx)—H

6. a(ti(x)) = a(x)—1I.

Proof.

L. by induction on x. We have seven cases (as in 2.2):

1.1 x =98. ady)=92 Ca(®)Ua(y)

1.2 x=a#d.a(ay)={a}Va(y)=a(@)Ua(y)

1.3 x=r.a(y)=a@l)=a(n)Ualy)

1.4 x =8z As 1.1

1.5 x =az,a5-8.a(azy)={a}VUa(zy)C{a}V a(z)Ua(y) = a(az)Ua(y).

1.6 x =1z.alrzy)=a(zy)Ca(z)Va(y)=a(rz)Uea(y)

1.7 Xx=z+w.a((z +tw))=a(zy twy)=a(zy)Ua(wy)Ca(z)Ua(y)Ua(w) Ua(y)=a(z +w)Ua(y).




2. This is more complicated. We do simultaneous induction on x and y, and write

za,x + Z'rx] + Ebk + (v+9)
i=1 j=

\ (a; b, €4 — {8}, the part between brackets may or may not occur, I J,K = 0),
L

M N
Y=TScy + 3w+ Dd, + @+
=1 m=1 n=1
(cpdy €4 —{8},L M ,N =0).
By induction hypothesis we can assume 2 holds for all terms
xWyes % s %1y, % llye s %i lym,
X1 % W5 % 1y
To expand x ||y, we use rules CM1-CM9; TM1-2 and TCl1-4:
I J K
xlly = JaCly)+ 3 G lly)+ X by +(1p) +
j=1 k=1

i=1

L ’ M ” N
+ Sedxlly,) + 3 m(xllym) + 2 dyx + (mx) +
= m=1 =

1
I L ., I M ] . I N ,
+ 2121( 'Icz)(xi lye) + 21 2 (a xi)l(")’m) + 2] Z(aildn)xi +
i=1¢= i=1 m=1 i=1n=1
J L . ] J M
+ 2} 21(ij Neye) + 3 2 TXj )l("ym) + 21 2 (x; )l +
=lt= j=lm= j=1n=
JK L K M K
+ kE} > Geleyr + 2 2 b [(rym) [+ kzl 2 bi|d, + 8.
=1t=1 k=1 m=1 = =

Now the five enclosed terms can be skipped, since they are summands of other terms (for instance,
S escar b | @m) = Dkscn bi | ym is a summand of 3., 7 (x lly,,), see Bergstra & Klop [4], 3.6). Now
we use definition 2.2, and obtain the following (at some places we have to write subsets, because some

communications might be §).

1 J K
axlly) = ['L_Jl({a: }UaCx Iy )u _L_Jla(x,-"lly)ukgl{bk} U a(y) U
L , ;,[ . N
U Ul({cg}Ua(x lly, DU Ula(x lym)U Ul {d,}VUa(x)U
= m= n=

U U (alcdVallyy DU U {ai|d,}Ualx)U

Si05e, s,
U U {bledUap) U U {beld,}1— {8}
& g, (k,n)eK XN

Next we use the induction hypothesis.

I
axlly) = [_L_J ({a;}Va(x)Va(x) |a(y))Valy) U

(a(xj Yalx))|a()) U afy) U U {bi}Va(y)u

)

”Ch qu.

{Cz}U“(}’e)Ua(x)I“(}’z NUa(x)U

&




SR
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U (a(y,,,)Ua(x)]a(ym NVUax)U U {d, }Ua(x)U

m=1 n=1

U (& | e Vax)Ua; )Uax) | a(y; DU

CIXL

U (a|d.}Vax)U U (b |cdUaly )V u {be |d, 11— {8} =

CIXN CKXL

= [U({a }Ua(x, nu Ua(xJ)U U {b }Ua(x)U

i=1

L_J({Ce}Ua(Ye' NU g oY) U L_) {dy}Va()U

U(a(x)la(zcm + Zvym + Zd + (r+8))U

i=1 n=1

U(a(xj)la(zczyz + 2 Dm + Zd + (r+9))HU

n=1
eyla(x)hx(ye') U L_)la(x){a(y,;:) U
IL).(JL{G |eqU U{a |dy }U U {bx |}V U {bx |dn }1— {6}

(for a(x;)|a(y;)Ca(x)|a(y;) for all il teL) =

L M
= [a(x)Ua(y)U Ula(x)la(yg)u Ula(x)|a(y,;;)u
= m=

U a(x) | {e} |U ,EZJNa(x"I)l {dn} Y

IXL

U a()| {enf U] U a(x)| {d, }f U
JXL J XN

U {a eV o {be[ed (VU {a |3V U {bkld} {8}

IXL IXN KXN
= (take the boxed areas together)

[a(x)Ua(y)U Lija(x)la()’e')U &l)a(x)la(y.l.') U

LLJa(x)I {cdV %vja(X)l {d}1-{8} =

= a(x)Ua(y)Ua(x)|a(y).
This finishes the proof of 3.2.2.

3,4. These follow from 2.2.3 with rule CM1

5. By induction on x. We have 8 cases:

5.1 x=aeH.ay(@a)) =a@d)= 2 = {a}—H = a(a)— H
52 x=a¢H. a(dg(@))=a(a)={a}={a}—H=a(a)—H

53  x=ra@y(M)=a()=2=a(n—H

54 x =8y, As5.1.
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55 x=ay,acH .a@g(ay))=a@.05(y)=a)=2 Ca(ay)—H
5.6 x=ay,a¢H, a#8.a@g(ay))=a(a.dg(y)={a}Ua@y(y)NC {a}Va@y)—H = a(ay)—H.
5.7 x=1. a0y (1Y) =a(r.dg(y)=a@x () Cay)— H=a(ry)—H.

58 x=y+z.a@yQ@ +z)=a@y(y)+()=a@u()Ve@()C
Cla(y)—H)U(a(z)—H)=(a(y)Va(z))—H =afy +z)—H.

6. By induction on x. We have 9 cases:

6.1 x=8.a(r;(8)=a(d)=2 =a@)—1I.

6.2 x=ael.ar@)=a(n)=F={a}—1=ala)—L

6.3 x=qgel, a8 . a(trj(@a))=a(a)={a}={a}—1I=a(a)—L

6.4 x =7. (1) =a(r)= 2 =afr)— L

6.5 x =8y .a(r;(Oy)=a(0)= B =ady)—L

6.6 x=ay,acl.alr(ay))=arr@)=a(m@)=ay)—I1= (a(p)U{a})—I=a(ay)— L

6.7 x=ay,ael, a#8.a(r(ay))=alar(y)={a}Va(t(y))=
{a}U(e()—D)=({a)Ua())—~I =alay)—L

6.8 x =1y . a(ry(yN=a(r.r1(yN= a(r(p)=a(y)—I =a(ry)—1L

6.9 x=y+z.a(r(y +z2)=a(r )+ ) =a(r Y NUa(t(z))=
(ap)—DU(a(z)—I)=(a(y)Vaz))— I =aly +z)— L
This finishes the proof of Theorem 3.2.

3.3 For each ACP,-term involving free variables, we want to define a corresponding set-term, involving
the alphabets of these variables. First two remarks:

1. Note that formulas 2.2.1-1-3 hold for infinite processes as well. For instance, if a(X) and o(Y)
are given by 2.13.1, then

qX+Y) = L) almn(X+T)) = U ay(X)+7,(Y)) =
m=1

m=1

=3 Ql(a('ﬂm (X)) ] a('rrm (Y))) = a(X) U a(Y)

2. Assume that formulas 3.2.1-6 hold for infinite processes as well.

Now let T = T(X},....X,) be a ACP,-term with free variables among X, ..., X,. We apply rules
2.2 and 3.2 to a(T). We work from the outside in, and go on until we only have unknowns a(X;) left, so
a is not applied to any composite term. We obtain

oT) C T*(a(X1)s( Xy ))-
Here T* is a term over the following signature:

Sort: @ (subsets of 4 —{8})

Functions: U :@XE—> @ (union)
—H : @X@— @ (leave out elements of H @)
| : @X@—> @ (communication, see 3.1)
Constants: {a}<@ (for each a €4 —{6})

Example,' if T =a.Ty (X4)(X1 ”Xz + 8H (X3)), then ™ = {a } U a(Xl) U a(Xz) U (a(X3) _‘H) U
U(a(Xg)— DU a(X,)|a(X3)

3.4 Definition.
Let <X.E> be a weakly guarded recursive specification, and X = X, ....X,, I<i<n. We
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define B(X;) to be the least fixed point of the equation (over @):

BX) = T/ (BX), - - ., B(X,)).

Note that this least fixed point will always exist, since terms T* over (&, U ,—H,|, {a}) are monotonic,
" ie. B; CB; implies

T*(By,...,B;,...,B,) C T*(By,..B;, .. .,B,).
Thus, B(X;) is the limit of successive approximations
T(2, ..., 2),
T (T1(D,...,9).... T2, ..., D)),

wensCIC.

3.5 Theorem. Let <X ,E> be a weakly guarded recursive specification given by
X =T Xy ..., %)

Xn = Tn(Xl’--an)
Let 1<i<n. Then a(X;) C B(X;).
Proof. Let & be the m-th expansion of X; as defined in 2.14. We denote the B(X;), belonging to
specification
<X,<@l"|1<i<n>>, by Bu(X;) (s0 B(X;) = By(X,)).

Claim: B,,(X;) CB(X;). (for all m eN).
Proof of claim: Take m =2. Now

B* (BX B )) =
T; (T1 (B DsrersB(X ooy T (BX 1), B(X, ) =
= T; (B(X ),sB(X,)) = B(X:).
Therefore, B(X;) is a fixed point of the equation
B; = (6:‘2)*(31, s By)
Since By(X;) is the least fixed point, we have B5(X;) C B(X;). The general case follows by iteration.

Now we delay abstraction in <X,E > as in 2.10, and obtain:

X1 = T1 (X1 Xy)

X, = TH(X1,mXy)
X, = 1y(Xy)

X, = 1)(X,)

First we show a(X;) C B(X;). Let meN. By 2.14, there is an k €N such that 7,,(&F) is an ACP-term
without variables (all the X} are pushed down below level m). Thus

a(mn (X)) = a(my(81) = almy EH(X 1, X)) =
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= a(m, (6K, ..., 8) C &l ...,8) C (by 3.3.1-2)
C &*(2,...,9) C B(X) C BX),
~and because a(X;) is defined by 2.13.1, it follows that a(X;) C B(X;). Finally
a(X;) = o X)—{t} C BX)—{t} = B(X)
and this last equality holds because B(X;) is defined to be the least fixed point of
BX) = my* (B(X)) = BX)—{t)} (3.2.6)

3.6 Notes. 1. It can be shown that the fixed point B(X;) can be reached from @ in at most n iterations,
if we assume the Handshaking Axiom (HA see Bergstra & Tucker [8]): a |b |c = §;

2. We cannot have in general that ﬂ B..(X;) = a(X;), because that would make the determination of
a(X;) decidable, which contradicts 2. 16

3.7 Example. A bag is given by the recursive definition (see Bergstra & Klop [3]):
B = >,.p rd)(s@)B).

Here D is a finite set of data, r(d) means receive d and s(d) means send d. The set of atoms con-
tains {r(d),s(d)|d €D} and there is no communication (for all a,b €4 we have a |b =8). Now

a(my(B)) = o F r(@d)s@d)+ X r(e) =

deD eeD

= U{r@u{s@}u{r@y = {r@d)sd)|deD}.

deD
Also
oB) = dUD ({r@}Va(s(@)iB)) =
dUD({'(d)}U{S(d)}Ua(B)U{S(d)}|B)-

Therefore B(B) = {r(d),s(d)|deD}. Since a(my(B)) Ca(B)CB(B), we must have a(B) =
{r(d),s(d)|deD}. In this way we can calculate the alphabet of many interesting specifications. We will
make extensive use of this so-called a/B-calculus in the following paragraphs.

4. Conditional axioms

We present 7 conditional axioms, which we will use in the following paragraphs. We prove these
axioms for all closed finite ACP,-terms, and postulate them for all infinite terms. See table 6.

4.1 Proof of CALl for all closed ACP, -terms, by simultaneous induction on x and y. Put

Zax +2'rxj+2bk+('r+8)
i=1 j=1 k=1
L . R M N
y =2yt bz + 3 m+2dn+2ks+('r+8).

=1 r=1 m=1 s=1

Here g; b, €4 —{6}; I J,K = 0,
csdy € A (HU(8)),
bk, € (ANH)—{8)};L,M,N,R,S = 0.
Now a;,b, e a(x) and h, .k, € a(y)NH, so by assumption a; | ., a; | k;, b | h,, by |k, € H.
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a(x) | (a)NH)CH CA1 ax) |[(ep)NH)=2
O e ) = 00 (x 10 ) nGlp)=r Gy 2
«)NH=0 A3 a)NI=o | cAd
dy(x)=x T(x)=x
O (x)=0x,°35,(x) () =77,°7,(%)
HNI=2
118y (x)=03g o1 (x) CAT
Table 6.
og(xlly) = zaH(ax)aH(xz )+ 2"311()‘, liy)+ 2 g (b )dp(y) +
i=1 j=
+ Ec,-GH(x Ily,)+ 2 T.05(x |Iy,,,)+ Ed Oy (x)+
m=1 n=1
+ IZLaﬂ(a -0 (i lye) H 2 A (%) | (ym)) +
X
+ IZNaH(a: |d, )0 () + 2 3u((rx;) | (epy)) +
X

H X x| @) + 3 ()| dy) +

XM IXN
+ D by |cddu(ye) +/2 3B | (m) H X by |dy)+(r+8)
KXL KXN

As in the proof of 3.2.2, we see that we can skip the five enclosed terms. Now we apply the induction
hypothesis, which is poss1ble since a(x;), o(x; "} C a(x) and a(y;), a(y,;) C a¥).

dgxlly) = Zay(a,)an(x, 18 () + .Z'fay(xj Moy +

i=1 j=

+ kzlaH(bk)aH(y) + Zlceay(x 13 () +
= =

+ % 10y (x 185 (ym)) + ,%_I‘, d,. 3 (x) +

=1 n=1

+ 3 3u(a; | c)du(xi 0 (o)) + 2 3 (a; |d,)3p () +

%L
+ X9 |codn(e) + 3 3ubi |dy) + (749).
KXL KXN

We use the same argument (as in 3.2.2) again to add the terms:

> aH(aixi,I'raH()’r;)) + 2 3H("'xj"|CzaH()’c’)) +

IXM JXL
+ > OH('rxj |78H(ym)) + 2 GH('rx] |d,) +
IXM
. + 3 0 (b | 5 (m))-

KXM
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Then it follows that
3 Cxlly) = 3 (Sa;x; + Drx; + Dby + (= + )
[Sedn(e)+ 2y )+ 2d, +(@+8)) =
= g (x11Bg ()).

4.2 Proof of CA2 for all closed ACP,-terms. This is entirely similar to 4.1. Note that now we have to
have g; |h, = & (if a; €a(x), h, €a(y)NI), not just a; |k €I, so that m1(@x)| (hz)) = (a|h)
(% llz,))=38, and all these terms drop out.

4.3 Proof of CAS3 for all closed ACP,-terms is by induction on x. We have 7 cases:

1.x = 8.95(8) = 6.

2. x =a58. Since @ =a(x)NH ={a}NH, we have a ¢ H. Then dy(a)=a (D1).

3. x =1 dg(r)=7 (DT).

4. x =03y. 0y (8y)=06=2y.

5. x=aya#d B=a(x)NH=({a}Va(y))NH  Thus a¢H and a(y)NH=@,  whence
3:(ay) =3y (a)0u () =ay.

6. x=1y. B=a(x)NH=a(y)NH, so dy(1y)=105()=1.

7. x=y+z Z=a(x)NH=(a(y)Ua(z))NH, so ay)NH=@ and az)NH=Z. Then
Ay +2)=(y)+og(z)=y +2

4.4 Proof of CA4 for all closed ACP,-terms is very similar to 4.3.

4.5 Proof of CAS5 for all closed ACP,-terms is by induction on x. We have 5 cases:
1. x=a,a¢H. Then also a ¢ H,a ¢ H,. Thus 3g(a)=a =9y (a)=3y,y(a)).

2. x =a,a €H. We have two cases:

2.1a EH2 aﬂ(a)————6=6”,(8)= agl(aﬂz(a ))

22a EH] —Hz.BH(a)ZSZBH,(GHZ(a ))

3. x =7 dg(M)=1=0y,(1)=04,0y,(7).

4. x =yz. dg(z)=0x (¥ )0 (2)=0y4,(0n,(y ))-0n,(Fu(2 )=

= 0y,0p,(y )0u(2))=0y,°05.(yz) '

5.x=y+z 0y(y+2)=0y()+04(z)=0y,0n,())+0u(n2))=

07, 0m, () +04,(2)) =0y,°0,(y +2).

4.6 Proof of CA6 for all closed ACP,-terms is entirely similar to 4.5.

4.7 Proof of CA7 for all closed ACP,-terms is by induction on x. We have 5 cases:
1. x=a,ae¢H.,ael 1°04(a)= 1,(a)=a=0g(a)=0g(1;(a)).

2. x=a,acH,ael 104(a)=7(0)= 6=0dy(a)=0y(r(a))

3. x=a,aeHacl 1909y(a)=1(a)= 7=0x(1)=0y(7;(a)).

4, x =yZ. TIOGH(yz)='rI(aH(y)BH(z))=71°8H(y). TI°aH(Z)=

=0y ot (y).0g°t(z)=0y(r (¥ y1(2))=0g o1 (yz).

5. x :y +2z. TIOGH(}’ +z)=71(8H(y)+BH(Z))=1'1°8H(y)+1'1°8H(z)=
=0gor(y)Foger(2)=0y (7 () +1/(2))=0g°1 (¥ +2).

5. Example I. BAG || BAG = BAG
5.1 Suppose we have two bags, linked together as in fig. 1.

channell | ba channel2 | ba channel3
g g

input > > — oulput
p ‘ B2 4 B3 7> Oulp

fig. 1.
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let D be a finite set of data, let
r,{(d) = receive d eD along channel n
5,(d) = send d €D along channel n,

then we define a bag with input channel » and output channel m by:

?%E
o

B™ = dzbr,, (@)sm(d)IB) (see 3.7)
5.2 Now we want to ‘hide’ the internal channel 2 above. We define:
1. Communication: sy(d)|ryd)=cy(d) (for all deD) (d is communicated along channel 2), and all
other communications are equal to &;
2. Encapsulation: H = {s)(d),r,(d)|d €D} (all unsuccessful communications);
3 Abstraction: I = {cy(d)|d €D} (all internal actions).

5.3 Theorem: B> = 7,99, (B"IB%).
(this is the meaning of the heading BAG||IBAG = BAG)
Proof. Let us first check that
«(B") = a(r;ody(B"IIB?)).
5.3.1 By 3.7 a(B") = {r|(d),s3(d)|deD}.

5.3.2.1. a(1;°05(B2B?)= a(@y(BIB®)—1I C(a(BIB®)—H)—I =
=[a(B)Ua(BP)Ua(B'Y) |a(BZ)—(HUI)=
=[{ri(d).s:(d)|d €D }U{ryd),s3(d)|deD }U
U{cxd)|deD}]—(HUI) = {ri(d)si(d)|deD}.
5.3.2.2. On the other hand
a(r;°dg (BIIBZ)) D a(my(r; 285 (BI1B))) =
=a(vrz(n(d2Dr1(d)6H(Sz(d)llB“IIB23)))) =
=a( S ri@dymer (3 rie)du(s(d)llso(e)1B*1B>)

deD eeD
+ c(d)-3g B lss@d)IBP)) =

= {rl(d)ldeD}Ua(dE(Z ri(e) +

eD eeD

+ rar( S r(H).85 (2(H)HIB2lsxd)IB)

feD
+ 55(d).95(BRIBZY)) =

= {rd)|deD}Ua( 3 (X ri(f)+s3d) =

deD feD
= {rd)sxd)|deD}.
Combining 1 and 2 gives
a(r°3(BIB*) = {r(d),s:(d)|deD},

the desired result.
Now we give the proof of the theorem, and refer, for certain verifications, to the notes following the
proof. =
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5.3.3 35 (B2IB®) =
= 3 ridydu(sd)IBRIB?) =
deD
* (use standard concurrency, see 1.3)

> ridydu B lsAd)IB>) =

deD

= (CAS5) 3 r1(d).-895°d(sayBl(s2(d)IB?)) =
deD

= (CAl, 5.3.5) dz ri(d).05 9 s ayy(B 18 50y 5 )1 BP)) =
eD

= (CAS) 3 r((d)-3g(B 185 ay(s2)IB?) =
. deD

= (53.10) 3 ri(d)du (B lI(co(d)ss@))IIB?) =
deD

= 3 ridy3u(c(d)sx@NIB2IB>) =

deD
= (CAl, 5.3.6) 3 ri(d).9g(cod)ss(@ )y (BIB?)) =

deD

= (CA3,53.7) 3, ri(d)(cod)s3(d))lIdg (BIIBZ)).

deD
5.3.4 Using this result, we get
710y (B"I1B*) =
= (53.3) I ri@)m((cod)sxd)Idy (BIIBZ)) =
deD
= (apply CA2 twice, use 5.3.6)

S, rid)71 (rr(co(d)s (@)l 28y (B 1211 B>)) =
deD

= 3 rd)r((rss@))ll7; 3 (BIB)) =
deD

= (CA4, 5.3.8) 3 ri(d)((rs3(d))lir;°d5 (BIIB?)) =
deD

= (3.3.9) 3 ry(d)r(ss(d)llr 20 (B2IB?)) =
deD

= S rid)syd)llro35(B2IB?)) =

deD
= (RSP) BV,
This finishes the proof of the theorem.
Now we ;])gove some facztg that were needed in the proof above. Let A be the set of atomic actions.
535 a(B')| (alsx@)IBP) N {s(d))) C
C{ri(e)sye)|eeD}|{s,d)} = 2, for each deD.

5.3.6 {c(d)sy(d)|deD}|A = & by5.2.1.
5.3.7 a(co(d)ss(d)Idg (BRIBP)NH C

Cl{cxd)sy(d)} U —H)U {cxd)ss(d)} | (4 ~H)NH =
=[A—H]NH = @, for eachdeD.
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5.3.8 a(r;°9 (BHIBP)llrssd)NI C
Cld —DU{s3@)}V —D)|{s3(d)}INI =
A =[4-I]NI = @, for eachdeD
5.3.9 (=x)lly = w(xlly). For all finite closed x and y, this is shown in Bergstra & Klop [6], 4.2.1.7. We
assume this identity holds for infinite terms as well.
5.3.10 Let deD. Then
L (c(d)s@)IIB> =
= c(d)s3(IBP) + 3 roe)sa(e)llcx(d)s3(d))I|BZ).

eeD
2. On the other hand

d(sxary(52(d)IBP) =
= ¢3(d)- W5y SADIBP)+ T ry(e ) dsuayy(s3(e)lls(d)IBZ) =

ecD
= (by CA3, use the following 5.3.11)

cx(d)s3(d)IB?) + ED’ 2€).3 sy (s3()lIso()IB?) =

= (by CAl, argue like 5.3.5)
cx(d)(s3d)IB¥)+ ED’ 23,0y (5 3B sy (5 2D BP)) =

= (by CA3, use the following 5.3.12)

c(d)sx(d)IBP)+ ZD rae)s (€ s a(s2AD)IBZ)).

Thus we see in 1. and 2. that
(co(d)s3(@))IB? and 3,y (s (d)|B?)
satisfy the same recursive equation. Therefore they are equal by RSP (see 2.10).

In 5.3.10, we needed the following two facts:
5.3.11 a(s3(d)IBE) N {so(d)} =

= [{s3s(@)}U{roe)ss(e)|eeD }U{ss(d)} | {rae)ss(e)|e€D}]
N {sxd)} ClA — {sd)}IN{s2d)} = @ (for deD).
5.3.12 a(s3(e) 13 s ay (S A)IBP) N {s(d)} C ‘
C({s3(e)} U — {sAd)PHU {s3(e)} | A)N{s2d)} C
CM = {s:d)))N{sxd)} = @ (for d,e €D).

6. Example II:

d

BAG" = BAG |

6.1 We generalize example I to the case where we have n bags linked together, as in fig. 2.

1 2 3 n n+l
bag bag

input 5% 528 — ... B+

output
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fig. 2.

To simplify notation, we will prove this in case n =3, but the proof works equally well if » >3. We use
the notation of 5.1-2, so

6.2.1. Communication:
s, (d)|r,(d)=c,(d) (n =2,3), all other communications are J;

2. Encapsulation:
Hn :{Sn(d)r rn(d)]dED} (n :233)’ H:HZUHEI;

3. Abstraction:
I,={c,(d)|deD} (n=23), [ =1,UI,.

6.3 Theorem. B = 1,03y (B'2||B®(|B).

Proof. First we need to check some alphabets. By 3.7 a(B'?)={r(d),s(d)| deD}, so
6.3.1 «(B'%) | (a(B*IB*)NH3) C{ri(d)syd)|deD}|H; = 2.
6.3.2 a(B"2)|3 5 (BZIB*)NH3C[(A —H3)U(4 —H3)U

(4 —Hy)|(A4—-H)INH; = [A—H;3]NH; = 2.
6.3.3 a(B'%) | (a(@p(BZ1IB*)NI;)CA |I; = &. Now we can give the proof. Note that by 5.3 we have
B* = 1,005 (B%|1B**) and
B" = 1,085 (B"7IIB*).
" Therefore TIOBH(BIZHB”HBM) =
= (CAS, CA6) 7;,°1;,°04,°05, (B2 BZ|1B3*) =
= (CAT) 7;,°0g,°711,°0 (B 21B?||B*) =
= (CALl, 6.3.1) 7;,00,°7;,°04 (B |10 4,(B®1B3%) =
= (CA3, 6.3.2) 7,200, (B19,,(BZII1B*) =
= (CA2, 6.3.3) 7,204,011 (B |7 205 (BZIIB*) =
= (5.3) 7,°9,0m,(B2IB¥) =
= (CA4) 7,,°04,(B"2IB*) =
= (5.3) B*

7 Example III: |

|BAG.w. ZI|IBAG = BAG |

7.1. In this example we consider a bag with test for empty. Such a bag can be defined by the following
equations (notations as in 5.1):

Bg = ZdeD(rl(d)Bd +s5(2)B D
B; = sod)+ 3, pri(eXB.IB,)

To see that this indeed defines a bag with test for empty, consider the following

7.2 Lemma.d(,,z,(B &)=B"2 (notations from 5.1).
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Proof. To prove this lemma, we need RSP (see 2.10), but here we need it for an infinite number of equa-
tions. In fact, we’ll show that for all multisets G, consisting of elements of D, we have

BRI sae) = (Il BIsuon(B2) ()

(for G = &, we define B'?|( Ilgsz(e))= B'? and
ee

(eilgBe)a(sz(z)}(B D) = 3542y (B.2),

so the lemma follows immediately from (*).)
To show (*), we consider two cases:
case I: G=¢. Then

sy (B D) = dED(rl(d)’a{sz(E)}(Bd)+8)'a{Sz(Z)}(B g) =

2 71(d)B,3 (s p)(B D) =
deD

(by CAS3, see verification below)
= (RSP) 3 ri(d)B"llsyd)) =
deD

= (5.1) B

The verification of the third step above:

a(By) = {sxd)}U{ri(e)|eeD}U |J (B, lIB;) =
. ecD

= {sx(d)}U{ri(e)|]ecD}U L{)a(Be)Ua(Bd)U

U L{) a(B,)| a(By).

Since B(By) is the least fixed point of this equation, it follows easily that

B(By) = {sxe)ri(e)leeD}.
Thus B(B;)N{s,(2)} = &, whence a(B;) N {s(D)}= 2.

case 2: G 7 &. Then we need the Expansion Theorem (see Bergstra & Tucker [8]):

let X' = I X, XY = I X;, then
ne{l,..k}—{(i} ne{l,k}—{ij}

ED) Xl = 3 XX+ 3 (G| X)LXY

1<i<k Isi<j<k

The proof of ET uses the Handshaking Axiom (see 3.6). The Expansion Theorem says, that if we have a
merge of a number of terms, then we can start with an action in one of the terms or with a communica-
tion between two of the terms. Using that here, we get

BUIC N o)) = Tsald)BPI N sale)) +

deG ee

+ 3 rid)BMI( Gll]J(d}SZ(e))) =

deD ee

= (RSP) Js2d)( || B,Yydi,0y(B D) +
deG ecG—{d}

&

" d§Dr l(d)(e G !llJ {d}Be ) a(-!'z(ﬁ ))(B z ) =
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= ED) (|| B.)(o(o)(B ).

7.3 Now suppose we want to link this bag with empty test to a regular bag. Between the two, we inter-
pose a one-place buffer, that “forgets” the empty test, i.e. a

T = dZD(rz(d)s3(d)+r2(!3))T 1/

Thus we have the situation of fig. 3

1 |bagwal 2 |2 3 |bag |4

input —~ output

B® T® B*

fig. 3
7.4 We define
1. Communication: as in 6.2, also s,(D)|ry(B)=cy9)
2. Encapsulation: as in 6.2, also H 5 ={s5(9),r(%)}, and H =H,UH3; UH 4.

3. Abstraction: asin 6.2, but I =I,U I;U{cxD)}.

7.5 Theorem

o0y (B2IT2B*) = B

(this is the statement refered to in the heading of this paragraph.) Before we can prove this theorem, we
will need a number of lemmas. First, define a (regular) one-place buffer T' by:

T = > rod)ss(d)T
deD

7.6 Lemma:
U (T2) =T
Proof:

(T D) = dZD(rz(d)Ss(d)-'*‘3)-3{n(z)}(T @) =

= 2 rAd)sx(d). 3 e)(T D).
deD
Now use RSP.

7.7 Define
P = 4,un.(B BT @)
Lemma: There is a @ such that P = ¢,(@ )P + QP and cy(D)ea(Q).

Proof: We will give an infinite recursive specification of Q. This specification has variables P(G) and
P(G,d), for each multiset G consisting of elements of D, and each deD.
(The intuitive meaning is that P(G) describes the bag with contents G, the buffer empty; and P(G.d)
describes the bag with contents G, and the buffer filled with d.) We have the following equations:
case 1: G=4.

Q = ZrdP{d}), P(2)=P

deD

P(2.,d) = syd) + X rie)P({e}.d)

ech
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case 2: G#9. Then

P(G) = dEGcz(d WP(G—{d}d) + dZDrl(d )P(G U{d}),and

P(G,d) = sy(d)P(G) + I ri(e)P(GU{e)d).
eeD

Then we have
P = 3y,un, (B 2T )=

= ¢ DWy,un B 2IT D)+ 3 ri(d)dp,un,(BsB BT 2)
deD

= cD).P +d2 ri(d)P({d}P = co(D)P +QP,
eD

which follows from the following two claims:

a:  dgun ()l B.)BBIT2) = P(G).P
b: gun.(( ”GBe)B Dlls3@d)T 2) = P(G,d).P

These we again prove by the infinite RSP.
case 1. G = J.a: is shown above

b: Omun.(B Blis3(d)T 2) =

= 53(d)0u,un,(B DT B)+ 3 ri(e)dn,un,(B. B Dlsx(d)T ) =
eeD

= (RSP) s5(d).P + S ri(e).P({e}.d).P =

eeD

= (s3d)+ 2 rileyP({e},d)P = P(2,d).P

ecD
case 2: G # B.a: dy,,y,(( lIG B)BZ|T @) =
= (ET) 3 cod)yy,um.(

I
deG eeG—

+ Drid)yoy,um, Il
Srirdnon(

= (RSP) 3 cx(d)P(G—{d},d).P + D ryd)P(GU{d)).P
deG deD

BB 2 ls3(d)T B) +

B)B @|T &) =
,BIBIT )

= P(G).P, and
b: dmum(( | BB & lisy(d)T 2) =
= (ET) s3@)3p0m.( | BB 2IT2) +

B, BB 2lsd)T 2) =

= (RSP) 55(d).P(G).P + 3 ri(fyP(GU{f}.d).P
febD

= P(G,d).P.
Next, it is not much trouble to show that for all multisets G and all d eD,
B(P(G)) = {rid)cxd)sxd)|deD} (G#2), and
B(P(G.d)) = {rid),cxd),s3(d)|deD}.
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Thus, B(Q) = {ri(d),s2(d),s3(d)|d €D}, whence c(2) ¢ B(Q) and c)(P) ¢a(Q).

7.8 Note: if we can use priorities on atomic actions (see Baeten, Bergstra & Klop [1]), then Q can be
defined by a finite specification, as follows. If all actions s3(d) (for d €D) have priority over all ¢,(e) (for
" eeD), and ¢ implements this priority (i.e. 8(s3(d)x +cy(e)y) = s3(d)f(x)), we can define

Cd = Cz(d)Td + Erl(e)(Ce "Cd) (fOl' dED)

eeD

T; = s3d) + D rieXTylIC,) (for deD)
eeD

Q = 2 ri@dy8(Cy).

deD
79 Lemma. 7., g5)(P) = T-a{cz(z)}(P )-

Proof. By 7.7, we have P = c(&)P +QP. Applying KFAR (see 2.17) to this equation, we get
Tea2)(P) = T.7(cy2)(QP) =
= ey @) e P) =
= 1.0-T(cy2)(P)
by CAA4, since co( D )ea(Q). On the other hand
T (exa)(P) = T.8(exz))(c2( D)P +QP) =
= 1(0+((2)(QP)) =
= 7.0y 2)(@)-Veym)(P) =
= (CA3) 1.Q.713¢,5y)(P),
so by RSP Tex2)(P) = 'r.a(c:(g)}(P ).

7.16 Lemma.
THU(ex2))°0mu (B BT B) = 7.17,°05,(BIT)
Proof.
Thu (e 2))°Om,un,(B BIT @) =
= (CA6) 71,°T(cx2))°Omun(B BT &) =
= (7.9) 11(7.9(cy2))°0n,un, (B BT 2)) =
= (CAS) 7.71,°05,°0cyoyyun.(B 2T B) =
= (CAl, see note 1 below)
T.71°01,°0(c )} UH O cx 2)) UH(B BNy myyun (T D)) =
= (CA5) 7.77,°0,°8 (2} U H B (cx(2)ri( 7))V 52 2)) (B 12)”a{Cz(ﬂ),s;(ﬁ)}oa(rz(g)} (T 2)) =
= (7.2,7.6) 7.71,95,°9 2y U (O, @) Blz)”a{cz(z),vz(z)}(T)) —
= (CA3, see note 2 below)
71,201,002y} U w(BRIT) =
= (CA3, see note 3 below)

T. 'T[zoaHz(B 12” T).




R

24
Notes:

1. This is because {c,(Z)}UH 4 is closed under communication.

2. a(B'%) = {r|(d),sAd)|deD} by 1.25, and «(T) = {ry(d),s5(d)|d €D} is easily proved.
3. a«BIT) = a(BH)Ua(T) Ua(B'?)|a(T) = {r1(d), 5:(d), c(d), ro(d), s3(d)|dD}.

7.11 Lemma 7,004 (T l|B*) = B%

Proof.
11,29 (TI1B*) =
= ’fh(dEDrz(d Y35 ((s3(d)T)IIB*)) =

= Jrdyrcxdy 3 (TIB*lsd)) =
deD

= (CAl, note that 4 | {s4(d)}= @)

2 roAd) 128, @Bu (T 1B*)lls i) =
deD

= (CA3) 3 rodym@u(TIB*)lsyd)) =
deD

= (CA2) 3 rydyrr(r128u(TI1B*)lsy(d)) =
deD

= (CA%) S ry(d)(r1°8(TIIB*)llsa(d)) =
deD

= (RSP) B*,
7.12 Now we can ﬁﬂally give the proof of theorem 7.5:
11995 (B 2T @(|B*) = 7B,
Proof: 7,00y (B @ |T @ ||B*) =
= (CAS, CA6) 11,077, (cx(r) 0, 0,0 1. (B BIIT 2| B¥) =

= (CAT) 11,0271, ey Dm0 m (B T 2)IIB*) =

= (CAl, see note 1 below)
T1,°01,°T1,U (ex2)) 0 iU Or,u (B DT 2)I1B*) =
= (CA3, see note 1 below) :
10K, °T1,U (ex2))Om.um (B BIT 2)I1B¥) =

= (CA2, see note 1 below)

LR THU (e 2))(ThU (ex2))°Omu (B B IT 2)1B*) =
= (CA4, see note 1 below)

TR TLU (2 °mu (B DT 2)B*) =
= (7.10) 77,20y (r.7;,20 5 (B T)IB?*) =
= (5.3.9) T.77,°0, (71,205, (BIT)IB*) =

= (CA3, CA4, see note 2 below)

.10, (11,20 (B I T B =
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= (CAl, CA2, see note 3 below)
1.7,005.°71,°0 (B2 T1B*) =
= (CAT) 7.7,205,°11,°0 5, (B2 TIIB*) =
= (CA1l, CA2, see note 4 below) _
1.77,°0,077,°0 g (B 27,20 (T 1 B3) =
= (CA3, CA4, see note 4 below)
7.77,°0,(B 2,005 (T1B¥) =
= (1.11) r.77,°05(B"I1B*) =
= (5.3) .B!
Notes: 1. By 3.7, a(B**) = {ry(d),s4(d)|deD}. Thus «(B*)|(4 —{s3(d)| deD})= 2, and also
(A —(H,UH p)Va(B*)NH,UH 5) = 2,
(A —(ILU {c(B)MUaB* NN U {c2)}) =
2. Likewise (4 —H,)Ua(B>*»)NH,= & and
(A —D)VaB*)NI, = &
3. a(BYIT)|a(B*) =
= ({rid),sod)|deD YU {ryd)sxd)|deD}U{cyd)|deD})|
|{r3d)sa(d)|deD} = {cs(d)|deD}.
The result is @ of we intersect a(B"2||T) with I, or H,.
4. a(B'})| (T 1B*) =
= {rid)syd)|deD}|{rid)si(d)cxd)ri(d)sid)|deD} =
= {c(d)|deD}.
The result is & if we intersect (7" ||B3*) with I5 or H,.
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