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1. INTRODUCTION
Consider the stiff system of ordinary differential equations

U@ = fEU@), 0<t<T, UQ = u, (L1
with f:RXR™ — R™ satisfying the one-sided Lipschitz condition (with one-sided Lipschitz constant
»)

<f@u)—f@u,u—u> <vlu—ul?, VteR, Vi, u cR", 1.2

for the inner product <-,-> in R™ (|| being the related norm). For the numerical integration of
(1.1) we consider the Runge-Kutta method given by

] .
Upr1 = Uy + 72 bif(tn+ci7,y§n)), (13)
i=1

5
W = uy + 13 ayf (tatemy™), i = 1(Ds,
j=1
where 7 is the stepsize ¢, +; —, and u, approximates the exact solution U(¢) of (1.1) at ¢t = ¢,.

For a long time the interesting phenomenon of stiffness has been related solely to the stability of
the Runge-Kutta method. However, it is now known that stiffness has a significant impact on the
accuracy as well. Even if the solution U is smooth (no layers) and the scheme (1.3) is stable, the accu-
racy of the approximation is often worse than expected when the order of consistency of (1.3) is taken
into account. This fundamental point was perceived first by PROTHERO & ROBINSON [15] in their
analysis of the scalar test-equation U(r) = AU(f) + g(#)—Ag(f). FRANK, SCHNEID & UEBERHUBER
[7,8,9] extended the ideas of Prothero and Robinson to the general nonlinear problem (1.1) in the B-

Report NM-R8517
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands




2

convergence theory.
Let 7 be constant, y = N7 = T and ey = U(ty)—uy, that is, the global error at + = T. The main
object of the B-convergence theory is the derivation of bounds for ¢y of the form

[EN] = CTP, V1 e (O’.ﬂ7 (1'4)

where the stepsize bound 7 is a constant determined only by » and C is a constant determined only
by »,T and by bounds for certain derivatives d’ U(¢)/dt'. Hence no other quantities, which might be
disproportionately large due to stiffness (e.g., the (two-sided) Lipschitz constant), are allowed to be
present in the bound (optimal B-convergence). Such bounds are often in better accord with the true
error behaviour ([7,9,18] [6], § 7.5) than the classical error bounds.

We are now ready to discuss the main goal of our paper. Let #,+; be the Runge-Kutta result from
the transition U(t,) — 4, +; and J, 4, = U(t,+1)— Uy, +1.the local truncation error. In their analysis
FraNk, ScHNEID & UEBERHUBER [7,8,9] essentially bound this local error, as in (1.4) but with p
replaced by p + 1 (B-consistency), which is then transferred to (1.4) by stability arguments (see e.g. [6],
Ch.7 for the useful notion of C-stability). For many of the implicit schemes they are thus able to
prove optimal B-convergence of order p = p, where p is the minimal order of all stages in (1.3) (the
stage order). It is known, however, that the approach of first bounding all local errors and then
adding via the stability argument not necessarily leads to the best possible result [6,8]. An example is
provided by the implicit midpoint rule for which p = p+1 = 2. This was proved by KRAAJEVANGER
[13] and earlier, but in a more complicated way, by STETTER [17]. We have strong numerical evidence
(6], § 7.5 and [18]) that for many other interesting schemes p = p +1 uniformly on the problem class
(1.1)~(1.2). In this paper we analyse this discrepancy between the local and global order reduction for
stiff problems of the semi-linear form

U@ = QU(t)+g(, U)), (1.5)
where the constant m Xm matrix Q and the vector function g:R XR™ — R™ satisfy

<Quu> < Blul?>, Vu € R™, (1.6a)

lgt,u)—gtu)| < alu—ul, Vuu e R” andreR (1.6b)

thus tacitly assuming that the stiffness is contained in the constant coefficient linear part of the prob-
lem.

For various A-stable methods we prove that for this semi- linear problem we have p = p+1. One
of the outcomes of our investigations is that there are Runge-Kutta methods with p = s +1, whereas
it is known that for the Gauss methods with s = 2 we only have p=s (see [5]).

2. RECURSION SCHEMES FOR THE GLOBAL ERROR

In order to write the Runge-Kutta scheme (1.3) in a more compact way we introduce some notation.
The sXs and m Xm-identity matrices will be denoted by I;,I,,, respectively, or, if no confusion can
arise, simply by I. The vector e stands for the vector in R® with all components equal to one. Further
we put A = A®I,, b7 = bT®I,, e = e®I,, I = I,®I, where 4 is the sXs-matrix with entries
a;, bT = (by,b,..., )T, and ® is the Kronecker product. On the space R we shall deal with the
norm |yl = (Zi=y 1y 1H)V2 for y = (y1, y2,er ¥5)' ER™, || being the inner-product norm on R™.
Also the corresponding operator norms on L(R™) and L(R*™ (spaces of linear operators) will be
denoted by |-, |I-ll, respectively.

For a given stepsize 7 > 0 and f:RXR"” — R™ we define the function F:R XR*" — R*" by

F(t,)’) = (f(t +Cl"',}’l), f(t +C'2’Ta)"2)a---, f(t +csT,)’s))T
for teR and y = (y,y2,..., y5)’ €R*™.




With these notations the Runge-Kutta scheme (1.3) can be written as
Up+1 = Uy +TbTF(tmyn)’ (2.1a)

Yn = eu, +TAF(t,,y,), (2.1b)

where y, = ) y,... Yy € R™.
Let ¥, = (Y{),Y,..., YT € R™, Y™ = U(t,+cr) with U the solution of (1.1). Following [9]
we define the residual errors p, eR™ and r, = (H{,/{,..., )T € R* such that

U(tn-i-l) = U(tn) + TbTF(tm Yn)+pm (223)
Y, = eU@,)+7AF(t,,Y,)+r, (2.2b)

In the next sections we shall use the following order conditions on the Runge-Kutta method,

B(p): bTci ! = % a<j<p),

Clg): Aci ! = %cj a<j<q),

with ¢/ = (¢{,¢f,..., ¢/)T € R®. For a given g € N we define the vector k = (k;,k3,..., k)T € R®
by

_ 1.1
k= q!(q+1

It —Ace?). (2.3)

From (2.2) it easily follows by a Taylor series expansion that these order conditions B(p), C(g) are
equivalent to saying that

—ptt Lo 1 Toype+n 2
oo = TNy b HO ) (rl0)
A = At LUV, + 0 ) (1)0),

where in the order terms only higher derivatives of U are involved (see also [9]). We note that the
stage order of the Runge-Kutta method equals g iff both B(g) and C(g) hold.

Subtraction of (2.1) from (2.2) yields the following recursion scheme for the errors €, = U(f,)—u,
and 8, = (61, 8{,..., 8T = Y, —y,,

€@+l = € T bTZn6n+pm (2.42)

8, = ee, +AZ,8,+r, (2.4b)
where Z, € L(R™) is the block diagonal matrix with blocks Z{" e L(R™) on the diagonal, defined
by

1
Z = 1f frtatamyd+OYP —yNdo (1<i<s),
0

with f'(z,u) the Jacobian matrix -éa;f(t,u) (teR,ucR™).
Assuming I—AZ, to be regular we obtain from (2.4) the recursion
€ +1 = [[+DTZ,(I—AZ,) ' ele, +bZ,(A—AZ,)"'r, +p,. 2.5)

Besides this recursion we also use a perturbed version. For given vectors v,eR™, w,eR"™ we
define

A

€ = ¢+, 8, =8, +A—AZ) 'w,. (2.6)

Inserting this into (2.4) we arrive at




6 +1 = [I+bTZ,(A—AZ,) 'efe, +b'Z,A—AZ,) "7, +p,, 2.7
where

Pn = PntVnt1 =Yy —b Z,(I—AZ,) W, (2.82)

Py = ry—ev,+w,. (2.8b)

In the proof of our convergence result we shall sometimes use (2.7) instead of (2.5). This generalizes
an idea uscd by KRAAUEVANGER [13], who considered (2.7) with w, = 0 in his study on the implicit
midpoint rule.

3. B-CONVERGENCE FOR SEMI-LINEAR PROBLEMS

3.1. The convergence results

In this section we present some convergence results for the semi-linear problem (1.5) satisfying (1.6)

with given constants a,8 € R. We assume that the function g is continuously differentiable. If the

order condition C(q) holds we shall tacitly assume that the solution U of (1.5) is g +2 times continu-

ously differentiable. The formulas given in section 2 can be applied with f(f,u) = Qu +g(t,u)

(1eR,ucR™). This function satisfies the one-sided Lipschitz condition (1.2) with constant r = a-+8.
The stability function of the Runge-Kutta method (1.3) will be denoted by R,

R(z) = 1+bTz(I—4z) 'e (z€C).

- In order for the method to be stable uniformly on the class of (nonlinear) problems (1.5) satisfying
(1.6) we do not need B-stability. It will be assumed that the method is 4-stable,

[R@)I <1 forall zeC™ = {{ eC:Re{ <0}
Similarly we shall not need the BSI- and BS-stability concepts of FRANK, SCHNEID and UEBERHUBER
[8], but only their linear, scalar counterparts.

DEerINITION 3.1. The Runge-Kutta method (1.3) is called ASI-stable if the matrix I —Az is regular for
allz € €, and (I —Az)~! is uniformly bounded for z € C™.

DerINITION 3.2. The Runge-Kutta method (1.3) is said to be AS-stable if I —Az is regular for all
z € €7, and bTz(I —Az)™! is uniformly bounded for z € C~.

We note that the concept of AS-stability has been introduced by CROUZEIX and RAVIART [4]; they
called a method A-stable if it is 4-stable and 4S-stable.
Let ¢ €N be such that the order condition C(g) holds, and let the vector k €R* be defined by
(2.3). Defining the rational function ¥ by
Wz) = [bTI —Az) le] ' [BT(I —4z) k] (z€C) 3.0

we state the following result.
THEOREM 3.3. Let a,B € R be given. Assume the Runge-Kutta method (1.3) is A-stable, AS-stable and

ASI-stable. Then we have for the class of problems (1.5) satisfying (1.6) the (optimal) B-convergence
result

ley]l < C7¥ (0<r<7)

with order




@ p=q if B(@.C), _
() p=q+1 if B(q+1),C(q) and y is uniformly bounded on C~ .

In this theorem the constant 7 only depends on a,8 and the coefficients of the method, and C only
depends on a,8, T, the coefficients of the method and bounds for the derivatives of U.

For a large class of methods (Gauss, Radau IA and IIA) the result of part (a) has already been
proved in [9], even for the more general problems (1.1) which satisfy (1.2). Since most A-stable
methods which are used in practice are 4SI- and 4S-stable as well (see sect.4), part(a) is applicable to
a larger class of methods than those considered in [9].

Part(b) of the theorem shows that the global order of a method can be higher than its stage order
(which equals g if B(g +1) and C(g) hold). This result has been proved for the implicit midpoint rule
in [13],[17] (for the problems (1.1) satisfying (1.2)). A surprising corollary of part(b) is that for s=>2
there are s-stage methods with a higher global order than the s-stage Gauss method. For instance, for
the Radau ITA methods we have p =s +1 (see section 4), whereas it has been shown in [5] that the
global order for the Gauss methods on the semi-linear problems is only p =s.

The conditions on the methods we imposed in theorem 3.3 will be analyzed in section 4.

3.2. The proof of theorem 3.3.
For proving theorem 3.3 we shall first derive some technical results, and then proceed with the actual
proof.

If ¢:C — C is a rational function and Z € L(R™), the operator ¢(Z) € L(R™) is defined by
#(Z) = [$1(D)]" ' $:(2) (provided ¢,(Z) is regular) where ¢;,4, are polynomials without common
factors such that ¢(z) = ¢,(z) '¢,(z) (whenever zeC ,¢(z) is defined). If ¢;(Z) is regular we shall
say that ¢(Z) exists.

A proof of the following result, essentially due to J. von Neumann, can be found in [10].

LEmMMA 34. Let @ € R and let ¢ be a rational function without poles in {zeC: Re z < w}. Suppose
Z € LR™), <u,Zu> < wlul? (for all ueR™). Then ¢(Z) exists and

IH(Z)| < sup{|$(z)|:z € C, Re z < w)}.

In the rest of this section we shall write Z for 7Q, Z = I,®Z and Z, will be as in section 2. All
constants 7;,y; appearing further on will only depend on a,8 and the coefficients of method (1.3), and
the constants C; will only depend on «,B,7, the coefficients of the method and bounds for the deriva-
tives of the solution U of (1.5).

LEMMA 3.5. Suppose the Runge-Kutta method is ASI-stable. Then there are positive constants Ty,y, such
that ¥—AZ, is regular and

IE-AZ) Y <y, for0<r<T.

ProOF. We first prove the statement of the lemma with Z, replaced by Z. Let
V(z) = (ni(z)) = 1 —Az (zeC) and W(z) = (w;(2)) = V(i)' (f z € C, V() is regular). From
our assumption it follows that there exists an w>0 such that V(z) is regular for Re z < w, and all
entries w;;(z) of W(z) are uniformly bounded for Re z < w.

Let 79 be such that 78 < «. By applying lemma 2.4.6 in [11] it can be seen that for any r €(0,7]
the matrix V(Z) € L(R*™) is regular and V(Z)™! = W(Z) = A—AZ)™! is a block-matrix with
blocks w;i(Z) € L(R™) (1<<i,j<s). From lemma 3.4 it follows that there are Yi; > 0 such that
Ilwii(Z)| < v;(0<7<T7), and hence there is a v, >0 such that [|W(Z)ll < y, (0<7<T7).

In order to prove the actual statement of the lemma we note that | Z{® —Z| < ra since the func-
tion g has a Lipschitz constant a. Therefore ||Z,—Zll < ra, |I—AZ,)—(A—AZ)ll < ra; with

&
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a; = allAll. It follows that I—AZ, is regular and IA—AZ,) Ml < vy /(1—ypoy7) provided
a7 < v5 '. We thus can take 7; > 0 such that y7) < vg !, and define y; = vy /(1 —yoey7). O

LeMMA 3.6. Suppose the Runge-Kutta method is A-stable and ASI-stable. Then there exist positive con-
stants T,,y, such that

[I+bTZ,(A—AZ,) 'e| < 1477 for O<7<Tm,.

PROOF. As in the proof of lemma 3.5 we can show that
[ +bTZ(I—AZ) e| < 14+yy'r (for 0<r<T7y’)
for certain yo’, 7o’ which only depend on B. Further we have
Z,(0—AZ,)"' = ZA-AZ)"' + A-AZ)"'(Z,—D)(A-AZ,)", 32

which can easily be derived by noticing that Z(I—~AZ)™' = (I—ZA)"'Z and AZ = ZA. By using the
bounds for [[I—AZ) 'II,IIZ,—ZI,I(I—AZ,)"'|| as given in the proof of lemma 3.5 the proof now
easily follows. [ :

In the same way one can prove the following result.

LEMMA 3.7. Suppose the Runge-Kutta method is AS-stable and ASI-stable. Then there are positive con-
stants T3,v3 such that

IbTZ,A—AZ,) 'r| < wlirll for all reR™ and 0<7<T;.

We shall now start with the actual proof of part(a) of theorem 3.3, thus assuming that the method
is A-, ASI- and AS-stable and satisfies B(q),C(q). This proof is essentially the same as the B-
convergence proof of FRANK, SCHNEID and UEBERHUBER [9] who considered a more restricted class of
methods but the more general problem (1.1) satisfying (1.2).

Consider the recursion (2.5) for the global error. Application of the lemmas 3.6, 3.7 gives

I€n+1| < (1+727)!€n| + 73”]‘,,” + 'pn' (O<7<?)

with 7 = min{7,,7;}. Further we know there are constants C;,C, > 0 such that |Ir,|| < cMtl,
lps| < C,mM 7! (see sect.2). The order q result of part(a) now follows in a standard way.

Next we assume in addition that B(q + 1) holds and the function ¢ (defined by (3.1)) is uniformly
bounded on C™.

From lemma 3.4 it can be seen that there are constants 74,y,>>0 such that Y(Z) exists and
IYW2Z)| < v4 for 0 < v < 74 (Which we assume in the following).

In order to prove part(b) of theorem 3.3 we use the perturbed error scheme (2.7) with
Yy = xp(Z)T‘I“UgI“)(t,,) and w, = ev,— k! T1UYTD(¢,) where k = k®I,, k is defined by (2.3).
With these choices we have

Fp = 1=k TIUE (),
pn = bTZ,(A—AZ,) ' k—el(Z) ' U D(,)+
+ "I’(Z)"'q+l[U(q+l)(tn+l)_l](q+l)(tn)]+pn'

We have |I7,ll < Cs®72(0<r<7s5) for certain Cs,75>0. By using formula 3.2, the relation
BTHI —AY [k —ef(D)] = 0 (for all {eC) and lemma 3.5 it can be seen that there are constants
Ce,7s > 0 such that [p,| < Cer? T2(0<r<Ty).
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The proof of part(b) can now proceed as the proof of part(a). We get |ey| < C;77+1(0<r<T) for
certain C7,7; > 0, and since |ey —ey| < v, | U4 D(1,)| the order ¢ +1 result follows.

3.3. Remarks on extensions of theorem 3.3.

ReMARK 3.8. The conclusions of theorem 3.3 also hold if the function g only satisfies a local Lipschitz
condition
lg@t,u)—gtu) < alu—ul (for (t,u),(t,u) €D)
where DCR™*! is an open set containing {(¢, U(r)):0<¢<TY}, instead of the global condition (1.6).
This can be shown in a standard way, by considering a function g:RXR™—R™ which coincides

with g on 9 and satisfies a global Lipschitz condition, and proving convergence for the problem
U@) = QU+ U@, U©) = uo.

ReEMARK 3.9. For convenience we have considered thus far only constant stepsizes. Convergence
results for the semi-linear problems can also be given for variable stepsizes 7, where

Ty Sl 1—t, 0< 1, <7 3.3

with 1, € [0,T], tg =0, ty = T.

It is easily seen from section 2 that the recursions (2.4)-(2.8) for the global error can now be used
with Z, = Q,+G, where Q, = 7,(I;®Q) and G, € L(R™) is a block-diagonal matrix with blocks
G € L(R™) on the diagonal satisfying |G| < 7,a.

Examination of the proof of theorem 3.3 shows that the conclusions of part (a) remain valid for the
variable step sizes.

For part(b) the situation is more complicated. Consider the perturbed error scheme (2.7) with
Ve = Y1, QAT U4V(,) and w, = ev,—krJTUYTD(,). Then (cf.(2.8)) F,=r,—
krd PlUET D),

i’n = bTZn(I —AZn)_ ! [k—e(, Q)]'rnq Hytt 1)(tn) +
W, Q)rd U D (W, 1) = UTD(@,)] +p, +
+ [T +1Q) Y QI UVt 1) Hir, Q) —md P IUE (g, 4y).

As in the proof of theorem 3.3, part(b), the first three terms on the right hand side can be bounded in
norm by C¢7 *2 provided 0<,<r<7s. Further we have

|"'an11 _'rnq+1 I < q'rq]'rn+l —TnI’
[T +1Q) YT, @) | <sup{ |Y(7, +12) —YT,2)|:z € C, Re z<B} (see lemma 3.5).

By a tedious calculation, using the assumption that v is uniformly bounded on €, it can be shown
that there are constants yg,73 = 0 such that

sup{l‘P(Tn+lZ)_¢'(Tnz)l iz € C, RCZQB} < YSTn_-i-ll I'rn+l ""T,,| (O<'rm7n+1<7<?8)-
Hence we have
1Pn] <CeM 24+ Cor |7y 01 =T, | (0<Ty, Ty 41 <Ty)

for certain constants Cy, 79 > 0.
It follows that, under the assumptions of theorem 3.3, part(b), we have the optimal B-convergence
result

N-1
leyl < CHATI+CHA S 1,41 —7,| (for 0<r,<7<7) (3.4)

n=0
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with 7 only depending on &8 and the coefficients of the Runge-Kutta method, and C,C’ only
depending on a,B,7, the coefficients of the method and bounds for the derivatives of U.

This upperbound for the global error shows that the order g +1 result of theorem 3.3, part(b), can
remain valid for variable stepsizes (cf.also [13]). For instance, if the number of changes in sign in the
series {7, +1—7,: n = 0,1,..., N —1} is less than a fixed number M (independent of N), then

N-1
> ATy — T < M,
=0

and thus we get from (3.4)
ley| < (CH+MCHAT! (0<T1,<7<7).

4. SOME EXAMPLES
In this section we will study the stability properties, introduced in the previous sections, for certain
interesting families of Runge-Kutta methods. This will be accomplished by presenting some general
results which are sufficient conditions for these stability properties.
Let o(4) denote the spectrum of a matrix 4 and define the following regions in the complex plane
C:
C™ = {zeC: Re(2)<0}
C¢ = {z€C: z =0 or Re(z)>0)
I, = {zeC: z50,Re(z) = 0}
then the following results hold. We note that Lemma 4.2 is equivalent to a result that can be found in
[4].

LeMMA 4.1. I — Az regular on C~ < o(4) C C{ .
LEMMA 4.2. 6(4) N C™ = & = AS —stability.

PROOF. A consequence of Lemma 4.1 is that o(4)NC~ = & implies I —Az is regular on C~ and
furthermore that 4 can have no eigenvalues at zero. Hence the characteristic polynomial of I —A4z is
of degree s which is greater than or equal to the degree of the polynomial of each of the s components
in the numerator of bTz(I—A4z)™!. O

LeEMMA 4.3. If A is regular, or A has a simple eigenvalue at zero, then o(A) CC{ =ASI-stability.

ProoF. If 4 has at most a single eigenvalue at zero then the characteristic polynomial of I —Az is of
degree s —1 which is greater than or equal to the degrees of the polynomials of the numerators of the
s* rational functions, which are the elements of (I —A4z)~'. The proof concludes from Lemma 4.1
and Definition 3.2. O

The sufficient conditions expressed in Lemma 4.3 can actually be weakened to allow a multiplicity
of eigenvalues at zero as long as the matrix 4 has a special structure. However, the maximum order of
consistency of the family of methods with 4 having ¢ eigenvalues equal to zero is 25 —¢ and there do
not seem to be any methods in this class with practical significance. Hence for the rest of this paper
we will usually assume that 4 has at most one eigenvalue at zero.

The properties of 4S/-stability and 4S-stability can be related very simply by the following Lemma
(which is similar to a result given in [12]).

LEMMA 4.4. If there exists a vector d such that b7 = d"A then ASI-stability = AS-stability.




Proor. Consider the vector function ¢ defined by
#(z) = bTz(I —Az)7, (zeC).
If there exists a vector d such that b7 = dTA, then
®(z) = dT(I —Az) ' —d”
which is uniformly bounded on €™, and hence AS-stable, if the method is 4ASI-stable. 0

Before we analyse optimal B-convergence (for semi-linear problems) in greater depth, it is interest-
ing to ask whether 4S-stability and/or ASI-stability are necessary conditions for A-stability or for the
uniform boundedness of { on €~ . This question can be partially answered by the following method

1|11 6 -6

66 0 o

6|6 0o o0
11

One can easily show that the method is not AS-stable and not ASI-stable. However
_ 1 — z
R@ =1 VO =30,

so that the method is 4-stable and v is uniformly bounded on C~. This method, however, is reducible
and is equivalent to the implicit Euler method. The situation is further complicated if o(4)eCy. In
this case it is possible to construct a method which is 4-stable, but neither AS-stable or 4SI-stable at
which the determinant of I —zA vanishes at some point in C™~. For example, consider the method
given by

a1 a (1)
x+—2' X >
| b, b,

with a<0 and b, =(x +5 —a) % by=(x+3—a) (7 —a). In the solution of the linear test equa-
tion

y' =gy, Re(qg) <0 ’
the above method has no solution for the y{® if hg = 1/ a, but the stability function is given by

_1+z /2
R&OY=1"72

Hence in order to avoid such complications we will always assume that either o(4)C Cy or
o4y NC™ = @.

Let Y(z) = P(z)/Q(z), where P and Q are polynomials of degree at most s —1. In order to sim-
plify the study of the boundedness of ¥(z) (where Y(z) = (bT(I —Az) 'e) ' (bT(I —A4z) k) we will
assume that Q(z) is of degree s —2 or more and that 6(4)NC~ = . Furthermore, we will concen-
trate our study on Runge-Kutta methods that are 4-stable. Hence |R(z)| <1 for all z € C such that
Re(z) < 0, so that |R(z)| take its maximum value of 1 on the imaginary axis or as z — —oo.

Therefore, in the case that Q is of degree s —1, ¥ will be bounded if R(z)51 on I,, while if Q is of
degree s —2 (that is b74 ~'e = 0) it is easily shown that ¢ will be bounded on €~ if 574 'k = 0
and R(z)+1 on I,,. Thus from Theorem 3.3 (part b) and the above discussion we see that if C(q) and
B(g +1) hold the following conditions are sufficient for a Runge-Kutta method to be optimally B-
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convergent (for semi-linear problems) of order ¢ +1.
I  Degreeof Qiss—1:
A-stability, 6(4)NC~ = B, R(z)5~1 on Iy, bT4 " e5£0.
II  Degree of Q is s —2:
A-stability, 6(4)NC~ = &, R(z)5~1 on Iy, bTA le = bTA 'k = 0.

We will now investigate the property of the boundedness of ¢ on C™ for two interesting classes of
methods; <ingly-implicit methods and methods of order 2s —2 or more.

For any s-stage Runge-Kutta method let R(z) = N(z)/D(z)> where D is of degree s and N is of
degree at most s, and define

Ep) = IN()I*—1D@)1%, y € R.
Then NgRSETT [14] has shown that for any Runge-Kutta method of order 25 —2
E(y) = 6y%, for all y €R, @.n

where 6 depends only on the method. Thus if 640 then E (y)-40 for y0, and hence |R(z)|1 on
Iy U {o0}. Using this fact we will give a characterization of almost all methods of order 25 —2 satis-
fying Theorem 3.3(b).

BUTCHER [3] has given an elegant characterization of all A-stable implicit Runge-Kutta methods of
order 2s —2 or more. For such methods we have

wolNo(z)+w N (2)+wiN,(2)

R(z) = 4.2
% woDo(2)+wiD(z)+w;D;(2) @2
where
-
No(z —L-——-D-— 2/, Do(z) = No(—z
o(2) = ]20 ]'(s ~i) 0(2) o(—2)
N=2's B=l=pt o g 1Dt
Niz) = 120 ]'(s—l—J)' Dy(z) = jzo 6 —)! (—zy
25 —2— ; . (25 —2—/)!
Ny(z) = 2 2/, Dyo(z) = 25(s —1
22) = go S ¢ Date) = 25 )jgo o .
Butcher has shown that a method whose stability function is given by (4.2) is A-stable iff
wotwitwy =1, wy <2=1/s5, wog=<1. 4.3)

Finally, we note that 6 (in (4.1)) is zero iff |[R(iy)] = 1 for all y € R, and this can only be true iff
R(z)=1or

R(@)R(—z) =1, forallz € C. 4.4
Ignoring the trivial case one can show that (4.4) holds iff wy = 1 in which case w; = —w, and
No(Z)+2SW1N3(Z)
R() = > 4.5
@ No(—2z)+2sw N3(—2) 3
where
25 —2—j
Ni(z) = 2/
@ = ,20 ST

Thus we have the following result:

THEOREM 4.5. Any Runge-Kutta method of order 2s —2 whose stability function is given by (4.2) with
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wotwitwy =1, wy <2-—-1/5 wy<1

and where C(q) and B(q +1) hold and o(A) N C™ =@, is optimally B-convergent (for semi-linear prob-
lems) of order q +1. '

REMARK.(i)) By choosing w; =1, wo =0, wg =0 or w, = 1, wy = 0, wog = 0 we see that the
Runge-Kutta methods whose stability functions corresponds to the first two subdiagonals of the Padé
table have the property that ¢ is bounded on C™.

(ii) The Radau ITA methods with s=>2 are optimally B-convergent with order s +1.

(iii) We have no general results about the order of optimal B-convergence for methods of order 2s —2
or more satisfying (4.4). However, the family of Gauss methods of order 2s belong to this class and it
is known (see [13], for example) that the implicit midpoint rule is optimally B-convergent of order 2,
and recently DEKKER et al. . [5] have shown that all s-stage Gauss methods with s= 2 are not
optimally B-convergent of order s +1. The proof of this result for the case that s is even is very sim-
ple.

Suppose that C(g) and B(({ +1) hold and that 4 is nonsingular then it can easily be seen from
lemma 3.1 in [5] that if 574 ~'e = 0, the method cannot be optimally B-convergent of order q +1 if
bTA 'k # 0. (We note that DEKKER et al [5] have a more general result.) Using this fact we will
derive a general result about the order of optimal B-convergence for collocation methods satisfying
C(s) and B(s +1). However, we will first derive a result which will be of help when studying the
order of optimal B-convergence of singly-implicit methods.

THEOREM 4.6. For a Runge-Kutta method, with distinct c; and a nonsingular matrix A, satisfying
C(s—1) and B(s)

- 1 - -
bTA 'k = — = @E)+(A-bTA le)el V%)
5
where p(x) = .Hl (x —¢;) for x € R and V is the s Xs matrix whose (i,]) element is oL
J:

PrOOF. Let A = VAV~ and b’ = bTV. Then B(s) is equivalent to
b = (1,1/2y 1/5).

Since the stage order is s —1

— 1 i — s—1
k (s—l)!( s Ac)
and hence
Tg-1p — 1 ST—=1.,_1 s T.s—1y — L gT7=1,1 s
4 = - = — -1.
b'A™ 'k (s—l)!(bA V=’ /s—=b'c* ™) s!(bA V¢ )
BURRAGE [1] has shown that for methods satisfying the condition stated in the theorem
b4 = eT+®T4 e —D)el. (4.6)
In addition one can easily show that
1—eTv=1cs = p(1). @.1n
Hence
bTA 'k = —~%(p(1)+(1—bTA—‘e)eITV“cs).EI

THEOREM 4.7. For a Runge-Kutta method with distinct ¢; and a nonsingular matrix A satisfying C(s)

&
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and B(s +1) we have
bTA7 e = 1 bTA %k = 0o p(1) = 0,

where p(x) = ‘Hl (x —¢) for x € R.
j =

PrROOF. Let V and b" be as defined in Theorem 4.5 and let W be the 5 X5 matrix whose (i,j) element
is ¢//j. Then it is easily seen that C(s) is equivalent to
A4 =wyL

Since the stage order is s

1 cs+l

T —_— 5
k st s+1 4¢e)
and hence
— s+1
sWT4 1 = szW-lf—Jr—1 ~pTes
= ‘Sll(l*zTW“c’“), since B(s +1) holds

1 _
—_ (- TV | )
s+1( ¢ <)

= —p()/(s+1), from (4.7).

But since the stage order is s we have from Theorem 4.6 that
GTA e —DelV7e* = p(1)
and the result is proved. I

COROLLARY 4.8. Any Runge-Kutta method satisfying C(s) and B(s+1) with A nonsingular and
bTA~'e = 0 cannot have optimal B-convergence order s +1.

COROLLARY 4.9. (See [5]). The even stage Gauss methods are not optimally B-convergent order s + 1.

The methods studied so far have had an order of consistency of 25 —2 or more and since such
methods also have a high stage order they would appear to be attractive propositions for solving stiff
differential equations. However, such high order methods cannot in general be implemented efficiently
(in comparison with linear multistep methods for example). Nevertheless, there is one class of
Runge-Kutta methods (characterized by the Runge-Kutta matrix having a one-point spectrum) which
can be efficiently implemented. Such methods are called singly-implicit (SIRK’s), and their order and
stability properties have been studied by, for exampled, NorSETT [14] and BURRAGE [2]. A distinction
is usually made between SIRKs and DIRKSs (in which the Runge-Kutta matrix is lower triangular
with constant value on the diagonal) since their order properties are very different. For example, the
maximum stage order of any DIRK is 1 (while a SIRK can have a stage order of 5) and this can be
achieved in the case of DIRKSs by the implicit midpoint rule or by the following two stage family.

A A
I-A [ 1-20 A

| 172 172
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If A = 1/4 one can show that the conditions in part(b) of Theorem 3.3 are satisfied (Note that
A = 1/4 is a special case since b4 "'e = b74 "'k =0). Thus from this viewpoint DIRKs do not
appear to be very attractive for solving stiff problems if high accuracy is required. SIRKs on the other
hand do not suffer from this drawback and BURRAGE [2] has constructed families of SIRKS satisfying
either C(s —1) and B(s) or C(s) and B(s +1). These methods appear very attractive especially if
they are optimally B-convergent with order s or s +1.

The stability function of an s-stage SIRK of order s is given by

4 —iy, 1
kys—k)y LNk
k§0 AL (7\)2

R() = (-1y L) = 2D /)1 43)
p

(1-Azy

BURRAGE [2] has studied the A-stability of such methods and gives the following ranges of A which-
produce A-stable methods (note that since 6(4)NC~ = & these methods are A4SI-stable and AS-
stable).

s A
1

1 [3,0]
1

2 [7,00)

L1, V3

11 X

3 [y +5 cos(i))
[0.39434,1.28057]

5 [0.24651,0.36180]U[0.42079,0.47328]

TaBLE 1

We now consider whether R(z) can equal 1 for any z € I, for the above ranges of A. For s = 1,2
and 3 one can easily show that R(z)#1 on I, for the above ranges of A. In the case with
s =4, R(z) = 1 on I, for some finite z iff there exists z = ir such that

1 = r}(6\>—2\+1/6),
1 1 2
S =4\ = r2(§—§A+3}\2—4)\3),

which is equivalent to requiring that A be a zero of the polynomial 20x> —8x2+x—1/24. Some
computations show that there is no value for A satisfying this polynomial which lies in range of values
given in Table 1 for s =4.

Similarly, for the case s =5, R(z) = 1 on I, for some finite z iff there exists z = ir such that

1/2—5N = r3(1 /24—5 / 6A+5A2 — 10A%),
1—r2(1 /6—5 /2A+10A2)+r*(1 /120—5 / 24A+5 /3N —5A1 +50%) = 0.

This can be shown to be equivalent to the requirement that A be a zero of the polynomial
792000x6 — 504000x° + 116400x* —11400x> +300x2 +20x —1 and we have shown numerically that
there is no zero of this polynomial which lies in the range of values given in Table 1 for s =5.
Hence all that remains is to check whether lim R(z) = 1 (or equivalently that b74 “le = 0).
Z—>>— 00

From (4.8) it can be seen that
bTA le =0 L(1 /N = 1.

Some numerical computations show that the only values for s and A (assuming A lies in the intervals
given in Table 1) that must be considered are

&
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s=2, A=1/4
s=3, A=1/3
=4, \=.39434 4.9
s=5, A=.42079.

However, for SIRKs with order of consistency s whose stability function is given by (4.8) the degree
of the derominator of ¢ is at least s —2. Hence if b4 ~le = 0, R(z)s£1 on Iy and 574 "'k = 0
then ¢ will be uniformly bounded on C~ for all the 4-stable methods. Since we are assuming that
C(s—1) and B(s) holds we see from Theorem 4.6 that we can always make T4 'k = 0 if
bTA 'e = 0(choose ¢c; = 0, ¢; = 1, for example). Thus we can state

THEOREM 4.10. All A-stable SIRKs satisfying C(s —1) and B(s), for s = 1,..., 5, are optin'zal(y B-
convergent with order s, except in the special case given by (4.9) in which for these values the abscissae
must be chosen so that p(1)+e{ V™'c* = 0 in order to have optimal B-convergence with order s. [1

For some very special choices of A and the abscissae we can in fact obtain optimal B-convergence
of order s+1 (the highest order possible). BURRAGE [2] has shown that if L{");(1/A\) = 0 and
¢; /A (j=1,.., 5s) are the zeros of L¢(x) then B(s+1) and C(s) hold. The values of A such that
L; +1(1/A) = 0 and A lies in the range of values given in Table 1 are

s=1, Az-%‘

s=2, A=(3+/3)/6

- 1.1 T
s=3, }\—2+3\/§cos(ﬁ
s=5 A~0.47328.

Furthermore, WANNER et al. [19] have shown that these are the only values of A which give A-stability
and a classical order of s +1. Thus these are the only values of A which give optimal B-convergence of
order s +1.

In, conclusion the results of this section seem to confirm the use of SIRKs as appropriate methods
for solving stiff differential equations and these theoretical results are backed up by some numerical
work (see [6], for example) which illustrates the superiority of SIRKs over DIRKs for stiff problems
when high accuracy is required.
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