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We address the question of convergence of fully discrete Runge-Kutta approximations. We prove, that
under certain conditions, the order in time of the fully discrete scheme equals the conventional order
of the Runge-Kutta formula being used. However, these conditions, which are necessary for the result
to hold, are not natural. As a result, in many problems the order in time will be strictly smaller than
the conventional one, a phenomenon called order reduction. This phenomenon is extensively dis-
cussed, both analytically and numerically. As distinct from earlier contributions we here treat explicit
Runge-Kutta schemes. Although our results are valid for both parabolic and hyperbolic problems,
the examples we present are therefore taken from the hyperbolic field, as it is in this area that explicit
discretizations are most appealing.
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1. INTRODUCTION

In many cases of practical interest evolutionary problems in partial differential equations (PDEs)
are solved numerically by schemes which can be derived and implemented along the ideas of the
well-known method of lines (MOL) approach. In this technique the numerical treatment of the PDE
problem is thought of as consisting of two parts, viz. the discretization in space and the integration in
time. In the space discretization the PDE is converted into a time continuous system of ordinary
differential equations (ODEs) by finite difference or finite element techniques. This ODE system is
then integrated in time by one of the many available integration schemes, e.g., a Runge-Kutta (RK)
or a linear multistep scheme. To mention an example, which we discuss later in this paper, the classi-
cal 4-th order, 4 stage, explicit RK formula is often used to integrate in time hyperbolic problems
arising in fluid dynamics {8, 14].

In this paper we address the question of convergence of fully discrete RK approximations to the
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PDE solution. We prove, that under certain conditions, the order in time of the fully discrete scheme
equals the conventional order of the RK formula being used. However, these conditions, which are
necessary for the result to hold, are not natural. As a result, in many problems the order in time will
be strictly smaller than the conventional one, a phenomenon called order reduction.

In the MOL literature the phenomenon of order reduction has got very little attention. In fact, we
are only aware of a few papers on this topic. The contributions [1] and [12] deal with implicit RK
schemes. When applied to stiff systems of ODEs, not necessarily semi-discrete PDEs, these schemes
also suffer from reduction of the order. This is the central issue of the B-convergence theory
developed in [5]. In fact, the MOL paper [12] heavily relies on results from the B-convergence theory,
whereas [1] is completely independent of it and concentrates on discretizations of ODEs in Banach
space. As distinct from these contributions we here treat explicit RK schemes. Although our results
are valid for both parabolic and hyperbolic problems, the examples we present are therefore taken
from the hyperbolic field, as it is in this area that explicit discretizations are most appealing.

The contents of the paper is as follows. In Section 2 we collect preliminaries on the (linear) PDE
problem, the space discretization, and the RK method. In Section 3 we examine the full local error.
Here we present a detailed discussion of the order reduction phenomenon and explain that it will be
present unless certain boundary conditions are fulfilled. It is emphasized, however, that these condi-
tions are not natural to the problem but arise as constraints by the use of the Runge-Kutta method.
Section 4 deals with the behaviour of the full global error. Following [1, 2, 12], we here discuss a spe-
cial technique for transferring estimates of the local errors to the global one. This technique shows
that the decrease in global order, although present, is not as marked as the standard convergence
analysis would predict. Section 5 is devoted to a numerical illustration which nicely supports the
theory. Then, in Section 6, we present a simple means for avoiding the reduction by transforming the
given problem. Section 7 contains some final remarks and concludes the paper.

2. PRELIMINARIES

2.1. Partial differential problem
We consider linear problems of the form

u = Agu + fo(t), x€Q,0< < T < o0, (2.1a)
Aru = fr@t), xel’, 0 <t <T, (2.1b)
u(x,0) given, xe , 2.1¢)

where € is a spatial domain in R, R? or R, with boundary I' and Ag denotes a linear, g-th order
differential operator in © which differentiates the (possibly vector valued) unknown function u with
respect to the spatial variables. The linear differential operator Ar possesses order <q —1, acts on
the boundary T and serves to introduce the boundary conditions (2.1b). Note that the inhomogene-
ous terms fg, fr and the coefficients of Ag, Ar may depend on x. This dependence is not however
reflected in the notation.

2.2. Space discretization
The discretization in space of the problem (2.1), by means of finite-elements or finite-differences,
results in a Cauchy problem omit

Uy, = AUy + fu(1), 0<t<T, U,(0) given . 2.2

Here h is the parameter of a grid in QUT and U, = U,(¢) is an m-dimensional real vector consisting
of approximations to u at grid points. The time-independent matrix 4, originates from Ag, Ar and
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the vector f;(¢) arises from the mhomogeneous terms of (2.1).

In what follows, we are interested in the behaviour of (2.2) as #—>0. A crucial consideration is that,
as the grid is refined, both the dimension m of (2.2) and the size of the entries of 4, will grow (these
entries contain negative powers of the grid-spacing). As a result the problem (2.2) becomes increas-
ingly stiffer for ~—0. We assume that, for #—0, the entries of 4, grow like A™4, with g the order in
space of (2.1).

We denote by u,(¢) the restriction of u(x,r) to the spatial grid (or other suitable representation of u
in that grid [10]) and by aj(¢) the space truncation error defined by

a(t) = Apm(t) + folt) — w(1). 2.3)
We assume that (2.2) is consistent with (2.1) in the sense that, as h—0, Jnax I a(2) II-0.
SIS

Throughout this paper, |-l denotes a chosen norm for m-dimensional vectors and the corresponding
operator for m X m matrices. The space truncation error will enter the analysis in Section 3.

2.3. The Runge-Kutta scheme

In order to numerically advance in time the solution of (2.2), we employ an explicit Runge-Kutta
method. For our purpose it is convenient to describe this ODE method as it applies to a linear sys-
tem of ODEs of the form

w = Mw + g, 2.4

with M a constant matrix. If w" denotes the approximation to w(n7) generated by the method with
stepsize 7, the step w"—w"*! is performed by first computing recursively intermediate approxima-
tions Yy, Yy, - - -, ¥, through
i-1
Y, =w' + 1 3 a; [MY; + g(t, + ¢, 2.5
j=1
and then setting

whtl = wh + 7 S b, [MY; + g(t, + 7). 2.6)

i=1

Here ay, b;, ¢;, 1= 1, S, J= i—1, are coefficients associated with the particular RK

method being used and s is the number of stages. We denote by p the (class1ca1) order of the method

i—1
and assume that Elb =1, 2 a,jmcj,j—l, ,5. We also set a,+1;=b; j= -,sand ¢4+ =1.
The local accuracy of (2.5) - (2 6) will now be investigated in a manner related to that common in the
B-convergence theory [5,4] and shghtly d1ﬂ“erent from that based on Butcher trees.
We first consider a perturbed step W W

Y, =" +1 S a; MY + glt,+em] + 1, @7
i=1
~n+1 ~n S o
w =w +71 32 hIMY;, +gt, +¢m)] + 1541, (2.8
i=1

where the residuals r;, i=1, - - - ,s+1, measure to what extent the perturbed values ! W )~’ fail
to satisfy the equations (2. 5) (2 6). If we now subtract (2.5)- (2.6) from (2. 7) (2.8), we obtain a set
of relations satisfied by the differences w -—w" w" whtl Y, — Y,, i=1, 5. A strmghtforward

recursive elimination of the intermediate differences Y, Y,, i=1,---,s leads to an expression for
~n . . .
w  —w"t! in terms of the residuals, i.e.,

...n+l s+1

W't = P —w") + 3 O (M, 29)

& i=1
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where P,Q;, i=1, - - - s +1, are polynomials. The degree of P is <s and Q; has degree <s+1—i.
The coefficients of P,Q; can readily be expressed as functions of the coefficients a;;, b;, ¢; of the
method, but those expressions play no role here. Note that P is the usual stability polynomial.
We next consider the particular case of (2.7), (2.8) given by
B =), W =W, Ti=wlttan), i=1, 0,
i.e., all the values are taken from the theoretical solution w(z). In this case, and assuming that w is
smooth, we can write, fori=1, : - - ,s,5 + 1

i—1

r; = w(t, +ar) — w(t,)—1 > ai; [Mw(t, +¢;7) + gt +¢ml (2.10)
. j=1
i—1 :
= wt,t1) — wlt)—7 D aw(ty +¢7)
j=1

= dP?W(t,)+ - tdp? wO(@) + Ry,

where again, dj; are scalar functions of the coefficients of the method, whose expression is not needed
here. Note that r; =0, since ¢;=0. In (2.10) the remainder R; is 0(* *!) and the constant in the
0(# *1) term depends only on the RK method and on w?*D. Substitution of (2.10) in (2.9) leads to
the error relation, where we have taken into account that r; = 0,

Ww(ty +1)—w" Tl = P(rM)[w(t,)—w"] + 2.11)
s+1 s+1

+3 oMy S a7 wi) + S 0 M) R;
i=2 j=2 i=2

In the case where w, =w(t,) the difference w(t, +;)—w" ! is by definition the local error I"*!. We
have assumed the method to be of order p, so that I"*!=0(#*1). Therefore in the right hand-side of
(2.11) all terms involving power 7, k <p, must cancel and this leaves us finally with an expression

s+1
=3 A M wO@E) + 3 QEMR; (2.12)
Lj i=2

where, once more, p;; are scalar functions of the coefficients of the RK method and the indices /,j
satisfy 1<i<s —1, 2<j<p, p+1<i/+j.

ExAMPLE 2.1. We shall illustrate the foregoing derivation for the classical 4-stage, 4-th order scheme
with the parameters

cijan 0 10
1721172 0
= /2|0 1/20 (2.13)
C4l Ay [/F7) 1 0 0 1 0
by - ba l1/6 1/73 1/3 1/6

The stability polynomial P arising first in equation (2.9) is the (4,0) - Padé approximation to e*,

P)= 1+z+1/2224+1/623+1 /24 7? (2.19)
and the polynomials Q,, - - - ,Qs arising in (2.9) are given by

1 1,1 5.1 4 L 1, 13
Q@) = gzt+gz°+ K + % 0s(2)=5z+¢z°+ ThE (2.15)

03(2) = 22+ 323, QuD)=7¢2 Qs(2)=1.




The expansions of the residuals r; introduced in (2.10) are

8 0 0 0 0]

r 1/8 1,48 1,384 |7wP@)| (R,

rs| = |—-1/8 —2/48 —3/384| [Pw®(@,)| + |Rs (2.16)
ra ' 0 2/48 8/384]|:4,@ ) R,

, 0 0 0 R

5 5

The local error I *! given by (2.12) is found to be

P = (MW o MO oMy @.17)
—1

1
=L a2, 4 L 35,008 4
(Gsg MW+ 57g MW

D D S B .
5os MowO +i§2 Oi(rM)R; ,

where all derivatives are evaluated at r=¢,. The form of (2.17) will be used later in the paper. [

3. BEHAVIOUR OF THE FULL LOCAL ERROR

In this section we examine the behaviour of the full local error, i.e., the local error associated to the
true PDE solution u, instead of the local error associated to the intermediate ODE solution Uj, (cf.
[13]). The subsequent analysis is carried out under the following hypotheses. '

(H1) The restriction u,(¢) of the PDE solution possesses p+1 derivatives uf)(¢). Furthermore,
lufP@)ll, j=0,1....,p +1, can be bounded uniformly in ¢ and A.
(H2) The space and time grid refinements are carried out subject to a restriction

P <A 3.0

where A is a fixed positive constant and g the order in space of (2.1).
(H3) For grid refinements satisfying (3.1), the expression 7 |4, can be bounded independently of =
and . (The bounds can nevertheless depend on A.)

The local error (at #,+;) of the fully discrete solution as an approximation to the PDE solution is
defined by ‘

B = uy(ty41) — Run(ty) 3.2)

where Ruy(t,) represents the result of a RK step for the system (2.2) starting from w,(z,). Our task in
this section is to derive bounds for ||/ *!|| of the form

Cc( + 7 max_ ey DI , 3.3)

where C denotes a constant independent of #,,7 and & and k is a positive number. We will see that in
order that the bound (3.3) be uniform in A, the exponent k& must sometimes be taken smaller than
p+1, the value one naively expects from the behaviour of the RK method as applied to ODEs.

In order to derive an expression for [ *1 we consider in (2.7) - (2.8) the perturbed step
w = p(ty 1), W =u(ty), Yi=w(t, +¢;7), j=1,---,s. The residuals r, now take the form
(cf.(2.3), 2.10)

;= wy(t, tom) — up(ty)—T iil aij[Ahuh(t,, +¢;m) + fulta t ¢ (G4

Jj=1




i-1
= wp(ty +om) — w(t)—7 D) aylup(t,+c;1) + ap(t, +cjm)]

Jj=1

= dPiy(ty) + .. +dp ? uf’(@t,) + Ry,

where d;; are the coefficients found in (2.10) and R; contains not only the remainder in the Taylor
expansion of uf{')(t,,+cj'r), but also the term 72a;04(t, +¢;7). From these considerations and the
hypothesis (H 1) it is clear that the norms ||R;|| satisfy a bound of the form (3.3) with k=p+1. On
proceeding now in a manner similar to that in the previous section, we find

. . s+1
B =Xy 7 AL ufP6) + 3 QAR (33)
Lj i=2 _

where the summation /,j extends to 1</<s—1, 2<j<p, p+1</+j. We now proceed to bound
IZ+1.

LeEMMA 3.1. Under the hypotheses above the norms ||Q;(tAp)ll, i=1, - - - ,s+1, can be bounded indepen-
dently of 7, h.

PrOOF. This follows directly from (H3), since (|7 441l < llv4,lV. O

After this lemma, it is clear that the second term in the right hand side of (3.5) can be bounded in
the form (3.3) with k=p+1. In estimating the first sum at least two different settings may be con-
sidered.

(S1) If the further assumption is made that the norms |4} uf’(#,)ll are bounded uniformly in
t, and h, then ||/} *1|| is bounded by (3.3) with k=p+1.

(S2) If no relation is assumed between the powers of 4, and the derivatives of 1,(t), then to bound
a term like ¥ "/ 4}, uf)’ uniformly in 4, one must write

I+ 4f ufPll = Plid,) uPll< Plledy ! luf

and employ (H1) and (H3). The price to be paid is that now the order in 7 is j rather than p +1, and
in general the local error (3.5) contains terms with j=2. (See in (2.17) the term (1/96) P A}uf? that
one gets for the classical RK4 scheme). In this way only an 0(r%) bound is obtained, regardless of the
value of the classical order p. Note that this order reduction is not induced by lack of smoothness in
u(x,t), but rather by the presence of powers of 4, in the expression for the local error, as these
powers will contain negative powers of A.

In the above it was tacitly assumed that for the / and j considered the coefficient ; of 7' */4}uf in
(3.5) is not equal to zero. Trivially, if p;=0, this term does not cause reduction. In the standard
schemes of order p with p stages (p =2(1)4) the coefficient g, ;5 associated with the term with highest
order reduction cannot be zero. Schemes can be constructed with zero p; coefficients. However, only
at the price of introducing additional stages for a given order p.

Between the extreme settings (S1) - (S2) one can conceive situations (S3) where one knows that
lALuPl - 7 = 0(1) for a certain y<<g/. Then (H2) shows that |7+ 4,uf’ll behaves like
0(+ *!~7/4), which is a more favourable estimate than the 0(+') stemming from (S2).

The following example should be helpful in illustrating the relevance of distinguishing the three
situations (S1) - (S3).

ExamPLE 3.1. We consider the simple model hyperbolic problem
u = —u, + folx0), 0=sx<l, O<t<l, (3.6a)

u(0,f) = fr(1), 0<t<I1, (3.6b)
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u(x,0) = ugp(x), 0<x<I1, (3.6¢)

which is assumed to possess a smooth solution. (This requirement implies not only that
ug, fo and fr are smooth, but also that they satisfy certain compatibility conditions whose expres-
sions are of no consequence here.) If m is a positive integer, a uniform grid x;=j / m(0<j<m) is
introduced in [0, 1], and (3.6) is discretized in space as follows (h=m ')

U, ~1/h vl |faGnd+rT )]
1/h —1/h Sa(x2,8)
= 1/k —1/h + falxs.0) , 3.7
2 | Uk ua G | s

We work with the usual L2-norm. When the matrix 4, acts on a vector v, obtained by restricting to
the grid a smooth function v(x),0<x<1, the 2" 3, ., m" entries in 4,v, approximate values of v,
and therefore can be bounded independently of . However the first entry in A,v, will behave like
h~! leading to a & ~!/2 behaviour of [|4,vll, unless v satisfies the homogeneous boundary condition
v(0)=0. It follows that the term # ! 4,uf) is 0(* *1), uniformly in &, if uff’ is O at the boundary, a
condition which is of course satisfied if the boundary term fr(¢) is identically zero, but not in general.
To sum up, if fp=0 then the term #* *'4,uf?) that features in (3.5) if s=2, behaves like 0(* *') uni-
formly in A, but in other case it may behave only like O (# +1/2) (use the arguments in situation (S3)
above, with g=1 and y=1/2).

In a similar vein 4%y, is bounded if v(0)=0 and v,(0)=0. If in (3.6) fr=0 and f(0,)=0, then
both u and u, will be zero at the boundary and as a consequence the same will be true for all their
derivatives with respect to 2. In this case the terms ¥ *! 43 uf), j=p—1, p, which feature in (3.5) if
$=2 are O(+ *2?) uniformly in h and consequently O (s *1).

However, in general, |[43v,]| behaves like # ~3/2 and this results in a reduction to 0(#* ~'/2) in the
term 7 *142uf Y, and a reduction to O(# *1/2) in 7 *24%uf). The general trend should now be
clear: for a method with s stages the optimal exponent k =p+1 in (3.3) cannot be obtained unless the
theoretical solution u(x,?) satisfies s — 1 boundary requirements

#(0,1)=0, u,(0,)=0, - - - ,(8° "% / 3x* "H)u(0,)=0

that render it possible for ALuf(1<<i<s—1, 2<j<p, p+1<I+j) to remain bounded uniformly in
h. These s—1 boundary requirements for u will be satisfied if and only if fg, fr do not violate a set
of s—1 constraints fr=0, fu(0,/)=0, - - - (8 73/0x° 73 f(0,£)=0. We emphasize that such con-
straints are induced by the numerical method and are not related to the compatability conditions that
frsfasuo must satisfy in order that u be smooth. Perhaps it is useful to point out that for homogene-
ous problems (homogeneous boundary conditions and no forcing term), the above constraints are
trivially satisfied and no order reduction occurs.

4, BEHAVIOUR OF THE FULL GLOBAL ERROR
We now turn to the full global error defined by

ep = u(ty)=U" 4.1
where U” denotes the fully discrete solution at time #,. Our aim is to derive bounds of the form
gt < €@ + max llay(@)l) , 42
0<t<T

with C a constant independent of t,, 7, k, and k a positive number that we would like to be p in view
of the order of the RK method when applied to an ODE. Our first result is
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TuroreM 4.1. Assume that (HI) - (H3) hold, that |ALulP ()|l can be bounded uniformly in h and
t,, for 2<j<p. I=p+1—j, and that for each h and 7, |P(vAp)ll < 1. Then the convergence estimate
(4.2) holds with an optimal value k =p.

Proor. For 1<iI<s—1, 2<j<p, p+ 1<+ we can write
I+ AP < T Hird, IV 72 AR U =0 1Y),

so that the local error in (3.5) possesses a bound (3.3) with k=p+1. This bound and the stability
assumption |[[P(74,)/I<1 lead, in the standard way, to (4.2) with k=p. [

Some remarks are in order: First, we have required assumptions on [l45uf|l. We saw in the previ-
ous section that these requirements are not naturally fulfilled in the applications, except if the PDE
problem is homogeneous. Secondly, the stability condition IlP(r4,)lI<1 is satisfied if the norm under
consideration derives from an inner product, the matrices 4, are normal and A in (3.1) has been
chosen so that the eigenvalues of 74, lie in the stability region S of the RK method
S={z: |P(z)] <1}[9]. For nonnormal matrices this condition on the eigenvalues is necessary but not
sufficient. An interesting sufficient condition involving the stability region S has been given by
Spijker, [11], Th. 6.1.

In the general case where ||Afuf|l are not bounded the analysis in the previous section only
guarantees a 72-bound for the local error, leading via stability to an exponent k=1 in (4.2). A finer
study of the local error, along the lines of what we called (S3) may result in 7 *'-bounds for the
local error, with 2<k +1<p+1 and lead to 7*-estimates of the global error.

An important point we want to make now is that the standard approach of transferring the local
errors to the global error via stability (first bounding and then adding) can be unduly pessimistic [12].
An alternative technique, essentially used in [1], [2], [12] will now be presented. We consider one of
the terms p,lj'r’“Aﬁ,u b 1<i<s—1, 2<j<p, p+1<I+}, that may suffer from reduction. This term
contributes to the global error e by an amount

af = py 73 PaAy T AL w20 4.3)
i=1

Assume that the matrix (I — P(74;))” '74;, can be defined and satisfies a bound
(I —P(z4,)) " "4, <X, 4.4
with % independent of 7,h. (The feasibility of this condition is discussed later). Then in (4.3) we can
write
af = py 7 TNI—P@A) ! AT — P(4y)) -
P ey T AT P -0)
i=1
= py? I —PA)) ' 1dy) - [AF T uf 6 -1) — P@A AL (o) +

n—1 . .
> Py AL @4 -1) — )]

i=1
The following result now follows easily:
THEOREM 4.2. Assume that (H1) - (H3) and (4.4) hold and that as h,T vary |P(74,)II<<1. Then the con-

tribution to the global error of a term p,,jAf,uY' ), I<I<s —1, 2<j<p, p+1<l+], possesses a bound of
the form

C11+j—1(m%x AL tuff *D| + m?lx AL 1Dl . @5
t, L,




ProOF. It is enough to write

tl
M4 @t -1) — @) = Il [ 457"l D(s)dsll <rmax 45"l 0100
Ly ’

The advantage of the new approach is that we have got rid of one power of 4, i.e., we are now
dealing with A4~! instead of the 4 we started with. In the worst case, where j=2 and no'relation is
assumed between 4}~ and the derivatives of u;, the bound (4.5) is 0(r%), as shown by (H3). Recall
that in the standard approach we only proved an 0(r) bound for the global error in the worst setting
(S2) (cf. Th4.1).

Before we close this section the feasibility of (4.4) should be discussed. The rational function
#z)=(1—P(z))"'z is finite if P(z)5%1. Now, by consistency, P(z)=1+z+0(z2), so that for
z=0, P(z)=1. But nevertheless ¢(0) is finite. Therefore, (I —P(1A4y)) " '74, exists if 74, has no
nonzero eigenvalue on the boundary of the stability region, a requirement only marginally more
demanding than the spectral necessary stability condition mentioned above. Furthermore, slight
modifications of sufficient stability conditions guarantee the existence of a uniform bound (4.4). Two
instances are given in the next proposition.

PrOPOSITION 4.1. Each of the following two conditions is sufficient for (4.4) to hold:

() The norm ||| is an inner product norm, the matrices 4, are normal and as 7,k vary the eigen-
values of 74, remain in a closed set F contained in {0} U (S —8S), where 3S is the boundary of
S.

(i) The norm || is an inner product norm and a positive number p exists such that the disk
{z: |z+p| <p} is contained in {0} U(S—3S) and, as .k vary, llrd, +plll <p.

ProoF. (i) The rational function ¢(z)=(1 —P(z))" !z is bounded in F. If |¢(z)] <K in F, then
I — P(A43)) " 174, 1| = max{¢(u):peSpec (74,)} <K,

where we have used the spectral theorem and the fact that ¢(74;) is normal.
(ii) This follows from a theorem due to von Neumann [7] (cf. [2]. [6], [11]). T

5. NUMERICAL ILLUSTRATION

EXAMPLE 5.1. A simple experiment will be presented first which clearly shows the order reduction
phenomenon. We consider the simple semidiscretization of Example 3.1 together with the classical
fourth order RK-scheme (2.13). The mesh-ratio parameter A is taken to be 1, a choice that guarantees
that ||P(r4,)ll <1 and that (4.4) holds. (Use Th. 6.1 in [11] and Proposition 4.1, (ii)). Furthermore,
we take ug(x) = 1+x, fr(t) = 1/(1+1), fn(t)=(t—x)/(1+t)2 so as to have the simple solution
u=(1+x)/(1+1). Since this is linear in space, a,=0, i.e., there is no error introduced by the space
discretization.

The time derivatives of u are not zero at the boundary; and then the analysis in Example 3.1 shows
that the term 7°(1/96)A4}uf? behaves only like 72 uniformly in A, leading to a decrease in local order
of 2.5 units. The other terms of the local error involve higher powers of 7 or lower powers of 4, and
therefore suffer from reductions which harm less than that of the rAjuf? term. The conventional
bound for the global error would show a 0(r'*) behaviour of the global error, uniformly in 4. How-
ever, the use of Theorem 4.2, reveals that the global error possesses a better, 0(72'5 ), bound. Moreover
the exponent 2.5 cannot be increased because at ¢ the local and global errors coincide and we know
that the local is not better than 0(r>>). Table 5.1 shows the L%-errors at t=1.
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Table 5.1.
h—l
7! 10 20 40 80
10 31,04
20 A2i0—5  .49—5
40 .62]0_7 .2010_6 .8310—6
80 .3510_‘8 .1010—’7 .3410—7 .1410—6

From the table we computed the observed order of convergence obtained. The notation
(1/10,1 /10)2.66(1 /20,1 /20) denotes that an order of 2.66 was observed when refining the grid
from 7=1/10,Ah=1/10 to 7=1/20,h=1 /20, i.e. 2.66= log;o&/ log;p2, where £ denotes the ratio
of the error at (1 /10.1 /10) to the error at (1/20,1/20). The rows of Table 5.2 display the
observed order in the simultaneous refinement of + and A, where the effect of the reduction is clearly
seen.

Table 5.2

(1/10,1/10) 266 (1/20,1/20) 256 (1/40,1/40) 2.56 (1/80, 1/80)
(1720, 1/10) 258 (1/40,1/20) 2.55 (1/80, 1/40)
(1740, 1/10)  2.63  (1/80, 1/20)

The rows of Table 5.3 provide the order observed when in Table 5.1, the attention is focused in
successively halving T with 4 fixed along the row.

Table 5.3

(1710, 1/10) 469 (1/20,1/10) 427 (1/40,1/10) 4.14 (1/80,1/10)
(1720, 1720) 4.61 (1/40,1/20) 4.32 (1/80, 1/20)
(1740, 1/40) 4.60  (1/80, 1/40)

Thus, on a fixed spatial grid there is no order reduction visible. Of course, this is the behaviour one
should expect as one is now solving a fixed system of ODEs. With our fourth order method, the
order asymptotically behaves like C7* on each fixed grid. The issue at hand is that C depends on the
choice of mesh and increases with decreasing 4. This is very clearly borne out in the last row of
Table 5.1.

6. AVOIDING ORDER REDUCTION

In this section we suggest a simple means for avoiding the order reduction. Although the principle
is quite general, we prefer to describe it in the context of a concrete situation. We consider again the
model problem (3.6) and the classical RK method, but now the simple discretization (3.7) is replaced
by the 4-th order scheme

1/ OUj—1 +4U;+Uj 1] = (1 / QU -1 = Uy 1] + (6.1)
(1 / 6)falx;—1,0)+4fa(xp )+ falx 1,0 j=1(m—1,
with '

(1/ U1 +2Un] = (1/ QAU -1 = Ul +(1 / 6)faGom - 1,1)+ 20 Goms )] (6.2)
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near the boundary x=1. Note that (6.1) - (6.2) is the result of the Product Approximation Galerkin
technique based on piecewise linear test functions [3].

From an analysis similar to that presented before an order reduction is to be feared, unless fq,fr
satisfy the two constraints fr=0, fo(0,#)=0 necessary for 4, ,A?} to act boundedly on the time deriva-
tives of u,. Now if w(x,?) is a known function, then v =u+w satisfies the transformed problem

v = —vtgalxt), - (63)
V(O’t) = gl‘(t) ’

where
ga = fatw tw, 6.4
8r = fI‘ +W(O,')

are known functions. The idea is to choose w such the application of the numerical method to the
problem (6.3) does not cause reduction (i.e., gr=0,g0(0,¢)=0), and then solve numerically for v and
retrieve u from u=v —w. The finding of w is not difficult here. One may for instance choose w(x,?)
to be of the form w(x,t)=a(t)+xpB(t) and then the conditions on gg,gr readily determine a(f) and
B@).

The left half of Table 6.1 gives the L2-errors for 4 when the integration is performed on (3.6) with
fa»frsuo chosen so that the solution is u(x,r)=cos(10t)exp(—10x). The right half of the table
corresponds to errors in u when the numerical integration is performed on the transformed problem
(6.3). The results are in complete agreement with the theory.

Table 6.1

T7=h | error order error order
1/10 | .46yp—2 .49, —2

1/20 | .529—3 3.14 | 21p—4 3.88

1/40 | .760—4 277 | 21;p—4 388

1/80 | .130—4 254 | .14p—5 391

7. CONCLUDING REMARKS

The attention here has been restricted to linear problems. Order reduction also takes place for non-
linear problems and the mechanism involved there is essentially the one we have discussed. The
extensions of the analysis to the nonlinear case is possible but becomes rather technical and offers no
new insight.

For implicit RK schemes the main ideas of our analysis are still valid. However, the interest there is
in situations where 7 and & are not related and therefore our hypothesis (H2) and (H 3) should be for-
saken. The details of the analysis become then quite different [1, 12]. The technique for avoiding the
order reduction outlined in Section 6, can also be used with implicit schemes. In fact we have
employed it with success to retrieve the 3rd and 4th order of convergence of the diagonally implicit
RK schemes discussed in [12].

It is fair to say that in practical problems the negative effects caused by order reduction are likely
to be less important than those stamming from other sources, such as errors in space, instabilities at
boundaries, curved boundaries, etc. However, the understanding of this phenomenon is essential in
situations where one is interested in higher order methods.
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