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sFaTIal DISCRETIZATION OF HYFPERBOLIC
EQUATIONS WITH PERIODIC SOLUTIONS
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We investigate the Cauchy problem #or hyperbolic equations for which the
frequencies of the main Fourier components in the solution are tocated in &
given frequency interval. Difference formulas for the spatial derivatives are
constructed that are tuned to the gqiven intervals of frequencies. Numerical
examples illustrating these special discretizations are given both for linear
and nonlinear problems.
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1. Finite difference approximation

We consider the <cpace discretization by finite differences in partial
differential equations of the form

(1,1) Pusdt = AdW/Bx, + BBWDxy + 9, x:= (xy,x9)0e R

where & and B are symmetric matrices, and g is a vector function; A, B and g
may depend on (t,x,w. In particular we will study symmetric discretizations:
let the spatial mesh sizes and the discretization weights be denoted by

£

{1 {1
Qxl: axz: ej ¥ ] ‘]j

respectively, and define the shift operators
Ejf(x) = f(x+¢xj), i=1, 2,

then we approximate the spatial derivatives by the formulas

i 1 - -
1 (1 pti _ priyqet! + gol
3/9%y ~ Dy ¢ e$12¢edd - Ephaest ¢ E3H
o xp v Dy 1T g afe sE B RU TRV T R
' : kK k - : ’
1 (1 pti - poiyet! + g7)
3/Bxy ~ Dy : (D p3i - gxdey! + E7H
2~ P2 17 grz 1ke 1 M2 2 1

]

The discretization weights determine the accuracy of these difference
formulas. In the foliowing the summation indices j and 1 are assumed to range
from 1 until K and from @ until ¥, respectively.

The difference operators (1.2} can be exprecssed as
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k . .
X (Ax D/D%y,8%92/8%9)B/Bxy, Kqlu,v):= zj§1a§1’,51233123 cosh(1v)
(1.3) .

k . .
Dy = KolaxyB/9xy,AXy2/B%)D/B%y, Xplu,v):= 2j§1q§1’ 51":‘3”’ cosh(1lu)

We will alwavs assume that

X0€8,8) = 1 + 0€a2x), X,08,0) = 1 + 0¢aZx), ax:= max{ax;,axy},

or, equivalently,
k. (D 2 kK . (D 2
{1.4) Z] ig; = 172 + B{a‘xd, ,Zl in; = 172 + B{a*x).
i, i,

These conditions ensure that the difference formulas are second order accurate.

2. The truncation error

Let Wit,x? be a function satisfving the equation

L{W):= BK/2t - AD4M — BD,M — g = B
(z.1)
X e R¢:={x: q= (ijl,lez), j,l=8,21,%2,...}

Here, A, B and g are evaluated at <(t,x,W),

Suppose that it is known that the sclution of $1.1) is approximately of the
form

R
(2.2) wg:= T wg™l (1) expCif M 0, #0070, 65PN T,

then, in order to expleit this extra information, we proceed as follows:

{i» The discretization weights are determined in such a
way that the function <(2.2) satisfies (2,12 with the
lowest possible error.

«ii) The equation (2.1} is solved by a high order ODE
integrator.

The resulting numerical solution method possesses 3 small truncation error
provided that the exact solution is dominated by the function (2.2).
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The requirement <¢i) leads us to consider the truncation error Teft when
{2.2) is substituted into (2.1), i.e. the guantity

R ;gir)
Liug) = Dw/Bt - i 3, [AC, x,ug)85"? + BUt,x,ugdB5r qufrlelf 7 ox

{2.3)
- alt,x,ug), x g R,
where
(2.4) is{r2 £{r) g cie{Max;, 165 axp),  i=1,2.
are the eigenvalues of the difference operators defined in (1.2). Since (2.2)

is supposed to be dominating in the solution of ¢1.1), we may write

(r)gif ) .x

R
2.5 9(t,x,up) w Dug/Bt - 1 T LACE, %, ug FST) + BCt, x,ug)F57) Jug
=

so that, on substitution into (2.3), we obtain the approximation

R sglrd
Liug) ~ i Z, 3P0, x, up) wgledf X

(2.6)
2970 (b, x,ug) 1= CACE, x,ugd (F{"7-6{"") + B(t,x,ug) (£577-65F121

Using (2.4} we may write

(2.7) 362 #{P2aw n + €5 b e,
pird;= (g, Bp) = (fi”}Axl,fér)sz)
{2.8) a(ud:= 1 - XgQipy,iny) »
biu):= 1 - Xp0ipg,ing)
showing that the +truncation error can be reduced in magnitude by minimizing

the functions a and b over the region
Alternatively, it the dominant

accuracy, one may choose the zeros

these dominant frequencies.
e shall investigate

frequency vectors are arbitrary,

waves where the frequency vectors are

&

the general case of
and the

of dominant frequencies.
frequencies are Known with sufficient
of a and b at the points corresponding to

two-dimensional waves where the
special case of one-dimensional

all in the same direction.




3. Two-dimensional waves

3.1 Four-peint tine discretizations

Let
k= 2, e}”=n§”=a for 1 % 8,
then the coefficient a in ¢2.72 assumes the form
(3.1) alpw) = 3lpyd:i=1 - 2 fiﬂé?ll [ey + 2&qc0s5(py21,

where the index 1 in +the discretization weights is omitted. A similar
expression can be derived for the coefficient b.
Suppose that the dominant fregquencies are located in the frequency interval

£ & €117 ¢ Fy,

then we want to minimize the function Jalz)! in the interwval

gl:=11.ﬁxl '5 Z < Tlﬁxl =1 4 s

14 &<{z) would be a polynomial {and since 3{z) is even it would be a polynomial
in z2 3, then the minimax problem indicated above is solved by identifring
a{z) with the shifted Chebyshev polynomial

2 =2 2
2z* - My — My
Sh.{z):= €T » ¢ constant.
2q q ( ﬁ'i’ - E% )

This suagests the identification of the zeros of 3¢z) with those of such a
polvnomial. Since there are only two free parameters available in (3.17, we
set g=2 to obtain the two {(double) zeros

(3.22)  z,:= ax,id(¥2 + £ 3 \27? - D12,

and we determine the free discretization weights by requiring

{3.2b) alz,) =8, afz)) =86,

These equations are solved by




s z

sintz,¥  Sin{z_) ‘= Zy
4Lcos{(z,) - cns(z_)]_' 1 2sin{z )

(2.3 ¢y =

~ 2Eqc05(Z,.).

We remark that the case of line discretizations using more than four points
can be treated in the same way. Furthermore, in the special case where we Know
that the solution is dominated by two frequencies, suppose given by the end

points of the frequency interval mentioned above, then we should choose in
(2.30:

Z, = ilﬁxl, Z_ = fléxl-

We <shall derive approximations to the discretization weights and the
coefficient a for small wvalues of the mesh parameter. A straightforward
calculation yields »

(3.4 by = 1712 - (F + §Dalxys68 + 0tatxyd, gy = 172 - 265 ¢ 0catxy).

These expressions are easily wverified to satisfy the order condition ¢1.4).
Since the 1limiting values of the discretization weights correspond to the
conventional fourth-order discretization, it can easily be shown that (3.3}
alse defines a fourth-order discretization of the spatial derivatives {(cf.
Theorem 3.1 belowl.

Next we consider the order of the extreme value of the coefficient a in the
interval of dominant frequencies. By virtue of (3.4 we find

{3.3) max _lafz)i

A = B - Bz,
Lyy, Hp3 1 1 *

sin{zy) sin{iy ) sin{2z,)  sin(2§y)
2e3( =5 - )+ e )

1 1
3 Faln Dy - — gtz 1328y + 0eabxp)

i -
— 2 _ g 2,2,4 13
748 (Tl ii }°A 11 + 04{a Xl)-




Thus, we arrive at the following result:

Theorem 3.1, Let

{r) ¢ir 3 3
F377,6377) & LE4, 710 # [f,.65],

and let the discretization weights be defined by (3.3). Then the truncation
error corresponding to €2.2) is given by

i R
(3.6) Lw = —— 7 Lo, #{72a% R + oy f 57 0a%%,B1 wiexpif 2.0 + 0afx),

where the order constants satisfy the inequalities

10
[ SN
|
]
P
-

N

le l € 63 - FH2Z . eyl € ¢

In the conventional case that arises for

(3.7) 7, =z_ =8 =) &y = 2/3, &y = -1/12,

a similar theorem holds, however the order constants now satisfy the
inequalities

(3.8) legt & 8F %, lepl ¢ 87,4,

showing the considerable gain factor when the discretization ¢3.3) is used.

Example 3.1. Suppose that the exact solution consists of R Fourier components
with fregquencies

f§r) = rf N » j = 1, 2; I‘ 1] 283 Rl

j

Putting

£5 = f5.  F; = Ry,

#

the order constants in (3.8) satisfy
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legt < (RZ - D264, 1oyl < RZ - D2,

whereas in the conventional case (3.7), we deduce from (3.8 the inequaltlities

leg1 < 8RY64, 1oyl < 8R4

These inequalities indicate that

2 - 12
Trunc. error (3.3} = ———EE;——— trunc. error (3.7).

This relation shows that the gain factor varies from 14 for R=2 to 8 for R
large.

Example 3.2, If the mesh sizes are not emall then Theorem 3.1 does not apply
and we have to consider the function a{z) defined by (3.1 itsel$ and not its
asymptotic expansion (3.5). 1In Table 3.1 we list the maximum value of lal(z}!
in a number of intervals [O,pll for the discretizations (3.3) and {3.7):

Table 3.1. Maximum values of the coefficient function alz

[0,&,] (3.10&(3.7) (3.12&(3.3) (3.50&(3.30
[0,.11 0000033 .00000042 .00000042
[0,.21 .000053 .0000047 0000067
[g,.3l 00027 000034 .000034
[0,.4] .00084 00011 00011
£o,.5] 0020 00027 00024
[0,.61 .0041 00057 .000534
[0,.7] L0075 L0011 L0010
[o,.8l .013 L0019 .0017
[g,.7] 020 .0030 0027
[0,1.0] .030 .0048 .0042

These figures show that the approximation (3.5) is rather accurate also for
larger mesh sizes,

3.2. Other discretizations

One may wonder whether it is advantageous to use all direct neighbours of a
particular grid point in the definition of the difference operators (1.23,
rather then extending the discretization molecule in one direction as we did
in the preceding subsection. We shall show that this is not the case.

Let k=1 in ¢1.2), then the coefficient a in the truncation error of the
corresponding six-point discretization is given by




sinCuy) sin{py)
3.9 atw = 1 - 2f® G g D ——;Ifl— cos iy,

For sufficiently small {frequency intervals this function is monotonic in the
region

M= [_}_lls.ﬁzl * [E_t:ﬁz]t

so that its extreme wvalue on this region is assumed at one of the corner
points. From this it follows that the extreme value of a is minimized if

alug,H9) = —alfg, M), alMy, k) = -alpy,iy),
Hi,Hy 1+ Mg Hy s Hy 11 Hg

which results into the discretization weights

(8) _ Siﬂ(gll sin(ﬁl) -1 {13 -
(3.18) &y =Lt 1 & a.
Thus, the optimal six-point dicretization is in fact a two-point

discretization, so that, apparently, there is no advantage in using ‘non-line”
molecules.
The maximal value of a in the region M satisfies

[51:;H1) _ sxn(gl)]/[51n(u1) R s:n(glll

{3.11> nﬁx jaduri ¥y my Wy

= (F32 - £, a2x; 11+ (F;2 + §,25a%,/3081/12 + 0¢abxy),

whereas the conventional two-point dicretization vields

sin{iy)
(3.12)  max latwi = 1 - —eﬁi—l— = Ty 2a2xy01 - F,2%x,/20076 + 0¢abx)).




4, One-dimensional waves

Suppose that the one-dimensional sclution components in (2.2) represent
waves all traveling in the same direction in the x-plane, i.e.

4.1 f§P}= cfi'}, ¢ = constant, r=1, ... ,R.

Then, by choosing

(4.2)  axp= axgre, niPl= {12

it follows from ¢2.8) that

kK k s

4.3 atud = biw) = Bmpde= 1 - 27z efl) SInUIMY) oho01mp),
J=1 1i=8 3 Hl

=0 that, in (2.4

(4.4) #r)= aepirhrsita « 5081,

Thus, there is only one function that neede to be minimized on an interval of
frequencies. A related minimax problem was considered in [6]; according to the
analysis aqiven there it can be shown that not all parameters in £4.3) are
independent, free parameters. In fact, there are only 2K degrees of freedom.
We shall now consider a few special cases.

First we consider the four-point line discretization molecule of Section
3.1. It is easily wverified that <4.3) is identical to ¢3.1) sc that the
optimal discretization is also given by (3.3},

Secondly, consider the general k=1 dformula, leading to six-point

discretizations of the derivatives. The corresponding coefficient function a
is given by

- sin{uyd
4.5 atny) = 1 - 2 ——ﬁz—l— £ef® + ef{coscu1.
Writing

ef®= ¢, efP2= 2e,

we see that this function is identical to 13.17, so that, again, all
considerations of Section 3.1 apply.

Finally, we consider the 1é-point molecules which arise for

&

k=2, &)= 8,

The function a now assumes the form




10

sin{py)
1 -2 __H_i_l_ [;,-_1 + gzcos(ﬂl} + ascusziﬂl)]

4.6) :
B | 2, g 2§ 4 efD, egim 20§D 4 {2

chowing that <anly) three degrees of freedom are available for minimizing a.
Proceeding as in Section 3.1, this minimax problem can approximately be solved
by identifying the zeros of & with those of a shifted Chebyshev polynomial.
For details we refer to [&] where a similar minimax problem is discussed.
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5. Numerical experiments

We confine our experiments to the integration of a scalar, one-dimensional
equation of the form '

{(35.1) BusBt = ACt,x,wlBwax + olt,x,uw), B Lt T, B¢ x¢2n

with periodic boundary conditions. The functions A& and g, the endpoint T, and
the initial condition are specitied in the tables of results.

The spatial derivative is approximated by ¢(1.3) and {3.32: the zeros of the
coefficient Function avz) will egual the two frequencies we want to eliminate.
These freguencies are alsc be specified in the tables of results. By using the
fourth-order standard Runge-Kutta method with a relatively small step for the
time integration we achieve that the space error is dominating. Choosing

{(3.32) ax = 2mat,

the time discretization error was insignificant in all experiments presented
here. :

The accuracy obtained is measured by

{3.4) ed{at,T):= ~log{maximal absolute error at t=T),

i.e., by the minimal number of correct digite at the endpoint. In order to
interpret the warious results we observe that

A constant cds2
{35.3) computational effort = ~——z§;~— ~ constant.18 as at -> 8.

By means of this relation we can predict the computational effort
corresponding to given numbers of correct digits.

In the following subsections we describe experiments with and without Known
solution.

5.1. Problems with Known solutions

The problem specified in Table 5.1 has the exact solution

{5.6) w = sin{t+x) + cos{ttx)’2,

and may be considered as a linear model problem; it is of the form (2.2
with R=2Z _and with <frequencies 1 and 2. By eliminating both frequencies from
the truncation error f{case (1,272, we obtain an accuracy of more than four
correct digits, whereas the conventional method {(case (0,02) produces less

than a half correct digit. By eliminating only one frequency the accuracy is
hardiy better than in the conventional case.
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Table 5.1. A=1, g=0, w=sin{xd+cos{2x). 2
Eliminated frequencies (0,00 (1,1 1,2 (2,2
Correct digits: cd{1-10,5) 0.435 0.67 4,14 0.47

Table 5.2. A=1, o=0, w=sinix)+cosi{Zx3/2+sin{3x3/30
Eliminated frequencies (0,00 1,2y (1,3 (2,3
Correct digits:cd{1/10,5) .45 1.17 0.27 -0.0%
Correct digits:cd{i/17,5 1.19 1.93

Mow we add a third Fourier component to the solution ¢5.63:

{5.7) w = sin{tex) + cos{t+x)/2 + sin{3t+3Ix)-38.

This function represents the exact solution of the problem defined in Table
3.2. The elimination of the frequencies 1 and 2 has now considerably less
effect than in the preceding case, because the truncation error contains a
Fourier component with frequency 3. However we still save a lot of computation
time. To <see this we applied the conventional method with a smaller time step
in order to get the same accuracy as the elimination method with step 1/10.
The step 1/17 yielded the desired accuracy, but requiring almost three times
as much computation time {(we note that the asymptotic relation (5.5) predicts
the optimistic factor 2.34 because the step is relatively large).

The Tables 5.3 and 5.4 give two further exampies. The exact solutlons of
these problems are respectively

{3.8) sin{sin{f+x}),
{3.9) tan{sin{t+x)).

In both cases we have a Fourier expansion with more than two components.,
Apparently, the first three components are dominating as can be concluded from
these tables {(we remark that by eliminating the first and third frequency the
second frequency is strongly damped, cf. Theorem 3.1).

Table 3.3. &=1, g=0, w=sin{sin{x2)

Eliminated frequencies 0,00 <1,1) (1,2 <1,
Correct digits: cd{1/10,5) 1.07  1.12 1.13 3.%%9

Eliminated frequencies (0,00 (1,1 (1,2 (1,3
Correct digits: cd(1/10,5) 0.461 0.53 0.33 2.50
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Sofar we only considered linear problems. In Table 5.5 results for a
nonlinear mode problem are presented of which the exact solution is given
by (5.63. We wused this nonlinear model to illustrate the sensitivity of the
method to deviations in estimating the freguency of the solution. The results
show that the method is rather sensitive indeed: a 5¥ deviation from the true
frequency causes a loss of accuracy of almost 3 digits, This is reminiscent to
a cimilar phenomenon displaved by the Gautschi modification of linear
multistep methodse and by the exponential fitting techniques, introduced by
Liniger and Willoughby [8], +or integrating ODEs with periodic solutions of
known frequency [4,91; here too, an accurate estimate of the frequency is
crucial. Nevertheless, when compared with the conventional method (the case
£0,03), the elimination method is considerably more efficient, even when the
estimated <frequency is 104 incorrect. Moréover, the above results concern a
nontinear problem showing that the discretization (3.3) is of value in
nonlinear problems too,

Table 3.5, A=w¥w, g=(l-wsw)lcosit+xd-sini{2t+2x21],
w=sinix)+cosi2x2/2

Eliminated fregquencies (0,02 f1.1,2.2} (1.05,2.1) {1.2)

Correct digits: cd{1/8,1) .78 1.57 1.87 4,564

In the next egperiment we show the sensitivity of the method to the
presence of a third Fourier component in the solution. The exact solution of
the problem specified in Table 5.4 j= given by {cf. {5,701

{5.18) w= sin{t+x) + cos{2t+2x37/2 *+ ¢ s5in{3t+3x).

AS  we shogld expegt, the conventional method hardly notices the introduction
of the third Fourier component, whereas the efficiency of the elimination
method decreases rapidly.

Table 5.6. A=w¥uw, g=(1~w*w?[coa(t+z)-5in(2t+2x)+ccosi3i+3x}].
w=sin{x)+cos{2x3/2+ccos{3x)/3 ‘

Eliminated frequencies 0,0 1,2
=0, cd(1/8,1) .76 4.56
c=1/1000, cd{i/8,1> b 3.10
c=1/100, cd{i/8,1) .79 2.10
c=1/10, cdi{1/8,1) .49 1.09

Finally, we consider the nonlinear i i i

) ' . : problem given in Table 5.7 of which the
exact ‘solutton is defined by {5.8), A comparison with the results obtained for
the Ixnear' Qrob!em of Table 5.3 possessing the same exact solution, indicates
that the elimtnatton method is more effective for linear problems.,
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Table 5.7. A=w*w, g=(l-w*w)cosi{sinit+x))cosit+x),
w=sini{sin{x)?

Eliminated freguencies (0,0 (1,13

Correct digits: cd{1/10,53) 1.38 1.61 1.71 3.30

3.2. Problems without Known solution

We start with a simple linear problem (cee Table 5.8) of which the
approximate solution <{obtained by numerical integration with a relatively
small integration step) is qiven by

wiB) = -wlm) = 1.38116844

wins/4) = -w(Gn/4) 1.89712646
(3.1 y(s2) = -w(3ns2) 1.38177352

widns4) = -w(7n/4) = 8.85699639

(]
i

]
i

The results in Table 3.8 indicate that this solution is mainly determined by
the first two Fourier components,

Table 5.8. A=1, g=sinix}, w=sinix)
Eliminated frequencies 0,m (0,1 10,27 (1,22
Correct digits: cd{1/8,1) 1.76 4,45 1.13 5.598

Finally, we consider the nonlinear problem in Table 5.9 whose exact
solution is approximately given by

w(B) = 84211776, wim) =  -.B84178511
wns4) = .97632179, w(Sns4) = -.97711769
(5.12)  was2) = ,54885851, w(3ns2) = -.54014878
w3ns4)= -.21271215, wi7n/4) = .21228369

The results show that this solution mainly consists of one Fourier component.

Table 5.%9. A=w, g=cos{x+tl~sin{2¢t+x1)/2+sin{3{(t+x)32/1000
Eliminated +reguencies (0,0} (1,17 (1,20 1,3
Correct digits: cd{1/8,1> 2.11 3.30 3.29 3.21
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6. Concluding remarké

The experiments in the preceding section with the four-point 1line
dicretization (3.3} clearly show that a considerable saving of computing time
can be obtained provided that the sclution consists of only a few dominating
Fourier components with kKnown frequency. The increased efficiency is
particularly apparent in linear problems, but is still substantial in
nonlinear problems. ‘

Since the discretization (3.3 is one-dimensional, it can be used in
problems with an arbitrary number of spatial dimensions (this is also true tor
the discretization (3.9), but not in the case of the two-dimensional
discretizations based on {4.3) and {(4.62).

For the sake of completeness we remark that in the case of periodic
behaviour in time it 1is also possible to improve the accuracy by emploring
special time discretizations. For second-order ODEs this has been studied in,
e.g, [11, 121, ([31, 1[41, 1[33, [?7] and [103, and can be used for the time
integration of szemidiscrete, second-order hyperbolic problems with periodic
splutions. Similar techniques can be wused #for the time integration of
semidiscrete, first-order hyperbolic problems of the form (2.1) (cf. [7]).
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