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A note on the structure of two subsets of the parameter space
in adaptive control problems

J.W. Polderman

Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

in this note we study the geometric structure of two subsets of the parameter space that are of interest in
the context of adaptive LQ-control. The first set can be considered as the set of possible limit points of an
adaptive control algorithm, whereas the second can be seen as the set of desirable limit points. Our main
result is that these sets are C“-manifolds.
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1. INTRODUCTION

In adaptive control one is faced with the problem of regulating a plant of which not all the charac-
teristics are known.

One way of attacking this problem is the following: Assume that the plant is described by a member
of a set of models, for each element of which one knows exactly how to control the corresponding
system in order to achieve a certain desired behaviour. Then based on the observed data (coming
from the plant) one tries to choose an element from the model set which explains the observed data
"best”. Then one acts as if this element represents the plant.

This procedure is meant to be done ”on line”, and could be considered as a continuing alternation of
estimation and control.

Now the question arises whether this procedure does what it is supposed to do, namely forcing the
plant to behave as desired. What one means by desired depends upon the particular situation, but one
can think of parameter identification, optimal closed-loop behaviour, identification of some control
law, behaviour according to some reference model etc. All this one may wish to achieve in finite time
or asymptotically, with probability one, in expectation or in whatever sense one might think of.

In all these situations two subsets of the model set show up in a natural way.

The first set, we call it H, is the set of all models that are equivalent with the real system (which is
supposed to be a member of the model set) in the sense that they all lead to the same (controlled)
behaviour as the desired behaviour of the real system.

The second set, G, consists of those models that on the basis of the behaviour of the plant cannot be
distinguished from each other, due to the experimental circumstances (for instance identification in
closed-loop).

Now it could happen that an adaptive control scheme as described above converges to an element in
G which does not correspond to desired behaviour (i.e. does not belong to H). This problem has been
observed for instance in a paper by Borkar and Varaiya [2].

It may also happen that G is contained in H in which case this problem cannot occur; an example of
this situation is studied in a paper by Becker, Kumar and Wei [1].
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In a paper by Lin, Kumar and Seidman a study is made of the situation where the state space is one
dimensional, the cost criterion is quadratic and a specific identification algorithm is used [7]. The pos-
sible limit points of this algorithm are investigated using the ”ordinary differential equation method”
as developed by L. Ljung.

In this note we will study the two sets in the following situation. The model class will be a generic
subset of the set of all linear time-invariant n-dimensional systems with m inputs and p outputs. The
integers m, n and p, as well as the output matrix are supposed to be known. The desired behaviour
will be dictated by a quadratic cost criterion. We emphasize that the definition and the relevance of
these two sets are independent of how at each time instant a particular model is selected from the
model set, and therefore we will not refer to any estimation algorithm.

In [8] the intersection of the two sets is studied; here we restrict our attention to the geometric, alge-
braic and topological structure of G and H separately. We will treat both the continuous and the
discrete time case. The results for these two cases are identical geometrically, but algebraically and
topologically, they are different.

The organization of the paper is as follows. First we recall some preliminaries which we will need,
secondly we will give the problem statement. We will then state and prove a geometric result. Next we
" will give some algebraic and topological properties of the set H in the continuous time case and
finally we will give some simple but illustrative examples.

2. PRELIMINARIES
We recall one of the equivalent definitions that could be given of an m-dimensional C*-manifold in
R”. See [9].

DErFINITION 2.1 Let XCR". X is an m-dimensional Ck-manifold, if VxeX, 3UCR", open, with xeU
and a C*-function L:U—R" ™ such that:
i) L(x)=0
i) LTI {0h=XxNU
iii} The derivative of L with respect to x, evaluated in x, has full rank.
LEMMA 2.1 Let M,N eRP*4, define [M,N]:=Tr(MNT). This defines an inner product. (Tr denotes the
trace of a matrix)
LEMMA 2.2 Let (X, [.,.]x) and (Y, [.,.]y) be finite-dimensional inner product spaces, and F:X—Y a linear
map.
i) There exists one and only one linear map F": Y—X such that for all xeX and
forallyeY [Fx,yly=I[x,F'ylx. F" is called the adjoint operator of F with respect
tol.,.]Ix and[.,.ly.
ii) F is surjective iff F~ is injective.
PROOF See [4].

LemMMA 2.3 Let M,NeRP*?, let Ay, Ay : RP*P —RP*P be defined by: A{(X)=X—MTXN, and
M(X)=MTX+ XN, then:

i) o(A)=1—o(M)Xo(N) = { 1—Ap | Aeo(M), peo(N) }
ii) o(Ay)=o(M)+o(N) = { A+p | Aeo(M), peo(N) }

( o denotes spectrum)




PROOF See [6].

3. A GEOMETRIC RESULT
Let nympeN, n=m, CeRP*", fixed.
Define E CR"*" XR"*™ by:
E:={(4,B)|AeR"*",BeR"*", (4,B,C) minimal, A invertible, B of full rank }
and :
P:={KeR"*"|K =K">0}.
P is obviously a %n(n +1) dimensional C“- manifold in R"*".
ReMARK The invertibility of the 4-matrix is used in the discrete time case only.
Consider the linear systems:
x = Ax, + Bu,, x¢€R", (continuous time case),
Xp+1 = Axp + By, xo<R", (discrete time case),
where (4,B)eE, and suppose we want to choose #, and u, such that the following expressions are
minimized:

*

J. "= [T Q x, + ul R u)adt

o\8

[+ o]
Ji "=k Qxx + ufl Ru)
k=0

where Q = CTCand R = R7>0.
The solutions of these problems are well known (see [5]), and are given by:

U =Fc(4,B)x;,  we=FyA,B)x,
where:
F,(4,B)=—R™'B'K,,
FyA,B)=—(BTK;B+R)"'BTK 4,
and K, and K are the unique solutions within P of:
ATK+KA —KBR™'BTK +Q =0, (CARE)
K—ATKA+ATKB(BTKB+R) 'BTKA —Q =0, (DARE)
respectively.
Suppose the plant is represented by a fixed pair (4¢,B¢)€E. Define the following subsets of E:
G.:={(4,B)eE|A +BF.(4,B) = Ay +ByF.(4,B)}
H.:={(4,B)€E|F(4,B)=F(40,Bo)}
and G, and H similarly.
The interpretation of these sets is the following:

The set G can be considered as the invariant region of the parameter space under the use of an adap-
tive control scheme in the sense that if for some reason one believes that the system parameter is

* subscripts ¢ and d refer to continuous and discrete time respectively.
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(4,B) and this pair happens to belong to G, then on the basis of the input-output behaviour of the
plant one would never change one’s mind, because what one observes is the closed-loop behaviour of
the real system with feedback F(4,B) (i.e. Ao+ BoF(4,B) ), and this is in perfect harmony with what
one thinks to observe, namely A + BF (A, B), because (4, B) satisfies the relation which defines G.

G can also be seen as the set of possible limit points of an adaptive control scheme.

H is the set of all pairs (4,B) for which the optimal control law is exactly the control law one is look-
ing for (i.e. the optimal control law belonging to the plant). If the goal is to identify only this control
law rather than (4¢,Bg), H could be seen as the set of desirable limit points of the adaptive control
scheme. :

The main result we have is:

THEOREM 3.1
i) H, and H; are (n Xn)- dimensional C*-manifolds.

_ ii) G, and Gy are (m Xn)- dimensional C-manifolds.

In order to prove this theorem we will first derive a result that is interesting in its own right. Rather
than giving detailed proofs for both the continuous and the discrete time case, we restrict our atten-
tion to one of these two cases as far as full proofs are concerned, and we will only point out the
major steps in the other case. In discrete time calculations are somewhat more complicated because of
the denominator (B7K;B + R) in the equations for F,; and K.

LEMMA 3.2 There are C*-functions K. and K;:E—P such that K.(A,B) and K,(A,B) satisfy CARE and
DARE respectively, for all (A4,B)<E.

PROOF (discrete time) A proof for the continuous time case can be found in [3], we give the proof for
the discrete time case for the sake of completeness.
The implicit function theorem will be used to get the result. Define L; : EXP— R**®+D py:

LA,B,K):= K—ATKA +ATKB(B"KB+R)"'BTKA —Q

Since R>0 L, is C“. Note that ¥ (;4,1}) € E Ld(fi,é,i()=0 where K is the solution within P of
DARE. We will now calculate the derivative of L; with respect to K, evaluated in such a triple

(4,B,K). This will be a linear map A, : R#@+D _ R¥n(+1D) of which the action on AKe R*"¢"+D
can be found by the following calculation:

A/AK) ='"L(4,B,K+AK)
=! K+AK—4 (K+AK)A +A4 (K +AKBB (K+AKB+R) "B (K +AK)A — 0
=l AK—47AKA +4" (K+AK)B@B KB+R)™!
0 - o e - -
(S (~1y[B"AKB(B"KB+R)~'Y)B (K +AK)A
j=0
= AK—ATAKA+A AKBB KB+R)'B KA+4TKBB KB+R)"'BTAKA

—A kBB kB+R)"'B"AKB(B"KB+R)"'B KA

* We will use the private notation =’ to denote equality as far as linear terms in the “A variable(s)” are concerned.




=! AK — {(A +BF(4,B))TAK(4 + BF (4, B))}

Since A +BF,(4,B) is strictly stable, (see [5]), it follows by LEMMA 2.3.i that 0 €0(A,), hence A, is
non-singular.

Now the implicit_function theorem yields the existence of the function K in a nelghbourhood of
(A B) Since (4,B) was arbitrary and the solution of DARE is unique (within P), K; is well defined
on E.

COROLLARY 3.3 F, and F; are C*- functions on E.

ProorF This is immediate from the facts that F, and F,; are C“-functions of (4,B,K) and the previous
lemma.

ProoF of THEOREM 3.1.i (discrete time case)

_ Define H; CR™" X R"*™X R*"*D py:
H; :={(4,B,K)|(4,B)eH,, K = K44,B)eP }.
Define L :E X P—R™ ™" X R*"®*1) py:
L(4,B,K)=(L(4,B,K),L(4,B,K)),
where:
L,(4,B,K)=(BTKB +R) 'BTKA +Fy(A,,By)
Ly(4,B,K)=K—ATKA +KB(BTKB+R)"'B"KA —Q
Note that (4,B K)EH if and only if L(4,B,K)=(0,0) and that L is C“.
Fix a triple (A B,K)eH,;. We will calculate the derivative of L with respect to (4, B,K), evaluated in
(4,B,K):
A((A4,AB,AK):=' L\(4+AA4,B+AB,K+AK)
=! (B"KB+R)"'B Ko
+((B+AB)Y (K +AK)B +AK)+R)™(B+AB)T (K +AK)A
=! B"KB+R)"\(B"KAd +
S (~ 1[(ABTKB+B"AKE + BT KABYB KB+ R)™'V)(B+ABY (K +0K)A )
j=0

—! (B"KB+R)~"(B"KAA +ABTRA +B"AKA
ron  2Tyo=  =T= ~T~~ _1oT
—(ABTKB+B"AKB+B' KAB)YB KB+R)™'B  KA)}
= (TR -1.pTg TR1+BIAKA
='(B"KB+R) '{B KAM+AB"KA+B AKA

+(ABTKB+ BT AKB+B KAB)F/(A,B)).

Similar calculations yield:
Ay(A4,AB,AK):=' Ly(4+AA4,B+AB,K+AK)




=! —[AATKA+4"KAA +AATKBF,(4,B)+ Fy(4,B" B KAA]
—[Fy(4,B)TABTKA +A4" KABF (A, B)+ Fy(4,B) (BT KAB +ABTKB)F (4, B)]
+AK—(4 +BF(4,B)AK(A + BF (4, B)).

Introduce C:=4 +§Fd(f.i,é), the optimal closed loop matrix, and f’d: =Fd(j,§) to get more compact
notation:

Ay(A4,AB,AK)=(B" KB +R)~'(B"KA4 +ABTKC +B" KABF,+ BT AKC)

Ao(AM,AB, AK)=—[ATKC+CTKAA + FEABTRC + CT KABF,|+ AK — CTAKC.
We will now show that A is surjective. Define

A=((B"KB +R)ALA)=(A1A),

the surjectiveness of A is equivalent with the surjectiveness of A, so we proceed with A.

To show that A is surjective (or equivalently its matrix has full rank), it is by lemma 2.2.ii enough to
. show that its adjoint map (with respect to some inner product) is injective. The inner product given
by 2.1 happens to be convenient for this purpose. In the computation of the adjoint map A , we will
gratefu]ljy use the basic facts that for any two matrices M,N of the same dimensions
Tr(MNTy=Tr(NTM), and for any square matrix O :Tr(0)=Tr(07).

Let (U, V)eR" ™ X R# 1+ 1.
[A(A4,AB, AK),(U, V)]=Tr (A, (A4,AB, AK)UT)+ Tr (A (A4,AB, AK)V'T)
=Tr(B"KAAUT)+ Tr(ABTKCUT)+ Tr(B" KABF,UT)
+Tr(BTAKCUT)—Tr (BATKCVT)
— Tr (CTKAAVT)—Tr (FyABTKCVT)— Tr(CTKABE,V'T)
+Tr(AKVT)—=Tr(CTAKCYT)
=Tr(AAUTB" K)+ Tr(ABUC  K)+ Tr(ABE,UTB" &)
+Tr(AKCUTB )~ Tr QAVC K)y— Tr(a4VTCTK)
—Tr(ABE,VC T K)— Tr(ABE,VTCTK)
+Tr(AKVT)—Tr(AKCYTCT).
=TrMA(UTB Kk—vC k—vTCTKy)
+Tr(AB(UC K+ F,UuTB k—F,vC K—F,vTCT k)
+Tr(AK(CUTB+VT—CVTCTY).
Hence by lemma 2.2.i:
A (U, V)=( KBU —KCVT—KCV , KCUT +KBUF, — KCVTEy — KCvEy ,BTUCT +v—EvET).
To show that A is injective, we just put X*( U,7)=(0,0,0), this gives the following equations:
E, : KBU—KCVT—KCV =0
E, : KCUT+KBUF,; —KCVTFy —KCVEr=0
E, : B'uc"+v-¢"ve=0
E, —Elf'; gives: KCUT =0,

In [8] it is proved that in the discrete time case ker(zi)r—keré'. Since A4 is invertible, so is 6’, moreover




K >0 from which we can conclude that U =0.
Then E; becomes: ‘

v—CTve=0,

since ( Cis strictly stable it follows from lemma 2.3.i that ¥ =0, showing that A is injective and thus
that A is surjective and hence A is surjective.

Now all the conditions of definition 2. 1 are fulfilled, hence Hd is an n X n-dimensional C*-manifold in
Ran XR"X'” XR%n(n +l)

Since K depends C“ on (A B) it is easy to see that H; is an nXn- dimensional C“-manifold in
R™*" X R"*™, This completes the proof of part i.

The proof for the continuous time case is completely analogous.

Proor of THEOREM 3.1.ii (continuous time case)

The proof goes along the same lines as the proof of part i. We will give the proof for the continuous
time case only. The discrete time case is completely analogous, but technically more involved.

Define G, CR™ " X R"*™X R*"@+D py:

G, :={(4,B,K)|(4,B)€G,,K =K,(4,B)}.

Define L:E X P—R"*" XR*" 1) py:

L(4,B,K)=(L(4,B,K),L,(4,B,K)),

where:

L\(4,B,K)=4A—BBTR™'K~A4,+B,B"R™'K

L,(4,B,K)=ATK +KA —KBR™'BTK+Q

Note that (4,B,K)€G, if and only if L(4,B,K)=(0,0), and that L is C°.
Fix a triple (4,B,K)eG,.
The derivative of L with respect to (4,B,K), evaluated in (A B K) is:

A(A4,AB,AK)=(A(A4,AB,AK)), A»(AA4,AB,AK))
=(Ad —ABB"R-'K—BABTR™'K—BB"R'AK+BoABTR'K+BoB"R™IAK ,
ATK+A4"AK+AKA +KAA—AKBR™'B'K —KABR-'B"K—KBR™1ABTK
— KBR™'BTAK).
Now using the same method as in part i, one can show that the adjoint of A, is given by:
A (U,V)=(U +2KV , —UF, —KUTBR ™1 +KUTB,R ™! —2KVF, ,
—BR'BTU+BR'BIU +(A +BE)W+V(A+BFE).

It is easy to see that A" is injective, hence A is surjective, showing that G is an n Xm-dimensional
C*-manifold in R"*" XR"*™ XR"*"®*D_ a5 in part i it follows that G, is an n X m-dimensional mani-
fold in R"* " XR"*™. ~




4. FURTHER CHARACTERIZATION OF H,
Due to the absence of a denominator in CARE, we can give a complete parametrization of H,.

THEOREM 4.1
H,= {(K'Kodo + K™'M ,K"'KB, )| KeP , M+MT=0 }NE

ProOF It is a matter of verification that for every KeP, and antisymmetric matrix M, the pair
4,B)=(K 'K¢do + K~'M , K"K, B,) satisfies:

ATK+KA—KBR'BTK+Q=0
—R'BTK=—R"'BfK, (=F,)
Suppose on the other hand that (4,B)eH,, and let K €P be the solution of CARE. Since
F(4,B)=—R™'BTK =F(40,By)=—R ' BIK,, ‘
_ it follows that
B = K7'KyB,
Now consider CARE, for both (4,B) and (4, B):
ATK+KA—KBR'BTK+Q =ATK +KA—FfRFy+Q =0
AJKy+KoAg—KoBoR'BfKy+Q =AFKy+KoAy—FSRFy+Q =0
hence:
ATK+KA = AJKy+KA, *)
A particular solution of * is given by:
A=K"1Kod,
The solutions of the homogeneous equation, XTK + KX =0, are given by
X=K 'M where M +MT=0,
s0 4 =K 'KoAo+K ™' M, for some antisymmetric matrix M.
The proof is finished.

REMARK The proof of Theorem 4.1 is much simpler than that of Theorem 3.1, moreover it gives better
insight into the structure of H..

One might conjecture that (K~'Kodq+K ™ 'M , K™'K,Bg)eE for all KeP and antisymmetric
matrix M. This would then be a false conjecture, as will be shown in example 3. However, we have
the following:

COROLLARY 4.2 The closure of H, is connected.
PrOOF The set of (K, M) for which (K~ 'KoAdg+K 'M,K~'K,By) is in E, is open and dense in the

product space of P and the vector space of antisymmetric matrices because of the genericity of
minimality. Hence H, is the image of a connected set under a continuous map.

ReMARKk For the discrete time case an analogous result has not been found, and in fact a counterex-
ample to the connectedness of H, will be given in the next section (example 1).




5. EXAMPLES

ExampLE 1. (Discrete time)

n=m=p=1, r=1, g=%, E={(a,b)eR?|a,b540}, P={keR|k>0}.
ag= 1 bo =1 .

For this specific example fy=f;(ag,bo), appears to be - 2 .

Hence

H;={(a,b)|b5#0 , fa(a,b)=—"%}

One may check that:

H;={(@,b)a>0, b>0, b*—ab—24a>+2=0 } | {(a,b)|la <0, b<0, b>—ab—2a*+2=0}.

For a picture see Figure 1.

Figure 1. H; for ag=bg=1; r=1, g=%.

ExaMpLE 2. (Continuous time)

In the one dimensional state space case, H, can easily be determined:
From section 4 it follows that for (ag,bg)eE, H, is given by:
H,={(k 'ko,k "'kobg)lk >0 }.

This implies that b =a-;0—, where a ranges over all values that have the same sign as ao.
0

ExampLE 3. (Continuous time)
There exist pairs (K,M) such that (K ~'Ko4o+K 'M,K~'K(Bg)eE.
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Letn=2, m=p=r=1,Q = 0 ol
_ Bl _ %
3 0] .
Calculations show that: K, = 0 1,andfo = [——2 0].
0 -3
Ta.keKzKO, andM: 3 O .

Then: 4 =

o ol and b = ol which is obviously not in E.

ComMENT The remarkable difference between discrete and continuous time is illustrated by the exam-

ples 1 and 2. H, is part of a second degree algebraic curve, where H, is part of a linear curve. Furth-

ermore example 1 shows that H, nor its closure is connected.
Example 3 shows that a parametrization of H, in terms of almost all pairs (K, M) rather then all pairs,
is the best we can achieve. However this does not imply that H, is not connected.

6. CONCLUSIONS

In this paper we have investigated the structure of two subsets of a specific model class. For G and
H,; we have derived a geometric result. For H, we have also given a parametrization which gives more
insight into the topological and algebraic structure.
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