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ABSTRACT: What are the potentials and limitations of algebraic specifications for defining
programming languages and their processors? This paper tries to answer this question by
developing a specification for the toy programming language PICO. This specification describes
in detail all necessary steps from entering a PICO program in its textual form to computing its
value. A major part of this specification is devoted to general techniques for defining
programming languages and does not depend on specific properties of PICO. The size of this
specification (more than 350 axioms) makes it mandatory to use modularization techniques. In
the specification formalism used we have experimented with polymorphism, infix operators,
conditional equations, rules for import and export and with parameterization. The results of
this experiment and their implications for further research are discussed.
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1. INTRODUCTION

What are the potentials and limitations of algebraic specifications for defining programming
languages and their processors? We will try to answer this question by developing a specification for
the toy programming language PICO. This specification describes in'detail all necessary steps from
entering a PICO program in its textual form to computing its value. The specification has been made
more general than strictly necessary. A major part of it does not depend on any specific properties of
PICO but is equally usable for definitions of other programming languages.

1.1. Motivation
Our motivation for carrying out this -- quite substantial -- exercise is as follows:

(1) It will clarify how well-suited algebraic specifications are for defining (programming) languages
and their processors such as type-checkers, interpreters, editors, etc. We do not claim any
originality in this respect: many researchers have addressed problems in this area. Our main
goal is to gain experience in constructing large algebraic specifications.

(2) It will give us an opportunity for experimenting with various extensions of the algebraic
formalism, such as multiple return values, polymorphism, infix operators and (positive)
conditional equations. We have only used fotal functions in our specifications.

(3) The size of the speciﬁcation to be developed makes the use of modularization techniques
mandatory. This gives a good opportunity for experimenting with operations for module
composition and parameterization.

(4) The experiment will give some insight in the tools that are desirable for the processing of formal
specifications (such as check, cross reference, maintenance and edit tools) and in the problems
associated with their implementation. As a side-effect some basic tools for the processing of
algebraic specifications have been developed.

In this case study, we will not consider the specification of errors and exceptions, for two
reasons:

(1) We want to concentrate first on the basic functionality and the alternatives for modularization
of the system to be designed; specifying error situations would obscure the design and would
probably double its size.

(2) Specification of errors within the algebraic framework has not yet been solved satisfactorily and
requires separate research.

1.2. ‘Relations with previous research

This paper uses initial algebra semantics for algebraic specifications with conditional equations.
We use modularization mechanisms such as parameterization, imports and exports similar or identical
to the ones discussed in [KLAS83], [W83], [GAU84] or [LOE84]. The specification uses positive
conditional equations. The entire PICO system constitutes a semi-computable algebra in the sense of
[BT79].

Many people have carried out similar exercises, for instance [GP81], the work of the CIP project
in Miinchen has been partly devoted to the topic of algebraic specifications of programming
languages. Further, several people have worked on the related topic of algebraic compiler
specification, for instance Bothe [BO81], Ganzinger [GANS2] and Gaudel [GAUSO0]. For a survey of
algebraic specifications and initial algebra semantics in particular we refer to Goguen and Meseguer
[GMB82]. A quite complete bibliography on algebraic techniques is [KL.83].
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Verification and validation

It is a major problem to get insight in the correctness of a given formal specification. The

algebraic specification method provides a relatively simple formalism with unambiguous semantics,
but constructing proofs of correctness remains as difficult as ever. We have the following epinion on

this matter: :

(1) We consider algebraic specifications as the highest level of specification available, i.e. there is no
“super high level” specification against which the correctness of the algebraic specification can
be proved.

(2) Specifications can only be validated against informal requirements (see next subsection).

(3) A proof will be required that some program correctly implements a given algebraic specification.
This will involve verification of the translation steps between an algebraic specification and its
implementation.

1.4. Potentials for prototyping

Prototyping can be achieved by transforming an algebraic specification into an executable

program. Some alternatives are:

)

@

1.5.

o)

@

&)

@

Transform algebraic specification into a conditional rewrite system [BK81] by using a Knuth-
Bendix-like algorithm [RZ84] or by constraining the allowed forms of equations [HODS82]. In
both cases a more efficient prototype implementation can be realized by using a reduction
machine.

Compile algebraic specification into Prolog [DE84]. In this case, one can profit from efficient
Prolog implementations [BBC83] and (concurrent) Prolog machines.

Conclusions

Our conclusions can be summarized as follows:

The specifications as presented in the body of this paper are in our opinion satisfactory. The

techniques developed for specifying various aspects of our toy programming language can also
be used in the specifications of other -- more realistic -- languages. We expect' that a
programming environment for a given programming language can also be specified within the
framework as presented here.

Polymorphism was found to be convenient -- though not indispensable -- for shortening the
specifications and making them more readable. Conditional equations were essential for the
modeling of partial functions. They also tended to shorten several parts of the specification.
The primitive abbreviation scheme used for introducing infix operators was unsatisfactory. The
way in which we have to treat integer and string constants is also clumsy. It will be essential to
have an elaborate mechanism for introducing arbitrary syntactic extensions and even graphical
notations.

The algebraic specification techniques have been of considerable heuristic value in
understanding how the specification should (could) be modularized. However, the various
modularization techniques (such as import and parameterization) are not orthogonal. It will be
important to develop sound heuristics about which technique is to be used where.

Structure diagrams (a high-level graphical notation described in section 2.4) are a considerable
aid in finding the proper modularization of a specification.
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In view of the size of the specification it was necessary to implement some simple tools for
consistency checking. We have implemented a checker for the syntax and type correctness of
specifications and generators for structure diagrams and cross reference tables. For the
development of larger specifications it will be necessary to have more sophisticated editing
facilities, such as a syntax-directed editor with incremental type checking. The question will
have to be addressed how arbitrary syntactic extensions and graphical notations can be handled
by such an editor.

1.6. Perspectives for further research

)
@
&)
@
&)
©)
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During this exercise we have identified the following areas that need further clarification:
Treatment of errors and exceptions.

Multiple export signatures per module.

More flexible export rules with which the number of exported names can be minimized.
Parameterization of modules and formulation of constraints on parameters.

More explicit specification of inherited parameters.

Heuristic rules for proper modularization.

Further development of structure diagrams.

Mechanisms for introducing syntactic extensions. '

Techniques and tools for creating, modifying, maintaining and incremental checking of algebraic
specifications.

(10) Techniques and tools for transforming algebraic specifications into executable prototypes.

1.7. Acknowledgements

Niek van Diepen, Ed Kuijpers and Ard Verhoog made useful comments on various drafts of
this document.




2. THE SPECIFICATION FORMALISM

In this section we give a brief and informal description of the specification formalism. The
formalism is based on signatures consisting of a set of sorts and a set of functions over these sorts. A
signature combined with a set of equations over that signature and a set of variables occurring in the
equations forms a specification (see, for instance, [KLA83]). We will always use the initial algebra
semantics of these specifications.

2.1. Syntax of the specification formalism

:= <module>+ .
:= "module' <ident>
'begin'
<parameters>
<exports>
<imports>
<sorts>
<functions>
<variables>
<equations>
‘end' <ident> . !
<parameters> ::= [ 'parameters' {<parameter-module> ','}+ 1.
<parameter-module> ::=
<ident> ['begin’

<specification> :
<module> H

<sorts>
<functions>
'end' <ident> 1 .
<exports> s:= [ 'exports' 'begin'

<sorts> <functions> ‘end'] .

<imports> s:= [ "imports' { <module-expression> ','2+ 1 .
<module-expression>
::= <jdent>
L
[ ‘renamed® 'by' <renames>]
( <ident> ‘bound' 'by®' <renames>
"to' <ident> )*
'}1]

<renames> = '[' { <rename> ',' }x ']'

<rename>

<sorts>
<ident-list>
<fun-ident-list>
<functions>

2= <fun-ident> [ '->' <fun-ident> 1.
<function-list> :

:= [ 'sorts' <ident-list> 1 .

:= { <ident> '," }+,

:= { <fun-ident> ',' }+.

:= [ "functions' <function-list> 1 .

:= ( <fun-ident-list> ':' <fun—type> )+.

<fun-ident> = <ident> | '_' <operator> ' _' | <operator> ' ' .

<fun-type> = [ <type> 1 "->' <out-type> .
<type> = { <type-ident> ‘#' }+ .
<out-type> = <type-ident> | (' <type> ")' .,
<type-ident> = <ident> | ('*' )+ .,

= [ 'variables' <variable~-list> ] .

<variables>
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<variable-list>
<equations>
<cond-equation>

=:= ( <ident-list> ':' '->' <out-type> )+,
::= [ 'equations' <cond-equation>+ 1 .
2= <tag> <equation> [ 'when' <equation-list>1.
<tag> 2= ['L' <ident> ']1' 1.

<equation-list>
<equation>
<term>

= { <equation> ',' }+.
= <term> '=' <term>.
= <operator> <term> |
<primary> [<operator> <term> 1 .

<primary> 2= <ident> ['(' <term-Llist> ")']1 |
<tuple> 1 <string> 1| (' <term> ')' .

<term-list> cz= { <term> ',' }+.

<tuple> 1z= <Y <term-List> '>!

2.2. Lexical conventions
The lexical conventions of the specification language are as follows:

1) Identifiers (i.e. <ident> in the grammar in the previous section) consist of a non-empty
sequence of letters and/or digits with embedded hyphens. For example, a, 216, Very-Long-
Identifier and 6 are legal identifiers, but -a, - or a- are illegal.

2)  Strings (i.e. <string>) begin and end with a single quote (*) and may contain letters, digits
and the punctuation marks: (space) " (double quote) ¢ ) * + , -. / z ; | =.

3) Operators (i.e. <operator>) are denoted by a sequences of one or more of the following
characters: ! @, $, 4,4 & + ', 1, \, ;, ',. 2 /.

4) Comments begin with two hyphens and end with either the end of the line or another pair of
hyphens.

2.3. Various aspects of the specification formalism

Our formalism extends the basic algebraic specification formalism based on signatures and sets
of equations in several ways. These extensions are discussed in the following subsections.

2.3.1. Prefix and infix operators

Monadic or dyadic functions may be denoted by respectively prefix or infix operators.
Operators are denoted by operator-symbols consisting of one or more of the characters specified in
the previous paragraph. In the signature, the position of operands of operators is indicated by the
underline character ( _ ). For instance,

4 _ 81 #82->83

defines the infix operator + with argument sorts $1 and $2 and output sort $3. All infix and prefix
operators have the same priority. They are just an abbreviation device and can always be replaced by
ordinary functions.

2.3.2. Multiple output values
In the signature tuples are allowed as output sorts, i.e. the function

f 281 #S2->(S3 # S4)




has $3 # $4 as output sort, this is an ordered sequence with first component of sort $3 and second
component of sort $4. In equations, tuples are written as a sequence of terms enclosed by angle
brackets, i.e. < and >. It is required that the sorts of the constituents of a tuple are equal to the
corresponding components of a tupled output sort in the signature. Tuples can be removed from the
specification by introducing new sorts and construction/projection functions for each tupled output
sort in the signature. The above tupled output sort (S3 # S4) can, for instance, be removed by
introducing the additional sort $5 and the functions make-$5, first-S5, second-$5, as follows:

f : 81 #5S2->85
make—-S5 : $3 # 84 -> S5
first-S5 : S5 => 83
second-S5 : S5 -> S4

2.3.3. Polymorphism

Functions may be polymorphic, i.e. the same function name may be used to denote different
functions with different types, e.g. after defining

f: 81 #s2 -> 83
: 82 -> S2

each occurrence of the function symbol f in a term will have to be disambiguated by considering the
number and sorts of its arguments.

Definitions of functions may also contain wild card sorts, denoted by one or more asterisk
characters (*). At the position of a wild card sort, a term of any legal sort is allowed. Wild card
sorts are identified by the number of asterisks by which they are denoted. In this way, one can
specify the multiple occurrence of the same, but arbitrary, sort. For instance,

g : % H# S3H kx #f % => %

specifies a function g with first and fourth argument of equal, but arbitrary sort, second argument of
sort §3 and third argument of another arbitrary sort which may differ from the sort of the first and
fourth argument. The output sort of g is the same as the sort of the first and fourth argument.

We impose some restrictions on polymorphic types which allow us to eliminate all
polymorphism from the specification by means of simple textual transformations. It is required that
all wild card sorts appearing in the output sorts of a function also appear among its input sorts. This
restriction excludes, for instance, polymorphic constants. We also impose the restriction that the sets
of input sorts of polymorphic functions are pairwise disjoint. This excludes, for instance,

s % # 82 -> 8§83
f:81T#% =->83

since there is a unifying type S1 # $2 -> $3 in this case.




2.3.4. Module expressions

" Module expressions serve the purpose to rename sorts and functions of an existing module or to
bind parameters of a module to actual values. The module described by the module expression may
then be imported by another module. These three aspects of module expressions are now described in
more detail: ‘

e Exported names: Each module may contain an exports clause giving a list of all names of
sorts and functions which are exported from the module, i.e. which remain visible when the
module is combined with other modules (see below). External names of a module can be
renamed by means of the renamed by construct. Currently, all exported names are inherited,
ie. they are also exported by the modules that (directly or indirectly) use the module from
which the names were originally exported. This simple scheme has the undesirable property
that the number of exported names cannot be controlled. In future versions of the specification
formalism, a better mechanism offering more refined control over exported names will be
introduced. ' :

e  Parameterization: In order to make modules more generally usable in different contexts, a form
of parameterization is available in the specification language. Parameterization is described by
adding one or more parameters clauses to a module. Each (formal) parameter is a (possibly
incomplete) submodule and contains one or more names of sorts and functions. All these
names are formal names which -- in a later stage -- have to be bound to actual ones. This is
achieved by the bound by construct. Not all parameters of a module have to be bound before
it can be imported in another module. Such unbound parameters are inherited by the importing
module and are indistinguishable from parameters that are specified in the importing module
itself. '

® Import of modules: Import of a module in another module is the fundamental composition
operation for modules. It is described by the imports clause. The import of module B in
module A is equivalent to constructing a new module A’ that consists of the unions of the
signatures and equations of A and B. Note that only the exported names of B are used for the
construction of this union. In the specifications that follow we will -- for reasons of clarity --
frequently import more modules than is strictly necessary. C

® Name identification: When modules are combined the problem arises how multiple declarations
of names should be interpreted. For identification of names we therefore adopt the origin
principle: ,
1) names with identical spelling and type, originating from the same module are equal,
2) names with identical spelling and type but different origin are forbidden.

This scheme allows the multiple inclusion of the same module (via different routes), but forbids
collisions of names with identical spelling and type, originating from different modules.

24. Structure diagrams

The overall modular structure of specifications will be illustrated by structure diagrams. Each
module is represented by a rectangular box. The name of each module is shown at the bottom of its
box. For example, module Booleans does not import any other modules and is represented by:

Booleans

All modules imported by a module M are represented by structure diagrams inside the box

&
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representing M. For nested structure diagrams levels of detail may be suppressed to gain space. For
example, Characters imports Booleans and Integers (which in its turn also imports Booleans)

and is represented by:

Booleans
Booleans

Integers

Characters

All parameters of a module are represented by ellipses carrying the name of the parameter. For
example, Sequences, which has parameter Items and imports Booleans, is represented by:

Booleans

Sequences

The binding of a formal parameter is represented by a line joining the formal parameter and the
module to which it is bound. For example, Strings are defined by binding the parameter Items of

Sequences to Characters. The corresponding structure diagram is:

Booleans Integers

Characters

Booleans

Sequences

sStrings




Unbound, inherited parameters are -- not yet very satisfactorily -- represented in structure diagrams
by repeating the inherited parameter as a parameter of the module that inherits it. For example,
Context-free-parser has formal parameters Scanner and Syntax and imports, among others,
BNF-patterns with unbound parameter Non-terminals and Atree-environments with unbound

parameter Operators. This is represented by the following diagram:

Booleans
Characters Tokens
Operators
Strings
BNf-patterns
Sequences Sequences . @
Strings Token~-
sequences

Tables

Atree-

environments

Context~free-parser

All structure diagrams appearing in this paper have been generated automatically; they were derived
from the fext of the specification.
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3. INFORMAL DEFINITION OF THE LANGUAGE PICO

The language PICO is extremely simple. It is essentially the language of while-programs. A
program consists of declarations followed by statements. All variables occurring in the statements
have to be declared to be either of type integer or of type string. Statements may be assignment
statements, if-statements -and while-statements. Expressions may be a single identifier, integer

addition or string concatenation.

At the lexical level, PICO programs consist of a sequence of lexical items separated by layout.
Lexical items are keywords, identifiers, integer and string constants and punctuation marks. The

lexical grammar for PICO is:

<lexical-stream>

<lexical-item>

<optional-layout>
<keyword-or—id>

<id>
<id-chars>
<id-char>

<integer-constant> H
<digits> :

<string-constant> H
<string-tail> :

<quote> R

<any-char-but—-quote> :
<literal> :

<letter>

<digit>

<layout>

<lexical-item> <lexical-stream> |
<lexical-item> .
<optional-layout>
(<keyword-or=-id> |
<integer-constant> |
<string-constant> |
<literal>) .
<layout> | <empty>.

'begin' | "end' | 'declare' | finteger'
'string' | 'if' | 'then' | 'else' | 'fi'
'while' | 'do' | "od' |

<id> .

<letter> <id=-chars> .

= <jd~char> <id-chars> | <empty> .

<letter> | <digit> .

<digit> <digits>
<digit> <digits> | <empty> .

<quote> <string-tail> .

<any-char-but-quote> <string-tail> | <quote> .

l(l I l)l I I+I I | g ) l I;| l l’l
TR IR R FEL

laI l lbl l lcl I ldl I lel I lfl
|hl ' l1'l ' Ijl I lk' I lll I lml
Iol l lpl l lq' I |rl I lsl l Itl
lvl I lul I lxl ' lyl I lzl I

IAI I IBI I Icl ' IDI l IEI l IFI
IHI I |Il I lJl l lK' l lLl I IMI
lol I lPl I IQI I ’Rl ' lsl I IT!
lvl I !wl I lxl I IYI l IZI o
lol I l1l I Izl l l3l I I4| I

ISI l |6l l l?l I l8| I l9l .

| <newline> | <tab> .

= <letter> | <digit> | <literal> | <layout> .
I‘

IGI
INI
IUI
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Here, <newline> and <tab> are assumed to be primitive notions corresponding to, respectively, the
newline character and the tabulation.

The concrete syntax of PICO is:

<pico-program> ::= 'begin' <decls> <series> 'end' .
<decls> ::= 'declare' <jd-type-list> ';'
<id-type-list> z:= <id> ":' <type> (<empty> | ',' <id-type-list>)
<type> ::= 'integer’' | 'string' .
<series> s:= <empty> | <stat> (Lempty> | ";' <series>)
<stat> =2z <assign> | <if> | <while> .
<assign> = <id> ':=' <exp> .
<if> z:= 'if' <exp> 'then' <series>
'else' <serijes> 'fi’
<while> ::= "while' <exp> 'do' <series> 'od'’
<exp> ::= <id> | <integer-constant> | <string-constant> |
<plus> | <conc> | '(* <exp> ")' .
<plus> se= Lexp> "+' <exp> .
<conc> sz= <exp> 'lI' <exp> .
<empty> HEE R

The non-terminals <id>, <integer-constant> and <string-constant> are defined in the lexical
grammar given above and represent identifiers, integer constants and string constants respectively.

There are two overall static semantic constraints on programs:

1)  All identifiers occurring in a program should have been declared and their use should be
compatible with their declaration. More precisely, this means that all <id>s occurring in an
<assign> or an <exp> should have been declared, i.e. should occur in some <id-type> in the
<id-type-Llist> of the <decls>-part of the PICO-program, and that the type of <id>s
should be compatible with the expressions in which they occur.

2) The <exp> occurring in an <if>- or <while>-statement should be of type integer.
A type can be given to <exp>s depending on their syntactic form:

® if an <exp> consists of an <id>, that <id> should have been declared and the type of the
<exp> is the same as the type of the <id> in its declaration;

an <exp> consisting of an <integer-constant> has type integer;
an <exp> consisting of a <string-constant> has type string;
an <exp> consisting of a <plus> has type integer;

an <exp> consisting of a <conc> has type string.

Given this notion of types of <exp>s, the static semantic constraints can be formulated in more
detail:

® The <exp>s occurring in a <plus> should be of type integer;
® The <exp>s occurring in a <conc> should be of type string;

® The <id> and <exp> that occur in an <assign> should have the same type.
@ The <exp>s that occur in <if> and <while> should have type integer.
The dynamic semantics of PICO are straightforward except that
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1)
2)
3)

integer variables are initialized with value 0,
string variables are initialized with "" (empty string),.
the <exp> in an <if> or <while> is assumed to be true if its value is unequal to 0.
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4. ELEMENTARY DATA TYPES

As a prerequisite for the PICO specification some elementary data types are defined in this

chapter, specifications are given for:

Booleans (4.1): truth values true and false with functions and, or, not and the
polymorphic function if.

Integers (4.2): natural numbers with constants 0, 1 and 10 and functions succ (successor),
add (addition), mul (multiplication), eq (equality of integers), Less (less than), lesseq (less
than or equal), greater (greater than) and greatereq (greater than or equal).

Characters (4.3): the alphabet consists of constants for letters, digits, and punctuation marks.
The functions eq (equality of characters), ord (ordinal number of character in the alphabet),
js-letter (is character a letter?), is-upper (is character an upper case letter?), is-lower (s
character a lower case letter?) and is~digit (is character a digit?) are defined on them.

Sequences (4.4): linear lists of items. Sequences are parameterized with the data type of the
items. The only constant is null, the empty sequence. The following functions are defined:
eq (equality of sequences), seq (combine item with sequence), conc (concatenate two
sequences) and conv-to-seq (convert an item to a sequence).

Strings (4.5): sequences of characters, i.e. sequences with items bound by characters. The only
constant is null-string, the empty string. The following functions are defined: eq (equality
of strings), seq (combine character with a string), conc (concatenate two strings), string
(convert a character to a string) and str-to-int (convert a string to an integer).

Tables (4.6): mapping from strings to entries, where entries are a parameter. The only constant
is null-table, the empty table. The following functions are defined: table (add new entry to
table), Lookup (searches for an entry in a table), delete (deletes an entry from a table) and
eq (equality of tables).
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4.1. Booleans

4.1.a. Gobal description

Booleans are truth values true and false with functions and, or, not and the polymorphic
function if (see section 2 for a discussion of polymorphism).

Apart from the if-function, this is the simplest initial algebra specification of the Booleans. It
contains only closed equations. Note that, for instance, the equation

not(not(x)) =

is not derivable by equational logic from the axioms given, although it is valid in the initial model.
Adding this equation to Booleans, does not affect the initial model, but only causes an increase in
the power of the specification in the sense that more of the (open) equations valid in the initial model
can be derived from the specification by equational logic. See [HEES85] for a discussion of this
subject.

4.1.b. Structure diagram

Booleans

4.1c. Specification

module Booleans

begin
exports
begin
sorts BOOL
functions
true H -> BOOL
false z -> BOOL
or s BOOL # BOOL -> BOOL
and s BOOL # BOOL -> BOOL
not : BOOL => BOOL
if : BOOL # * # * -> %
end
variables
X, Y HEE 2 ]
equations
L1l  or(true, true) = true
[21] or(true, false) = true
[31 or(false, true) = true

false

[4]1 or(false, false)




[51
[61
£l
L8]

£91
[101

£111
f121

and(true, true)

and(true, false)
and(false, true)
and(false, false)

not(true)
not(false)

if(true, x, y)
if(false, x, y)

end Booleans

true

false
false
false

false
true

15
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42.mmgm

4.2.a. Global description

Integers as defined here are in fact natural numbers with constants 0, 1 and 10 and functions
succ (successor), add (addition), mul (multiplication), eq (equality), less (less than), Lesseq (less
than or equal), greater (greater than) and greatereq (greater than or equal).

The equations for the constants 1 and 10 are not very satisfactory. Clearly, a mechanism is
needed for defining a shorthand notation for all integer constants. In section 4.5.a this subject is
discussed in connection with string constants.

4.2.b. Structure diagram

Booleans

Integers

4.2.c. Specification '

module Integers

begin
exports
begin
sorts INTEGER
functions
0 : => INTEGER
1 : => INTEGER
10 H => INTEGER
succ : INTEGER -> INTEGER
add : INTEGER # INTEGER => INTEGER
mul : INTEGER # INTEGER => INTEGER
eq : INTEGER # INTEGER => BOOL
less : INTEGER # INTEGER -> BOOL
lesseq : INTEGER # INTEGER -> BOOL
greater : INTEGER # INTEGER => BOOL
greatereq: INTEGER # INTEGER => BOOL
end

imports Booleans

variables
X, ¥, 2 = ~> INTEGER

equations




£131
141

[151

C161

£i7]
£181

[191
£201
£211
£221
[231
L24]
£251
[261
[271

[28]

add(x, 0)
add(x, succ(y))

mul(x, 0)
mul(x, succly))

eq(x, x)

eqi{x, y)

eq(succix), succlyl)
eq(0, succ(x))

less(x, 0)

less(0, succ(x))
Less(succ(x), succ(y))
lesseq(x, y)

greater(x, y)

greatereq(x, y)

end Integers

17

succ(0)
succ(succl{succ{succ(succ(succ(
succ(succlsucclsucc(0))))))III)

X
succ(add(x, y))

0
add(x, mul(x, y))

true
eqly, x)
eq(x, y)
false

false
true
Lless(x, y)

or(less(x, y), eq(x, y))

not(lesseq(x, y))

or(greater(x, y), eqix, y))
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4.3. Characters

4.3.a. Global description

The alphabet of characters consists of constants for letters, digits, and punctuation marks. The
functions eq (equality), ord (ordinal number of character in the alphabet), is-letter (is character
a letter?), is-upper (is character an upper case letter?), is-lower (is character a lower case letter?)
and is-digit (is character a digit?) are defined on them.

Two observations can be made about this specification. First, one may notice that the absence
of integer constants forces us two write equations of the form

ord(char-3) = succ{ord(char-2))

instead of the more natural form

ord{(char-3) = 3.

Secondly, it is clear that some abbreviation mechanism is needed for specifications that contain many
constants as is the case here. At the expense of additional complexity of the specification, this could
have been achieved by defining characters in two stages: first, a basic alphabet is defined which
consists only of lower case letters and a hyphen; next, this basi¢ alphabet is used to generate all
constants for the full alphabet. Names of constants are then only allowed to contain symbols from
the basic alphabet, i.e. char-upper-case-a instead of char-A.

4.3.b. Structure diagram

Booleans
Booleans

Integers

Characters

4.3.c. Specification

module Characters

begin
exports
begin

sorts CHAR

functions
eq ¢ CHAR # CHAR -> BOOL
is—-upper : CHAR -> BOOL
is-lower : CHAR => BOOL
is-letter : CHAR => BOOL
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is-digit : CHAR => BOOL

ord ¢ CHAR => INTEGER

char-0 H -> CHAR

char-1 : => CHAR

char-2 : => CHAR

char-3 : => CHAR

char-4 : -> CHAR

char-5 : -> CHAR

char-6 : -> CHAR

char-7 : -> CHAR

char—-8 : => CHAR

char—9 : -> CHAR

char-ht : -> CHAR -~ tab --
char-nl : -> CHAR -= neWw line --
char-space H -> CHAR -~ space -=-
char-quote : -> CHAR - e
char-Llpar : => CHAR - ( ==
char-rpar : -> CHAR -—) --=
char-times : -> CHAR —— ok -
char-plus : =-> CHAR —-— 4 =
char—comma H => CHAR -, ==
char-minus : => CHAR - -
char-point : => CHAR —-_— ==
char-slash : -> CHAR -] ==
char-bar : => CHAR -] ==
char-equal B ~> CHAR - =
char-colon : -> CHAR —y ==
char-semi : -> CHAR — =-
char-A H ~> CHAR

char-B H => CHAR

char-C : ~> CHAR

char-D : ~> CHAR

char-E- H => CHAR

char-F : => CHAR

char=G : => CHAR

char~H : => CHAR

char-I1 : -> CHAR

char=J : -> CHAR

char-K : -> CHAR

char-L : => CHAR

char-H : => CHAR

char-N : => CHAR

char-0 z =-> CHAR

char-P : => CHAR

char-@ 2 -> CHAR

char-R H —=> CHAR

char-$ H -> CHAR
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char-T : => CHAR
char-U : => CHAR
char-Vy H -> CHAR
char—W : => CHAR
char-X : -> CHAR
char-Y H ~> CHAR
char-Z H -> CHAR
char-a : -> CHAR
char-b : -> CHAR
char-c : => CHAR
char-d : -> CHAR
char-e : => CHAR
char-f : -> CHAR
char-g : => CHAR
char-h H =-> CHAR
char-i : -> CHAR
char-j o -> CHAR
char-=k : => CHAR
char=-L : => CHAR
char-m : => CHAR
char=n : => CHAR
char-o : -> CHAR
char-p : -> CHAR
char-q : -> CHAR
char-r : -> CHAR
char-s : -> CHAR
char-t : -> CHAR
char-u 2 -> CHAR
~char-v : => CHAR
char-w : => CHAR
char=x H => CHAR
char~y : =~> CHAR
char-z H -> CHAR

end
imports Booleans, Integers

variables
¢, ¢1, c2 : -> CHAR

equations

[291 ord(char-0)
[30] ord(char-1)
£31] ord(char-2)
[32] ord(char-3)
[33] ord(char-4)

0

succ(ord(char-0))
succ(ord(char-1))
succ(ord(char-2))
succ(ord(char-3))

[341 ord(char-5) = succ(ord(char-4))




[351
L361
L3731
£381

£391
L401
L41]
[42]
C43]
L44]
[451
[461
L471
C48]
L491
[501
£511
[521
£531
[541

£553
[561
£571
£581
[591
L601
L611
£621
[631
L641
L651
[661
Lé671
£681
£691
701
L711
[721
[7r3l
L74]
L[751
L[761
Lrrl
[r8l
[791
£801

£811

ord(char-6)
ord(char-7)

‘ord(char-8)

ord(char-9)

ord(char-ht)
ord{(char-nl)
ord(char—space)
ord(char—-quote)
ord(char-Llpar)
ord(char-rpar)
ord(char-times)
ord(char-plus)
ord(char—-comma)
ord(char-minus)
ord(char-point)
ord(char-slash)
ord{(char-bar)
ord(char-equal)
ord(char-colon)
ord(char-semi)

ord{char—-A)
ord(char-B)
ord(char-C)
ord(char-D)
ord(char—E)
ord(char-F)
ord{(char-G6)
ord(char-H)
ord(char-1)
ord(char-J)
ord(char=K)
ord(char-L)
ord(char-H)
ord(char-N)
ord(char-0)
ord(char-P)
ord(char-Q)
ord{char-R)
ord{(char-S)
ord(char-T)
ord(char=U)
ord(char-V)
ord(char-)
ord(char=X)
ord(char-Y)
ord(char-2)

ord(char-a)

succlord(char-5))
succ(ord(char-6))
succord(char=7))

= succ(ord(char-8))

= succCord(char-9))

succ(ord(char-ht))
succCord(char-nl))
succCord(char—-space))
succlord(char-quote))
succ{ord(char—Lpar))
succCord(char-rpar))
succ(ord(char—times))
succ(ord(char-plus))
succord(char-comma))
succ(ord(char-minus))
succ(ord(char-point))
succCord(char-slash))
succlord(char-bar))
succ(ord(char-equal))
succCord(char-colon))

succlord(char-semi))
succ(ord(char-A))

= succ(ord(char-B))

succ(ord(char-C))
succ(ord{char-D))
succCord(char-E))
succCord(char-F))
succ(ord(char-6))
succ(ord(char-H))
succ(ord(char-1))
succCord(char-4))
succ(ord(char-K))
succ(ord(char-L))
succCord(char-M))

= succ(ord(char-N))

succ(ord(char-0))
succ(ord(char-P))
succ(ord(char-@))
succ(ord(char-R))
succ(ord(char-S))
succCord(char-T))
succlord(char-u))
succCord(char-v))
succCord(char-H))
succCord(char-X))
succCord(char-Y))

succ(ord(char-2))

21
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£821
£83]
[841]
£851]
£861
£871
L8381
[891
[901
[911
L921
[931
[94]
[951
[961
[971
[981
£991
L1003
L1011
[102]
L1031
L1041
£105]
L1061

[107]
£1081

[1091

[1101

£1111

ord(char-b)
ord(char-c)
" ord{(char-d)
ord(char-e)
ord(char-f)
ord(char-g)
ord(char-h)
ord(char-1)
ord(char-j)
ord(char-k)
ord(char-L)
ord(char-m)
ord(char-n)
ord(char-o)
~ord{char=p)
ord{char-q)
ord{(char-r)
ord(char-s)
ord(char-t)
ord{char-u)
ord(char-v)
ord(char-w)
ord(char-x)
ord(char=-y)
ord(char-z)

eqlci, c2)
is-upper(c)

is-lower(c)

is-digit(c)

is-letter(c)

end Characters

n u

succ(ord(char-a))
succlord(char-b))
succ(ord(char-c))

= succord(char-d))

succCord(char-e))
succ{ord(char-f))
succ(ord(char-g))
succCord(char-h))
succ(ord(char-i))
succ(ord(char-j))
succ(ord(char-k))
succord(char=-1))
succ(ord(char-m))
succ(ord(char-n))
succord(char-o0))
succ(ord(char-p))
succ(ord(char-q))
succ(ord(char-r))
succ(ord(char-s))
succlord(char-t))

= succ{ord(char-u)) !

succ(ord(char-v))
succ(ord(char-w))
succ(ord(char—-xJ)
succ(ord(char-y))

eqlord(c1), ord(c2))
and(greatereq(ord(c), ord(char-A)),
lesseq(ord(c), ord(char-2)))
and(greatereq(ord(c), ord(char-a)),
lesseq(ord(c), ord(char-2z)))
and(greatereq(ord(c), ord(char-0)),
lesseg(ord(c), ord(char-9)))
or(is-upper(c), is—lower(c))
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44. Sequences

4.4.a. Global description

Sequences are linear lists of items; they are parameterized with the data type of the items. The
only constant is null, the empty sequence. The following functions are defined: eq (equality), 'seq
(combine item with sequence), conc (concatenate two sequences) and conv-to-seq (convert an item
to a sequence).

Note that the function eq in the above specification is polymorphic.

44.b. Structure diagram

Booleans

Sequences

4.4.c. Specification

module Sequences
begin

parameters Items

begin
sorts ITEM
functions
eq : ITEM # ITEM -> BOOL
end Items
exports
begin
sorts SEQ
functions
null : -> SEQ
seq : ITEM # SEQ => SEQ
conc : SEQ # SEQ -> SEQ
eq : SEQ # SEQ -> BOOL
conv-to-seq : ITEH => SEQ
end

imports Booleans
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variables

s, s1, s2 : => SEQ
it, it1, it2 : -> ITEM

equations

[1121
L1131
L1141

£115]
[116]
£117]
L1181

£1191

conc(s, null)
eonc(null, s)
conc(seq(it, s1), s2)

eq(s, s)

eq(s1, s2)

eq(null, seq(it, s))
eq(seq(itl,s1), seq(ite,s2))

conv—-to-seq(it)

end Sequences

s
s
seq(it, conc(s1, s2))

true

eq(s2, s1)

false

and(eq(it1,it2), eq(s1,s2))

seq(it, null)
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4.5. Strings

4.5.a. Global description

Strings are sequences of characters, i.e. Sequences with Items bound to Characters. The
only constant is null-string, the empty string. The following functions are defined: eq (equality),
seq (combine character with a string), conc (concatenate two strings), string (convert a character
to a string) and str-to-int (convert a string to an integer).

In the case of the data type string there is an urgent need for a short hand notation for string
constants. The PICO specification would become unreadable without it. We will therefore use an, ad
hoc, convenient notation for string constants to denote the terms generated by the module Strings,
e.g. the term

seq(char-a, seq(char-b, null-string))
will be written as
llabll.
The empty string, i.e. the constant null-string, will be written as "". In the future, a general

abbreviation scheme will be indispensable for obtaining readable specifications containing integer and
string constants, sets, lists, etc.

4.5b. Structure diagram

Booleans Integers

Characters

Booleans

Sequences

strings

4.5.c. Specification

module Strings
begin

exports
begin
functions
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str-to-int : STRING —> INTEGER
end '

imports Sequences
{ renamed by

[ SEQ -> STRING,
null => null-string,
conv-to-seq -> stringl

Items bound by

L ITEM -> CHAR,
eq > eql

to Characters

}
variables
c :=> CHAR
str :=> STRING
equations

if(eq(str, null-string),

ord(c),

add(mulCord(c), 10), str-to-int(str)))
0

[1201 str-to-int(seq{c, str))

[121] str-to~int(null-string)

end Strings
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4.6. Tables

4.6.a. Global description

Tables are mappings from strings to entries, where entries are a parameter. The only constant
is null-table, the empty table. The following functions are defined: table (add new entry to
table), lookup (searches for an entry in a table), delete (deletes an entry from a table) and eq
(equality of tables).

Note that adding a pair (name, error—entry) to a table has the somewhat strange, but
harmiless, effect that

Lookup(name, table(name, error-entry, tbl1)) = <true, error-entry>
and that
Lookup(name, null-table) = <false, error-entry>.

Only in the first case name occurs in the table, but except for the true/false flag, the same value is
delivered.

4.6.b. Structure diagram

Booleans
Characters

Strings

Tables

4.6.c. Specification

module Tables
begin

parameters Entries
begin’
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sorts ENTRY
functions ,
© error—entry : ~> ENTRY
eq : ENTRY # ENTRY —> BOOL
end Entries
exports
begin
sorts TABLE
functions
null-table : -> TABLE
table : STRING # ENTRY # TABLE -> TABLE
Lookup = STRING # TABLE => (BOOL # ENTRY)
delete : STRING # TABLE => TABLE
eq : TABLE # TABLE ) -> BOOL
end
imports Booleans, Strings
variables !
name, namel, name2 : —=> STRING
e, el, e2 : => ENTRY
tbl, tbl1, tbl2 : -> TABLE
found « => BOOL
equations
£1221 table(namei, et, table(name2, e2, tbl))

L1231

1241

£1251

[126]

L1271

= jf(eq(namel, name2),
table(namel1, e1, tbl),
table(name2, e2, table(hamel, el1, tbl)))

Llookup(name, null-table)
= <false, error-entry>

Lookup(name1, table(name2, e, tbl))
= jf(eq(namel, name2),
<true, e>,
Lookup(namei, tbl))
delete(name, null-table)
= null-table
delete(namel, table(name2, e, tbl))
= jf(eq(namei, name2),
delete(namei, tbl),
table(name2, e, delete(namel, tbl)))

eq(tbl1, tbl2) = eq(tbl2, tbl1)
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[128]1 eq(null-table, null-table)
= true

C1291 eqCnull-table, table(name, e, tbl))
= false

[1301 eq(table(name, e1, tbl1), tbl2)
= if(and(found, eq(el,e2)),
eq(delete(name, tbl1), delete(name, tbl2)),
false)
when <found, e2> = lookup(name, tbl2)
end Tables
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5. CONTEXT-FREE PARSING

In this chapter the problem will be addressed how a context—free grammar can be specified
within the algebraic framework and how the parsing process is to be described. A syntactic definition
of a language can globally be subdivided in definitions for:

lexical syntax:
which defines the tokens of the language, i.e., keywords, identifiers, punctuatlon marks, etc.

context-free syntax:
which defines the concrete form of programs, i.e. the sequences of tokens that constitute a legal
program.

abstract syntax:
which defines the abstract tree structure underlying the concrete (textual) form of programs. All
further operations on programs may be defined as operations on the abstract syntax tree (see 6).

In this chapter, we will define a parser (Context-free-parser, see 5.4) which is parameterized
with a lexical scanner and a grammar describing the concrete syntax and the construction rules for
abstract syntax trees. The parsing problem is decomposed as follows:

1)  Lexical analysis is delegated to a Scanner (a parameter of Context-free-parser), which
transforms an input string into a sequence of lexical tokens (5.1). A token is a pair of strings:
the first describes the lexical category of the token, the second gives the string value of the
token, e.g. token("identifier"”, "xyz") or token("intéger-constant”, "35").

2)  Abstract syntax trees are represented by the data type Atrees. Rules for the construction of
abstract syntax trees are part of the grammar for a given language. The essential function is
build, which specifies for each non-terminal how certain (named) components of the syntax
rule have to be combined into an abstract syntax tree (5.2).

3)  BNF patterns (5.3) are introduced to allow the description of arbitrary context-free grammars.
The main functions and operators introduced are t (indicates a terminal in the grammar), n
(indicates a non-terminal), + (sequential composition of components of a grammar rule), and |
(alternation). A grammar constructed by means of these operators can later be bound to the
parameter Syntax of Context-free-parser.

4)  Actual parsing is described in Context-free-parser (5.4). This module has four parameters
of which two are inherited from imported modules. The parameters Scanner and Syntax
define the interface with the lexical scanner and with the concrete syntax and abstract syntax.
Context-free-parser imports BNF-patterns (inheriting the unbound parameter Non-
terminals) and Atree-environments (inheriting the unbound parameter Operators).
Context-free-parser describes a parser which is driven by the BNF operators occurring in
Syntax. Currently, we require that Syntax satisfies the LI(1) restrictions.
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5.1 Interface with lexical scanner

5.1.a. Global description

Lexical analysis transforms an input string into a sequence of lexical tokens. A token is a pair
of strings: the first describes the lexical category of the token, the second gives the string value of the
token, e.g. token("identifier”, "xyz") or token("integer-constant", "35"). In this
section, the data types Tokens and Token-sequences are defined.

5.1.b. Structure diagrams

Booleans

Characters

Strings

Tokens

Booleans

Strings

Tokens

Booleans

Sequences

Token~

sequences
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5.1.c. Specification

module Tokens

begin
exports
begin
sorts TOKEN
functions
token : STRING # STRING
eq : TOKEN # TOKEN
end

imports Booleans, Strings

variables
s1, s2, s3, s4 : -> STRING

equations

£1311 eq(token(s1, s2), token(s3, s4))
end Tokens
module Tokeﬁ-sequences
begin .

imports Sequences
{ renamed by

[ SEQ -> TOKEN-SEQUENCE,

~-> TOKEN
~-> BOOL

and(eq(s1, s3), eq(s2, s4))

null -> null-token-sequence 1

Items bound by
[ ITEM -> TOKEN,
eq -> eq ]
to Tokens
>

end Token-sequences
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5.2. Interface with abstract syntax tree constructor

5.2.a. Global description

Abstract syntax trees are defined by the data type Atrees. Abstract syntax trees are essentially
labelled trees whose nodes consist of an operator, indicating the construction operator of the node,
and zero or more abstract syntax trees as sons. Atrees has one parameter Operators, which
defines the interface to the set of operators for constructing abstract syntax trees. Conversion
functions are defined for the common cases that the leaves of the abstract syntax tree consist of
Strings, Integers or Tokens.

_ The construction process for abstract syntax trees as described in 5.4 uses the notion of
environments of abstract syntax trees, i.e. tables which map strings onto abstract syntax trees. This
notion is realized by the data type Atree-environments. Note that the parameter Operators of
Atrees is inherited by Atree-environments.

5.2.b. Structure diagrams

Booleans
Booleans Characters Booleans
Integers
Strings
Tokens
Sequences
Strings

Atrees




34

Operators

Operators

Booleans Integers

Strings Tokens

Atrees

Booleans

Strings

Tables

Atree-environments

5.2.c. Specification

module Atrees
begin

parameters
Operators
begin
sorts OPERATOR

functions
eq: OPERATOR # OPERATOR —-> BOOL
end Operators

exports
begin.
sorts ATREE
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functions

error—-atree : -> ATREE
null-atree H -> ATREE
atree : OPERATOR -> ATREE
atree : OPERATOR # ATREE ~> ATREE
atree : OPERATOR # ATREE # ATREE -> ATREE
atree : OPERATOR # ATREE # ATREE # ATREE -> ATREE
string-atree : STRING -> ATREE
integer—atree : INTEGER -> ATREE
lexical—-atree : TOKEN -> ATREE
eq : ATREE # ATREE -> BOOL

end

imports Booleans, Integers, Strings, Tokens

variables

¢, ¢1, ¢2 =-> OPERATOR
a, al, a2, a3, a4 :-> ATREE
b1, b2, b3, b4 :-> ATREE

s, s1, s2 :—> STRING

n, n1, n2 :-> INTEGER

t, t1, t2 :-> TOKEN
equations
[132] eq(al, a2)
[133]1 eq(null-atree, null-atree)
[134] eq(null-atree, error-atree)
[135]1 eqCnull-atree, atree(c))
[1361 eq{null-atree, atree(c, a))
[1371 eqlnull-atree, atree(c, al, a2))
£1381 eq(null-atree, atree(c, a1, a2, a3))
[1391 eq(null-atree, string-atree(s))
[140]1 eqlnull-atree, integer-atree(n))
[1411 eq(null-atree, lexical-atree(t))
[1421 eqerror-atree, error-atree)
[1431 eqCerror-atree, atree(c))
L1441 eqCerror-atree, atree(c, a))
[145]1 eqerror-atree, atree(c, al, a2))
[1461 eqerror—-atree, atree(c, al, a2, a3))
L1471 eqerror-atree, string-atree(s))
[148]1 eq(error-atree, integer-atree(n))
L1491 eqerror-atree, lexical-atree(t))
[1501 eqCatree(c1), atree(c2))
£1511 eqlatree(c1), atree(c2, al))
[152]1 eq(atree(c1), atree(c2, al, a2))
[1531 eqatree(ct), atree(c2, al, a2, a3))

eq(a2, al)

true

false
false
false

= false

false
false

= false

false

true

false
false
false
false

= false

false
false

eq(ci, c2)
false
false
false
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L1541
£1551]
£1561
£157]
£1581]
L1591
[1601

[1611
[1621

L1631

[164]

L1651
£1661

[1671

L1681

[169]

L1701

L1711

L1721
L1731
L1741
L1751
L1761

L1771

eq(atree(c), string-atree(s))

= false
eq(atree(c), integer-atree(n)) = false
"eqlatree(c), lexical-atree(t)) = false

eq(atree(ct, a1), atree(c2, b1)) and(eq(c1, c2), eqal, b1))

eq(atree(c1, al1), atree(c2, b1, b2)) = false
eq(atree(c1, al), atree(c2, b1, b2, b3))

= false
eq(atree(cl, al1), string-atree(s)) = false
eq(atree(ci, al), integer-atree(n)) = false
eq(atree(c1, al), lexical-atree(t)) = false

eq(atree(c1, al, a2), atree(c2, b1, b2))
= and(eq(c1, c2),
and(eq(al, b1),
eq(a2, b2)))
eq(atree(c1, al, a2), atree(c2, b1, b2, b3))
= false
eq(atree(c1, al, a2), string-atree(s))= false
eqatree(ci, a1, a2), integer-atree(n)) !
= false
eq(atree(ci, al, a2), lexical-atree(t))
= false

eq(atree(cl, al, a2, a3), atree(c2, b1, b2, b3))
= and(eq(c1, c2),
and(eq(al, b1),
and(eq(a2, b2),
eq(a3, b3))))
eq(atree(ci, al, a2, a3), string-atree(s))

= false
eq(atree(cl, al, a2, a3), integer-atree(n))

= false
eq(atree(c1, a1, a2, a3), lexical-atree(t))

= false
eq(string-atree(s1), string-atree(s2))= eq(s1, s2)
eq(string-atree(s), integer—-atree(n)) = false
eq(string-atree(s), lexical-atree(t)) = false

eq(integer—-atree(ni), integer—~atree(n2))
= eq(ni, n2)
eq(integer—-atree(n), lexical-atree(t))= false

eq(lexical—atree(t1), lexical-atree(t2))
= eq(t1, t2)




end Atrees

module Atree—environments

begin
exports
begin
functions
__“__: STRING # ATREE-ENV -> ATREE
end

imports Tables
{ renamed by
[ TABLE -> ATREE-ENV,
null-table -> null-atree-envl
Entries bound by )
[ ENTRY -> ATREE,

eq -> eq,
error-entry -> error-atreel
to Atrees
} y
variables

s :=> STRING

e :=> ATREE-ENV
f ==> BOOL

v :=> ATREE

equations

[178]1 s*e =v
when <f, v> = lookup(s, e)

end Atree—environments
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5.3. BNF patterns

5.3.a. Global description

BNF patterns are introduced to allow the description of arbitrary context-free grammars. The
main functions and operators introduced are t (indicates a terminal in the grammar), n (indicates a
non-terminal), lexical (indicates a lexical item), + (sequential composition of components of a
grammar rule), and | (alternation). The functions t, n and Llexical have two variants: the variant
with one argument indicates respectively a terminal, non-terminal or lexical item; the variant with two
arguments also associates a name with the syntaxctic notion. These names can later be used to refer
to the abstract syntax tree which is the result of parsing the given syntactic notion. An actual
grammar constructed with these operators can be bound to the parameter Syntax of Context-
free-parser. Examples of grammars using this notation are the lexical syntax (6.2.2) and concrete
syntax (6.3.2) of PICO.

5.3.b. Structure diagram

Characters

Sequences

strings

BNF~-patterns

5.3.c. Specification

module BNF-patterns
begin

parameters
Non-terminals
begin
sorts NON-TERMINAL
end Non-terminals

exports
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begin
sorts PATTERM

functions
_+ _: PATTERN # PATTERN -> PATTERN
_ | _ : PATTERN # PATTERN -> PATTERN
t : STRING -> PATTERN
t : STRING # STRING => PATTERN
n = NON-TERMINAL => PATTERN
n : NON-TERMINAL # STRING —~> PATTERN
lexical : STRING -> PATTERN
lexical = STRING # STRING => PATTERN
null-pattern : -> PATTERN
end

imports Strings

end BNF-patterns




5.4. Context-free parser

5.4.a. Global description

Context-free-parser describes the actual parsing process. It has four parameters of which
two are inherited from imported modules. Parameter Scanner defines the interface with the lexical
scanner, ie. the function scan which converts input strings to Token-sequences. Parameter
Syntax defines the interface with the rules of the syntax (function rule) and with the rules for
constructing abstract syntax trees (function build). Context-free-parser imports BNF-
patterns (inheriting the unbound parameter Non-terminals, which defines the interface with the
set of non-terminals of the syntax) and Atree-environments (inheriting the unbound parameter
Operators, which defines the interface with the set of construction operators for the abstract syntax).

Context-free-parser describes a parser for the language described by the syntax rules. The
equations in Context-free-parser describe for each type of BNF operator the conditions under
which (a part of) the input Token-sequence is acceptable. The BNF operator n (non-terminal) uses
the function rule from parameter Syntax to associate a pattern with a non-terminal. Acceptance of
a part of the input is expressed by constructing an Atree-environment consisting of named
Atrees. Acceptance of a non-terminal is expressed by the function build from Syntax for that
non-terminal .

Currently, we require that the syntax satisfies the LL(1) restrictions. This simplifies the
definition of Context-free-parser considerably: in the definition given below only one abstract
syntax tree has to be constructed instead of a set of abstract syntax trees as would be necessary in the
case of an ambiguous input string if the grammar were not LL(1).

54.b. Structure diagram




Booleans
Characters Tokens
Sequences
Strings Token-
sequences

41

Non-terminals Operators

Non-terminals ‘@

Strings

BNF-patterns

Context—-free~parser

||ir|IHIH|HHH|||Ii“|

Tables

Atree-

environments

S54.c, Specification

module Context—free-parser

begin

parameters

Scanner

begin
functions

scan : STRING -> TOKEN-SEQUENCE

end Scanner,

Syntax
begin

functions

rule
buitd

end Syntax

exports
begin

NON-TERMINAL

~> PATTERHN

NON-TERMINAL # ATREE-ENV => ATREE
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impor

funct

varia

equat

L1791

L1801

£1811

£1821

C£183]

functions
parse : NON-TERMINAL # STRING => ATREE
end
ts Booleans, Strings, Token—-sequences, BNF-patterns, Atree—environments
ions
parse-rule: NON-TERMINAL # TOKEN-SEQUENCE
=> (BOOL # ATREE # TOKEN-SEQUENCE)

parse-pat : PATTERN # TOKEN-SEQUENCE # ATREE-ENV
~> (BOOL # ATREE-ENV # TOKEN-SEQUENCE)

bles
X : => NON-TERMINAL
p, p1, p2 : => PATTERN
env, envl, env2 : —> ATREE-ENV
atree, atreel, atree2 : => ATREE
s, tail, taili, tail2 : => TOKEN-SEQUENCE
id, val, str, lextype : ~> STRING
r, ri, r2 : -> BOOL
ions
parse(x, str) = jf(and(r, eq(tail, null-token-sequence)),
) atree,
error—-atree)
when <r, atree, tail> = parse-rule(x, scan(str))
parse-rule(x, s) = if(r, < true, build(x, env), tail >,

< false, error-atree, tail >)
when <r, env, tail> =
parse-pat(rule(x), s, null-atree-env)

parse-pat(null-pattern, s, env)
= <true, env, s>

parse-pat(pl + p2, s, envi) -
= if(r, parse-pat(p2, tail, env2),
< false, env2, tail >)
when <r, env2, tail> = parse-pat(pi, s, envl)

parse-pat(pi1 | p2, s, env)
= if(not(r1),

< r2, env2, tail2 >,

if(not(r2),
< ri, envl, taill >,
< false, env, s >))

when <ri, envi, tail1> = parse-pat(pi, s, env),

<r2, env2, tail2> = parse-pat(p2, s, env)
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[1841 parse-pat(n(x), s, env)
= <r, env, tail>
when <r, atree, tail> = parse-rule(x, s)

[185]1 parse—-pat(n(x,id), s, env)
= if(r, < true, table(id, atree, env), tail >,
< false, env, tail >)
when <r, atree, tail> = parse-rule(x, s)

[186]1 parse-pat(t(str), seq(token(lextype, val), s), env)
= if(and(eq(str, val),
or{eq(lextype, "keyword"),
eq(lextype, "literal'™))),
< true, env, s>,
< false, env, s> )

[187] parse-pat(t(str), null-token—-sequence, env)
= if(eq(str, null-string),
<true, env, null-token-sequence>,
<false, env, null-token-sequence>)

[188] parse-pat(t(str, i1d), seq(token(lextype, val), s), env)
= if(and(eqg(str, val),
or(eq(lextype, "keyword"),
eq(lextype, "literal™))),
< true,
table(id,
lexical-atree(token(lextype,str)),
env),
s>,
< false, env, s> )

[189] parse-pat(t(str, id), null-token-sequence, env)
= if(eq(str, null-string),
< true,
table(id,
lexical-atree(token("literal”™,”"")),
env), .
nul l-token-sequence>,
<false, env, null-token-sequence>)

[190]1 parse-pat(lexical(str), seq(token(lextype, val), s), env)
= if(eq(lextype, str),
< true, env, s >,
< false, env, s> )

[1911 parse-pat(lexical(str), null-token-sequence, env)
= <false, env, null-token-sequence>

[1921 parée-pat(Lexical(str,id), seq( token(lextype, val), s), env)




= if(eq(lextype, str),
< true,
table(id,
lexical-atree(token(lextype,val)),
env),
s >,
< false, env, s> )

[193]1 parse-pat(lexical(str,id), null-token-sequence, env)
= <false, env, null-token-sequence>

end Context-free-parser




45

6. ALGEBRAIC SPECIFICATION OF PICO

After the preparations in the previous chapters, the following steps are still needed to obtain a

complete specification of PICO:

1
2)

3)

4)

3)

6)

The notions of types and values in PICO programs have to be formalized (6.1).

The lexical syntax of PICO has to be specified. This is done by constructing a lexical scanner
on the basis of Context-free~parser as defined in the previous chapter (6.2).

The concrete syntax of PICO and the rules for the construction of abstract syntax trees have to
be specified. This is accomplished by a second application of Context-free-parser (6.3).

The static semantics of PICO has to be specified, defining certain constraints on programs, i.e.
constraints that do not depend on input data. For instance, in a “legal” program all variables
should have been declared, all expressions should be type consistent, etc. This is described in
6.4.

Dynamic semantics of PICO has to be specified, defining the meaning of a program, i.e. the
relation between its input and output data (6.5).

All the above components of the PICO specification have to be combined into one PICO system
(6.6).
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6.1. Types and values
6.1.1. Types

6.1.1.a. Global description

The data type PICO-types defines the allowed types in PICO programs, ie. integérs and
strings. An additional error-type is introduced for describing typing errors,

6.1.1.b. Structure diagram

Booleans

PICO-types
6.1.1.c. Specification
module PICO-type
begin -
exports
begin
sorts PICO-TYPE
functions
integer-type : -> PICO-TYPE
string-type : -> PICO-TYPE
error—type z => PICO~TYPE
eq : PICO-TYPE # PICO-TYPE -> BOOL
end
imports Booleans
variables
X, Y : => PICO-TYPE
equations
L1941 eq(x, x) = true
L1951 eq(x, y) = eqy, x)
[196]1 eq(integer-type, string-type) = false
£1971 eq(integer-type, error-type) = false
[1981 eq(string-type, error—type) = false

end PICO-types




6.1.2. Vialues

6.1.2.a. Global description
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The data type PICO-values defines the allowed values as they may occur during the execution
of PICO programs, i.e. integers and strings. An additional error-value is introduced for describing
values that are the result of evaluating erroneous programs. Note that there is no integer or string
corresponding to error-value. Two conversion functions are defined for converting Integers and

Strings into PICO-values.

6.1.2.b. Structure diagram

Booleans
Booleans Characters

Integers e

?

Sequences

Strings

PICO-values

6.1.2.c. Specification

module PICO-values
begin

exports
begin
sorts PICO-VALUE

functions
error-value H
pico-value s IMTEGER
pico-value : STRING
eq = PICO-VALUE # PICO-VALUE
end

imports Booleans, Integers, Strings

variables
X, Y s => PICO-VALUE
int, intl, int2 : =-> INTEGER
str, stri, str2 2 -> STRING

=> PICO-VALUE
=> PICO-VALUE
=> PICO-VALUE
=> BOOL
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6.2, ¥ syical symtax

The lexical syntax describes the lexical tokens that may occur in a PICO program. We
consiruct a lexical scanner for PICO by means of Context-free-parser:

1) A character-level scanner is defined (6.2.1). This character-level scanner distinguishes characters
according to their character types, i.e. letter, digit, layout, etc.

2)  The lexical syntax for PICO and the construction rules for lexical tokens are defined (6.2.2).
This amounts to defining the syntactic form of identifiers, strings, etc. and to defining the result
for each case, e.g. parsing the non-terminal integer-constant of the lexical syntax will have
as result token("integer-constant”, x), where x is the string representation of the integer
constant.

3) A lexical scanner for PICO is obtained by combining the results of the previous two steps with
Context-free-parser. (6.2.3).
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6.2.1. Lexical character scanner

6.2.1.a. Global description

PICO-lexical-character-scanner defines the character-level scanner char-scan which
distinguishes characters according to their character types, i.e. letter, digit, layout and literal, and
converts the input string into a Token-sequnece.

6.2.1.b. Structure diagram

Booleans
Booleans Integers
Characters
Characters " Tokens
1
Sequences Sequences
Strings Token-
sequences
PICO-texical~
character~
scanner

6.2.1.c. Specification

module PICO-lexical-~character-scanner

begin
exports
begin
functions
char~scan : STRING -> TOKEN-SEQUENCE
end

imports Booleans, Characters, Strings, Token-sequences

functions
char-scani1 : CHAR -> TOKEN
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is-layout =: CHAR =-> BOOL

variables
c s => CHAR
str s => STRING
equations
[2061 char-scan(seq(c, str)) = seq{char-scani1(c), char-scan(str))
[2071 char-scan("") = null-token~sequencek
£208]1 char-scani(c) = if(is~-layout(c), token("layout"”, string(c)),
ifCis-letter(c), token("letter", string(c)),
if(is~digit(c), token("digit”, string(c)),
token("Lliteral™, string(c))))’)
£20931 1ds=layout(c) = or(eq(c, char-space),

or(eq(c, char=ht),
eq(c, char-nl)))

end PICO-lexical-character-scanner
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6.2.2. Lexical syntax and rules for token construction

6.2.2.a. Global description

The lexical syntax for PICO and the construction rules for lexical tokens are defined in this
section. This amounts to defining the syntactic form of identifiers, strings, etc. and to defining the
result for each case, e.g. parsing the non-terminal integer-constant of the lexical syntax will have
as result token("integer-constant”, x), where x is the string representation of the integer
constant.

The following data types are defined here:

PICO-non-terminals-of-lexical-syntax: defines the sort LEX-NON-TERMINAL and all non-
terminals of the lexical syntax.

PICO-lex~BNF-patterns: defines a version of BNF-patterns with parameter Non-terminals
bound to PICO-non~terminals-of-lexical-syntax.

PICO-atree-operators-of-lexical-syntax: defines the sort LEX-OPERATOR and the operators for
constructing abstract syntax trees for the lexical syntax.

PI1CO-lex-atree-environments: defines a version of Atree-environments with parameter
Operators bound to PICO-atree-operators—-of~lexical-syntax.

PICO-lexical-syntax: defines the lexical syntax for PICO and, the rules for token construction.
Essentially the grammar contains for each non-terminal pairs of equations for the functions
rule (ie. the actual syntax rule) and build (i.e. the construction procedure for abstract syntax
trees). Note that all syntax rules with names starting with non-empty do not appear in the
original grammar. These rules are artefacts made necessary by limitations in the descriptive
power of BNF-patterns; most notably, it is impossible to associate different build functions
with the alternatives in one rule.

6.2.2.b. Structure diagrams

PICO-non-
terminals—of~

Llexical-syntax




P1CC-non~

terminals-of-

lexical-syntax

Hon-terminals

Strings

BHF-patterns

PICO-Llex~BNF-

patterns

Booleans

PICO~atree~
operators—of-

Llexical-syntax
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Booleans

PI1CO-atree-
operators—of-

Llexical-syntax

0—\

Tables

Atree-

environments

PICO~lex~
atree~

environments




PICO-non-
terminals-of-

Lexical=syntax

PICO-atree-
operators-of-

Llexical-syntax

Hon-terminals

Tokens

6.2.2.c. Specification

begin
exports

begin

Sequences
BNF-patterns Atree- Token-
environments sequences
PICO-Lex~-BNF~
patterns PICO-lex~
atree-
environments
P1CO~lexical-syntax
module PICO-non-terminals—of-lexical-syntax
sorts LEX-NON-TERMINAL
functions
lexical-stream : => LEX~NON-TERMINAL
non-empty-lexical-strean: ~> LEX-NON-TERMINAL
empty-lexical-stream : => LEX-NON-TERMINAL
lexical-item : =~> LEX-NON-TERMINAL
optional-layout H => LEX-NOM-TERMINAL
keyword-or-ident : => LEX-NON-TERMINAL
ident : =-> LEX~-NON-TERMINAL
ident~-chars : => LEX-NON-TERMINAL
non-empty-ident—-chars H => LEX-NON-TERMINAL
ident-char s => LEX-NON-TERMINAL
integer-const 3 =-> LEX-NON~TERMINAL
digits H => LEX-NON-TERMINAL
non-empty-digits : => LEX-NON-TERMINAL
digit : => LEX~NON-TERMINAL
string-const : ~> LEX~NON-TERMINAL
string-tail H => LEX-NON-TERMINAL
non-empty-string—tail s => LEX-NON-TERMINAL
quote : =~> LEX-NON-TERMINAL
any-char-but-quote 2 => LEX~NON-TERMINAL
letter H => LEX-NON-TERMINAL
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Layout

Lliteral

concat
assign-or-colon
empty

end
end PICO-non-terminals-of-lexical-syntax

module PICO-lex-BNF-patterns
begin
imports BNF-patterns
{ renamed by
L PATTERN -> LEX-PATTERN,
t-> Lt ]
Non-terminals bound by
[ NON-TERMINAL —-> LEX-NON-TERMINAL 1]
to PICO-non-terminals—-of-lexical-syntax
)

end PICO-lex-BNF-patterns ’
module PICO-atree—operators~of-lexical=syntax
begin
exports
begin
sorts LEX-OPERATOR

functions
op-lex~item

eq
end
imports Booleans

variables
01, 02 :=> LEX~OPERATOR

equations

[210]1 eqCo1, 02) = eq(o2,
[2111 eqlop-lex-item, op-lex~-item) = true
[212] eqlop-lex-item, op—lex-stream) = false
[2131 eq(op-lex-stream, op-lex—-stream) = frue

end PICO~atree-operators-of-lexical=-syntax

-> LEX-NON-TERMINAL
=> LEX-NON-TERMINAL
=> LEX~-NON-TERMINAL
=> LEX-NON-TERMINAL
=> LEX~NON-TERMINAL

: => LEX-OPERATOR
op~lex-stream: => LEX-OPERATOR
¢ LEX-OPERATOR # LEX-OPERATOR => BOOL

o1)
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module PICO-lex—-atree~environments
begin

imports Atree-environments
{ renamed by
L ATREE ~> LEX-ATREE,
atree -> lex-atree,
null-atree => null-lex-atree,
error—atree => error-lex-atree,
lexical~-atree -> lexical-lex—atree,
ATREE-ENV -> LEX-ATREE-ENV,
null-atree-env =-> null-lex~-atree-env,
ATREE -> LEX-ATREE,
error—atree —-> error—lex-atree 1
Operators bound by
[ OPERATOR -> LEX-OPERATOR,
eq —> eq 1
to PICO-atree-operators—of-lexical-syntax
>

end PICO-lex—atree-environments

module PICO-lexical-syntax

begin
exports
begin
functions

rule : LEX-NON-TERMINAL ~-> LEX-PATTERMN
build = LEX~MON-TERMINAL # LEX-ATREE-ENY -> LEX-ATREE
lex-stream : TOKEN-SEQUENCE => LEX-ATREE
Lex=1item : TOKEN -> LEX-ATREE

end

imports PICO-lex-BNF-patterns, PICO-lex-atree-environments, Token-sequences

variables
env s=> LEX-ATREE-ENV
L, L1, L2 :=> TOKEN-SEQUENCE
t, ti1, t2 :-> TOKEN
s, 81, s2 :=> STRING
d, di, d2 :-> STRING
equations
[2141 rule(lexical-stream) = n(non-empty-lexical-stream,”ls") |

n{empty-lexical-stream,"ls")
L2151 build(lexical-stream, env)
= "Ls" * env
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[2161

[217]

£2181

£2191

[2201

[2211

[222]
[223]

[224]
[2251

[2261]

rule(non-empty-lexical=stream)
= n(lexical-item,”t") + n(lexical-stream,"Ll")

- build(non-empty-lexical-stream, env)

= lex~atree(op-lex-stream, lex-stream(seq(t, 1)))
when Llex-atree(op—~lex—item, lex-item(t))
= "t" Aenv,
lex-atree(op-lex-stream, lex-stream(l))
= """ Aenv
rule(empty—-Lexical-stream)
= n(empty)
build(empty—-Llexical-stream, env)
= Llex-atree(op-lex-stream,
lex-stream(null-token~sequence))

rule(lexical-item) = n(optional—-layout) +
(¢ n(keyword-or-ident,™i") |
n(integer-const,”i") |
n(string-const,"i") |
n(literal,”i")
)
build(lexical-item, env)
= "i" Aenv d

ruleCoptional-layout) = n(layout) | n(empty)
build(optional-lLayout, env)
: = null-lex-atree

ruleCkeyword-or-ident)= nCident,"i"™)
build(keyword-or-ident, env)
= if(or(eq(s, "begin"),
or(eq(s, "end"),
or(eq(s, "declare™),
or(eq(s, "integer"),
or{eq(s, "string"),
or(eq(s, "if"),
or(eq(s, "then"),
or(eq(s, "else"),
or(eq(s, "fi"),
or(eq(s, "while"),
or(eq(s, "do"),
eqls, "o0d")))33)))))),
lex-atree(op-lex—item,
Lex-item( token("keyword", s))),
lex-atree(op~-lex-item,
lex~item(token("id", s))))

when lexical-lex-atree(token("id",s)) = "i"“Aenv

rule(ident) = n(letter,”s1") + n(ident~chars,"s2")




L2271

[228]
[2291

[2301

2311

[232]
[233]

[234]
£2351

[2361]
[237]

[2381
[2391

[2401
L2411

[2421
L2431

[244]

[2451]

L2461
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bujld(ident, env)

lexical-lex-atree(token("id", conc(s1, s2)))
when string-atree(s1) "s1" ~ env,
string-atree(s2) = "s2" A env

rule(ident-chars) = n{non-empty-ident—chars,"s") | n(empty,”s")
build(ident-chars, env)
= "s" Aenv
rule(non-empty-ident—-chars)
= n(ident-char,”si1") + n(ident-chars,"s2")
build(non-empty—-ident-chars, env)
= string-atree(conc(s1, s2))
when string-atree(s1) = "s1”" *env,
string-atree(s2) = "s2" * env
rule(ident—char) = n({letter,”"x") | n(digit,"x")
build(ident-char, env)= "x" * env

rule(integer-const) = n(digit,"d1") + n(digits,'d2")
build(integer-const, env)
= lex-atree(op-lex-item,
Lex-item(token("integer-constant”,
» conc(d1, d2))))
when string-atree(di) = "d1" *env,
string-atree(d2) = "d2" 4 env

rule(djgits) = p(non-empty-digits,”d"”) | n(empty,"d")
build(digits, env) "d" * env

rule(non-empty-digits)= n(digit,"d1") + n(digits,"d2")
build(non-empty-digits, env)
= string-atree(conc(di, d2))
when string-atree(d1) = "d1" *env,
string-atree(d2) "d2" A env

rule(string-const) = n(quote) + n(string-tail,"s")
build(string-const, env)
= lex-atree(op-lex-item,
lex—item( token("string-constant"”, s)))
when string-atree(s) = "s" *env

rule(string-tail) = n{non-empty-string-tail,"s") | n(quote,”s")
build(string-tail, env)
= "g" A env
rule(non-empty-string—-tail)
= n(any-char-but-quote,"si1") + n(string-tail,”s2")
build(non-empty-string-tail, env)
= string-atree(conc(s1, s2))
when string—atree(si) = "si1" *env,
string-atree(s2) = "s2" “env

ruleCquote) = Lt(string(char-quote))
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L2473

[2481

L2491

[250]
£2511

(2521

£2531]

L2541
[2551]

L2561

L2571

L2581
[259]

£2601
L2611

L2621
[263]

build(quote, env)

rule(any-char—-but-quote)

string-atree("")

n(letter,”c") |
n(digit,"c") |
n{literal,”"c") |
n(layout,"c")

build(any-char-but-quote, env)

rule(letter)
build(letter, env)

rule(digit)
build(digit, env)

rule(layout)
build(layout, env)

rule(literal)

build(literal, env)

rule(concat)
build(concat, env)

rule(assign-or-colon)

||cl’ A env

lexical("letter","s")
string-atree(s)
when lexical-lex-atree(token("letter",s))

s" A env

lexical("digit","d")

string-atree(d)

when lexical~lex-atree(token("digit"”, d))
lexical("layout","s")

'd" A env

= string-atree(s)

when lexical-lex-atree(token("layout”, s)) = "s" Aenv
LeC(”,"s™) | !

LtC","s"y |

LeC"+","s") |

Le¢-","s") |

Le¢";","s") |

LeC”,","s") |

n(concat,"s") |

nCassign-or-colon,"s")

"s" A env

LeC™ ") + LeC"I™
string-atree("11")

Le¢":") + (Lt¢"=","s") | nCempty,”s"))

build(assign-or-colon, env)

rule(empty)
build(empty, env)

end PICO-lexical-syntax

if(eq(s, "="),
string-atree(':="),
string-atree(":"))

when string-atree(s) = "s" A eny

l.t("")
string-atree("")




6.2.3. Lexical scanner

6.2.3.2. Global description

In this section a lexical scanner for PICO is obtained by combining PICO-lexical-
character-scanner, PICO~lexical-syntax, PICO-non-terminals-of-lexical~syntax and

PICO-atree~operators~of-lexical-syntax with Context—-free-parser.

6.2.3.b. Structure diagram

Booleans

PICO-atree~
operators-of-

lexical-syntax

PICO-non~
Bocleans Characters PICO-lex-BNF- PICO-lex~
terminals—of-
patterns atree-
lexical-syntax
environments
Strings Token~
Token-
PICO~lexical~ sequences
character=
scanner PICO-lexical—-syntax /

Syntax

Non-terminals

BNF-patterns

Booleans strings Token=

Atree—

environments

Context-free-parser

Pi1co~lexical~scanner

6.2.3.c. Specification

module PICO-lexical-scanner

begin
exports
begin
functions
lex~scan : STRIMG -> TOKEN-SEQUEMNCE
end

imports Context-free-parser
{ Scanner bound by
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[ scan -> char-scan 1]
to PICO-lexical~character—scanner
" Syntax bound by )
L rule => rule,
build -> build 1
to PiCO-Lexical—syntax
Non-terminals bound by
[ NON-TERMINAL -> LEX-NON-TERMINAL 1
to PICO-non-terminals—of-lexical-syntax
Operators bound by
[ OPERATOR -> LEX-OPERATOR,
eq —> eq 1 :
to PICO-atree-operators-of-lexical-syntax
)

variables
L :=> TOKEN-SEQUENCE
s :-> STRING

equations
[264] lex—-scan(s) = |

when lex-atree(op-lex-stream, lex-stream(l)) =
parse(lexical-stream, s)

end PICO-lexical-scanner
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6.3. Abstract and concrete syntax

In this section we specify the abstract and concrete syntax for PICO; this will result in a
specification for a parser that transforms PICO-programs from their textual form into abstract syntax
trees. We proceed as follows:

1)  The abstract syntax for PICO is defined (6.3.1).
2)  The concrete syntax and the rules for constructing abstract syntax trees are defined (6.3.2).

3)  The lexical scanner (as defined in the previous section), the concrete syntax and the rules for the
construction of abstract syntax trees (both defined in this section) are combined with

Context-free-parser. In this way we obtain a parser that transforms PICO programs into
abstract syntax trees (6.3.3).




RS N

6.3.1. Abstract syntax

6.3.1.a. Global description
In this section the abstract syntax for PICO is defined. This involves the following data types:
PICO-atree-operators: the operators for constructing abstract syntax trees.

PICO-atree-environments: a version of Atree-environments with parameter Operators bound
to PICO-atree-operators.

PI1CO-abstract-syntax: defines the actual abstract syntax. Essentially, this module defines higher-
level constructor functions (e.g. abs-if, abs-while, etc.) which allow a natural expression of
the PICO abstract syntax tree. These constructor functions are defined in terms of Atrees.

6.3.1.b. Structure diagrams

Booleans

Booleans

Integers

PICO~atree~

operators
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Booleans Integers

PICO~atree~

operators

‘@

Il

Tables

Atree—
environments
PICO-atree~
environments
Booleans Characters Booleans PICO-atree~
operators
Integers PICO-types

Operators

Atree—

Strings environments

PICO-atree-

environments

P1CO-abstract-syntax
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6.3.1.c. Specification

module PICO-atree-operators
begin )
exports
begin
sorts PICO~OPERATOR

functions

op-pico-program =-> PICO-OPERATOR

op-decls : ~> PICO-OPERATOR
op-empty-decls : => PICO-OPERATOR
op-series : -> PICO-OPERATOR
op-empty-series : ~> PICO-OPERATOR
op~assign : => PICO-OPERATOR
op-if H => PICO-OPERATOR
op~while => PICO-OPERATOR
op-plus => PICO-OPERATOR
op-conc -> PICO-OPERATOR
op-var ~> PICO-OPERATOR

PICO-OPERATOR
-> PICO-OPERATOR
~-> PICO-OPERATOR
=> PICO-OPERATOR
=> PICO-OPERATOR

op-integer-constant
op-string-constant
op-id
op-integer-type
op-string-type

es es o8 es @ 08 wu ws B
1
\'

PICO-OPERATOR => INTEGER
PICO-OPERATOR # PICO-OPERATOR -> BOOL

ord
eq
end
imports Booleans, Integers

variables

¢1, c2 =2-> PICO-OPERATOR

equations

[265]1 ord(op-pico-program) =0

[266]1 ord(op-decls) = succ(ord(op-pico-program))
[267]1 ord(op-empty—-decls) = succ(ord(op-decls))

[268] ord(op-series) = succ(ord(op-empty—decls))
[269] ord(op~empty-series) = succ(ord(op—-series))

[270]1 ord(op-assign) = succord(op-empty-series))
[271]1 ord(op-if) = succ(ord(op-assign))

[272]1 ord(op-while) = succCord(op-if))

[273]1 ord(op-plus) = succ(ord(op-while))

[274]1 ord(op—conc) = succ(ord(op-plus))
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[2761

ord(op-var)
ord{op-integer—constant)
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succ(ord(op-conc))
succ(ord(op-var))

[2771 ’ord(op-string-constant) = succ(ord(op-integer-constant))
[278] ord(op-id) = succ(ord(op~-string-constant))
[279] ord(op-integer-type) = succ(ord(op-id))

[2801 ord(op-string-type) = succ(ord(op-integer-typel)
[281]1 eq(c1, c2) = eqlord(c1), ord(c2))

end PICO-atree-operators

module PICO-atree-environments
begin

imports Atree-environments
{ renamed by
[ ATREE -> PICO-ATREE,
atree ~> pico-atree,
null-atree -> null-pico-atree,
error—atree -> error-pico-atree,
string-atree -> string~pico-atree, ‘
integer~atree -> integer-pico-atree,
lexical—-atree -> lexical-pico-atree,
ATREE-ENV -> PICO-ATREE-ENV,
null-atree-env -> null-pico-atree-envl
Operators bound by
[ OPERATOR -> PICO-OPERATOR,
eq -> eql
to PICO-atree—operators
b g

variables
s :=> STRING
e :=> PICO-ATREE-ENV
f :=> BOOL
v ==> PICO-ATREE

equations
[282]1 s*e = v

when <f, v> = lookup(s, e)

end PICO-atree—environments

module PICO-abstract-syntax
begin
exports
begin
sorts PICO-PROGRAM, DECLS, EXP, ID, SERIES, STATEMENT
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end

functions

abs—pico-program :
abs-decls
abs-empty-decls
abs-series
abs-empty-series
abs-assign

abs-if

abs-while

abs=-plus

abs-conc

abs-var
abs-integer-constant
abs-string—-constant
abs-id

pico-program
decls

series
statement
exp

id

pico-type-atree :

append-statement :

DECLS # SERIES
ID # PICO-TYPE # DECLS

STATEMENT # SERIES

ID # EXP

EXP # SERIES # SERIES
EXP # SERIES

EXP # EXP

EXP # EXP

b

INTEGER

STRING

STRING

P1CO-ATREE
PICO-ATREE
PICO-ATREE
PICO-ATREE
PICO-ATREE
PICO-ATREE

PICO-TYPE

SERIES # STATEMENT

imports Integers, Strings, PICO-types, PICO-atree-environments-

variables
ds :=> PICO-ATREE
sr, sr1, sré :=> PICO-ATREE
st :=> PICO-ATREE
i :=> PICO-ATREE
t :~> PICO-TYPE
x, x1, x2 :=> PICO~ATREE
str :=> STRING
n :-> INTEGER

stat, stat1, stat2 :-> STATEMENT

ser

equations

[283]

£284]

:=> SERIES

abs-pico-program(decls(ds), series(sr))
= pico-program(pico-atree(op-pico-program, ds, sr))
abs-decls(id(i), t, decls(ds))
= decls(pico~atree{op-decls, i, pico-type-atree(t), ds))

PICO-PROGRAM
DECLS
DECLS
SERIES
SERIES
STATEMENT
STATEMENT
STATEMENT
EXP

EXP

EXP

EXP

EXP

ID

PICO-PROGRAM
DECLS

SERIES
STATEMENT
EXP

I

PICO-ATREE

SERIES
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abs-empty-decls = decls(pico-atree(op~empty—decls))
abs-series(statement(st), series(sr)) '
= series(pico-atree(op-series, st, sr))
abs~-empty-series = series(pico-atree(op-empty-series))
abs—~assign(id(i), exp(x))
' = statement(pico-atree(op~assign, i, x))
abs-if(exp(x), series(sr1), series(sr2))
= statement(pico-atree(op-if, x, sr1, sr2))
abs-while(exp(x), series(sr))
= statement(pico—atree(op-while, x, sr))
abs-plus(exp(x1), exp(x2))
= exp(pico-atree(op~plus, x1, x2))
abs-conc(exp({x1), exp(x2))
= exp(pico-atree(op-conc, x1, x2))
abs-var(id(i)) = exp(pico-atree(op-var, i))
abs-integer-constant(n)
= exp(pico-atree(op-integer-constant,
integer-pico-atree(n)))
abs-string-constant(str)
= exp(pico-atree({op-string~constant,
_ string-pico~atree(str)))
abs-id(str) = jd(pico~atree(op-id, string-pico-atree(str)))

append-statement(abs-empty-series, stat)
) = abs—-series(stat, abs-empty-series)
append-statement(abs-series(stati, ser), stat2)
= abs-~series(statl, append-statement(ser, stat2))

end PiCO-abstract-syntax
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6.3.2. Concrete syntax and rules for abstract syntax tree construction

6.3.2.a. Global description

In this section the concrete syntax and the rules for abstract syntax tree construction for PICO
are defined. This involves. the following modules:

PICO-non-terminals-of-concrete-synyax: defines the sort PICO-NON-TERMINAL and all non-
terminals of the concrete syntax.

PICO-BNF-patterns: defines a version of BNF-patterns with parameter Non-terminals bound to
PICO-non-terminals-of-concrete-syntax.

PICO-concrete-syntax: defines the concrete syntax for PICO and the rules for abstract syntax tree
construction. Essentially the grammar contains for each non-terminal in the concrete syntax
pairs of equations for the functions rule (i.e. the actual syntax rule) and build (ie. the
construction procedure for abstract syntax trees).

6.3.2.b. Structure diagrams

PICO-non~
terminals-of~
concrete~

syntax

PICO-non-
terminals-of~
concrete-

syntax

Non-terminals

Strings

BNF-patterns

PICO-BNF-

patterns
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P1CO-non~ PICO-atree~

terminals-of- operators

"liiiiiHHHHHII"

Atree-

concrete-

syntax

BNF-patterns

environments

PICO-atree—

PICO-BNF~ environments

patterns

P1CO~concrete-syntax

6.3.2.c. Specification

module PICO~non~terminals-of-concrete-syntax
begin ’
exports
begin
sorts PICO-NON-TERMINAL

functions
pico-program : => PICO-NON-TERMINAL
decls : => PICO-NON-TERMINAL
empty-decls => PICO~NON~TERMINAL

id-type-list => PICO-NON-TERMINAL
type => PICO-NON-TERMINAL
type-integer => PICO~NON-~TERMINAL
type-string => PICO-NON-TERMINAL
series => PICO-NON-TERMINAL

=> PICO-NON-TERMINAL
=> PICO-NON-TERMINAL

empty-series
non-empty-series

stat => PICO-NON~TERMINAL
if => PICO-NON-TERMINAL
while => PICO-NON-TERMINAL
exp => PICO-NON-TERMINAL
plus => PICO~-NON-TERMINAL

=> PICO-NON-TERMINAL
=> PICO-NON-TERMINAL
=> PICO-NON-TERMINAL
=> PICO-NON-TERMINAL

conc

var

id
integer-constant

assign : => PICO-NON-TERMINAL
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string-constant : ~> PICO-NON-TERMINAL
end

end PICO-non-terminals-of-concrete-syntax

module PICO-BNF-patterns
begin
imports BNF-patterns
{ renamed by
L PATTERN -> PICO-PATTERN,
t -> pt,
Lexical => plexical 1
Non—-terminals bound by
[ NON-TERMINAL -> PICO-NON-TERMINAL 1
to PICO-non-terminals—-of-concrete-syntax
3

end PICO-BNF-patterns

module PICO-concrete-syntax

begin
exports
begin
functions
‘rule : PICO-NON-TERMINAL -> PICO-PATTERN
build: PICO-NON-TERMINAL # PICO-ATREE-ENV -> PICO-ATREE
end

imports PICO-BNF-patterns, PICO-atree-environments

variables
env :=> PICO-ATREE-ENY
str :~> STRING
equations
[299] rule(pico-program) = pt(“"begin”) + n(decls,"d")

+ n(series,”s") + pt("end")
L3001 build(pico-program, env)
= pico-atree(op-pico-program, "d" *env, "s" * env)

L3011 rute(decls) pt("declare™) + n(id-type-list,”"Ll") # pt(";™)
[3021 build(decls, env) = """ 2env

L3031 rule(empty—-decls) = pt("")
[304] build(empty-decls, env)= pico-atree(op-empty-decls)

[3051 rule(id-type-list) = n(id,"i") + pt(":") + n(type,"t") +
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build(id-type-list,

rule(type)
build(type, env)

rule(type-integer)
build(type-integer,

rule(type-string)

env)

env)

build(type-string, env)

rule(series)
build(series, env)

rule(empty—-series)
build(empty~series,

rule(non-empty-series) =

env)
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( n(empty~decls,"L") |
pt(",”) + n(id-type-list,”"Ll")
)
pico-atree(op-decls,
"i" A env,
""" A env,
"L A env)

n(type-integer,”t") | n(type-string,”"t")
"t" A env

pt("integer")
pico-atree(op-integer-type)
pt("string")
pico-atree(op-string-type)

n(empty-series,”s"”) | h(non-empty-series,"s")
"g'" A env

pt(ll")
pico~atree(op-empty-series)
n{stat,"st") + ( n(empty-series,”s") |

pt(";:") + n(series,"s")
)

build{non-empty-series, env)

rule(stat)
build(stat, env)

rule(assign)
build(assign,env)

rule(if)

build(if, env)

rule(while)

build(while, env)

pico-atree(op-series, "st" *env, "s" *env)
nCassign,"st") | n(if,"st”) | n(while,”st™)
"st" A env

n(id,"i") + pt(":=") + n(exp,”e")
pico-atree(op-assign, "i" 4 env, "e”" * env)

pt("if") + n(exp,"e")
+ pt("then") + n(series,"s1")
+ pt(else") + n(series,”s2") + pt("fi")
pico-atree(op-if,
natt A env,
"sq1" 4 env,
"g2" A env)

pt("while”) + n(exp,"e")
+ pt("do") + n(series,"s") + pt(“”od")
pico-atree(op-while, "e" *env, "s" * env)
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L3291
L3301

[3311
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rule(exp)

build(exp, env)

rule(plus)
build(plus, env)

rule(conc)
build(conc, env)
rule(var)
build(var, env)

rule(id)
build(id, .env)

rule(integer-constant)

n(var,"e") |
n(integer-constant,"e") |
n(string-constant,"e") |
n(plus,”e") |

n(conc,"e") |

C pt("(") + n(exp,”e") + pt(")") )
"e" A env

n(exp,"e1") + pt("+") + n(exp,"e2")
pico-atree(op-plus, "el1"” * env, "e2" * env)

nlexp,"e1™) + pt("il") + n(exp,"e2")

= pico-atree(op-conc, "e1" 2 env, "e2" * env)

nCid,"i")
pico—-atree(op~-var, "i" A env)

plexical("id","i")
pico-atree(op-id, string-pico-atree(str))
when lexical-pico-atree(token(”id"”, str)) = "i" 2 env

]

plexi Cat("'integer—colv\stant"’".in)

build(integer-constant, env)

rule(string-constant)

pico-atree(op-integer-constant,
integer-pico—atree(str—-to-int(str)))
when lexical-pico-atree(token("integer-constant", str))
= "i" Aenv

plexical("string-constant”,"s")

build(string-constant, env)

end PICO-concrete-syntax

pico-atree(op-string-constant, string-pico-atree(str))
when lexical-pico-atree(token("string-constant"”, str))
= "g" Aeny




6.3.3. Parser

6.3.3.a. Global description

In this section a parser for PICO is obtained by combining PICO-lexical-scanner, PICO-
concrete-syntax, PICO-non-terminals-of-concrete-syntax and PICO-atree-operators-

of-concrete-syntax with Context-free-parser.

6.3.3.b. Structure diagram
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6.3.3.c. Specification

module PICO~parser

begin
exports
begin
functions
parse-and-construct : STRING —-> PICO-ATREE
end

imports Context—free-parser
{ Scanner bound by
[ scan => lex—-scan 1
to PICO-lexical-scanner
Syntax bound by
L rule => rule,
build => build 1
. to PiCO-concrete—-syntax
Non-terminals bound by
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[ NON-TERMINAL -> PICO~MON-TERMINAL 1]
to PICO-non-terminals-of-concrete-syntax
IOperators bound by
[ OPERATOR -> PICO-OPERATOR,
eq.-> eq 1]
to PICO-abstract-syntax
b

variables
str :=> STRING

equations

L3411 parse-and-construct(str) = parse(pico-program, str)

end PICO-parser
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6.4. Static semantics

6.4.a. Global description

In this section we specify the checking of static semantic constraints on PICO programs as
defined informally in section 3. The principal function is check which operates on an abstract PICO
program and checks whether this program is in accordance with the static semantic constraints. For
each construct in the abstract syntax tree these constraints are expressed as transformations on a
type-environment. Type-environments are defined as a combination of Tables and PICO-types.
Checking the declaration section of a PICO program amounts to constructing a type-environment,
and checking the statement section amounts to checking each statement for conformity with a given
type-environment.

6.4.b. Structure diagram

Booleans

Booleans Integers Strings PICO~types Booleans

PICO~types PI1CO-types

PICO-atree~

environments @

PICO-abstract-syntax

Booleans

Strings

Tables

PICO0-static-type-checker

6.4.c. Specification

module PICO-static-type-checker

begin
exports
begin
functions
check: PICO-PROGRAM => BOOL
check: DECLS # TYPE-ENV -> (BOOL # TYPE-ENV)
check: SERIES # TYPE-ENV -> (BOOL # TYPE-ENV)
check: STATEMENT # TYPE-ENV => (BOOL # TYPE-ENV)

end
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equat

[3421

£343]

[3441

L3451

[3461

[3471

L3481

ts Booleans, PICO-types, PICO-abstract-syntax,
Tables

ions

type-of-exp

bles

dec : =-> DECLS
ser, ser1, ser?
-> STATEMENT

stat =
name :
int :
typ :
str :
x, x1

env, envl, env2 : -> TYPE-ENV
b, b1, b2, found

ions

check(abs-pico-program(dec, ser))
and(b1, b2)

<b1, envi>
<b2, env2>

check(abs-decls(abs~id(name), typ, dec), env)
check(dec, table(name, typ, env))
check(abs-empty-decls, env)

< true, env >

check(abs-series(stat, ser), env)
< and(bi, b2), env2 >
when <b1, envi>
<b2, env2>
check(abs~-empty-series, env)
= < true, env >

check(abs—-assign(abs-id(name), x), env)

< and(found, eq(typ, type-of-exp(x, env))), env >

when <found, typ> = lookup(name, env)

check(abs~if(x, ser1, ser2), env)

< and(eq(type-of-exp(x,env),integer-type), and(b1,b2)),

TABLE -> TYPE-ENV,
null-table -> null-type-env ]

ENTRY ~> PICO-~TYPE,
error-entry -> error—type 1

to PICO-types

EXP # TYPE-ENV => PICO-TYPE

—-> INTEGER
~> PICO-TYPE

= check(dec, null-type-env),
check(ser, env1)

check(stat, env),
check(ser, env1)
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env2 >
when <b1, envi> = check(ser1, env),
<b2, env2> = check(ser2, envtl)

check(abs-while(x, ser), env)
= < and(eq(type-of—-exp(x, env), integer-type), b),
envl >
when <b, env1> = check(ser, env)
type-of-exp(abs-plus(x1, x2), env)
= if(and(eq(type-of-exp(x1, env), integer-type),
eq(type-of-exp(x2, env), integer-type)),
integer-type,
error-type)

type—of-exp(abs—conc(x1, x2), env)
= jf(and(eq(type-of-exp(x1, env), string-type),
eq(type-of-exp(x2, env), string-type)),
string-type,
error—type)

type-of-exp(abs-integer-constant(int), env)
= integer-type ,
type-of-exp(abs-string-constant(str), env)
= string-type
type-of~exp(abs-var(abs-id(name)), env)
= if(found, typ, error-type)
when <found, typ> = lookup(name, env)

end PICO-static-type—checker
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6.5. Dynamic semantics

6.5.a. Global description

In this section the evaluation of PICO programs is defined. To a first approximation, the
evaluation of programs is defined by defining the evaluation of each kind of construct that may
appear in the abstract syntax tree. Evaluation is expressed as transformation on value-environments
which describe the values of the variables in the program. Value-environments are defined as
combinations of Tables and PICO-values. However, since programs need not terminate this would
make the evaluation function a partial function. Therefore, we introduce the notion of a program-
state and define program evaluation as a function from program-states to program-states. This
transformation of program-states can be described by a total function. The cases in which programs
do not terminate are covered by conditional equations: conditions appearing in the when-parts of
equations which describe the evaluation of a certain language construct enforce the evaluation of that
construct to be only defined if the evaluation of all of its components terminates.

6.5.b. Structure diagram

H
Booteans

Booleans Characters Booleans Integers Integers Strings PICO-types

Integers
Strings PiCO-atree-

environments

PICO-values

P1CO-abstract—syntax

Sequences

$trings

Booleans Integers

Strings

PI1CO-values

Booleans

Strings

Tables

PICO-evaluator
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6.5.c. Specification

module PICO-evaluator

begin
exports
begin
sorts PROGRAM-STATE
functions
program-state : PICO-PROGRAM -> PROGRAM-STATE
program—state : SERIES # VALUE-ENV ~> PROGRAM-STATE
program-state : STATEMENT # VALUE-ENV ~> PROGRAM~STATE
program-state : EXP # VALUE-ENV => PROGRAM-STATE
program-state : VALUE-ENV -> PROGRAM-STATE
eval : PROGRAM-STATE ~-> PROGRAM-STATE
eval—-decls : DECLS # VALUE-ENV -> VALUE-ENV
eval-exp : EXP # VALUE-ENV => PICO-VALUE
end .

imports Booleans, Integers, Strings, PICO-values, PICO-abstract-syntax,
Tables
{ renamed by
' [ TABLE -> VALUE-ENV,
null=-table => null-value-envl]
Entries bound by
L ENTRY -> PICO-VALUE,
eq ~> eq, .
error-entry -> error-valuel
to PICO-values
}
variables

dec : -> DECLS

ser, seri, ser2 : -> SERIES

stm ¢ —~> STATEMENT

name : —> STRING

int, inti, int2 : -> INTEGER

val, vali, val2 : -> PICO-VALUE

str, stri, str2 : -> STRING

X, X1, x2 = -> EXP

env, envl, env2 : -> VALUE-ENV

found = => BOOL

equations

[355]1 eval(program-state(abs-pico-program(dec, ser)))
= eval(program-state(ser, eval-decls(dec, null-value-env)))

[356]1 eval-decls(abs-decls(abs~id(name), integer-type, dec), env)

&
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[3571

L3581

[£3591

L3601

£3611

L3621

L3631

L3641

£3651

£3661

L3671

L3681

= eval-decls(dec, table(name, pico-value(0), env))
eval-decls(abs~decls(abs-id(name), string-type, dec), env)

= eval-decls(dec, table(name, pico-value(null=-string), env))
eval-decls(abs-empty-decls, env)

= eny

eval(program-state(abs-series(stm, ser), env))
= eval(program-state(ser, env1))
when eval(program-state(stm, env)) = program-state(envi)

eval(program-state(abs-empty-series, env))
= program-state(env)

eval(program-state(abs-assign(abs-id(name), x), env))
= program-state(table(name, eval-exp(x, env), env))

eval(program-state(abs-if(x, ser1, ser2), env))
= if(eq(eval-exp(x,env), pico-value(0)),
eval(program-state(ser2, env)),
eval(program-state(seri, env)))

eval(program-state(abs-while(x, ser), env))
= if(eq(eval-exp(x,env), pico-value(0)),
program-state(env),
eval(program-state(append-statement(ser, abs-while(x,ser)),
env)))

eval-exp(abs-plus(x1, x2), env)
= pico-value(add(int1,int2))
when pico-value(int1) = eval-exp(x1,env),
pico-value(int2) = eval-exp(x2,env)

eval-exp(abs-conc(x1, x2), env)
= pico-value(conc(stri, str2))
when pico-value(stri1) = eval=-exp(x1, env),
pico-value(str2) = eval-exp(x2, env)

eval-exp(abs-integer-constant(int), env)
= pico-value(int)

eval-exp(abs-string-constant(str), env)
= pico-value(str)

eval-exp(abs-var(abs-id(name)), env)
= val
when <found, val> = Lookup(name, env)

end PICO-evaluator
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6.6. The PICO system

6.6.a. Global description

In this final section we combine all previously defined modules to form a PICO system. The
top level function is run which converts, if this is possible, a string into a PICO-value. The following
steps are necessary:

1)  The input string is parsed and converted into an abstract syntax tree using parse-and-
construct as defined in PICO-parser.

2)  The types of the, syntactically correct, program are checked using check as defined in PICO-
static-type—checker.

3)  The, statically correct, program is evaluated using eval as defined in PICO-evaluator. If this
evaluation terminates it produces a value-environment. The result of evaluating the original
program is the final value of the variable output as extracted from this value-environment.

6.6.b. Structure diagram

Characters PICO-Llexical- P1CO-sbstract= | Booleans | I P1CO-types I P1C0O~abstract~
scanner syntax terainaig-of- syntax syntax

@ concrete=

Strings

Context-free=
parser

PICO-static~
typa—chacker

P1C0-parsar

I toolasng l Antegers | |str(nm l I PI1CO-valuss I

syntax

Tebles

PICO-ovaluntor

PICO~system

6.6.c. Specification

module PICO-system
begin
exports
begin
functions
run: STRING <> PICO-VALUE
end

&
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imports Strings, PICO-parser, PICO-static-type-checker, PICO~evaluator

functibns
runl: PICO-ATREE
run2: PICO-PROGRAM

variables
s : -> STRING
p : => PICO-ATREE

abs-prog: => PICO-PROGRAM

has-output: -> BOOL

\Y 2 => PICO-VALUE
env : => VALUE-ENV
equations

[3691 run(s)

[370]1 runi(error-pico—atree)
L3711 runi(p)

L3721 run2(abs-prog)

end PICO-system

=> PICO-VALUE
=-> PICO-VALUE

runl(parse-and-construct(s))

error-value

if(check(pico-program(p)),
run2(pico-program(p)),
error-value)

if(has-output, v, error-value)

when program—state(env) =
eval(program-state(abs—prog)),
<has-output, v> =
Llookup("output”, env)
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APPENDIX A.1. Dependency hierarchy of modules

Module

imports the modules

Atree-environments:
Atrees:
BNF-patterns:
Booleans:
Characters:
Context—-free—parser:

Integers:
PICO-BNF-patterns:
PiCO—abstract—-syntax:

PI1CO-atree-environments:

PiCO-atree—-operators:

Tables

Booleans, Integers, Strings, Tokens
Strings

Booleans, Integers

Atree-environments, BNF-patterns, Booleans,
Strings, Token-sequences

Booleans
BNF-patterns

Integers, PiCO-atree-environments, PICO~types,
Strings

Atree—environments '

Booleans, Integers

pPiCO~atree-operators—of-lexical-syntax:

© PICO~concrete-syntax:
PiCO0-evaluator:

PICO~Llex—-BiF-patterns:
PICO-lex-atree~environments:
PICO-lexical-character—scanner:
PICO-lexical-scanner:
PiCO-lexical-syntax:

Booleans
PICO-BNF-patterns, PICO-atree~environments

Booleans, Integers, PICO-abstract-syntax, PICO-
values, Strings, Tables

BMF-patterns

Atree-environments

Booleans, Characters, Strings, Token-sequences
Context—~free-parser

PICO-Llex-BNF-patterns, PICO-lex—atree-
environments, Token-sequences

PiCO-non-terminals—of-concrete~syntax:

PICO-non-terminals—of-lexical-syntax:

PiCO-parser:
PICO-static-type—~checker:
PICO-system:

PICO-types:
PiCO-~values:

Context—free-parser
Booleans, PICO—abstract—-syntax, PICO-types, Tables

PICO-evaluator, PICO-parser, PiCO-static-type-~
checker, Strings

Booleans

Booleans, Integers, Strings
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Sequences:
Strings:

Tables:
Token—-sequences:

Tokens:

Booleans
Sequences
Booleans, Strings

Sequences

Booleans, Strings




APPENDIX A.2. Declaration of sorts per module

Module

declares the sorts

Atree—environments:
Atrees:

BNF-patterns:

Booleans:

Characters:
Context-free-parser:
Integers:
PICO-BNF-patterns:

~ PICO-abstract-syntax:
PICO-~atree—~environments:

PiICO-atree—-operators:

ATREE, OPERATOR
NON-TERMINAL, PATTERHN
BOOL

CHAR

INTEGER

DECLS, EXP, ID, PICO-PROGRAM, SERIES, STATEMENT

PICO-OPERATOR

PICO-atree-operators—of-Lexical-syntax:

PICO-concrete~syntax:
PiC0O—-evaluator:
PICO-lex~BNF-patterns:

PiCO-lex-atree—-environments:

PICO~-lexical—-character—scanner:

PiCO-lexical-scanner:
PiCO~-lexical-syntax:

LEX-OPERATOR

PROGRAM~STATE

P1CO~non-terminals—of-concrete~syntax:

PICO-NON-TERMINAL

PICO~-non-terminals—of-lexical-syntax:

PICO-parser:
PiCO-static-type~checker:
P1CO-systen:

PICO-types:

PICO~values:

Sequences:

Strings:
Tables:
Token-sequences:

LEX~NON-TERMINAL

PICO-TYPE
PICO-VALUE
ITEM, SEQ

ENTRY, TABLE
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APPENDIX A.3. Declaration of functions per module

Module

declares the functions

Atree—-environments:

Atrees:

BNF~patterns:
Booleans:

Characters:

Context-free—-parser:

Integers:

PICO-BNF-patterns:
PICO-abstract-syntax:

PICO-atree—~environments:

PICO-atree-operators:

A

atree, eq, error-atree, integer—atree, lexical-
atree, null-atree, string-atree

+ , 1, lexical, n, null-pattern, t

and, false, if, not, or, true

char-0, char-1, char-2, char-3, char-4, char-5,
char-6, char-7, char-8, char-9, char-A, char-B,
char-C, char-D, char-gE, char-F, char~G, char-H,
char-I, char-J, char-K, char-L, char-M, char-N,
char-0, char-P, char-Q, char-R, char-S, char-T,
char-U, char-V, char-W, char-X, char-Y, char-Z,
char-a, char-b, char-bar, char-c, char-colon, char-
comma, char-d, char-e, char—equal, char-f, char-g,
char-h, char-ht, char~i, char-j, char-k, char-1,
char-lpar, char-m, char-minus, char-n, char-ni,
char-o, char-p, char-plus, char-point, char-q,
char-quote, char-r, char-rpar, char-s, char-semi,
char-slash, char-space, char-t, char-times, char-y,
char-v, char-w, char-x, char-y, char-z, eq, is~digit,
is=-letter, is-lower, is-upper, ord

build, parse, parse—pat, parse-rule, rule, scan

0, 1, 10, add, eq, greater, greatereq, less, lesseq,
mul, succ

abs-assign, abs-conc, abs—decls, abs—empty-decls,
abs~empty-series, abs-id, abs-if, abs-integer-
constant, abs-pico-program, abs-plus, abs-series,
abs-string-constant, abs-var, abs-while, append-
statement, decls, exp, id, pico-program, pico-type-
atree, series, statement

eq, op-assign, op-conc, op-decls, op-empty-decls,
op-empty-series, op-id, op-if, op~integer—constant,
op-integer-type, op-pico-program, op-plus, op-

- series, op-string-constant, op-string-type, op-var,

op-while, ord

PICO-atree-operators—of-lexical-syntax:
eq, op—-iex-item, op-lex~stream
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PICO-concrete-syntax:
P1CO-evaluator:
PICO-lex-BNF-patterns:
PICO-lex—atree-environments:
PICO-lexical~character-scanner:
PICO~-Lexical-scanner:
PICO-lexical~syntax:

build, rule

eval, eval-decls, eval-exp, program-state

char-scan, char-scan1, is-layout
lex—-scan

build, lex-item, lex-stream, rule

PICO-non-terminals-of-concrete-syntax:

assign, conc, decls, empty-decls, empty-series, exp,
id, id-type-list, if, integer-constant, non-empty-
series, pico-program, plus, series, stat, string-
constant, type, type-integer, type-string, var,
while

PICO-non-terminals-of-lexical-syntax:

PICO-parser:
PICOfstatic—typé-checker:
PICO-system:

PICO-types:

PICO-values:

Sequences:

Strings:

Tables:

Token-sequences:

Tokens:

any-char-but~quote, assign-or-colon, concat, digit,
digits, empty, empty-lexical-~stream, ident, ident-
char, ident-chars, integer-const, keyword-or-ident,

Llayout, letter, lexical—-item, lexical-stream,
literal, non-empty-digits, non-empty-ident-chars,
non-empty-lexical-stream, non-empty-string-tail,

optional-layout, quote, string-const, string-tail
parse—and-construct

check, type-of—-exp

run, runi, run2

eq, error—type, integer-type, string-type

eq, error-value, pico-value

conc, conv-to-seq, eq, null, seq

str-to-int

delete, eq, error-entry, lookup, null-table, table

eq, token




APPENDIX A.4. Modules in which each function is declared

Function is declared in module
0: Integers
1: Integers
10: Integers
+ 1 BNF-patterns

abs—~assign:
abs—-conc:
abs—decls:
abs—empty-decls:
abs-empty—-series:
abs—id:

abs-if:
abs-integer—-constant:
abs—-pico-program:
abs-~plus:
abs-series:
abs~string-constant:
abs~var:

abs-while:

add:

and:
any-char-but~quote:
append~statement:
assign:
assign-or-colon:
atree:

build:

char-0:
char-1:

char-2:

Atree~environments
BNF-patterns
PICO-abstract-syntax
PICO-abstract-syntax
PICO—-abstract-syntax
PICO-abstract—-syntax
P1CO-abstract-syntax
PICO-abstract—syntax
PICO—-abstract-syntax
PiCO0-abstract-syntax
PICO-abstract-syntax
PICO-abstract-syntax
PICO~abstract-syntax
P1C0-abstract-syntax
PICO~abstract-syntax
PICO-abstract-syntax
Integers

Booleans

PICO-non—terminals-of-lexical-syntax

PIC0-abstract-syntax

PICO—non—terminals-of-concrefe—syntax
PICO-non—terminals-of-lexical-syntax

Atrees

Context—free-parser,
lexical=-syntax

Characters
Characters
Characters

PICO-concrete-syntax,
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PICO-
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char-3:
char-4:
char=5:
char-6:
char-7:
char-8:
char-9:
char-A:
char-B:
char-C:
char-D:
char-E:
char-F:
char-6:
char-H:
char-I:
char-J:
char-K:
char-L:
char-m:
char-n:
char-0:
char-P:
char-Q:
char-R:
char-S:
char-T:
char-u:
char-V:
char-4:
char-X:
char-Y:
char-7:
char-a:
char-b:
char=bar:

Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters

Characters




char-c:
char-colon:
char-comma:
char-d:
char-e:
char-equal:
char-f:
char-g:
char—h:
char-ht:
char-i:
char-j:
char-k:
char-L:
char-ipar:
char-m:
char-minus:
char-n:
char-nti:
char-o:
char-p:
char-plus:
char-point:
char-q:
char-quote:
char=-r:
char-rpar:
char-s:
char—-scan:
char-scani:
char-semi:
char-slash:
char-space:
char-t:
char-times:

char=-u;
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Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
Characters
PICO-lexical-character-scanner
PiCO0-Lexical~character-scanner
Characters

Characters

Characters

Characters

Characters

Characters
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char-v:
char—-w:
char-x:
char-y:
char-z:
check:

conc:
concat:
conv-to-seq:

decls:

delete:
digit:
digits:
empty:
empty-decls:

empty-lexical-stream:

empty—series:
eq:

error-atree:
error-entry:
error—type:
error-value:
eval:
eval—-decls:
eval-exp:
exp:

false:
greater:
greatereq:
id:

id-type-list:
ident:
ident-char:

Characters

Characters

Characters

Characters

Characters

PICO-static-type-checker
PICO-non-terminals-of-concrete-syntax, Sequences
PICO-non-terminals-of-lexical-syntax

Sequences

PICO-abstract-syntax, PICO-non-terminals-of-

concrete-syntax

Tables
PICO-non-terminals-of-lexical-syntax
PICO-non-terminals-of-lexical-syntax
PICO-non-terminals—-of-lexical—syntax
PICO-non-terminals-of-concrete-syntax
PICO-non-terminals-of-lexical-syntax
PICO-non-terminals-of-concrete-syntax

Atrees, Characters, Integers, PICO-atree-operators,
PICO-atree-operators-of-lexical-syntax, PICO~-
types, PICO-values, Sequences, Tables, Tokens

Atrees

Tables
PICO-types
PICO~values
PICO-evaluator
PICO-evaluator
PICO-evaluator

PICO-abstract-syntax, PICO-non—terminals-of—-
concrete-syntax )

Booleans

Integers

Integers

PICO-abstract-syntax, PICO~-non-terminals-of-

concrete-syntax
PICO-non-terminals-of-concrete-syntax
PICO-non—terminals—of-lexical-syntax

PICO-non-terminals-of-lexical-syntax




ident~chars:
if: ‘
integer—~atree:
integer—-const:
integer-constant:
integer-type:
is~digit:
is-layout:
is~letter:
js-lower:
is~-upper:
keyword-or-ident:
Layout:

Lless:

lesseq:

letter:
Llex~1tem:
lex-scan:
lex-stream:
lexical:
lexical-atree:
texical~item:
lexical~stream:
Literal:
Lookup:

mul:

n:

non-empty-digits:

non—empty-ident—chars:
non—empty-lexical-stream:

non—empty-series:

non—-empty-string~tail:

not:
null:
null-atree:

null-pattern:
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PICO-non-~terminals—of-lexical-syntax
Booleans, PICO-non—terminals~of-concrete~syntax
Atrees
Pi1CO-non-terminals~of-lexical-syntax
PICO-non~terminals—-of-concrete-syntax
PICO-types

Characters
PICO-lexical-character-scanner
Characters

Characters

Characters
PICO-non-terminals-of-lexical-syntax
PICO-non—terminals-of-lexical-syntax
Integers

Integers
PICO~non—terminals-of-lexical-syntax
PiCO-lexical-syntax ’
PICO~lexical-scanner
PICO~lexical-syntax

BHF-patterns

Atrees
PiCO~non—-terminals-of-lexical-syntax
PICO-non~terminals~of-lexical-syntax
PICO~non-terminals—of-lexical~syntax
Tables

Integers

BNF-patterns
PiCO-non—terminals-of-lexical-syntax
PiCO~non-terminals—of~lexical-syntax
PiCO-non-terminals-of-lexical-syntax
PICO-non~terminals—of-concrete-syntax
PICO-non-terminals—of-lexical-syntax
Booleans

Sequences

Atrees

BMF-patterns
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null-table:
op-assign:
op-conc:
op-~decls:
op—empty—decls:
op-empty-series:
op—-id:

op-if:
op-integer—constant:
op-integer—-type:
op-lex-item:
op-lex—stream:
op-pico-program:
op-plus:

op—series:
op-string-constant:
op-string-type:
op~-var:

op-while:
optional-layouf:
or:

ord:

parse:
parse-and-construct:
parse-pat:
parse-rule:

pico-program:

pico-type-atree:
pico~value:
plus:
program-state:
quote:

rule:

run:

runi:

Tables

PICO-atree-operators
PICO-atree-operators
PICO~atree-operators
PICO-atree-operators
PICO-atree-operators
PICO-atree-operators
PICO-atree-operators
PICO-atree-operators
PICO-atree-operators
PICO-atree-operators-of-lexical-syntax
PICO-atree—operators-of-lexical-syntax
PICO-atree-operators
PICO-atree-operators
PiICO~atree-operators
Pi1CO-atree-operators
PICO~atree—-operators
PICO-atree-operators
PICO-atree-operators
PICO-non-terminals-of-lexical-syntax
Booleans

Characters, PICO-atree-operators
Context-free-parser

PICO-parser

Context-free-parser
Context-free—-parser

PICO-abstract-syntax, P1CO~-non-terminals—-of-

concrete-syntax

PI1C0-abstract-syntax

PICO-values
PICO-non~terminals-of-concrete-syntax
PICO-evaluator
PICO-non-terminals-of-lexical—syntax

Context-free-parser, PICO-concrete-syntax, PICO-
lexical=-syntax

PICO-system

PICO-system




run2:
scan:
seq:

series:

stat:
statement:
str-to-int:
string-atree:

string-const:

string—constant:

string-tail:
string-type:
succ:

t:

table:
token:

true:

type:

- type—integer:
type-of-exp:
type-string:
var:

while:

99

PICO-system
Context-free-parser
Sequences

PICO-abstract-syntax, PICO-non-terminals-of-
concrete—syntax

PICO-non-terminals-of-concrete-syntax
PICO-abstract-syntax

Strings

Atrees
PI1CO-non-terminals—of-lexical-syntax
PICO-non—terminals—of-concrete-syntax
PICO-non-terminals—of-lexical-syntax
PICO-types

Integers

BNF-patterns

Tables

Tokens

Booleans
PICO-non-terminals-of-concrete-syntax
PICO-non-terminals—of-concrete-syntax
PICO-static—-type-checker
PICO-non-terminals—-of-concrete-syntax
PICO~-non—terminals-of-concrete-syntax

PICO-non-terminals-of-concrete=syntax
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