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In this note several semantics of logic programming are given and equivalence of these semantics is pro-
ven. The technique of transition systems is used to describe the semantics of a subset of Prolog and Con-
current Prolog. A notion of fairness is introduced in order to model infinite computations of logic programs.

o
5

PrROLOG

This paper is the result of our joint stay at the Centre for Mathematics and Computer Science
(CWI). For a year we have worked on the project “Logic Programming” together with Jaco de
Bakker, John-Jules Meyer, Joost Kok and Jan Rutten. In this group we discussed several papers and
ideas concerning logic programming. The project has led to this paper.

First we will give a brief description of what we have done in the various chapters. In chapter 1 we
give a general introduction to logic programming. Something is told about the way one can interpret
logic programming. Chapter 2 describes several semantics of logic programming and equivalence of
these semantics is proven. Chapter 3 describes semantics for a variant of logic programming, for a
subset of Prolog and for a subset of Concurrent Prolog. A proof of equivalence of the semantics with
respect to the subset of Prolog is given. Chapter 4 deals with infinite computations with logic pro-
grams. In chapter 5 some comments are given and some remarks about future research are made.

At the end of this prolog, we want to thank the members of the above mentioned group for their
support and constructive criticism. Finally we thank “mcvax!boring” for processing this paper and
making it into a readable form.
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Chapter 1

Introduction to Logic Programming

Logic programming began in the early 1970°s as a direct outgrowth of earlier work in automatic
theorem proving and artificial intelligence. In 1965 Robinson [42] introduced the resolution inference
rule, which is particularly well-suited to automation on a computer. Kowalski [27] showed us a pro-
cedural interpretation of a subset of the first order logic, which makes it very effective as a program-
ming language. One of the most important practical outcomes of the research so far has been the
language Prolog,[43]. Prolog is based on the so called Horn clause subset of logic.

One of the main ideas of logic programming is that an algorithm consists of two disjoint com-
ponents, namely the logic and the control. The logic is the statement of what the problem is and the
control is the statement how to solve it. The ideal of logic programming is that a programmer should
only have to specify the logic. The control should be done by the logic programming system.
Unfortunately this ideal has not yet been achieved with current logic programming systems. In order
to achieve the ideal of logic programming we have to overcome two problems. The control problem:
For example in the logic programming language Prolog, a programmer provides a lot of control infor-
mation by the ordering of the clauses and atoms in the clauses and by extra-logical control features,
such as cut. The negation problem: With the Horn clause subset of logic it is possible to prove the
validity of a positive literals, but nothing can be said about negative ones.

In this chapter we give an informal description of the procedural interpretation of logic program-
ming. Besides the procedural interpretation there are two other interpretations of logic programming,
viz. the database-interpretation, (which we will not deal with) and the process-interpretation. In the
process-interpretation a goal is regarded as a system of concurrent processes. A step in the computa-
tion is the reduction of a process to a system of processes. Shared variables act as communication
channels between processes. One such interpretation is Concurrent Prolog of Shapiro, which we will
discuss in chapter 3.

SOME DEFINITIONS

The language is a subset of first order predicate calculus. In our definition we use a special kind
of wellformed formulas, viz. the Horn clause subset. As usual we assume formulas to be built up of
the well known connectives — and V, and the quantifier V.

Let A4 be an alphabet of a first order language. Let VAR be a denumerable collection of variables.
Let TERM (with typical elements s, t, ..) resp. ATOM (with typical elements a,..) denote the collec-
tion of terms resp. the collection of all atoms over the alphabet 4 and with variables in VAR.
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A literal is an atom or the negation of an atom. A clause is a disjunction of literals. Variables are
implicitly universally quantified.

A substitution is a map 0 :VAR — TERM. If a(x,,..,x,) is an atom with variables x;,..,x,, then
0((1()6'1,..,.)6,,)) = a(a(xl)r"a(xn))

A unifier of two atoms a; and a; is a substitution 8, such that @(a;) = 0(a,). A most general unifier 0
is a unifier of two atoms a; and a,, such that for every unifier ¢ there is a substitution ¢, such that
Yo = ¢. If a unifier exists then also the most general unifier exists.

Lloyd gives a nice and clear unification algorithm in [35]. The unification algorithm is a partial
function mgu: ATOM XATOM — (VAR—TERM), such that mgu( a;, a;) is a most general unifier
of the atoms a; and a,, if it exists and otherwise it is undefined. We assume without loss of general-
ity that if 8=mgu(a,,a,), then 8(x)=x for all x & var(a;,a,).

HORN CLAUSE LOGIC
In the next sections we only deal with a specific kind of clauses, namely the Horn clauses. These

are defined as follows:

- A definite clause is a clause which contains only one positive atom: ag V —a; V..V —a,. Another
notation is: ag «-a; N.. Aa,. If n=0, then the clause is called an axiom. If n>0, then the clause
is called a rule.

- A negative clause or goal clause is a clause, which contains only negative atoms: —a; V..V —a,.
Another notation is: «a; A.. Aa,. If n=0, then the clause is called the empty goal. We denote
the empty goal by true.

In the definite clause ag<—a; A.. A a, we cail gy the head of the clause and a; A .. A g, the body.

A logic program is a set of definite clauses.

The resolution inference rule due to Robinson [42] is in essence a rewrite rule, defined as follows:
given a goal clause «a; A.. Aa,. Let g; be the selected atom to be rewritten. Let a < by A.. A by,
be a definite clause, with no variables with «a; A.. A g, in common. such that the most general
unifier of g; and a exists, say §. Then the clause « 8(a; A.. Ag;_y Aby AN AbyNajy A Nay) is
obtained by resolution of 4; against a « b; A.. Ab,. Given a logic program P and a goal clause
«aj \.. Aay, we try to find by successive applications of the resolution inference rule an instance of
a, A.. A ay,, which is a consequence of P. Then we derive that «-a; A.. Aa, and P are inconsistent.
Hence «a; A.. A ay, is refutable with respect to P.

A derivation of a goal clause G, with respect to a logic program P, i.e. a set of definite clauses
{ a; | 1<<i<q } is a sequence of negative clauses Gy, G},.., Gi, such that G; is obtained by resolu-
tion, of a conjunct of G;_; against some a; with mgu 6;. A derivation has an associated substitution,
viz. the composition 6 ..o, of the most general unifiers determined within each step of the deriva-
tion.

A derivation can be infinite or finite. When it is finite it can be successful or failing. A finite deriva-

tion is successful when the last goal in the derivation yields the empty clause. In this case the associ-

ated substitution is called the computed answer substitution. The derivation is called a refutation of
the initial goal clause. It fails when the selected atom in the last goal clause can not be rewritten by

any of the clauses a;.

In the rewrite process the selected atom will be specified by a so called computation rule (for exam-
ple one can always choose the leftmost atom in the goal). With respect to successful computations
computation rules are equivalent, (i.e. they give equivalent answer substitutions). Although a given
computation rule defines the selected atom in a goal, there are several derivations possible since that
atom might be unifiable with the heads of different clauses.

A search tree is the representation of all the derivations which are possible for a given goal clause
and a given computation rule. The tree has as nodes goal clauses. The descendents of a node are the
goal clause of this node, in which the selected atom has been replaced by the body of a clause whose
head unifies the selected atom. The most general unifier is applied to the new (goal) node. This is
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done for all the definite clauses, whose heads unifies the selected atom. It follows that different com-
putation rules generally lead to different search trees.

A search rule is a strategy to find the finite path in a search tree, which correspond with refutations
of the initial goal.
For example the logic programming language Prolog uses as computation rule: leftmost and as search
rule: depth first (with ordering on the definite clauses). In chapter 3 of this paper we will give the
operational and denotational semantics of a subset of Prolog with these computation and search rule.

THE PROCEDURAL INTERPRETATION OF LOGIC PROGRAMS

In the procedural interpretation we regard the set of definite clauses as procedure declarations. The
head of the clause is the name of the procedure with ”structured” formal parameters. The body of the
clause is a set of procedure calls. The goal clause is the main program, which is a set of procedure
calls. Finally the empty clause is the halt statement.

The inference rule (the resolution strategy) is similar to the dynamic copy rule for procedures, i.e.
the replacement of the procedure call by a copy of its body. Parameter passing and value return are
done by unification of a procedure call with a procedure head. A given variable in a procedure head
can behave differently with different procedure calls.

A variable can act partially as input and partially as output parameter: a partial value can be passed
to a procedure which then computes a further approximation which is passed back to the caller.
There are also local variables, which only occur in the procedure body and not in the procedure head.

The described procedural interpretation of logic programming is thus similar to the operational

interpretation of the imperative programming languages.




Chapter 2

The Semantics of Logic Programming

INTRODUCTION

In this chapter various semantics of logic programming are described: a model-theoretic semantics,
a fixpoint semantics, an operational semantics, a leftmost semantics and a denotational semantics.
Here the domains of interpretation are sets of ground atoms and sets of answer subtitutions. Also an
operational and denotational semantics is given with multisets of answer substitution as domain.

2.1. Various semantics of logic programming

DEFINITIONS

Let VAR be a denumerable collection of variables, with typical element x. Let 4 be an alphabet of
a first order language. Let TERM, resp. ATOM denote the collection of all terms, resp. the collec-
tion of all atoms over the alphabet 4 and with variables in VAR. Let CONJ denote the collection of
all conjunctions of atoms. Especially the empty conjunction, denoted by true is a member of CONJ.
t, a, resp. ¢ are typical elements of TERM, ATOM, resp. CONJ.

Let { VAR, | 0<<i } be a partition of VAR in infinite, pairwise disjoint subsets. Define VAR, =
U™ VAR;. The collection CLAUSE of all definite Horn clauses with typical element a is defined
by a::= a« c¢ where var(a,c)CVAR,. The collection PROG of all logic programs with typical ele-
ment P is defined by P::= a | (P’UP”). The collection SENT of all logic programs with input, with
typical element S is defined by S::= P<c. A renaming is a permutation of VAR. Fix for each col-
lection VAR; some renaming ¥; from VAR, onto VAR;. If P is a logic program, then P; is the logic
program obtained by replacement of each occurrence of x EVAR, by Yy(x)EVAR;. If {X', X"} C
CONJ or CLAUSE then X’ is called a variant of X" if there exists a renaming y of VAR such that X’
can be obtained from X"’ by replacement of each occurrence of a variable x by (x).

Every f:VAR—TERM induces a mapping f:ATOM—ATOM in a straightforward manner. If
f:VAR-STERM then dom(f) = {x€VAR | f(x)5x} and rge(f) = U {var(f(x)) |
x €dom(f) }. The class SUBST with typical element ¢ is defined by SUBST = { f:VAR—TERM |
dom(f)Nrge(f)=2 }. A variable-free term, atom or conjunction is called a ground term, atom or
conjunction. If a EATOM then the ground closure [2] of a is defined by [a] = { ¢(a) EATOM |
¢ ESUBST s.t. var(¢(a))= 2 }. Let NUM denote the set of natural numbers.




MODEL-THEORETIC SEMANTICS

In this section we stress the logical component of logic programming. When we regard logic pro-
grams just as first order theories, we can use the standard semantics of predicate logic to give meaning
to them. However, we are not interested in arbitrary models of logic programs. In order to make a
comparison between the model-theoretic semantics and other ones we construct models of logic pro-
grams with a special universe, where we have control over the elements.

Let A be an alphabet of a first order language. The Herbrand universe HU of A is the collection
of all ground terms of A. The Herbrand base HB of A is the collection of all ground atoms of A. A
Herbrand interpretation is just a subset of HB. Given a logic program, the Herbrand universe, the
Herbrand base and the Herbrand interpretations are taken with respect to the alphabet of P.

Let C, F resp R be the collection of constants, function symbols and relation symbols of A. A Her-
brand interpretation I induces an interpreting structure of A, (HU,*), where

1.if cEC then ¢" =c;

2. if fEF k-ary, then f (t1,.,8k) = flt15ote);

3.if r ER k-ary, then r" ={ (t1,.x) | r(ti, k) €I ).

Satisfaction in such a structure is as usual. If P is a logic program with alphabet A, then a Herbrand
interpretation which satisfies the logic program P itself is called a Herbrand model of P.

Apparently, every logic program has a Herbrand model, e.g. HB itself, because of the special form
of definite Horn-clauses. Moreover, Herbrand models have the intersection property, i.e. the intersec-
tion of all Herbrand models is again a Herbrand model. Hence we can talk about the least Herbrand
model of P.

(2.1) DeriNiTION Let P be a logic program. Then the model-theoretic semantics M (P) of P is
defined by M(P) = N{ M | M is a Herbrand model of P }.

FIXPOINT SEMANTICS

If we look at a Herbrand model of a logic program P, then the axioms and rules of P are satisfied
by the induced structures. So intuitively the several relations of the structures contain the ground
instances of the axioms and are closed with respect to ground instances of the rules. We formalize
this intuition by the definition of a transformation of the powerset of the Herbrand base, that reflects
the underlying idea of closedness with respect to a logic program.

(2.2) DeFINITION Let P be a logic program. We associate with P a mapping 9:9(HB)—%?(HB),
I ={ ¢lag)EHB | ag—a; A.. Na, EP, r =0; ¢€SUBST; ¢(a,),...p(a,)E1 }.

Because of the simple structure of the complete lattice <% (HB), C>, it is easy to see that J is a
continuous map of P(HB) to itself. Especially we have both [fp(3) = N{I €P(HB) | F(I)CI } and
Ip(3) = U= 3"(Z). Another consequence of the definition of J is the equivalence for each Her-
brand interpretation I of "1 satisfies P” on the one hand, and "9(I)CI” on the other.

Now we are ready to define the so-called fixpoint semantics of a logic program. It will play an inter-
mediate role between the model-theoretic and operational approach.

(2.3) DerINITION Let P be a logic program and let § be the transformation of ¥(HB) associated
with P. The fixpoint semantics (P) of P is defined by F(P) = Ifp(9).

The next theorem justifies the introduction of the transformation J. It states that the fixpoint
semantics and the model-theoretic semantics coincide.

(2.4) THEOREM Let P be a logic program. Then IM(P) = F(P).

PROOF Let a be ground atom. Then a €9M(P) iff a€N{ M CHB | M is a Herbrand model of
Plifaen{ICHB | S()Cl }ifa€lfp@)iff a€F(P). O




OPERATIONAL SEMANTICS

In this section we focus on the computational component of logic programming. We consider a

logic program as a set of rewrite rules with side effects. A computation by a logic program is just a
sequence of applications of the rewrite rules on a goal with the side effects globally registrated.
The rewrite procedure starting with some initial goal eventually terminates. In this case we are
interested in the result of the computation. Sometimes the rewrite procedure diverges, i.e. there is an
infinite sequence of applications of the rules. We want an operational semantics that reflects both pos-
sibilities of computational behaviour. (Hence we neglect the situations where the rewrite procedure
deadlocks.)

First we formalize the notion of a rewrite procedure associated with a logic program. To this end
we define the index of a formula ®, written as index (®), as the least non-negative integer m such that
var(®) C VAR,,, and the index of a substitution ¢, also written as index(¢), as the least non-
negative integer m such that dom(9), rge($) C VAR <,,. (Note that sometimes index(¢) is not defined.)
We define the set of goals GOAL with respect to some fixed alphabet by GOAL = { <c,¢m> €
CONJ X SUBSTXNUM | index(c),index(¢)<m }. Given a program P the set GOAL is taken with
respect to the alphabet of P. Typical elements of GOAL are denoted as g. We consider CONJ as a
subset of GOAL via the embedding ¢ v <c,id,index(c)>.

(2.5) DeFmiTION Let P be a logic program. The binary relation p— on GOAL induced by P is
defined by:
<A a,,qs,m> p—-> <AZla A Aoy af A NS i=j+1 a;,8°¢,m + 1> iff for some j, 1<j<s and
some clause ag’«a’ N..Aa’ € Py, (1=20), 0= mgu(qb(aj) ay) exists.

We say that <Aj =1 a;,¢,m > produces <A{Zl @ A Ai=1a/ A Af=jiy ap0°¢,m+1> via 0
and ag’<a;’ A.. Aa,’. Because we select just one mgu for two unifiable atoms via the partial func-
tion mgu, we have for each gEGOAL: { g’ | g p—g’ } is finite.

p—>" denotes the reflexive and transitive closure of p— in GOAL. We say g p—> & with © a special
symbol not in GOAL, if there exists an infinite sequence (g;){Zo such that go=g and g; ; produces g,
for i=>1. We say g p— g’ via ¢ if there exists a sequence (g,), =0 in GOAL such that go=g, g,=g’
and ¢ = 6,0..°0,, where g;_; p—g via 0;. Intuitively g p— “g’ via ¢, if there exists a sequence of
applications of the rewrite rules that yields g’ and has side effect ¢. This ¢ is in fact a composition of
mgu’s and the number of involved mgu’s equals the number of rewritings.
The third coordinate of elements of GOAL serves as a counter. It assures us that no clashes of vari-
ables will happen. The variant of the clause being used introduces only variables which did not occur
before.

A finite derivation A from ¢ € CONJ of index m is a finite sequence (g;)/-=o such that: 1.
go=<c,id,m>; 2. g —g;, I<i<n.
c is called the root of derivation A. A finite derivation is called successful, if it eventually yields an
empty goal. The set [A(a)] computed by a finite derivation A=(g,-){~‘=0 from an atom a is defined as
the ground closure [¢{(a)] where ¢ as in g, = <c,$,n>. We refer to ¢ as the result of the finite deriva-
tion.

A mapping p:GOAL—>CONIJ is called a computation-rule, if for each g = <c,¢,m> EGOAL, p(g)
is a conjunct of ¢{c). A derivation (g)?-¢ is according to some computation-rule p if g;_1—g by
resolution of p(g; 1)

(2.6) DEFINITION Let P be a logic program. The operational semantlcs Op of P is defined by Op:
CONJ—>?P(SUBSTU{ 1 }) such that ¢ € 0p(c) iff for some n=0 ¢ p— T<true,p,n>and L € Op
iff ¢ P> ﬂ

So on the one hand a non-bottom element ¢ € 0 p(c) represents the side effects caused by the suc-
cessive rewritings in a terminating computation and on the other hand L € 0p if there is an infinite
computation starting with c.

The next proposition states that the subset of SUBSTU{ L } occurring as images of O0p are of a
special form. If there are infinitely many terminating computations then there is also a diverging one.
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(2.7) ProPOSITION Let P be a program. For each ¢ € CONJ: 0p(c) is finite or Op(c) is infinite and
contains L.

PrOOF Trivial by Ko6nig’s lemma. [

PROPERTIES OF THE COMPUTATION MECHANISM.

In this section we establish some properties of the computation mechanism (with respect to some
fixed logic program P). We will use these properties freely in the sequel. The first proposition
enables us to glue computations together if we avoid clashes of variables. The second proposition
states that a derivation step depends only on local information, i.e. on the variables of ¢(a;). The
third proposition reflects the flexibility with respect to the renamings applied to the clauses in the pro-
gram. The rectangle lemma states that if a goal has an instance which can be resolved successfully,
then the goal itself can be resolved successfully. The fourth proposition states that in a derivation the
order in which two atoms in a goal are resolved can be changed without effecting the result of the
derivation essentially. The last proposition is a further elaboration of this phenomenon. The theorem
of this section states that if a successful derivation from a goal exists according some computation-
rule then every derivation from that goal according any computation-rule is successful.

(2.8) PROPOSITION Let ¢y, ¢c; € CONJ such that var(¢{c;))Nvar(¢{(c,))= . Suppose <cy,¢,m>
- <diy,m+n> and <cy,p,m> = <dy,Pp,m-+n,>. Let ¢ be the renaming which takes
VARm.H onto VARm+n|+i9 and VARm+n,+i onto VARm.H, l<i<n1. Define ¥ = §°\[J2'°§°\I/1°qb.
Then <c; Acy,p,m> -’ <d|Ndy3,¥.m+n;+n,>. [1

(2.9) PROPOSITION Let <Al_, a;,¢,m> € GOAL, ay’ « ay'AN..ANay’ € P, 44, jE{l, .I'}. Then
<Al_j g,om> — </\{_,‘ GA Aj=1@’AN Aj=jy1a, 009, m+1> via mgu 6 iff
<Ay da)idm> - <ANZ] dla) A Aoy g’ A Af i=j+1 ¥a@), O, m+1>. 0

(2.10) PROPOSITION Let <Aj=y a;,¢,m> € GOAL, ay’ « a)’N..Na)’ € P,,,H,je{l, LI}, k=1,
Suppose 0= mgu(<1>( ;),aq") exists, S0 <Aj=y a;,p,m> —> <Azl an /\,_1 @' N Ni=j+1 @, 0°¢,
m+1> and let gy « a;A.Aa, € P,4r+; be a variant of ay’ <« a;"A..Aa’. Then
o=mgu(d(a;),ap) exists and <Aj=; g,9,m+k> — <ANZlan Ao a A Ai=j+1 G, 0°,
mtk+1> 0O

(2.11) LemMa (Rectangle lemma). Suppose <A[-; a;,¢,m> =" <c0.00,°p,m +1> via mgu’s
0,,...0,. Let ¢’"ESUBST such that for some substitution ¢ of index << m we have ¢=d¢°¢’. Then
<Al_q a,¢m> - <c, 0/c.o8" ¢, m+I> via mgu’s 6,’,..,0/ and there exist ¢y ESUBST such
that G;0..00,0¢ = Yol/o .. of'o¢.

ProoF By induction on I We only prove case I+ 1l Assume <Al_; a,,¢,m> -
<c,01°¢,m+1> by resolution of a; against ay « a;A..Ag and <cb,°p,m+1> =" <,

0110009, m+I+1>. Since 0($'(a) = 0i(¥a)) = 0i(@) = 91(¢(_0)) ¢, =

mgu(¢'(a;),ap) exists and for some yo8'; = 6, °¢. Because <c,§°8,'°¢, m +1> =" <c, 0410
of, 00 0’ og/, m+1+1> we have by induction <c,8,’c¢/,m+1> =" <c, &11° .. °F ¢,
m+1+1> via mgu’s #,,..,0;;, and for some YESUBST 0;41° .. °obyof/ob'°¢’ = Yol °

o od’. So <Af_ @,dm> =" <c, 8/°..080,’°¢', m+I+1> via mgu’s #';,..,6/;+; and there
exists IVESUBSTSUCh that 01+1°..°01°(1> = 1[/00'1+1° ]

(2.12) ProrosiTioN (1). Let a,0’©€ATOM, ¢ a renaming and m=0 such that a=§a’),
var(a,a’y)CVAR<,, and index(§)<m. Let a€ATOM such that var(a)CVAR, +;. Suppose
0=mgu(a,a) exists. Then os=mgu(a’,a) exists and for some renaming 1 we have #o{=no0c and
index(m)<m +1.

). Let <c,p,m>, <c',¢/',m> € GOAL and £ a renaming such that ¢(c) = &¢'(c’)) and
index(§)<m. Suppose <c,p,m> — <c,f°¢p,m+1> by resolution against «a €P,, 4| via mgu .




Then <c’,¢/,m> — <¢',6°¢’,m +1>> by resolution against « via mgu ¢ and there exists a renaming
7 such that fo¢(c) = nooo¢'(c’), #o& = noo and index(m)<m +1.

3). Let <¢,p,m>, <c’,¢/,m> € GOAL and £ be a renaming such that ¢(c) = &¢'(c)) and
index (§)<m. Suppose (g;)!=o is a derivation from <c,¢,m> such that g; _;—g; by resolution against
o via mgu ;, (1<<i<n). Then there exist a derivation (g/')/=¢ from <c’,¢/,m> and a renaming 7
such that g;_;’—g;’ by resolution against a® via mgu o;, (1<<i<n), 0,°..20,°¢(c,) = n°0,° ..
o6y o ¢'(c,"), (with ¢,,c,’ conjunctions in g,,g,"), 0, °..20;°& = neoe,°..c6; and index(n)<m +n.

Proor (1). Note 8°&a’) = 6(a) = 0(@) = 0-£&@a). So o exists and for some nESUBST: G-§ =
noo. Since 60&(a) = o(a’) = o(a) = o°£&@) there exists { ESUBST such that 6°£ = {6#. Without
loss of generality dom(n) Crge(o), dom({) Crge(f) and index (n,)<m +1. From ¢ = gofo§ = {of§
= {ofo0 we conclude {°n|,g ) = id and 7 is a renaming,

(2). Let a be a conjunct of ¢ such that ¢(a) = £o¢'(a’). Let a be the head of a. By part (1):
o=mgu(¢'(a’),a) exists and for some renaming 7 of index <m+1 we have fo{=n°0. From f°¢(c)
= f@otog'(c’) = neood’(c) and fod(a) = fo£o¢'(a) = noaod’(a) we derive fod(c) = noood'(c’).

(3). By induction on n. Case n=0: trivial. Case n+ l<n: Suppose (g;)72¢ is a derivation from
<c,¢,m> such that g;_;—>g; by resolution against o) via mgu 6;, (1<<i<n+1)). By the induction
hypothesis there exists a derivation g _,’—g/ and a renaming { such that g;_'->g;’ by resolution
against o via mgu o;, (1<<i<<n), 8, °..00; °¥(c,) = §°0,° .. °01°¢'(c,"), ,°..°0,°§ = {c0a,°..°0
and index(§)<m +n. By part 2.: <¢,/, 6,°..001°¢',;m +n> - <c 41, Oz+1°..°01°¢ ,;m+n+1>
by resolution against a® ¥ via mgu ¢,.; and there exists a renaming 5 such that 6, 4 °..c8; °¢(c,)
= {o0,41° .. °01°¢(c,"), O,41°8=n°0,4+; and index()<m+n-+1. Note 8,,1°..00,°§ =
0,.1°8°6,°..00;7 = 7°06,4+1°..°0;. We conclude that there exist a derivation (gi’)?;',,‘ from
<c',¢/,m> and a renaming 7 such that g,_,’—g’ by resolution against o) via mgu ¢;, (li<n),
O, 11°..00,°9(c) = §°0,41° O,41°..00,°& = 8°0,41°..00; and index(m)y<m +n+1. O

(2.13) PrROPOSITION Let g= <c,¢,m> EGOAL and a,a’ conjuncts of c. Suppose g—g; by resolu-
tion of ¢(a) against a €P,, ,; via mgu 6; and g;—g, by resolution of ; °¢(a’) against o’ EP,, 1, via
mgu 6,. Let £VAR, . UVAR,4+; — VAR, UVAR, ., be canonical, a={a)EP, ],
o' =Ha)EP, +,. Then g—g,’ by resolution of ¢(a’) against a via mgu o, g,’—g," by resolution of
o) °o¢(a) against o’ via mgu o, and there exists a renaming 7 such that 8,6, o¢(c;) = nooy°0;°¢
(Cz’), index(n)<m +2, and 02°01°£ = 7°03°0]. .

PROOF Let d,d’,d,d’ be the head of a,«’,a,@._We have 0,20, c£o(a’) = 0,0, o¢(a’) = O,(d") =
6,°0,(d") = 0,°0, °{d), hence oy =mgu(¢(a’),d) exists and for some Y ESUBST: Yoo, = 6,6, °&.
We also hgve 1!/001 °¢(a) = 02001°§°¢(a) = 02°01 "_¢(a) = 02°01(d) = 02°01 ° d') =
Oy00,060¢(d") = yYooy°¢(d’), hence o, =mgu(o)°p(a),d’) exists and for some ¢ ESUBST:
Y=y/°0;. So the existence of g;’ and g,’ is proven._

6,00, °¢o(a) = oy°01°pa) = 0y(d) = 0,°0,(d") = 6,°0,°§d). Hence for some xSUBST:
x°0, = 00010 Also xo8,°¢(a’) = 0,00, °§°¢(a’) = 03°0;°P(a’) = 0°01(d) = 0001 °§d) =
x°6;(d"). So for some x¥' ESUBST: x' 0, = x.

Now we have t[/°02°01 = 02°01 °§ and X’°02°0] = 03°0] °§. Let n:\l/lrge(ofal) and
§=X117g8(92°01)' Then NeoGy°0) = 02001 °§ and §°02°01 = 07°0} °£. From 02°01 = 03°0] °§°€ =
$00,00,0¢ = {omoayo0; we derive {(n(x))=x for each x Erge(o,°0;) hence {on=id. So 7 is a
renaming and n°0°0y°§ = 6,°6,.

We have 6,00,°¢(c) = nooy°0 °éo¢(c) = meoy°0 °p(c), O,°0,°¢(a) = mooze01°§oP(a) =
nooooof(a) = n°63°01(a) and 620, ° (') = Mooy 001 °feP(a’) = n°06y°0) °§a’) = n°0y°0(a).
S0 0,20, °d(cz) = mooy001°¢(cy’). U

(2.14) PrROPOSITION Let A=(g;)!=o be a derivation from <c,¢,m>. Let gy=<c,¢,m +I> and
a,a’ be conjuncts of ¢;. Suppose gi—g;+1 by resolution of ¢;(a) against a €P,, +;+ via mgu §;+; and
1+181+2 by resolution of 0[ +1° ¢1(a') against o EPm +142 via mgu 0[ +2- Let
§: VAR,,, +1+1Y VARm +i+2 — VARm +1+1Y VARm +1+42 be canonical. Let E=£(a’), E’=£(a). Then
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there exists a derivation A’=(g;")=¢) from <c,¢,m> such that

1. g;_1'—g/’ via mgu g;, (1<i<n);

2. g/—g +1’ by resolution of ¢(a’) against a via mgu ;1 1;

3. g1+1">g+2’ by resolution of o, °¢y(a) against a’ via mgu oy 4;;
4. [A@I=[A"(0))

ProoF Take g;'=g;, (I=<<i<1). Take g, +,g/+2" as in proposition (2.13). Let 5 be a renaming such
that index(m)y<m +1+2, n°0;43° .. co01°9(c;42") = Op42°..001°9(ci+2) and G450, °§ =
1°0;4+2°0;4;. Proposition (2.12)(3) guarantees the existence of g;’, (1+3<<i<<n) and of a renaming {
such that @,°..°8, 301 = {°0,°..°0;4+3. Finally, note that f,c.°80;°¢(c) = {oo,°
or+3°n°042° .. obiop(c) = §eo,° .. coip0§0b0 .. ob1o¢(c) = {c0,° .. cor41°Eeae .
ag1°o¢(c) = {ca,° .. co1o¢(c). sofor A=(g;)7=o we have [A(c)]=[A"(c)]. O

(2.15) TueoreM (Independence of the computation-rule): Let g=<c,§,m>EGOAL. Let p be a
computation-rule such that there exists a successful derivation from g according p. Then there exists

for every computation-rule p’ a successful derivation from g according p’. Moreover if ¢ and ¢’ are
the results of the resp. computations then ¢(c) is a variant of ¢’(c).

Proor By the above proposition. [

EQUIVALENCE OF FIXPOINT SEMANTICS AND OPERATIONAL SEMANTICS.

In this section we establish agreement of the fixpoint semantics and the operational one. At fore-
hand there is a problem, because the two semantics relate different kinds of objects with a logic pro-
gram, viz. a set of ground atoms versus a mapping from formulae to sets of substitution and bottom.
Our way out is the notion of success set.

(2.16) DermITION The success set Sucg(P) of a logic program P is defined by Suce(P) =
{ a€HB | there exists a successful derivation from a }.

In order to settle the equivalence of F(P) and Sucg (P) we first prove

(2.17) LeMMA Let P be a logic program. Let a be a ground atom in 9*(@). Then a €Sucy (P).

PrOOF Induction on n. Case n=1: Let a €9(&). For some axiom a’<«true in P and substitution

o, ¢(a’)=a. Let a<true be the variant of a’«true in P;. For a suitable renaming y we have
(y(a))=a=p(@)=¢(y(@)). So §=mgu(a,a) exists and a— <true,d,1>. Hence a €Sucgy(P).
Case n+1len: Let a€J"*1(&). Without loss of generality, for some rule ay’ea;’A..Aa,’ EP,
(r=1) and substitution ¢, ¢(ag)=a and $a’),...oa,) € T(J). Let ag«<a; A.. Aa, be the variant
of ay’«—a,’ A.. Aa,’ in Py. Then §=mgu(a,ap) exists and for a suitable renaming y and substitution
Y we have Yo = ¢oy. Since ¢(y(ay)) .., ¥(v(a,)) € 9"(2) we know from the induction hypothesis
that AJ—; ¢(y(@;)) produces true. By the rectangle lemma it follows that <Aj-; @;,6,1> produces
true. We conclude a €Sucy(P). O

(2.18) COROLLARY Let P be a logic program and a a ground atom. If a €F(P), then a €Sucy(P).
Hence %(P) C Sucg (P).

ProorF Immediate by the lemma, because Ifp(9)=U>-, 9°(@). O
The above corollary settles in some sense the completeness of the operational framework. The next
lemma is preparatory to the soundness of the operational semantics.

(2.19) LeMMaA Let P be a logic program, and ¢ =Aj-;a;, (s==1) a conjunction of index m. Suppose
¢ —" <true,p,m +n>. Then [¢(a,)]CT"(D), 1<i<s.

PrOOF Induction on n. Case n=1: trivial. Case n+ len: say <Af_; g,idm> —» <AiZl g A
A1 @ N Ni=jy1 @, Om+1> 5" <trueyof,m +n+1> with ¢=yof. We distinguish three

€ases.
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(). k5~ j: So g, is not replaced in the first step. By the induction hypothesis for 6(a;) we have [¢(a;)]
C W@ € 9"(2) € " (2).

(ii). a; is replaced by resolution against an axiom: [¢(a;)] C [0(a))] C T(2).

(iii). a; is replaced by resolution against a rule: [(a;)] = [¥(0(a;"))] C T"(D), 1<<i<r by the induc-
tion hypothesis. Hence [¢(q;)] C 9" +1(&) by the definition of §. [

(2.20) TuroreM (1). Let P be a logic program and a a ground atom. If a €Sucg(P), then a EF(P).
(2). For every logic program P: Sucg(P)=%(P).

Proor Immediate by the lemmas. [

LEFTMOST-SEMANTICS.

(2.21) DerINITION Let P be a logic program. We define the binary relation
p—>; on GOAL as the least one such that <Aj-; a;,¢,m>
p1 <ANioi1a’ AN ANi=a,0c¢m—+1> if some clause a’y « a'1A.ANa, € Puyy,
0=mgu(¢(a,),a’y) exists.
p—>] is the transitive closure of p—,.

(222) DermnitioN The leftmost-semantics £(P) of a logic program P is defined by
£(P):CONJ—®P(SUBSTU{ L } such that for each c ECONJ: ¢ EL(P)(c), ¢ 7 L iff for some n=>1
¢ p—) <true,p,n>, and L €L(P)c) iff ¢ p—; Q.

(2.23) DeFINITION Define the success set Sucg(P) with respect to leftmost derivations of a logic
program P as Sucg(P) = { a €HB | there exists a successful leftmost derivation from a }.

(2.24) THEOREM Let P be a logic program. Then Sucg(P) = Suce(P).
ProoF Immediate by theorem (2.15). I

DENOTATIONAL SEMANTICS.

We have already defined the model-theoretic, fixpoint-, operational and leftmost-semantics of logic
programs. In this section we will define a denotational one. From denotational point of view a logic
program is just syntactical object, built up from its components. Moreover, a logic program without
input is regarded as meaningless, similar to an imperative program with procedure declarations only.
We will treat logic programming as execution of a body, (the input) in presence of a set of pro-
cedures, (the logic program). Furthermore, we want the definition of a denotational semantics to be
compositional, i.e. the meaning of a logic program with input should be given by the meaning of its
parts.

We consider the set BIN ={ (¢,n)ESUBST XNUM | index(p)<n } U { L} as a discrete c.p.o.
and the set @z (BIN)={ 6 €9P(ENV) | o finite, or infinite and containing L } as a c.p.o. with the
Egli-Milner ordering. We introduce the set ENV=ATOM—(BIN—;?gy(BIN)). ENV is a c.p.o.
with the ordering induced by BIN—? gj(BIN)).

We will use B, o, v as typical elements of BIN, P gy(BIN) and ENV resp. So By <p, iff either
B] =4,o0r ﬁl zﬂz; 0] <0, iff either L €o and (3] _{ L }gdz, Or 0] =03; Y172 iff for all a and B:
Y1(@)B)<12(a)B).

An environment is supposed to give the possible result of a leftmost computation starting with an
atom a under some assignment ¢. With this in mind we know how to deal with conjunctions. If we
start up the program with true as input, then there is nothing to do. If an atom a is input of the pro-
gram, then we just inspect the environment. If we have a conjunction ¢; Ac; as input, then we first
process ¢; and process ¢, afterwards, taking account of the side-effects caused by c;.

(2.25) DerFmNITION The mapping B :CONJ —ENV —(BIN—% gy(BIN)) is defined by
1. % (true)(v)=AB.{B};
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2. B(a)M)=1(a);
3. Bler Aea)y) = Ble)¥) o Bl )W)

To give meaning to a logic program with certain input we just have to know which environment we
should create. So we define a transformation of environments, invoke our order-theoretic machinery
to find the least fixpoint of this transformation, and claim that this environment is the one we search
for.

(2.26) DeFiNITION The transformation ®:PROG—(ENV—ENYV) is defined by ®(a)(y)(a)(¢,n) =
U { B YyNOod,n +1) | index(a)<n, a'—c'Ea, 11, 0=mgu(d(a),a’)},
D(P'UP"Y)Na) = D(P')y)a) U (P")(¥)a).

227) LevMAa For all ¢c€CONJ: B(c)EENV—>(BIN—? py(BIN)) is continuous. For all
P €PROG: ®(PYe ENV—ENV is continuous.

Proor Standard. [J
From the lemma we deduce that for each program P the transformation ®(P) has a least fixpoint.
So the next definition is justified.

(2.28) DrriNiTION The denotational semantics H(P<—c) of a sentence P<c, i.e. a logic program
with input is defined as D :SENT—P gy (BIN), D(P«c)=% (c)(y)(id,0) where y=Ifp(P(P «c)).

EQUIVALENCE OF LEFTMOST- AND DENOTATIONAL SEMANTICS.
Let P be a logic program and y=I[{p(®(P)). Put yo=AaAB.{ L } and v; +1=P(P)(vx). We write @
instead of ®(P).

(2.29) LemMA Let B=(¢,n), f'=(¢',n") € BIN. Suppose B’ € B(c)(1:)(B). Then <c,,n> —|
<true,¢’,n’>>.

Proor Induction on k and the structure of c. We only treat two cases.

Case k +1<k,c=a: BFEBa)v+1)B) iff B E®(y,)(a)B) iff there exists a’«c'EP,, such that
G=mgu(¢(a),a’) exists, index(a)<n, B'EB(cYv)0°¢,n+1). By induction <c¢’,fopn+1> —;
<true,§’,n’>. So <a,p,n> —| <true,§’,n’>. _ :

Case k +1k,c=c) Neyt BEB(c1 A )i +1)(B) Il B EB (c2)(¥e+1)(B) Where BED (c1)(ve+1)(B)-
By induction: <c;,¢,n> —; <true,¢’,n’>, and <c;,¢p,n> —; <true,p,n>. Hence
<ciAcy,dn> -] <true,¢’,n’>. [

(2.30) LemMA Let <c,¢,n>&GOAL. Suppose <c,¢p,n> —; <true,¢’,n’>. Let B=(¢,n) and
B'=(¢',n"). Then B'EB(c)¥XB). ’

ProOF Induction on k=n'—n. Case k+lekc=a: <apn> —; <c,Bodpn+1> —
<ftrue,¢’,n’>. By induction B EB(c'Nv)@p,n+1) and B(')y)0°¢) C B(aXy)¢p). Hence
B €3 (a)(¥XB). _

Case k+lekc=ciAcy: <ciAcydn> —; <c3,4,n> —; <true,d’,n’>. By induction:
BER(c1)(v)XB) and B EB(c2)(¥)(B). Hence B'€B(c; A c)(v)(B) where B=(¢,n). U

(2.31) LemMA Let <c¢,,n>€GOAL. If L ¢ B(c)(v;)(9), then there is no infinite chain out of
<c,¢,n>,ie. <c,dp,n> —; Q is not the case.

ProoOF Induction on k and c. Case k +1«k,c=c; Acy: Suppose L ey, 41(c; Acz)(B). Hence
L evi+1(c1)(B). and L & vr41(c2)(B) for every B E€B(ci)(vk+1)(B)- Thus by induction: every
chain out of <c;,¢,n> has an end and for every B’ €D (c 1) (v« +1)(B) every chain out of <c,,¢',n'>
has an end. Thus <c; A ¢;,¢,n> begins no infinite chain. [

232) Lemma If L € B(c)(vi)(B) then <c,p,n> —; <c’,¢',n’> with n’=n+k.

Proor Induction on k and c. Notice <c,¢,n>&EGOAL. Case k+1<k,c=a: Suppose
1 €B(a)yr+1)XB). Then L €®(P)(viXa)B), hence L €B(c)yi )0 p,n +1) where a’«c"EP, 14
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and §=mgu(¢(a),a’). By induction hypothesis for <c¢’,0°¢,n +1> we are ready.

Case k+1le<kc=cyNcy: Suppose L €B(ciAc)ye+1)B). So_ L €RB(c1)¥x+1)B) or
L €B(c2)1r+1)B) with B EB(c)¥)(B), hence <c,p,n> —| <c,¢,n> with n=n+k+1 or
<cp,$n> —; <true,¢’,n’> and <c,,¢,n’> —; <¢,¢,n> with n=n+k-+1. Hence <c,p,n>
-] <c,¢,n> with n=n+k+1. O

(2.33) CoroLLARY If L €B(c)(y)(B), then <c,p,n> —; Q.
ProoF From the above lemma and the one due to Konig. [

(2.34) DerFiNITION Define the success set Sucg(P) by Sucq(P) = {a€HB |
DPea)—{ L}F#2 }.
(2.35) THEOREM For each sentence P«a: D(P«a)=EL(P)a) and Suce(P)=Sucq(P). O
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2.2.- Another approach

In case we want to know if different derivations in the operational model deliver the same substitu-
tions, we can do this by counting them.
In this section we associate with a sentence a multiset of answer substitutions. This approach gives us
some more information about the program than the previous one. For example one can determine
when in the program a rule is defined twice or that a set of rules gives the same answers as an other
set of rules does. We restrict us to the leftmost computation rule.

SOME MATHEMATICAL DEFINITIONS AND PRELIMINARIES

Let again BIN = { (¢, n) € (SUBST X NUM) | index(¢p)<n } U { L }. Let NUM™ stands for
the set of natural numbers with infinity (o0).
We define: 9,,,(BIN) = {M: BIN >NUM® | M(1L)=0 or M(L)= 00 } and
MUL = {M € 9,,,(BIN) | M is finite } U { M € 9,,,)(BIN) | M(L)=00 }.
It follows that _L is in M or it is not in M; the multiplicity is of no interest.

The following notations will be used:
-M e 9,,BIN) is finite iff Zg. gy M(B) < ©
-M={B;/n |i€I } means Vi€l:M(B)=n;and VB¢ {B;|i€l}: M(B)=0.

We will use MUL as our domain for the semantics of the operational and denotational semantics.
Because we use multisets we have to adapt some operators on sets and we introduce a new operator
@® (called sum).

(2.36) DerFINITION Let My, M, € 9,,(BIN) and (M;);.yum be a collection of sets from

P u(BIN).

LM, U My := A.max{ M\(B), M(B) }
22U M, = Msup {Mi(B) | iel}
3.M,©&M; =AM (B) + MyB)

4. D, M, = ANE; . M(B)

We define the inclusion relation and an Egli-Milner like ordering on MUL. It will be shown that with
this ordering MUL is a c.p.o..

(2.37) DerpiNmTiON 1. Let M, My e 9,(BIN). M| Cpu M, iff Va edomain(M,):
M(a) < M;(a)

2. Let M], M2 e MUL. M1 SMZ iff either Ml(_L)ZO and M, :M2 or Ml(_L)z oo and

Remarks that it is the case that M, U M, and M, ©® M, are elements of ¥,,,(BIN) and so are
UM and @, ;M; If M| and M, are elements of MUL then M, ® M, and M; U M, are
elements of MUL. It is generally not the case that <M;>,; is a collection of sets in MUL implies

U2oM; e MUL. If however <<M;>>; is a chain in MUL then U 2 M; € MUL.

(2.38) TueoreM (MUL, < ,{ 1 / %0})is a cpo.

ProOF We only define and check the least upper bound (J). Let <M;>; be a chain in MUL. If
there exists iy such that Vi = io: M; = M, then take (02, M; = M, . If no such i, exists, take
O M; = U 2o M;. We check that U {2, M; in the second case is indeed the least upperbound
of <M;>,;.

Clearly for all i: M; < U 24 M;, because for all i: (L, w)e M;. If M’ € MUL is an upperbound
of <M;>;. Let BeBIN, then Vi = 0: M(B)<M'(B), thus sup {M;(B) | i = 0 }<M'(B), thus
U 2o M;(B)y<M'(B). Hence U R M, <M’ since( L, 0)e UR, M, O

For technical reasons we change the definition of CONJ, which will still be a sequence of atoms but
now parenthesized in a specific way. We introduce BODY which is a conjunction of at least one
atom or an empty conjunction, denoted by true.
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The class CONJ, with typical elements c,..., is defined by: c ::=a |a Ac.
The class BODY, with typical elements b,..., is defined by: b ::= true | c.
We are now ready to define the operational semantics with multisets as our domain.

(2.39) DEFINITION The operational semantics O :SENT — MUL is defined by:
O «b)= ®{ {(¢,n)} | b p—" (true, p,n) } U ifb p— L then {(L,0)) else T fi.

We define some more operators and prove their continuity.

(2.40) DeFINITION We define @ : NUM® X 9,,/(BIN) - 9,,,BIN) by
n®M={B /(n XM@PB)|BeBIN} U ifn=cothen{ L / o} else I fi

From the definition we have: if M € MUL then n ® M € MUL. This is due to the fact that in case
n = oo we include bottom.

(2.41) LemMA The operators © and U are monotonic in both arguments and ® is monotonic in
its second argument with respect to the < ordering. ® is monotonic in its first argument with
respect to the adapted inclusion relation.

PrROOF Omitted. [J

(2.42) ProposITION If <M,;>; is a chain in MUL then
1L O M;={B / lim_, M(B) | B5= L} U{L/ oo |if Vi:M(L)=w)
2.If Vi: M; Coput M; 4y then U 29 M; = AB. lim;_,, M;(B)
Let (M;); and (N;); be collections of sets of MUL. Then:
3. Vi: Mi C rut Ni - & ??—‘OMi Cmut S :'”;ONI'
4. Vi: M;<N;and Ji: N(L)=0 - DM, < ®2N;
PROOF the proof is straightforward. [
Let <n;>; be a chain in NUM®.

(2.43) LemmMA The operators @ and U are continuous in both arguments and ® is continuous in
its second argument with respect to the < ordering. For ® holds: ( (fim_,e 1)@ M ) |piv—( 1L}
= UZo(m®M) |pn-(1)

ProOF Depends on the fact that lim;_,, (m; + n) = (lim;,,, m;) + n and also for X and max. O

(2.44) DEFINITION Let ¢y, t;: BIN ;— MUL then the composition ;°¢; of ¢, and ¢, is defined
by: 1ot =AB D {n'Bt,(B) | B, n)ety(B)}
Note that o will always deliver an element of MUL because of strictness of the functions .
If ¢, is finite and VB: ( £;(B) % 0 — 1,(B) is finite ) then ¢, o¢; is finite. In all the other cases bottom
is an element of 5 °1¢;.
With this definition and the previous lemmas we can prove the following.

(2.45) LeMMA ° is monotonic and continuous in both arguments.

ProoF The proof depends on the previous proposition and the fact that Z;.;Lim; ., m;;
=1l i— 00 E] eJ mj',-, if <mj’,~>,~, is an incfeasing chain in NUM®. O

THE DENOTATIONAL SEMANTICS WITH MULTISETS
The class ENV, with typical elements v,..., is defined by:
ENV = ATOM — (BIN ;— MUL). ENVis a cpo because MUL is, and it has as its bottom ele-
ment A a (¢, n).{ L }.
Now we are ready to define the denotational semantics.

(2.46) DEerFINITION The mapping % :CONJ —-ENV—(BIN —-;MUL) is defined by
1. B(true)(y) = AB. if B~ L then (B/1}else { L / oo} fi;
2. B(a)() = va);
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3. Blane)y) = BB (a)y)
(2.47) DeFINITION The operator ®:PROG—(ENV—ENYV) is defined by

L. ®@ < b)y)pn) = © { BO)y)Oo¢,n+1) | 0=mgu($(a),y,+1(a")) exists };

2. ®(PyUPy) = MyaAB.@(P1)(¥)a)B) © P(P2)(¥)(a)B).
(2.48) DeriNtTION The mapping 9:SENT — MUL is defined by D(P<b) = B (b)(y)(id,0) with
=Ifp(D(P)).

(2.49) THEOREM 1. Let b € BODY and B € BIN. Then Ay.B(b)(y)B): ENV — MUL is continuous.
2. Let P € PROG. Then ®(P): ENV — ENV is continuous. [

We will not prove the equivalence of the last defined operational and denotational semantics. It is
obvious that the operational semantics with multisets differs only from the one in section (2.1) with
respect to multiplicity. It also is not difficult to prove that the two denotational semantics are,
modulo multiplicity, equivalent.

In the next chapter we give another operational model with multisets as semantic domain.
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Chapter 3

Logic programming, Prolog and Concurrent Prolog

INTRODUCTION

In this chapter we give an operational model of logic programming with multisets. This model is
not only a preparatory study of Concurrent Prolog, (Shapiro, [45]), but also an introduction to the
techniques used in the models for Prolog and Concurrent Prolog. In the second part of this chapter
we give an operational and denotational semantics of a subset of Prolog, as described in an article of
Jones and Mycroft [26]. We prove the equivalence of them. The last part of this chapter is based on
the article of Shapiro [45], which describes Concurrent Prolog. We add an operational model of CP.

3.1. The operational semantics of logic programming
In the previous chapter we looked at derivations. A derivation corresponds to one path in the
search tree. Now we take a more global point of view by looking at the whole search tree.
The classes ATOM, CONJ, BODY, CLAUSE, PROG and SENT are defined as before.
Let X be a set, then X" denotes the set of finite sequences of elements of X. ¢ denotes the empty
sequence.
The class STACK, with typical elements s,..., is defined by: STACK = BODY*
The class STATE, with typical elements o,..., is defined by:
0 € STATE iff 6 € (STACK X SUBST X SENT X NUM)oro ::= 6, Oo, and o0, 0, € STATE.
We define some transition rules (our axioms) with disjoint domains. Further we need some infer-
ence rules, which give us the possibility to generate a derivation.
The  transition  relation ”-—»” is defined from STATE X Du(BIN) to
STATE X 9py(BIN) U @,,(BIN).
We define the start goal by <(b, Id, P, 0), & >.
P is a set of definite clauses, which defines the whole program. P’, P, and P, are subsets of P.

THE DEFINITION OF THE TRANSITION RULES:

<(a-s, ¢, a’ < b', n), W>— <y +1(b") *s, (0°¢), P, n+1), W> ¢}

if 0 = mgu(d( a ), Yn+1(a’)) exists.

—> W otherwise.
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<{@nc)es, ¢, a’<b',n), W>—-<@,+1(0)eces, (0°9), P, n+1), W> )

if 0 =mgu(¥(a), Yun+1(a’)) exists.

— W otherwise.

<(true+s, ¢, P, n), W>—<(s, ¢, P', n), W> 6)
<@ ¢, P,n), W>->WD{(pn) / 1} , )]
(ces, ¢, PPy, n), W>— <(ces, ¢, P, n) O (ces, ¢, Py, n), W> )

THE DEFINITION OF THE INFERENCE RULES:
<o, W>-—» <o, W>

<elae, W>—o<o'ley, W> ©)

<o, W>-> W ™
<oOgy, W>— <o, W>

<o, W>— <o/, W> ®)
<oiOe, W>—o <o; 3¢, W>

<o, W>— W ©)

<oy 0o, W> - <ay, W>

A production sequence is a finite or infinite sequence of the form:
(*) <gg, Wo>, <oy, W1>,..., W,, 01 )
(**) <oy, W0>, <01, W1>, ey <Oy, Wn>: <0, +1s Wn+l>, e
where <o,, W,>— <0, +1, Wy+1> holdsforn =0, 1, 2, - - -.
Let L be defined as before. We say that <o, W>— > W’, where W€ MUL. — *, may be pro-
nounced as "produces finitely or infinitely many steps”, whenever one of the following conditions is
satisfied.
1. There is a finite sequence (*) with <ay, Wy > = <o¢, W> and <o,, W,>— W'
2. There is an infinite sequence (**) with <o, W(> = <o, W> and the sequence
<W,>,isnotconstantand W' = (U W;) U { L /oo}
3. There is an infinite sequence (**) with <oy, W(> = <o, W> and the sequence
<W,>, is constant for n = ng for some ng and W' =W, U {1 /o}.
We define 0:SENT — MUL by
OP«b)=U {WeMUL| <, Id, P, 0), 3>->"W'}

SOME COMMENTS ON THE DEFINITIONS ABOVE

In rule (1) and (2) we see that the leftmost atom is replaced by the body of the clause a’ « &', if the
most general unifier exists. Rule (3) is a way of skipping the empty clause. Rule (4) collects the
answer substitutions. Rule (5) takes care of the unification of the leftmost atom in the goal with al/
the clauses of the program. This rule together with the inference rules has as consequence, that all
possible derivations are computed simultaneously (as discussed in the introduction).
In condition 2. we include L, because L denotes the presence of an unfinished computation and an
infinite production sequence trivially denotes an unfinished computation.

In the next sections, whenever a b with a ¢ and an index »n and some more information occurs
together, the following constraints hold: index (b)<n, index (¢p)=<n.
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SOME LEMMAS

In order to prove that O(P<«b) is an element of MUL, we define ©(b,m,¢,P,n) =
U{W | <(b,¢Pn),d> —= W } with index (b) = m, and prove that &(b,m,$,P,n) is an element
of MUL. Since ©(b, 0,1d,P, 0) = O(P « b) it follows that O(P < b)e MUL. ‘

(3.1) LemMa All production sequences of <(g,$,P,n), &> are finite iff the leftmost search tree of
(g, 9, P,n) is finite.

PrOOF Omitted. ]

(3.2) Lemma If one production sequence that starts with <(b, ¢,P,n), g > is finite then all the pro-
duction sequences are finite.

ProoF The difference between two production sequences is the choice between which o; you choose
to develop, if the state is 0; O - -+ O, and o,’s are of the form (s;,¢;,P;,n;). Because we have a
finite sequence, this means in the end we have no state left, every o; will be developed eventually, so
there is no state which will lead to an infinite production sequence. []

(3.3) TuEOREM B(b,m,¢,P,n) € MUL.

ProoOF <(b,¢,P,n), 3>—>% W.
i) (L, )¢ W (i.e. W is finite). then W = ©(b,m,,P,n), because we know that all production
sequences are finite, ( L, o) & @(b,m,¢,P,n).
Let ((8,p),k) € ©(b,m, $,P,n) When we have in our production sequence state ¢ [J - - - [ 6,, defined
as above. Then the number of (§, p) is in every W the same, because the only difference between
two production sequences is the choice of o; and in the last step of the production sequence state
disappears (because all the production sequences are finite). So every o; has been developed. Thus
((0.p),k) € W and W = ©(b,m,¢,P,n)
i) (L1,w)eW then YW <@b,¢,Pn), 3>-2W: (L,0)eW’ and thus
(L1, ©)e®bB,m,e¢Pn). O

THE EQUIVALENCE OF THE OPERATIONAL AND DENOTATIONAL SEMANTICS
In this section we will prove that for each program P and each goal b the operational and denota-
tional semantics coincide.
We will prove that &( b, m, ¢, P, n) = B(b) (v) (¢, n) with y = Ip®(P).
First we prove some useful lemmas.

(3.4) LemMmA If (( 0, p), s)€©O(b, m, ¢, P, n) thens < o0

PrOOF Every state is of the form: <¢; O - -+ Ooy, W> with o; =(s;, ¢, Pi, n;). As soon as
n; > p the o; is of no interest to us (we refer to transition rule (4)).
Let us assume that all n; < p.
The only way to increase the #;’s is by applying transition rules (1) and (2).
The only way to increase the number of o;’s is to use rule (5), but the amount of new elements of the
form of the o;’s is equal to number of clauses in the program which is finite, so for every state
k < o0.
In a finite number of steps we can create a state in which all the n;’s are equal to p. So the total
number of ( 8, p)’s is also finite, which means that s < c0. I

(3.5) LeMMA Let B# L. If (B, 5)e©(b, m, ¢, P, n), then there is a "minimal” production
sequence (finite or infinite) <(b,¢,P,n), &>, <oy, W;>,--- such that (B,5)e W, and
(B, s) & W,_, and for all other production sequences, whenever (8, s) € W, then k = L

PrROOF Omitted. O]

In the above situation / is called the minimal production index of (B ).
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(3.6) DEFINITION MPI( b, m, ¢, P, n) = { (B, s)eO(b, m, ¢, P, n) | the minimal production
index of (B, s) isl}

We write MPI, for short , if no confusion is possible.
It is obvious that MPI, = @ and ©( b, m, ¢, P, n) lB]N_{J_} = U RqgMPI,
If we write ( , p, s) we mean (( 0, p), 5)

37 Lemma (0,p, s)e®(ance, m ¢, P,n) if and only if Vi=1,...,1(6;,p;s)e
O(a, m, ¢, P, n)such that (0, p, ;) e O(c, m, 0;°9, P, p,)andE 185 X 4 =s

PROOF Omitted. [J
(3.8) DeFINITION ¥, ( b, m, ¢, P, n)= B(b) @PYAaon{L}) (b n)
(3.9) LemMA O( b, m, ¢, P, n) |pn—g1y = Op=0 ¥,(b, m, &, P, n) |piv—( 1}

PROOF C,,,) With induction on the minimal production index and the complexity of b. We
prove:
vl Vb:0, k, sye MPI; 3p,: Vp =p,: (0, k, s)e‘I'p( b, m, ¢, P, n), as follows: If /=0 then
nothing has to be proved and we are ready.
So let it be proven for minimal production sequences less than /.
- b = true; p, = 0 and we are ready.
-b=ua; 8(a, m, ¢, P, n)= O(b;,n+1,0°p,n+1) & --- @ O(b, n+1, 6,09, n+1), with
a; «b; in P and 8; = mgu( ¢(a), ¥, +1(a;)) exists.
The minimal production index of (4, k, s,)€ O(b;, n+1, 6;°¢, n+1) is less than the one of
O(a, m, ¢, P, n), with Zi_; 5, = s.
So Vp =p,: (0, k, 5)€ ¥(b;, n+1, 0,09, P, n+1).
Let poax =max{py, | i=1,...,t}
then Vp = pua: (0, k )€ ¥,(by,n+1, 004, n+1) ©.® ¥ (b,n+1, 004, nt+tl)=
p+1( a, m, ¢, P, n)
-b=anc, 0,k s)e®lanc, m ¢, P, n) then with induction and the previous lemma we have:
Vi=1,...,0 ¥Vp=p.: (0;,pi,s)e Y,(a,m ¢ P, n) such that Vp =p.;: (0,p, ;)€
¥,(c, m, 0°¢,P pi)
Letpmax—max{pa,,pcjll—l Iandj—l 1}
then Vp = pnax: (6, k, s >< ) €@l 1(s,® ¥,(c, m, 0;°9, p;)) thus Vp = ppu:
(8, k, s)e¥,(anc, m ¢, n)
D mu) to prove: Vp: Vb: ¥,(b, m, ¢, P, n) <O(b, m, ¢, P, n). Induction on the complexity of
b and p and previous lemma. Further proof omitted. (1

(3.10) Lemma (L, 0) € O(b, m, ¢, P, n)iff (L, oo) & U0 ¥,( b, m, ¢, P, n)

PROOF only if) With induction on b and the length of the production sequence. Since for all W
such that <(b,m, ¢,P,n), &> -, W we have W = 0O( b, m, ¢, P, n)).
Assume that the production sequence has non-zero length.

- b =true ; then we are ready.
- b=a ; We take the following production sequence:

<(a,¢,P,n), 9>,...,<¢;0 --- Oo,, &>, where o; = (b;, §;°¢, P, n+1), and g;<b; in P
and 0; = mgu( $(a), ¥, +1(a;)) exist, 1<i<t.
It is true that B(a, m, ¢, P, n) = Ok, n+1,0,°¢6, P, n+1)® --- D

O(,, n+1, 8,°¢, P, n+1) and the length of the production steps of the b;’s are shorter than a, so
(41, oo)et_El;"-o p(bi, n+1, 0;°¢, P, n+1)and Uy ¥,(a, m, ¢, P, n) =

Df:o @f:] (b,,n+1 0 ¢,P n+1) @: ID
so(.L, 0)e D;°=0 ¥,(a, m, ¢, P, n).

- b=anc; if (L,w)e®(anrc,m ¢ P,n), then (L, 0)e0O(a m, ¢, P,n) and
(L, 0)e®(c, m Oo¢, P, k): v, k, s)=O(a, m, ¢, P, n), o)
(L, 0)elo ¥,(a, m ¢, P, n) and V(, k, s)e O~ ¥,(a, m, ¢, P, n):

p=0 p(bi9n+la 0i°¢,Py n+1)’
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(L, )¢ ¥,(c,m 8¢, P, k) and thus (L, o0) & Op%=0 Y,(anc, m, ¢, P, n)

i (L,00)el%0 ¥,(b,m ¢ P, n) this means there is a p such that
(L, o0)g¥(b, m, ¢, P, n). Proof with induction on b and p, it is an analogous proof as the "only
if” case part as described above. Further proof is omitted. [

Now we have that ©(b, m, ¢, P, n) = O ‘I'I,( b, m, ¢, P, n) and this implies
O(P « b) = D(P « b). With these last two lemmas we have proved the equivalence of the operational
and denotational semantics.
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3.2. The operatzonal and denotational semantics of a subset of Prolog

Prolog is a logic programming language first developed by Alain Colmerauer of the University of
Marseille in 1970, [44]. The Prolog interpreter uses as computation rule leftmost and search rule
depth first (with an ordering on the clauses).

INTRODUCTION
We know that different computation rules lead to the same results. However different search rules
can lead to different results. For example: Consider the program P := { n(0)< true,
n(s(x))«<n(x;) } and the goal «n(x,).
Take as search rule:
in each node take the left most son not yet visited and mark this node as visited, if none is left, go
up one node and repeat this procedure.
With this search rule we find all the natural numbers. But if we have as search rule:
in each node take the right most son not yet visited and mark this node as visited, if none is left, go
up one node and repeat this procedure.
then we will find no answer substitutions.
In this section a operational and a denotational semantics of Prolog as proposed by Jones and
Mycroft, [26] is given. We add an equivalence proof of these two semantics.

SOME MATHEMATICAL DEFINITIONS AND PRELIMINARIES

Before we can give the operational- and denotational semantics we have to develop a domain and
some operators on it.
Let BIN now stand for SUBST X NUM, 1 is a new element not in BIN. We define BIN" as
BIN" :=BIN" U BIN" L U BIN®.
The following ordering can be defined on BIN”. If x and y are elements of BIN”, then x <y if
either x e BIN° U BIN® and x =y, or x =x’ L and x’ is a prefix of y. In[3]and [37] it is pro-
ven that ( BIN”, <, 1)isacpo.

We have a concatenation operator ’+’ defined as follows: x »y =xy if x € BIN, and x »y = x if
x€BIN" L U BIN®™. ’+’is continuous in both arguments. See [3].

THE OPERATIONAL SEMANTICS OF PROLOG
The definition of the classes BODY, CONJ, CLAUSE and SENT are not changed. The class

PROG is slightly modified. It is defined by: P ::= a | a= P
Because the Prolog interpreter uses the so-called backtracking mechanism it has to update control
information at each visit of a node in the search tree. This is done by stack management. The whole
stack forms the state of the derivation. Each element of the stack contains information about the
current subgoal, the clauses which we have not yet applied to the subgoal, the substitution so far gen-
erated and a renaming index for the clauses.

We define the class STACK, with typical elements s,.. by STACK = BODY*. We define the class
STATE, with typical elements o,.. by STATE = ( STACK X SUBST X PROG X NUM )*.
We define a transition relation ” —” on STATE X BIN" to ( STATE X BIN" ) U BIN". For a
sentence P <b, we define the start goal by <(b, Id, P, 0), e>.
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THE. DEFINITION OF THE TRANSITION RULES:
<(ass, ¢, (@’ <b")+P', n)so, w> )
> < Wy +1(0) s, (B°9), P, n+Ded, w>
if 0= mgu(@( a ), Yn+1(a’)) exists.
- <o’, w> otherwise.
witho =(ae-s, ¢, P, n)eo
<((@anc)es, ¢, (a’<b")°P’', n)eo, w> 2)
> <Wus1B)eces, @°4), P, n+1)ed, w>
if 0= mgu(@(a ), Yps1(a’)) exists.
— <o/, w> otherwise.

witho' = ((aNc)es, ¢, P, n)so

<(truee.s, ¢, P’', n)eo, w>-><(s, ¢, P, n)eo, w> 3)
<(ce*s, ¢, € n)eo, w>—> <o, w> “
<(e, ¢, P, n)eo, w>— <o, weo(dp,n)> )
<€, wW>—->w | ©)

Again a production sequence is a finite or infinite sequence of the form:

(*) <0g, Wg=>, <01, W1>,.., W,, O

(**) <0y, Wo=>, <Oy, W1>>,.., <Oy Wp>>, <Op41s Wpa] s

where <o,, w,>— <0,+1, Wy+1>> holds for n =0, 1, 2,... We say that <o, w> —* w’, where
w’ € BIN", whenever one of the following conditions is satisfied:

1. There is a finite sequence (*) with <og,wo> = <o, w> and <g,, w,>— w'.

2. There is an infinite sequence (**) with <gy,w¢> = <o, w> and the sequence

<w, >, is constant for n = ng for some ng and w’ =w, =+ L.

3. There is an infinite sequence (**) with <oy,we> = <o, w> and the sequence

<w, >, is not constant and w’ = sup, w,.

We define: O(P «b)=w, if <(b, Id, P, 0), e> % w.

Some remarks: It must be noticed that in every production step exactly one of the transition rules
can be chosen. In transition rules (1) and (2) we resolve a against a’ « b’. Because we want to apply
the rules in P’ on a too, we save that information on the stack (see ¢’). Rule (4) simulates the so
called backtracking mechanism of Prolog. If no rules are left to unify with, the top element of the
stack is popped. In case we have reduced our goal to ¢, (rule (5)), the answer substitution is delivered
and the top element is popped of the stack. It is obvious that the w,’s in the production sequence are
prefixes of the w, 1’s, so sup, w, in condition 3. is well defined.
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SOME MATHEMATICAL DEFINITIONS AND PRELIMINARIES
Before we give a description of the denotational semantics, we must define a new function:

(3.11) DEFINITION append : (( BIN — BIN" ) X BIN" ) — BIN" is defined by

t(a)append(t, x’) if x =ax’with x’ € BIN" L U BIN"®
append(t, x) = < Xx ifx=eorx= L
O append( t, x;) if x € BIN® with <x;>; a chain
and Vi:x; € BIN" L and x = 0%, x;

(3.12) LEMMA append is monotonic and continuous in both arguments.
ProOF With induction on the length of x. [

THE DENOTATIONAL SEMANTICS '

Again we have the class ENV of environments with typical elements 7v,.. defined by
ENV =ATOM X BIN — BIN”. ENV is a cpo because BIN" is, with bottom element:
Aa(d, n).. L.

(3.13) DeFINITION The mapping % : BODY X ENV X BIN — BIN" is defined by:
1. B (true)(v)($,n) = ($,n);
2. B(a)(¥)e,n) = v(a)(¢,n);
3. BlaNnc)yXd, n) = append( A (0,1"). B(cHy)(O°P),n"), ¥(a)(p,n)).
(3.14) DerFiNiTION The function ® : PROG — ( ENV — ENV ) is defined by:
1. ®(e)a)p,n) = ¢
2. ®(a’<b)-PYy)a) ($pn)=0<0’, with 0 =BWn+1(07) (N@°9),(m+1) if
0 = mgu($(a),¥n +1(a’)) exists, else o=e and o’ = B(P")y)(a)(¢,n)
(3.15) DeriNITION The function 9 : SENT — (BIN)" is defined by: 9D (P < b) = B(b)(y)(Id, 0)
with: y =Ifp ®(P) = 0%, (®(P)Y(AaB. L).
With this definition and the previous lemmas we can prove the following theorem:

(3.16) THEOREM 1. A v. B () (Y) (9, n) : ENV — BIN" is a continuous function
2. ®(P) : ENV — ENV is a continuous function

PrOOF 1. With induction on the complexity of b and the continuity of append.
2. With induction on the complexity of P and the continuity of % and . O

THE EQUIVALENCE OF THE OPERATIONAL AND DENOTATIONAL SEMANTICS
In this section we prove that for each program P and for each goal b, the operational and denota-
tional semantics coincide. First some definitions.

(3.17) DEFINITION Let index (b)=m. We define:
1. (b, m ¢, P,n)=w iff <(b, ¢, P, n), e->> w.
2. ¥,(b, m, ¢, P, n)= BMB)(®PY Aa(p,n).L1)) (¢, n).
3. ¥(b, m, ¢, P, n)=07=0 ¥, (b, m, &, P, n).

Notice that [I7%g ¥,( b, m, ¢, P, n) = B(b)fix (®(P)) (¢, n). We will prove Vb, m, ¢, P, n:
O(b, m, ¢, P, n)=101 1‘,’°=0 ‘I'p( b, m, ¢, P, n) Before we can prove this there are several propositions
to be provided. Most of their proves are straight forward with induction on the complexity of b or
the length of the production sequence or on the index p.
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(3.18) PropositioN If D% ¥,(b, m, &, P,n)= (B, n)*(62, n))+ (63, n3)+.. then
Vi:n, =n, 0, € SUBST and 6, = 6, 4.

PROOF Omitted. [J
A similar proposition holds for &( b, m, ¢, P, n).
(3.19) ProPOSITION Let <oy, €>, <o,, €>,.. be a production sequence. with a; = (b, ¢, P, n),
then Vi:o; =(si, ¢i, Pi, ni)e (sh, ¢, Ph, mb)e.. (s, &}, Pi, n})
Vi, j: ¢;ESUBST and ¢; = 0j°¢.
Proor With induction on the length of the production sequence. [
(3.20) ProposiTION The following two assertions are equivalent:
1) <(a, ¢, P, n), e, <03, € ,.., <0, €, <0,11, (M, r)>, o =(si, ¢\, P}, ni)e
(sh, @b, Ph, ny) «..c (a, ¢, P, n), withsf =cands; F¢
(2) <(aAc, ¢, P, n), e, <o/, e ,., <o/, €, o/ = (s} oc, ¢4, Py, ni)e (shec, b,
b, mb) oo (asc, ¢, P, n), with sf =e and s} # e
ProoF with induction on the length of the production sequence. [
(3.21) ProposiTION The following two assertions are equivalent:

(1) < o1°0y°.. 00k, W™ ., < 00, 20k, Wpyp™>,
2) < o1, W= ey <€ Wygp™>,

PrOOF Omitted. [

(3.22) ProrosITION Let <(a, ¢, P, n), e>—> (0, n1)*(6, ny) (03, n3)-... Then
Vi: <( ¢, 0i°¢’ Pa ni)9 € —-»® (¢i,l? ni,l).(¢i,2’ ni,2) '(¢i,3, ni,3)." » if and Only if
<(aAhc, ¢, P, n), -7 (o1, n,) (b2, m12)  os (o1, m21)($22, M22)  one®
(&30, 13,1 (b33, 132) *.. .

PrOOF with all the previous propositions. If a production sequence is infinite for certain i, then
substitutions with index higher than i disappear. [l

(3-23) LemmA Vp Vb: ¥,(b, m, ¢, P, n) <O(b, m, ¢, P, n)

Proor With induction on p and the complexity of b.
b=a: Y,(a, m, ¢, P, n)= ¥, _1(by, n+1,0,°9, P, n+1) o0
Y, (b, n+1,6,°4, P, n+1) with a b occuring in P in that order and
0; = mgu( $(a), ¥, +1(a;)) exists. Our induction hypothesis says: ¥, _1( b;, n+1, 6;°¢p, P, n+1) <
O(b;, n+1, 6,6, P, n+1). Since ©O(a, m, ¢, P,n)= O(b;,n+1,0,°¢6, P, n+t1) .-
O( b, n+1, 6,09, P, n+1), it follows that ‘I'p( a m, ¢, P, n) < O(a, m, ¢, P, n).
b=aAc: Y,(anc, m ¢, n) = append(AGn’. ¥,(c, m, @°9), n), ¥,(m, a, ¢, n)). The
induction hypothesis gives us: V(0, n’): ¥,(¢, m, (6°9),n) < O(c,m, (6-d), n’), and
Y,(a, m, ¢ n)< ©(a, m, ¢, n). Then with the previous proposition, it follows:
append(A@n’. O(c, m, (°¢), n’), B(a, m, ¢, n)) = O(aAnc, m, ¢ n),so Y,(anc, m, $, n)
< B(anc,m, ¢, n). O

(3.24) DeFINITION We define

if <(b, m, ¢, P, n) e, <01, W1>>,..,<Op_1, Wp—1>>W

w . . .
is its production sequence.

O (b, m, ¢, P, n) = if <(b, m, ¢, P, n) €, <op, W>,.., <0, W=,
Wil Y s its production sequence.

&
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(3.25) Lemma OF_g ©,(b, m, ¢, P, n)=0O(b, m, ¢, P, n)
PROOF Omiitted. [J
(3.26) LeMMA Vk Yb: O (b, m, ¢, P, n) <V¥(b, m, ¢, P, n)

ProoF With induction on &k and b. An analogous proof as the previous lemma. [
Finally we have arrived at:

(3.27) THEOREM O(P « b) = D(P « b). [J

&
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3.3. - The operational semantics of Concurrent Prolog

In this part of our paper we will describe an operational model of Concurrent Prolog. CP is a vari-
ant of the programming language Prolog. Prolog is a sequential simulation of a parallel computation
model. Shapiro gives in [45] two reasons for exploiting Prolog’s underlying parallelism: One is to
improve the performance of Prolog in some of its current applications, perhaps using novel computer
architectures. The other is to incorporate in the range of Prolog applications that require con-
currency. CP is concerned with both.

In the same article Shapiro gives a sketch of a CP interpreter. We will closely follow this sketch to
define our operational model. But before we come to the definition of the transition- and inference
rules, we describe the syntax and the informal semantics of CP.

CP adds two syntactic constructs to logic programs: read-only annotation of variables, e.g. x?, and
the commit operator ”:”, (Shapiro uses ”|”.) Both are used to control the computation, i.e. the con-
struction of the derivation, by restricting the order in which goals can be resolved and restricting the
choice of clauses that can be used to resolve them. A CP-program is a set of guarded clauses. A
guarded clause is a universally quantified axiom of the form:

A(——Gl/\Gz/\../\Gm IBI/\../\B,,, m, n=0

where the G’s and the B’s are atoms. The G’s form the guard of the clause. When the guard is empty
the commit operator is omitted. The clause may contain variables marked “read-only”.
The commit operator generalizes and cleans up the cut operator of sequential Prolog. Declaratively it
reads like a conjunction. 4 is implied by G’s A B’s. Operationally a guarded clause and an atom can
be resolved against each other if the head of the clause and the atom are unifiable and the guard of
the clause can be resolved successfully. The bindings made during the evaluating of the guard have to
be composed with the associated substitution.
The unification of terms containing read-only variables is an extension of the normal unification. The
unification of a read-only variable x? with a term ¢ succeeds only if ¢ is a variable, (hence not a
read-only variable). .If in an atom a a read-only variable x? occurs and in the associated substitution
¢, x receives a value not equal to a variable, then the annotation of the read-only variable x? disap-
pears in ¢(a).
We represent the read-only annotations as a unary functor written in postfix notation. The unification
algorithm will handle this functor in a special manner, as described above. We notice that the read-
only annotation is an annotation strictly bounded to the variable it has as its argument. This means
that if x? is a read-only variable and x is assigned a non-variable term which contains at least one
variable, then these variables are not read-only.

The concept of read-only variables provides CP with a powerful programming technique, called
partially determined messages.
Now we know what a CP-program looks like and how the unification algorithm works, we will give
an informal description of the CP interpreter, which will model our operational semantics.

THE CP INTERPRETER

The execution of an atom is called a proces. A set of processes is called a system. The execution
of a CP system S running a program P can be described informally as follows:
Each process 47 in S tries to unify AI with each head of a clause 4 < G : B in P in parallel. If the
unification is successful the guard system G is executed. As soon as one of the guard systems ter-
minates successfully and can commit 4/ is replaced by the system B and all the other guard systems
are discarded. The system S terminates when it is empty. It may become empty only if some of the
clauses in P have empty bodies.

The computation of a CP-program causes a hierarchy of systems. Each process may invoke several
guard systems with the intention to find a reducing clause and each of these guard systems may create
other systems as well. The communication between these systems is governed by the commitment
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mechanism. Each system created by A7 has only access to variables which occur in A1, which are
private copies of the global ones. When a commitment is made, the variables are unified against their
global counter parts and if the unification succeeds the body system B of the chosen clause replaces
A.

We will now give a more detailed description of the CP interpreter. The CP interpreter uses three
kinds of processes: an and-dispatcher, an or-dispatcher and a unifier. These processes should not be
confused with the CP processes themselves, which are unit goals.

We begin with a system S of a CP process. After an and-dispatcher is invoked with S, the computa-

tion proceeds as follows:

® An and-dispatcher, invoked with system S, spawns an or-dispatcher for every CP process in S, and
waits for all its child or-dispatchers to report success. When they do, it reports success and ter-
minates.

® An or-dispatcher, invoked with a CP process A, operates as follows. For every clause Al < G : B,

whose head is potentially unifiable with 4, it invokes a unifier with 4 and the clause 4/ « G : B.

Following that the or-dispatcher waits for any of the unifiers to report success. When one such

report arrives, the or-dispatcher reports success to its parent and-dispatcher and terminates.
® A unifier, invoked with a CP process 4 and a guarded clause 4/ «- G : B, operates as follows:

It attempts to unify 4 with A1, storing bindings made to non read-only variables in 4 on a private

storage. If and when successful, it invokes an and dispatcher with G and waits for it to report suc-

cess.

When this report arrives, the unifier attempts to commit, as explained below. If the commitment

completed successfully it reports success, but in either case it terminates.

At most one unifier spawned by an or-dispatcher may commit. This mutual exclusion can be achieved
by the standard techniques developed for this kind of problems. When a unifier wants to commit, it
first has to have permission to do so. If it has, it will try to unify the local copies of the variables with
the corresponding global ones and if successful, then the commitment completes successfully.

Some remarks: In the description of the unifier process, we wrote attempts to unify, because it is
possible that a unification fails due to read-only constraints, in that case unification may succeed
later. In this case we will call the process A with the clause A/ « G : B a suspended process. The
process of unification is therefore a continuous activity, which terminates only on success and when
failure is not caused by violation of the read-only constraints, because in the latter case it can not be
cured in the future.

THE CP OPERATIONAL MODEL

The following part of this chapter is a description of the operational model of CP. The three
processes described in the previous section build a hierarchical structure of systems. Systems contain
unit goals and/or other systems. These systems will be expressed in our model by some new syntactic
operators.
Because all the atoms in a conjunction are developed in parallel, we must take care of renaming of
variables. The following may not happen: suppose that during the reduction of @, a variable occurs
which was not in a; and a5, that this variable occurs also in the reduction of @, and that the values of
this variable in the two processes differ. Possibly one unification against the global counterpart
succeeds, while the other fails. The second unification would have been possible if the variable was
properly renamed.
To overcome this problem we introduce a countably number of disjoint sets with countable many
variables:

(3.28) DErFINITION Let p and 7 be elements of NUM" then:
VARC = { X1, X2, X3,..}
VAR’r = { X170 X2,75 x3,'r,~-}
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VAR = U{ VAR, | Te NUM"}.
We fix renamings ,,: VAR — VAR, with §,(x;) = x;,,

In our model a process 4 consists of an atom with renaming index, a substitution (the local copies
of the variables), a sentence and a renaming index for that sentence and some local status informa-
tion. All the processes on the same level have a joint global status, which contains information about
the global variables, the number of processes currently running on this level and a state of activeness.
A process can also be a system. This occurs when the guard system is set up by the unifier. The local
status information tells us if we are in an active, suspended or an update state and if we develop a
guard or a body or the process wants to commit. The global status denotes the activity of the system,
this can be just active or in a update state. A process is in a suspended state if it tries to unify but
due to read-only constraints fails. Then it has to wait for the information to be delivered when its
local variables are updated (this occurs when the global status is in the update state).

If a process does commit, then the system goes in the update state, denoted by the global status. In
this state all the local copies of the variables of the different processes are updated with the
corresponding global ones, if possible.

A BRIEF DESCRIPTION OF OUR MODEL

In our model we start with a goal, say a; A.. Aa,. For each a; a process is made (compare this
with the and-dispatcher of Shapiro’s interpreter). All these processes form a system.
Then for all the clauses in P a process is set up with a; (compare this with the or-dispatcher)
Then if the head of the clause is unifiable with g;, processes are created to solve the guards. If one of
the guard systems of an atom g; is finished successfully and commits, then all the other guard systems
of the atom g; are discarded and the body is added to the system we began with (compare this with
the unifier process).

THE OPERATIONAL MODEL

First we have some definitions. We introduce some new classes: GBODY, STATE, BODY STATE,
GLOBAL STATE, AND STATE, OR STATE, AS and GB respectively with typical elements: gb, o,
Obs Ogs 04np> Oor, T and V respectively.

(3.29) DEFINITION
STATE = BODY STATE X NUM" X SUBST X PROG X NUM" X AS X GB
GLOBAL STATE = AND STATE X (AS X NUM X NUM X SUBST)

Letce CONJ thenc ::= a | ¢ Acy

Let Gor € OR_STATE then Gor = © l OOR, il O0R,

Let o.yp € AND STATE thenoynp ::= 6or | 64np, O 04np,
Let 0, € BODY STATE thenoy ::= gb | o4 : b

Let gb € GBODY thengb ::= b | by : b,

The set AS has as elements 4, S and U, which tell us if the process is in a Active- Suspended- or
Update state.

The set GB has as its elements G, B and C, which tell us if a process is part of a Body or Guard of a
clause or it shows us it wants to make a Commitment. '

For the classes BODY, SUBST, NUM and PROG we use definitions as defined in chapter 2. In the
previous chapters we had a goal b with index(b) < m. This meant that var(b) C U[LoVAR;, but
since we have a more complex partition of VAR, we cannot do this any more. From now on for all
b € BODY, var(b) C VAR, and in our model (b, p) stand for y;,(b).

The transition relation " is defined on GLOBAL STATE to
GLOBAL STATE U (AS X NUM X NUM X SUBST) U {¢}

We define for the sentence P<b the start goal by: <[b, ¢, Id, P, 0, 4, B}, (4, 1, 0, Id)>.
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In the following definition T stands for a 4 or S (not U) and V stands for G or B (not C).
Let |c| stands for the number of atoms in ¢, so |ag Aa; Aay| =3.

THE TRANSITION RULES

AND-parallelism

<[C1/\CZ, & ?, P’a T*dq, A7 V]) (T’ n, Oa ¢’)>

_)<[cl’ ‘l‘: (P, P,’ Te4q, A9 V]D[CZ’

OR-parallelism

<[a’ 1 ¢s Pl"PZ: T, A, V]’ (Ty n, 0’ ¢’)>
_><[a’ 58 ¢a Pla T, A, V]"[a7 By 4)’ Pla T, A, V]’ (Ta n+13 0, ¢’)>

Guard evaluation

<[bl :b27 oy ¢a P’9 T*q, A9 V]7 (Ta n, O’ ¢')>

S><[ <y, s ¢ P, 7eq, 4, V],

(T, n, 0, ¢)=>
Unifier process

<[a’ o, ¢a a'(—'bll

<l[a, p ¢ a0,

Evaluate guard

by, 1, A, V), (T, n, 0, ¢)>

— < [by : by, 740, (0°¢), P, <0, A, G], (7, n, 0, ¢) >
if 0=mgu(¢ (Y (a)), ¥r.0(a)) exists

»><la p, ¢, a'<by:by, 7, 8 V], (T, n, 0, ¢)>
if §=mgu(¢ (Y (@)), ¥r.0 (a’)) suspends

—»¢ otherwise

v, 4, V], (T, n, 0, ¢)>

—><[t, 740, (B=¢), P, 70, 4, C|, (T, n, 0, ¢)>
if 0=mgu($($u(@)), ¥.0(a)) exists

><la p ¢ a<b, S V] (T n 0, ¢)>
if 0=mgu($ (¥ (@), ¥r.0(a")) suspends

—>¢ otherwise

< [ <(Tl, ny, Oa ¢l)> :b9 , b, P's T, Aa V]’ (T23 ny, 0’ q)Z) >
"><[b, o (¢l°¢), P’ T A’ C]’ (TZ, ny, O’ ¢2)>

Committing

<[b’ &, ¢19 P’ T A: C]’ (T’ n, 0, ‘pl)>

¢y
~, ¢, P’a T'(q+|cl|)9 <A’ V]a (T, n+19 O’ ¢,)>

@

&)

A, 1,0, $)>:by, 4, & P, To(g+]|c1]) 4, GJ,

(4a)

(4b)

®

©
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. _)<[b7 &, (0°¢l)a P, U, B]’ (Ua n, 1, (0°¢2))>
if =mgu( ¢, $;) exists
—» ¢ -otherwise

Going in Update state ;
<[tue, p, &, P/, 7, 4, V], (T, n, 0, ¢)>->< (U, n—1, 0, (6o¢)) > (@)
if §=mgu(¢, ¢) exists
—¢ otherwise

Transition in update state
<Igh p, ¢, P, 7 T, V], (U, n p, ¢)> )

><Ib, p, (@oty), P, U, V], (U, n p+l, ¢) >

if @=mgu( ¢, ¢,) exists

— € otherwise
<[<omp (T, n, 0, $)>:b, p, &, P, 7 4, V] U, n, p, ¢3) > ©)
><[<omp, WU, n, 0, @°¢)))> :b, p, ¢, P\, 7 U, V], U, n, p+1, ¢3)) >

if 0 =mgu( ¢y, ¢3) exists
—>¢ otherwise
From update state to active state
< o4np, (U, n, n, ) >-><o.np, (A, n, n ¢)> (10)
<[on i & P, 7, U, V], 4, n, p, ¢)> an
~><lop, m ¢, P, 7, A, V], (4, n, p—1, ¢)>

Now we have defined the transition rules, we have to define some inference rules also.
The T, T" and T” can now have the values 4, S and U.

THE INFERENCE RULES.
OR-parallelism

< oo, (T, n, p, &) >—<[o, B], (T, ', p', ¢)>

< oor 100rT, 1, p» $) >—><[o, BL, (T, n'—1, p', &) > (122)

<o, (T, n, p, P >—-><[o, B], (T, v, p', ¢)> (12b)
< ogrllogr, (T, n, p, $) >—><[o, B}, (T", n'—1, p’, ¢)>

< 6og,(T, n, p, &) >—-><ogg,, (I', n', p’, ¢)> (120)
< ogr, loor,(T, n, p, ¢) >—><ogg, loor, (T', 7', p', ¢) >

< 6or, (T, n, p, ) >—><ogg,, (T', n', p’, ¢)> (12d)
< oor logr, (T, n, p, ¢) >—><ogrllogr,, (T, v, p’, ¢)>
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<00R|9(T9 n, P5 ¢)>—>€

12¢
<00R| ”00R7(Ta n, p, ¢)>_)<60R’ (T': n'_l, P (I)) > ( )
<00R,’(T) n, p, ¢)>_—>€
12
<00R HOOR,’(T, n, Pa ¢)>_><00R’ (T" n_la P, ¢)> ( f)
AND-parallelism
<0AND|’(T, n, pa ¢)>_>< GANDz’ (Tl, n,, P,, ¢I) > (13)
a
< o4np, Oounp,(T, n, p, ¢) >—<ounp, Uognp, (T", n', p', ¢) >
< o4np, (T, n, p, ¢)>—><ounp,, (I', n', p’, ¢)> (13b)
< o4np Oounp, (T, n, p, ¢)>—<oyanp Uoynp,, (T, n’, p', ¢) >
< oAND,a(T7 n, P’ 4’) >->< (U,’ n,a P', ¢,) > (13)
C
< oynp, Ooynp,(T, n, p, ¢) >—><ognp, (U, 0, p’, ¢)>
<0AND,,(T9 n, Pr ¢)>_9<(U’, n,9 p,’ ¢,)> (13d)
< oqnp Oognp, (T, n, p, ¢) >—><ounp, (U, n', p', ¢)>
<0AND,’(T, n, p, ¢)>—'>€
(13e)
< o4np, Doynp,(T, n, p, ¢) > —e
< o4np, (T, n, p, ¢)>—e
AND P a3f
< o4nvp Oounp, (T, n, p, $) >—e€
Guard evaluation
< oanp, (T, n, p, ¢)>—-><ounp,, (I', n', p's ¢)> (142)
a
< [<0AND,’ (T’ n, P9 ¢)> :b, My ¢2a P’9 T, Tl9 V]> (T”’ n", P”a ()5”) >
"')< [<0AND2, (T" n” P,’ 4)') > :b’ My ¢2, P,’ T, Tl’ V]’ (T”, n”, P", ¢”)) >
< ounp, (T, n, p, ¢) > —e¢
(14b)

<[<OAND,’ (Ta n, p, ¢)> :b’ &, ‘I)Za P,’ T T, V]’ (T’,y n”, P”, ¢',) >'—>€

Remarks: Transition rules (1) and (2) establish the so called AND- and OR-parallelism. Notice that
rule (2) is alike rule (5) of the definition of the operational semantics in the first part of this chapter.
Rule (3) together with inference rule (14) shows us that to evaluate a guarded-body, we must first
evaluate the guard. In rule (4b) we have a clause with an empty guard, so if the mgu exists this pro-
cess is ready to commit. If a guard has been successfully evaluated (rule (5)) then the process wants
to commit (note: ¢; can be written as ¢;"°$). A process can commit if the mgu of the two substitu-
tions exists. 7 If a commitment has been made the system is in the update state. This happens also if

1 The mgu of two substitution with finite domain, ¢; and ¢, can be calculated as follows:
Let dom(¢) U dom(¢)={ y1,...¥» }- Let p be a new predicate symbol of arity n then

mg"( ¢'| > ¢2 ) n= mgu( (xbl(P(yl’")yn)) 1 ¢'2(P(Yl,--,}’n)))
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a guarded-body has been successful (rule (7)). All the processes are suspended until they have
received the global information (rules (8) - (12)). In inference rules (12a) and (12b) [o,B] is an ele-
ment of STATE. If a opg evaluates to [o,B], this means the commitment has been successful, then all
the other processes, which were in “OR-parallel” with the first one are discarded (rules (12a) and
(12b)).

We have four kinds of production sequences:
(1) Ug[o, agll’ O'glz,..,(A, 0, 0, 4))
(2) Ogly» Ogly> Oglyoee> O,
(3) Clg[o, O'g[l, og’z"" €
(4) Uglo’ "gl.’ oglz"' .
where o, — 0y, holds for n =0, 1, 2,... L is defined as before. In possibility (2) o, is not equal
to € or (T, n, p, ¢). Production sequence (1) is the successful one. The second (2) occurs if all the
processes are suspended and there is not a process running which can activate the system. (3) hap-
pens when the goal is not satisfiable. (4) if the computation never ends.

We say that o,y — > W, where W € ( SUBST U { L }), if one of the following conditions hold:
1. In case production sequence 1. then W ={ ¢ }
2. Incase 2. and 3. then W = &
3. Incase 4. W={_1}

The operational semantics can be defined as:
O(Pe<b)=U{W | <[b, e 1d, P,0, A4, B], (4, 1,0, Id)>->% W }.
With this last definition we have reached the end of this chapter. We do not give a denotational
semantics of CP because we do not have one. Note that 0(P «b) e P( SUBST U { L }). Moreover
it is probably the case that if O(P « b) is infinite, L is an element of O(P < b), but we do not know
it for sure. We do not know enough of the effects of the read-only variables and the commitment
operator on the production sequences. In the epilog we will say something more about further
research areas.
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Chapter 4

Infinite computations

In chapter 2 we have been interested in the result of a computation only in case the derivation was
finite. However, there are cases where the computation is infinite, but the generated sequence of most
general unifiers still makes sense.

Consider for example the sequence of Fibonacci numbers (F,);’=¢:

Fo=F =1, Fova = Fp + Fy

We can write this sequence as an infinite list, such that the n-th atom of the list is the n-th
Fibonacci-number:

F =11235813. ---
For the list F we have the following fixpoint equation:
00.F + 1.LF = F.

With this in mind we can write a logic program that computes F.
First we formalize addition of infinite lists by the following Horn clause:

(i): lsum (a.x,b.y,cz) « sum (a,b,c) A lsum (x,y,2).
where ”Isum (x,y,z)” means ”the (finite or infinite) list z is the sum of the (finite or infinite) lists x and
y”, and "sum (a,b,c)” means “a + b = c”. The fixpoint equation for the list of Fibonacci-numbers
can be formalized by the Horn clause:

(ii): « Isum (0.0.f,1.£f).
Clause (i) and (ii), together with an appropriate definition of sum yields an infinite computation which
generates successive approximations of the list of Fibonacci-numbers:

1f;
1.15
1.1.2.f,

etc.

Every Fibonacci number will eventually be produced by the computation.

In the sequel of this chapter we fix some finite logic program P. Let A be the alphabet of P and C,
F resp. R the collection of constants, function symbols and relation symbols of A. Moreover we
adopt the definitions of chapter 2.1.
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Let HU be the collection of all terms over the alphabet A. Let © be a constant not in A. Define
HU’ as the collection of all terms over the alphabet AU {Q}. and the cut a,: HU—HU" at height n,
n =0 inductively as follows:

ap(t) = @ for Vi € HU
[ ift € C
O41) = Y £ (1)) @a@)) i 1= F (1o til)

We turn HU into a metric space with distance d where
, 0 ifr=¢
A1) = 0 gom it m=inf{ n | ay(O)FEe(t))

The completed Herbrand universe HU is defined as the completion of HU with respect to d. We can
consider HU as the collection of all finite and infinite terms over the alphabet AU {£2}. Similarly the
completed Herbrand base HB is defined as the completion of HB with respect to the distance d,
where for a=R(ty,..,4), a'=R'(t'y,..,t';)) € HB:

o if R#~R’
4@8) = 3 ymin{ () | 1<i<k} if R=R’

Note that HU and HB are compact, because P is finite. .
A continuous Herbrand interpretation is a closed subset of HB. A continuous Herbrand interpreta-
tion I induces an interpreting structure (HU,*), where
1. if cEC then ¢* =c¢;
2. if fEF k-ary then f (¢1,..,&) = f(t1,11);
3.if rER k-ary then r" ={ (t1,-,&) | r(t1,--tx) €1}
When { ff, 1t} is equipped with the topology { &, {ff}, {ff,tt} }, then the map which assigns to a
(finite or infinite) atom its truth value in (HU,.*) is continuous.

An infinite derivation A from c is an infinite sequence (g;){%, such that
1. go=<c,id,m> where m=index(c);
2. 8i—-1—>8i» i=l.
If A=(g;)?%, is an infinite derivation then A |, is the finite derivation A | ,=(g))f=o. A | « is the ini-
tial segment of A of length k. The set [A(a)] computed by the infinite derivation A from an atom a is
defined by [A(a)]= N F=¢ [A | x(a)]. Since HB is compact this set is never empty.

(4.1) DEFINITION Let A=(g), < ; be a derivation. We define the function &’ from the atoms of the
goals g, k€I to the integers and the function & from {g, | k€Il } to the integers. If
g =(Ai=1 a;,id,m) then we define §(a;)=0, I<<i<s. If gg—gi+; by resolution of the atom a;,
j€{1,..s} in g against ao’<a,'A..Aa’ then we define &(q)=8(a)+1, I<isr. If
g =(Ai{= a;,¢,n) then we define 8(g,)=min{ &(a;) | 1<<i <s} with the convention min(@)=oo.

We call A fair up to q, (¢=0) if 8(g,)=q for some k €I. Note that every successful derivation is a
fair one.

(4.2) _DeFniTION The collection ?P(I_IE) of closed subsets of HB is defined by ?P(ﬁ) =
{I C HB | I closed }. The transformation § associated with the logic program P is defined by
9() = {a € HB | ay'«<-a;"N..Na/’ € P;0 € SUBST; o(ay’)=a; o(a’), .., 0(a,") € I }.

(4.3) PROPOSITION §: 9 (HB)—% (HB) is well defined.

PrOOF Let I € P(HB) and (a;)2¢ a Cauchy sequence in J(I). Since P is finite we can assume
without loss of generality the existence of a clause ag’«<—a; A.. Ag,’ in P and of a sequence (0;){%¢ in
SUBST such that dom(o;) C var(ag',..,a"), a;=0(ag’) and o;(a,"),.., 0i(a;) €1, i=0.

By compactness of HB there exist a subsequence (0; )i’=¢ and o € SUBST such that g; (x) — o(x)
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and.for each x € var(ay’,...a;"). Put a=o(ay’). Then we have o(q;) € I, 1<<i<s, because I is
closed. Thus a € J(I). Moreover a;—a, since o; (ag)— o(ay’). O

(4.4) ProPOSITION (i). @ (ﬁ—B_) ordered by inclusion is a complete lattice.
(ii). 9: 9(HB) — 9 (HB) is monotonic.

PrOOF (i). If { I; | £ € E } is a subset of $(HB), take Ugex I; as its least upper bound.
(i). Straightforward from the definition of 5. O

(4.5) PROPOSITION 9(HB) ordered by reversed inclusion is a complete lattice.

ProOF Take HB as bottom and if (I¢ | £€EE ). is a subset of 9(HB), take the closed subset
Ngezly of HB as the least upperbound. []

(4.6) PROPOSITION & ?P(HB) - @(HB) is continuous (with respect to reversed inclusion).

PrOOF The monotonicity of J is again stralghtforward from the definition. Hence it is sufficient to
prove: for each chain (Z,)’=¢ in @(HB) we have N oo 9(,) C 9(N -, 1,).
So let (I,,)%-¢ in @(HB) and x € N -y F(I,,). For each n=0 there emsts a clause o € P such that
x € 9(I,) via o™. Since P is finite and (In)=o is a chain we can assume without loss of generality
that there exists a clause a € P such that x € 9(/,) via a, for all n=0. Say a=(ag<a; A.. Agy).
Hence for each n=0 there exists o, € SUBST such that dom(s,)Cvar(ag,...a,), x =0,(ay) and
0,,((11),.., on(as) € Irg;_
By compactness of HB there exists a convergent subsequence (o, )i’=¢ of (6,);=o. Let o denote the
limit of (e, )F=¢. Clearly we have o(ag)=x. Since 6, (a;)—0(a;), k—oo for 1<i<s we have o(q;) €
N P=o I, = N =0 I, 1<i<<s. But then x € 9(N o I,). O

(4.7) COROLLARY N g 9 "(HB) is the greatest fixpoint of §, (with respect to inclusion).
gr Y P

PROOF In general we have N ¢ T "(HB) D gfp(9); by the above proposition N 2 ‘3'"(1_{_5) is a
fixpoint of §. Hence N > ""'(HB) is the greatest fixpoint of §. OO

(4.8) LEMMA Let a be an atom and A= (g)¥=¢ a derivation from a and fair up to q. Then
[A(@)] C F9(HB).

Proor By induction on q Case q=0: trivial.
Case q+ l<gq: Let A=(g;)¥~¢ be a derivation from a, fair up to q+1 with product of unifiers ¢. Let
ag’<a’N.Na’ € Py and § € SUBST such that gg—g, via ag’<a,’ A.. Aa,’ and mgu 6.
If s=0, then clearly [A(a)] C 99" '(HB), because #(a)=0(ay’) and $=0. So assume s=>1. Because
there exists a finite derivation from @(a;"), fair up to q with product of unifiers ¢;, we conclude from
the induction hypothesis that [<1>j(0(aj’))] C 9UHB), 1<j<s. Thus [¢(a;")] C “’q(HB) since [¢(a;")]
C [¢,(8(@)], 1<j<s. So[A(@)] = [¢(a)] = [¥ao)] C I¢*'(HB). O

(4.9) LemMA Let a be an atom. Then:
[alNFYUHB) C U{[A(a)] | A finite and fair up to q }

Proor By induction on q. Case q=0: trivial.

Case q+1«q: Let a be an atom and a E[a]ﬂ%’q“(HB) Let 0; €SUBST such that o,(a)=a’. Let
ag<ay N..Na; € P and 6, €SUBST such that 05(ag)=a’ and o,(a,;),.., 02(a;) € FY(HB). Without
loss of gemerality s = 1. Assume a is of index m. Let ag'<-a;’A..Aag the variant of
age—ay N..Na; in P,y,. Let 6ESUBST such that o(a)=a’, o(ay’)=a’ and o(a;’),..0(a;’) €
S9(HB).

By the induction hypothesis, there exists a finite derivation from o(g;") fairup to q, 1 < i <s. So
there exists a finite derivation from Aj o(g;") fair up to q. Let §=mgu(o(a),a’), which exists since
o(o(a))=o(ay"). By the rectangle lemma there also exists a finite derivation from Aj 6(g;’) fair up to
q. Hence there exists a finite derivation A from o(a) fair up to q+1. Again by the rectangle lemma,
there exists a finite derivation A’ from a, fair up to q+ 1 such that [A(e(a))] C [A’'(a)]. Then a’=0(a)
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€ {o(a)} = [A(s(a))] C [A’(a)] and A’ is finite and fair up to q+1. O
(4.10) THeOREM Let a be an atom. Then: [a]Ngp(T) = U{ [A(a)] | A fair from a}.

ProOOF " C”: Let a’ € [alNgfp(F). Then a’ € [a]NTY(HB), so by lemma (4.9) there exists a finite
derivation Aq from a, fair up to q such that a’ €[A(a)}, for each q=0. Note that without loss of gen-
erality A, can be assumed to be leftmost.

Define E;, =0 as the collection of all derivations A from a, exactly fair up to q, with left-right com-
putation rule such that a’€[A(a)]. Every E, is finite and non-empty, q=0 and for each element of
E,+1 there exists an element of E,, which is an initial segment. By Kdnig's lemma there exists a
infinite derivation A from a, which is fair. Moreover a’€ N g [A,(a)] C [Aa)].

”2". Let a’€[A(a)], where A is a fair derivation from a. Let A, be an initial segment of A that is
fair up to q, q=0. Then a’ € [ (a)] because [A(a)] C [4,(a)l, q=0. So a’ € [a]NTI(HB) by
lemma (4.8), for each ¢=0. a’€[a] N N FoI(HB). Hence [A(a)] C [a]Ngp(T). O

(4.11) DEFINITION Let a be an infinite atom. We call a computable at infinity, if there exist a finite
atom a’ and a fair derivation A such that ¢,(a")—a, k— o0, where ¢, is the result of A | ,.

In the above situation we have [A(a’)]={a}. Moreover if [A(a)]={a} for some A and finite atom
a’, then a is computable at infinity.

(4.12) THEOREM (i): Let a be an infinite atom. If a is computable at infinity, then a € gfp(9). (id):

For the program p(f(x))<—p(f(x)) we have p(f(f(...))) € [p((f(..)N] N gp(F), but p(f(f(...))) is not com-
putable at infinity. O

Part (i) of theorem (4.12) establish the soundness of infinite fair derivations: since gfp(9) satisfies
T(gfp(9)) C gfp (D), it induces a model of P. In this model each root of an infinite fair derivation is
valid. Part (ii) of the theorem states that we cannot hope for a completeness result (in this setting).
In general, not every infinite atom in gfp(9) is the root of an infinite and fair derivation.
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Ernoc

Four articles form the basis of our paper. First, Stepwise development of operational and denota-
tional semantics for Prolog by Jones and Mycroft, [26]. Besides their ideas we have taken over their
notation. Second, we have used the report of Shapiro about a subset of Concurrent Prolog, [44] to
describe Concurrent Prolog in chapter 3. Third, from the article of De Bakker c.s.,[9] we have the
notion of transition systems. Finally, chapter 4 is in essence “On the interpretation of infinite compu-
tations in logic programming” by Nait Abdallah, [39].

In chapter 2 we constructed a framework of derivations. In this framework we are able to treat
renamings in more detail than Apt and Van Emden [1], Van Emden and Kowalski [23], or Lloyd [35].
Moreover we give more proofs. New is the denotational semantics of logic programming, with the use
of sets of answer substitutions as domain.

In chapter 3 we extended the ideas of chapter 2 to multisets with the use of a transition system. We
give full proof of the equivalence of the operational and denotational semantics of a subset of Prolog.
Also new is the operational model of Concurrent Prolog.

In chapter 4 we worked out Nait Abdallah, [39] chapter 4 of Lloyd [35] in detail. We have eliminated
all the topology.

Some directions for further research:

Adding to logic programming the possibility to change the set of clauses during execution time, (e.g.
Prolog’s assert and retract).

Denotational semantics for Concurrent Prolog.

Denotational semantics for logic programming with infinite computations.
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