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INTRODUCTION

This paper deals with the problem of recursively estimating a d-dimensional parameter that occurs in
the intensity process of a counting process. Off-line estimation procedures, such as maximum likeli-
hood estimation, have been analyzed in a number of papers, for instance those written by LINKOV
[8], KuTOYANTS [5], SAGALOVSKY [11], KONECNY [4] or OGATA [9]. They proved that under certain
conditions that differ from paper to paper the maximum likelihood estimator has desirable properties,
such as consistency, asymptotic normality and efficiency. For recursive estimators these properties
remain to be investigated. We will establish these in a rather specific situation namely that where the
intensity process A has the form A, =§"¢,, where ¢ is some other observed process with values in R4
and #cR’ the parameter. Two algorithms are presented that generate recursive estimates and their
asymptotic behaviour is analyzed. Both the issues of almost sure convergence and the asymptotic dis-
trubution of the estimators are treated. The first one is attacked by means of a stochastic Lyapunov
techinque while for the second one we use central limit theorems for martingales. Some examples
illustrate the theory.

1. NoTATION AND CONVENTIONS

We assume that all the stochastic processes that will appear in the sequel are defined on some fixed
complete probability space (2,%,P). We also assume that all these processes are adapted to a complete
right continuous filtration {% },»¢ generated by the observations. With respect to this filtration a
counting process 7 :2X[0,00)—Nj is a submartingale that enjoys the Doob-Meyer decomposition

n=A+m (1.1)

where A is a predictable increasing process and m a local martingale [1].
We assume that A is an absolutely continuous process of the form

t
4, = [¢l0ds 12)
0
where #cR% and ¢:2X[0,00) »>R% is some other observed process which is assumed to be predict-

able. The non random parameter § is unknown and is to be estimated on the basis of the observa-
tions n, and ¢,. We will denote by §, the “true” parameter value. We will often use instead of (1.1),
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(1.2) the diﬂ'erenﬁal notation
dn, = ¢X0dt + dm,, ny =0 (1.3

2. THE ALGORITHMS

2.1 Least Squares Algorithm. .
For this algorithm the estimators ,,=0 of § are given by the following two equations.

dat = Ry, (dn,— ] b,dt), a0 _ 2.1
dR, = —R.$${ Rdt, Ry 2.2)

Here Ry is taken to be a symmetric positive definite matrix. Observe that (2.2) guarantees that R,
stays symmetric and positive definite for all z. If we would take Ry ! =0 (which is not positive), then

t t
0, = [[os07dsT™" [dn, 23)
0 0
satifies (2.1), (2.2) with 90 =0. Itis easily seen that 9, given by (2.3) minimizes
t t
[@70yds — 2 [¢]0dn,
0 0

as a function of 6, which accounts for the name of the algorithm [11]. In [13] it has been proved that
0, as given above converges with probability one to 6. We quote the precise result.

THEOREM 2.1: Let {6,} be given by (2.1), (2.2) and let
t
Yo = &/ ¢, ¥,= [{ds + r(Rg")
0
Assume that the following three conditions are satisfied
(@) as—lim ¥, =0
t—»00
-]
() [ ¥ dt < oo as.
0

t
(i) as —lim ¥ 9] ds = C >0
1—>00 0
Then .
i) as—lim 6, =6,

t—>00

t
i) as—lim ¥ [T —0)Pds =0
1= 0

The algorithm (2.1), (2.2) is invariant under non-singular linear transformations in the following sense.
Let SR be a non-singular matrix. Write n=256, 7,=56,, £, =S "T¢, and T,=SR,ST. Then (2.1),
(2.2) transform into

dn, = T é(dn, — frT 'ﬁxdt)’ ';IO

dT, = — T4&[T, dt, T,

which is exactly the least squares algorithm that corresponds to dn,= £/ndt + dm,, but this is noth-
ing else then (1.3) because £, 1 = ¢ 6.
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We apply theorem 2.1 to some examples.

ExAMPLE 2.1: Let $:[0,00)—R% ¢ =[1,1+sins]. Then ¥, = >t—2cost — sin2t + tr(Rg"). Clearly
assumptions 2.1 and 2.L.ii are satisfied and

2
t st 1+sin s
lim ;' [¢¢f ds = lim — f| . 3 . 1
100 ? to0 ¢ 5 |1+sins ‘5+25ms——2-cos2s

122
=512 3

ExampLE 2.2: [see 13]: let
$[0,00) X Q—>R% ¢, = [1,1+(=1""1,0=[6; 6,1
Then ¥,=(3+2X,)t, where

14
X, = -1- [ (—1yds.

0 .

—8
From [13] we know that lim X, =70-—+2‘-9—- a.s. Assumptions 2.1.iii are easily seen to be satisfied and
1—>00 1 2
. t r 1 01 +02 01

tl-g?o ‘I't (')/ s ds = 301 +02 01 201 >0,

ExaMPLE 2.3: let X be a Markov process which takes its values in {0,1}. Assume that the holding
times in 0 and 1 are exponentially distributed with means po and p respectively. Assume that n, has
intensity 8, X,_ +0o(1—X,_) which is left continuous, thus predictable. So ¢,=[X;1 —X,- . Now
¥, =t+tr(Rg'). Again assumptions 2.1.,ii are easy to verify and

m 0

0 m
2.2. Approximate Maximum Likelihood Estimation
Before stating the estimation algorithm, we prefer to formulate a preliminary version of it and provide
a heuristic derivation.

1 p 4[% 0 1
.1 T — 1 1 SR S
tl—l:g ¥t b[%%ds tl-lglo t [0 1_Xs]ds o

The preliminary algorithm is
db, = —2;;3'— (dn, —$76,dr), 8o 24
t Vit—
T
dg, = — 204y o, @3)
¢70,

We will give three approaches that suggest, at least heuristically, the form of this preliminary algo-
rithm. The first one is based on a “implicit-function theorem” type argument (2.2.1). The second
approach is based on an associated filtering problem (2.2.2) while the last one uses an asymptotic
expression of the likelihood functional (2.2.3). Before presenting the three approaches we give the for-
mula of the likelihood functional which is the Radon-Nikodym derive dP, /dQ,, where P, is the
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measure on the tra_]ectory space of counting processes defined on [0,7] that is induced by (2.3) and Q,
the measure on the same space induced by a standard Poisson process. In order to express the depen-
dence of dP,/dQ, on 8 we write L(6)=dP,/dQ,. Then the following expression holds [1,p.171]

L,®) = expl flog#T0dn, — / (90— 1)ds] @6
0 0

2.2.1 The maximum likelihood estimator 9, by definition maximizes (2.6).
Equivalently, §, minimizes
J(0) = /t ¢T0ds — jt logop? 6dn, 2.7
0 0
If differentation with respect to 6 under the integral sign is allowed we look for zero’s of

l,(ﬂ) Vg J, 1(0) f s

(2.8)

If J,(0) = J(2,6) happens to be a smooth function of both 4 and #, it follows from the 1mphc1t func-
tion theorem that 6, satisfies the equation

28, = — v 16O 1)
A similar expression in the present situation where /,() is not smooth, but has jumps, is
dat = = [Vy 1,(@,_)]_1811,(9,_) 2.9

where 9, is the forward partial differential operator with respect to ¢. Since we have

- kL
8h(B,-) = gyt — —=—dn,

tYt—

and

s [

equation (2.9) becomes after writing Q, =[V, 4(8,)]”!

dé, = Qi ~ (dn~ &7 8,dr) (2.10)

76,

The next problem is to find an evolution equation for Q. Recall that one of the objectives is that the
algorithm gives us strongly consistent estimators. Therefore we should have for large z 6,~#,. Hence
for large ¢

L oof ! opl L T
ly ~——ds + | ———dm, 2.1
Rt Brorea il bl b e @1n

The last term of the right hand side of (2.11) is a zero mean martingale. We get a new approximation
of ;! by deleting it:

T
l_lzf ¢s¢sd§'
0

LN
Finally we replace 6, by és and we arrive at
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do, = @23)

Observe from (2.5) that Q, is continiuous. Consequently (2.10) is indeed (2.4).

|
2.2.2. Another way of arriving at (2.4), (2.5) is the following. Consider the following filtering prob-
lem. We have an observation equation
dn, = ¢T0dt + dm,,ny=0

Here ¢ is a %}-predictable random process where 7 =o{n;,0<s<t} and 0 is an unobserved random
parameter, that is o(f) ZF for all £. Itis known [1] that the optimal (in mean squared error sense)
estimator of 6 given the observations ¥, is ,:=E[0|%}], and that it satisfies the following equation

Pt—¢t

db, = —=— (dn,~ o 8,dr), 6,=ES.
‘ ¢: 0,
Here P, is the conditional covariance matrix E [(0—@,)(0—9,)T|53¥] and satisfies

P,¢ 0l P, A - n

dp,= — —‘f;g—fdt+[E[(a—0,)(0—0,)"(0—0,)%4@’:]
t YVt
P,y 0T P, -
- ——(dn—¢lbdt)
4’1 ot ¢t 0t—

t
In this setting the innovations process 7, — f ¢76.ds is a martingale with zero mean. We can approxi-

0
mate this equation by setting the martingale term zero. Denoting the approximation of P, by 0, we
find as a truncated second order filter

do, = &—(dn,*(pf 8,dr) 2.12)
£0,-
Xl
dQ, = — Q- Qudt 213)
¢t 0t

It can be-argued that the effect of the prior distribution of § decays with time. Hence we will eventu-
ally get estimators 6, of 0 that are hardly depending on the prior distribution. Consequently the s
for large ¢ will not change much if we would take 6 as a deterministic parameter. This suggests the use
of the same formulas (2.12), (2.13) for our original estimation problem.

2.2.3. A third way to obtain the recursive scheme (2.4), (2.5) is to make use of an asymptotic expres-
sion of the logarithm of the likelihood functional. This expression expression, that reveals the so
called local asymptotic normality property (LAN), is a key result in proving consistency and asymp-
totic normality of the (off-line) maximum likelihood estimator [5,6,8]. Of course the same properties
are desired for our recursive estimator. We will exploit the LAN property for the case where ¢ is a
deterministic function. Similar considerations can be found in [2]. Denote by P, the probability
measure on the space of counting process trajectories induced by a counting process with intensity
¢T6. Define

t T
- Osds
0 =f ——a1"
! 0 ¢.\T 00
Let ueR? and denote by Z,(u) the restriction of dPg, +g"s / dPg, to the space of trajectories defined
on [0,£]. Under certain conditions (the precise form of those are not important at this point) we have




the following result {5, 6]

b5
L

Lt
logZ/(u) = u”Q; [—p—dm, — su"u +p, 2.14)
0

t
where p is a stochastic process that converges to zero in probability for t—>oc0 and Q:ﬁ f (;30 dm;
0 YsVo
converges in law to a gaussian (0,/) random variable.
If we set p,=0, then the value of u that maximizes (2.14) is
1 1
~ -7 s
=0, dm
(3 t of ¢§' Ho s
Hence an approximate maximum likelihood estimator of 8 is
6, =0, + I,
0 Qt f T 00
Or
= _ = ¢ &
6, = dn 2.15
t Qt Of 4)3‘00 s ( )

_L

Observe that é, ? (5, —@,) converges in law to a gaussian (O,]) random variable.
Of course 6, is useless as an estimator of 6y, since it depends on 6. We just use it at an intermediate
step in obtaining our algorithm (2.4), (2.5). A simple calculation shows that §, and Q, satisfy

de, = —Q-T‘—‘E‘— (dn,— 7 8,dr) (2.16)
¢: 6o
= =
g, = -——Q"”‘f‘ & i (2.17)
EH

As before since one is looking for 0, s that are close to 6y (and thus close to 0,) we replace 6 and
0 in (2.16), (2.17) by 0, and write Q, instead of Q,, thus arriving again at (2.4), (2.5).

Having finished the explanation of the form of the preliminary version of our algorithm, we will now
present it in its final form. The change that has been made is just for technical convenience and
makes the proof work. The reasons for the change will be apparent from the proof of theorem 3.2.
We give a little discussion that tells us that this change is not dramatic. Suppose that 6, given by
2.4), (2.5) converges almost surely to ;. Then eventually 0, will be in any neighbourhood of 6.
Hence if ecR% is such that all its components are smaller than the correspondmg components of §,
we have ¢; 0,>¢, ¢ eventually. This is exactly the property that we need in the analysis. However
(2.4), (2.5) do not guarantee us, that this inequality holds. Obviously the modification (2.18)-(2.21)
below has the desired property. Define the indicator process I, as follows

I = Iigry 57 (2.18)

where eeR% is such that 0<¢<by,i=1,...,d. We are now in the position to state our




APPROXIMATE MAXIMUM LIKELIHOOD (AML) ALGORITHM

r = _gtﬁ't— (dn,— 7 x,dt), Xo 2.19)
(pt 0t—‘
T
ag, = _&?Lr_f:i dt, Qo (2.20)
¢t 0t
0, = x I, + e(1-1) 2.21)

Here x, is taken such that 6y =x,, and Q is a symmetric positive definite matrix

Apparently one should be able to establish lower bounds for the components 8y in order to compute
8, according to (2.18)-(2.21). In practical situations there are often physical considerations that enable
us to do so. As for the least squares algorithm we can also prove invariance of (2.18) - (2.21) under
non singular linear transformations. Contrary to (2.4), (2.5) we even have invariance of (2.18) - (2.21)
under time transformations. Let 7=f(¢) be a (possibly random) time transformation with inverse
t=g(r). Assume that g has a derivative g’ almost everywhere and g’=0. Write Yt =Yg for the time
transformed process y. Then we have

i, = & Oog'(T)dr + drm, 222)
The algorithm corresponding to (2.22) is
&= 2 a5, gmdn) 2.23)
¢T_ 0"""
0,5,9: 0
g, = —-#fz’——ig'@) dr (2.24)
8, = %1, + (1-1,) (2.25)

which is indeed the same as the time transformed version of (2.18) - (2.21)

3. CONSISTENCY OF THE AML ALGORITHM .
In the proof of theorem 3.2 below, where strong consistency of §, coming from (2.18) - (2.21) is
proved we use the following lemma, which is a simplified version of a more general result in [12].

LEMMA 3.1: Let x,a,b be nonnegative stochastic processes: a and b increasing with ay=0 and m a local
martingale. Assume that the following relation holds for all t:x,=a,—b,+m,.
Assume
i) dceR,:Aa,<cVi=0.
i) as —tlim a,<co
—>00

Then

i) as—lim x, exists and is finite
t—00

ii) as—lim b, <oco.
-0

The principal result of this section is

t
THEOREM 3.2: Let 8ycR% and let ccR%. be such that 6, —ecR%. Let ®,= fq)sds’ and assume
0

i) @70 as (t—x)

t T
i) 1 f P55

ds = C>0.

10 BTG, 5 70,

&
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Then R
i) aslimég, =6,
—00 ~
t 5'03_0 2
i) as.lim 1 f(¢(7' O)ds=
~000® 5 $16

Before IProving the theorem we notice that conditions 3.2.i, 3.2ii are equivalent with (1=(1, ..., 1)T)

i) ®;,1->0as.
1 ¢s¢s
) lminf oy f

The eqmvalence of i) and i) can easﬂy be seen by noting that 0®71<6]®,<0®T1, where
O=min{fy,i=1,...,d}, 6= max{0y;,i=1,...,d}. The equivalence of ii) and ii’) follows s1m11ary

PrOOF OF THEOREM 3.2: i) Let X, =x,—8@,. Then
~ Qt¢t

dxt (d t ¢théldt)7
¢t ' '
2 Tz _ 2 T
d(i:, - xt)_ ‘P; ;xt dm, — (xt;i’t) di+ ¢tT Qt¢12 dn, G
¢: 6, & 0, (9:0,-)
T, 5
=dm1,—(x‘ LI Oty 7 Oyt (3.2)

A e
where we have summarized the martingale term of (3.1) as dm,,. Define

t ¢T
— —1y4 s s g
r=tr(Qo ") {%TE

Then
t 4T
- b5 ¢, -
>r(Q5 )+ [ratds=ir(Qr),
0 PsUs
Define
P £ (97 %)
Uy =r, l[xt tl t +f ST':‘ ds),
0 9 0x
then
T
du,=— -I‘P‘ L wdt+r; Vdmy, +r; —14” O — o] Gyt (3.3)
¢t € t
We are able to apply lemma 3.1 as soon as we have verified assumption ii) which leads us to the cal-
culation of
© T T0
o< / ol ¢‘TQ’¢‘ Fbodt<tr [ r,“tr(Q,")Qtd’t(pf % b,

or) 0 ¢T0t ¢tT 0:

<tr 7 Qt¢‘z¢t Qx b; 00 ¢1

—~——di<tr | (— dQ
#76, 70, f )

&




=Ly f (~dgy<? e <

Having verified assumption 3.1ii we conclude that as-lim », exists and is finite a.s. We also get from
the same lemma and eq (3.3) that

a.s.lim r,‘ 1 91

t—o0 0 ¢t €

udt < oo. (3.4)

Now

15479 17
r=— [——ds+r(Q5 =— [¢T1ds +1r(Q; !).
1 Eof oT1 Qo) dgﬂfqb (@0 ")

where we used in the last inequality that ¢,T¢,>%(¢,Tl)2. Hence from assumption 3.2i. r,—o0 a.s.

Suppose now that on a set ©; C{2 of positive probability we have lim %, =8 for some §>0. Then there
is 7 such that 1= implies ,=>75. But then

[ —“:“”u,dt 67dlogr, = o0

r t €

which contradicts (3.4). Hence as-lim »,=0. Since u is the sum of two positive processes we have in
100

particular
-1
as— lim % Q; % =0 (3.5)
- t

Define now 5,=sup{9,-s,s €[0,f],i=1,...,d} and write Ayin(4)=min o(4) for the minimal eigen-
value of a matrix 4. Then

oy Lol ¢s¢s
_Q()I::qu)Ta dS/ f 3-.1

Hence

< Xy Xt 1 : ¢s¢z dsl <
®T1 —1 f Ty o=
0’ t +tr(Q0 ) 0 ¢S

~T 1 - -
Xt XtA\min ‘I);TI’{"U'(Q()—I) t QO

1 ~T . o~ a~T 1o~
<mxz(Q:1‘Qo')xx —rzl (07— 05 DX,

which tends to zero by (3.5). Consequently from assumption 3.2.ii
~T-
X¢ Xy

o,

Now it is easy to prove that 5, is bounded. For suppose not, then there is 9,, such that limsup
0 =co, But then also limsup X; =co and we get immediately from (3.6) that this cannot happen.
Hence 0,<K for some X>0. But then from

iT..
T o t x,
X Xy S K——

-0 as. (3.6)

14
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we see that x,—0 and so eventually

1% = ¢ X+ ] bp>¢]e.
Then I, — 1 and consequently

0, = (% + Op), + (1—1,) — 6,
i) 8, = %I, +(1—I)e—8). Letbe such that r=r implies I, =1 then for t>r 8, = ,.
Hence

f CHAS. f“”s 6y , [OI5P £

o 976 o 970, 76,
From the fact that »,—> 0 we have

CAA,

— f ~—ds —0.
e § ¢‘ST 0,
But then it is easy to deduce from the fact that a, -> @, a.s. that we also have
)
f (¢ST )" ds -0 a.s.
T ¢s 00

and
TACHAR)
0 g (I)s 0 .\T 00

Before giving a few examples to which this theorem can be applied let us remark that a necessary
condition for assumption 3.2.ii’ is

ds -0 as. QE.D.

1 t
iminf-——-— i >0
iy [ %+ >0
Clearly this condition is not sufficient. ¢,=1 is a counterexample.
ExampLE 3.1. Let ¢:[0,00) - R?% ,¢, =[1,1+sin¢]". The following result will be used. For a>b= 0.

7 1 _ 27

5 a-bsinx a2 —p2
hence
.1 1 _ 1
100 tof a+bsinxdx - a2 —b2 ?
Then
L1 ke 1 f 1 1+sinx dx
o ®71 5 ¢71 t—00 2t —cost + 1 1+4sinx 1-+2sinx +sin?x| 2+ sinx

V3 1-3V3

1 s 1 s " .
=7 1 1 ,which is positive definite.
1-3V3 V3
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EXAMPLE 3.2. Let ¢:[0,00) X2 > R% ,¢, = [1,1+(— 1™ 7,8 = [0, 6,7

Introduce
1 t
X, = [(=1)"ds
0
Then
1 f‘qbsqbf _ 1 ! 1+ (=" ds
o715 ¢t 12+X) § |1+H(=D* 242(=1)"| 24 (—1)"
3 L 2-@  1+(—D*
2+ X) of 1+H(=1D* 2+2(—D*
1 t
32X 1+X
T 27x, [1+X 2+2X,

After some calculations [13] we find that

. - _ 2
a tl—lf?o )(t - 01 +02 )
So
1
1 j‘ ¢s¢{ _ 3 201 +302 01 =0
-0 @71 5 ¢71 20,+6, | 6 26, ‘ ;

EXAMPLE 3.3.: Let X be a Markov process that takes its values in {0,1}. Assume that the holding
times in O and 1 are exponentially distributed with means yy and p; respectively. Assume that n, has
the intensity 6, X, +8,(1—X,_), which corresponds to ¢, =[X,_,1 —X, |¥ and 8=(8; 6,)". Then

o1 Lol 1 i[% 0 o w0
lim o [ = Im L [lo 1-x|% = a0 wl
4. SOME CENTRAL LIMIT THEOREMS

0 0

This section provides the background for analyzing the asymptotic distribution of the 6," s generated
by the least squares or asymptotic maximum likelihood algorithm. That analysis will be carried out
in section 5. The tools we will use in section 5 are certain central limit theorems for martingales.
Two types of results are available in this direction. On the one hand we have central limit theorems
for sequences of martingales or stochastic integrals that are obtained for instance by REBOLLEDO [10].
On the other hand there are results for the asymptotic distribution of a stochastic integral with respect
to a local martingale measure as ¢ goes to infinity that can be found in e.g. LvKov [7]. It will be
shown in the sequel that the latter type is contained in the first.

4.1. We start by presenting Rebolledo’s results and follow his notation here in. Since we are only
interested in martingales associated with point processes, we do not quote his results in full generality
but only for quasi left continuous locally square integrable martingales.

Suﬂ)ose we have on (2,5,P) a sequence of right continuous complete filtrations F"={%}. Let
oMZc(F™) be the set of locally square integrable F”-adapted martingales starting in zero. We will
consider sequences {M"} where for each n M" eM>“(F") and is assumed to be quasi left
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continuous. Define o*[M"]:Q2X[0,0)->R by
oM™, = TIAMIPLargy>q-

st
Denote by ¢,[M"] its dual predictable projection.
We say that {M"} satisfies the strong asymptotic rarefaction of jumps property of the second kind
(S4RJ2) if

P
6‘[M"],—>0, as n—o0,Vt=0 ‘ @.1)
The sequence {M"} is said to satisfy the Lindeberg condition if ;
EG[M",—0, as n—>c0,Vt=0 . 42)

In connection with sections 4.2, 4.3 we introduce the following definition. We say that the sequence
{M"} satisfies the Lyapunov condition if there exists a 80 such that for all n M" 2 +34¢(F") and
if
ES|AM?[2t8 50, 43)
st
In [10] it has been shown that the Lindeberg condition implies SARJ 2. Also the following implica-
tion holds

PROPOSITION 4.1: If the sequence {M"} satifies Lyapunov’s condition then it also satisfies Lindeberg’s
condition.

PrOOF: A corresponding result is known in Central limit theory for sequences of random variables.
The proof that we will give is similar to the proof in the random variables case.
Let us introduce the jump times 7; defined by

76 = 0,7% = inf{t>1;_1:AM, 5= 0}.

Then .
o0
EZIAMP T aay>g = E 2 |AM:; PIary >0 nis<e)
s=t k=
which is by application of Holder’s inequality (p =1+ -g—,q =1+ %) less than
2 8

e 1P BT yary > ] <y 1 218

o0
S IEAMT:
k=1

which is by application of Chebychev’s inequality (see below) less than

o -2 &
2 [EIAMTZ |2+8I{'rz<t}] 2468 [EIAM.':: |2+8I{‘r:<t}] 248 E—b\
k=1

i
= ¢ D EAME P ey = PES AMIPY 50 O
k=1

st

In the proof we used the following form of Chebychev’s inequality.
E IX IPI A

, VA €5 Vp.
g P

Ely>gna<

Notice that an even stronger condition than Lyapunov’s is
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sup{|AM7|:t=0}<c,

where ¢, €R and ¢, |0.
Now we formulate Rebolledo’s main result. i

THEOREM 4.2: Let M be a continuous martingale and assume that A=<M>> is a determinstic function.
Let M™ cOW>P¢(F™),Y,, such that
D {(M"} %atisﬁes SARJ 2

i) [M"), -4, as n—o0,Vt=0.

e
Then M" weakly converges to M. Notation M,—M.

4.2. In this section we summarize LINNKOV’S result [7]. As usual we have a complete right continuous
filtration {%} on (2,%P) Let p be a local martingale measure on [0,00)XZ, where (Z,%) is a
Blackwell space. Z is a o-algebra on Z. Assume that p is such that p({¢},E)€{0,1} for all E€Z and
suppose that the characteristic <p>=v of p is continuous. Notice that p+» is on an integer valued
random measure. Denote by L5[0,7T7] the set of %, adapted proceses f= f(w,?,x) which are measure-
able as a function of (w,?,x) such that there exists a sequence of simple functions {f,} such that.

T .
P—1lim [ [|ft,x)—fu(tx)dt,dx) = 0.
n—o0 0 Z

For such f the following stochastic integral is well-defined:

t
&= [ [fis,x)ulds,dx), t€[0,T]
0z
In [7] one can find the following

PROPOSITION 4.3.: Assume that feL5[0,TL,VT=0 and 3 function g:[0,00)—[0,00) such that g(t)— oo,
as t—>00 with

T
) P limg(T)? 0f ;iffz(t,x) v (dr,dx)=1
ii) Tl_im gD~ CIE[ [|f(t,x)+*u(dt,dx) for some §=0.
—» 00 0z

Then {r is asymptotically normal with parameters (0, g(T)?) for T—c0.

4.3. In this section we will show how Lin’kov’s result can be deduced from Rebolledo’s (theorem 4.2.)
which provides thus an alternative proof for the one that can be found in [7].

PROOF OF PROPOSITION 4.3.

We have to show that for all sequences b, with b,—o0{, has a distribution which is asymptotically
normal with parameter (0,g(b,)?). Define a, =g(b,)*. Without loss of generality we can assume that
g is strictly increasing. Hence its inverse # is well defined. Let 7€[0,1] and define

1 h(Va,)
M} = X )uds, dx). 4.4
s / sz(sxm ) (44

0

Let 9 =%,(\/ar)> then M" is F"-adapted. We will now show that M" as defined in (4.4) satisfies the
Lyapunov condition (4.3).

My = \/‘a— JFBC a8, OV 3a1)}, %)

n Z
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Because p({h(V/a,t)}) is in fact a dirac measure for each w on Z, concentrated on some point
z =z(ayt,w) [3], we have

AM7P*® = a7 172 [ |fR(Va,t), )P o {h(\/a1)},dx)
VA

h(Va,t)
2’AM§'|2+8 — an—l—8/2 f f[f(s,x)|2+8(p+v)(ds',dx)
0 z

s<t
Since p is a local martingale measure

h(\/a,1)
E2|Am|2+8 =an—1—8/2E f f[f(s,x)]“‘sv(ds;dx) —
s<t 0 Z
H(Va,)
gan—l—8/2 E /' f[f(s,x)l“‘sv(ds,dx) —
0 z

h(V/a,)
=@h(Va, ) CPE [ [Ifts, 0+ uds,dx) -0
0 Z

by assumption 4.3.ii. So a forteriori the sequence {M"} satisfies the S4RJ 2 condition by proposition
4.1 and the remark preceeding it.
We proceed to investigate the process <M">. A simple calculation gives

k(a1
<M'> == [ [|fsx)wds,dx) =
@ 5 z
1 h(\/a,1)

t m of ZIV(S,X)lzv(dg,dx)__)t

in probability by assumption 4.3.i. .

We are now in the position to apply theorem 4.2 and we conclude that <M">->W, where W is a
standard brownian motion. In particular
£
Mi7—-N(0,1)
or

1 h(Va,) e
X ds,dx)—->N(0,1
T 0f fo(sx)w( )—>N(,1)

which gives us the desired result by definition of a,.

Along the same lines as the proof of proposition 4.3 we can show a stronger result which is formu-
lated in the same way as theorem 4.2.

PROPOSITION 4.4: Let p and f as in section 4.2. Assume that there exists a function g:[0,00)—[0,0)
with g(t)—>00 as t—>o0 such that

T

i) P—lim -2 5, x[2o(ds,dx)=1

) P limg(T) 0szflf [*n(ds,dx)

i) P—Jime(D)™? [ [T st boppcry s, ds) =0Ve>0.
0Z

&




15

Then

p (T) j j (s, x)(ds, dx)——->N(O 1) as T—>o0.

A special case occurs when the measure p is the difference of a counting process n and its absolutely

continuous compensator f Ayds. Then we can take Z={1} and proposition 4.4 reads
0
PROPOSITION 4.5: If there exists a function g:[0,00)c0[0, c0) with g(t)—o0 as t—o0 such that

T
i) P——Tlimg(T)—z [ finds =1
—>00 0

T
i) P— }if; D72 [fIyp>gayds = 0, Ve>0.
Then °
1 T £
~—— [ fi(dny,—\;ds)—>N(0,1).
) off( sds)—>N(0,1)

REMARK: Assumption 4.5.i is certainly satisfied if g(r)™'sup{|f;|:s€[0,2]}<<c(r), where ¢(t)}0 for
t—00.

5. ASYMPTOTIC DISTRIBUTIONS OF RECURSIVE ESTIMATORS

5.1. Least squares algorithm

In this section we will show that the algonthm (2.1), (2.2) provides us with estimators 0, that are
asymptotically normally distributed if we impose some additional requirements on the process ¢. It
immediately follows from (2.1), (2.2) that

t
0, = RIRG "0y + [sdns] (€B))
0
and
- n n t
0, = 6,—6y = RIR;'(Gp—00) + [¢.dm,] (52
0

Introduce the vector valued martingale
t
M, = [dydm, 5.3
0
then
t
<M>; = [¢;6]¢]bods
0

Clearly the distributions of b, and 5, are governed by the one of M,. For the latter we have the fol-
lowing result

THEOREM 5.1: Let M be as defined in (5.3). Assume that there exists a function p: [0,00)—[0,00) with
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W(t)—o00 as t—>00 such that
i) P—lim w#)~'<M>, = D, where DeR?*¢ isa positive non random matrix
t->00

t
ii) P—tlixg WO [0 65d (570 >euny b1 bods = 0,¥e>0.
i 0
Then

£
<M>;*%M,—N(Q,I).

t
PROOF: i) Let AeR? and define M§‘=ATD_"‘M,=f)\TD"V‘¢sde. Then
0

<M*>, = NTD % <M>,D7 %\
Hence

ATAR@) T<M?>, = ATNINTD % p() "' <M>,D ~*#A->1
in probability. Hence condition i in proposition 4.5 is satisfied with g(z)> = ATAu(¢).
In order to establish SARJ 2 (condition 4.5.ii) we compute

t
AN [NTD 0] D TEM (s >y’ 97 Bods =
0
14
A"™M)IN'D ™% (6,071 \7pg47D"A>xTaury) b5 o dsD ~#A<
0

t
AA(0)~'ATD A f &7 b (37D 270, >Ny} D2 Oo s
0

which tends to zero in probability according to assumption ii since we can replace e by
ENTAATD ~IN)"1. Now we have proved
£

ATAu() ™ M} -N (O, 1)

ii) According to the Cramer-World device
£

VAeRY:ATAu(r)) 2 M} >N(0,1)

if and only if
£

w()D ~% M,—N(0,1).
Since

W) DM, = (D Hu) R <M>H<M>; %M,
and

D huty r<M>t T
in probability, we have finished the proof.

REMARK : Stronger conditions than 5.1.ii) are the corresponding Lindeberg or Lyapunov conditions

t
Ve>0:00) " E [ ¢ b (574, >euryy 7 Bods—0
0
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38>0:p(r) " "¥2E /t ligs 1P +2ds—0, '
0
where ||-}| denotes the (Euclidean) norm on R?.
COROLLARY 5.2: Under the conditions of theorem 5.1 we have
<M>,—%R;‘(79,-00)iN(0,1)
PROOF @ _ <M>[*R;'(B,~0) = <M>[*[R;y'(By—b6) + M.  The fact that
<M>;"*Rj (8, —8,)—0 in propability (this follows from 5.1.i) gives us the desired result

REMARK: <M >, depends on the unknown parameter ;. As usual we can estimate <M>, by sub-
stituting ,, which is strongly consistent, for ;.

The examples given below are continuations of examples 2.1-2.3.

ExaMPLE 5.1: ¢(2)=[1,1+sint)",0,=(0,,0,). Take p(t)=t. Then we can calculate

0,+0, 6 +36,

limp(t) ' <M>, =
t—)oop() ! 01 +'g—02 %01""‘%02

which is a positive definite matrix. So assumption 5.1.i is satisfied. To establish that assumption 5.1.ii
holds it is sufficient to remark thast ¢! ¢, <5, Hence for t>—i— we have

Igip>ay = 0.

Another calculation shows that we have asymptotically
36,+6, —26,—06,
—26,—6, 20,+206,

~

G—00) ~ NO, 7

)

)

EXAMPLE 5.2 : ¢, =[1,1+(—1)""1,80=(0,,6,). Take w(r)=¢. Then a simple calculation yields:

i w - <M, = 63+20,0, [1 1
a >0 u(t) t 01+02 1 2

which is positive definite. As in example 5.1 ¢7¢, is bounded, so again assumption 5.1.ii trivially
holds. Combined with an expression for R, we can calculate that
1 6,+6, [261 —6

(0t_'00) NIV(O,_ _0% (01 +02)2 +0%

t 62+20,0, )

EXAMPLE 5.3: ¢, =[X,_ 1—X,_]. Again take p(f)=¢. Then

.
Mt

T -1 -
as tl_lglo ) T <M>, 0 oo

Oy O ]
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Since ¢/ ¢, =1, again assumption 5.1.i is trivially satisfied. Asymptotically we have

/p O
7 +p0 1/
6,—6y) ~ NO,~— { 0 00/”0})

5.2. ASYMPTOTIC NORMALITY OF THE AML ALGORITHM

The purpose of this section is to show that the 0, s generated by (2.18) - (2.21) have a limiting distri-
bution which is approximately normal. After some definitions we state a useful lemma.

Define the following matrix valued stochastic processes

o' =o' + f "’;‘Z 5.4)
! S¢S
= [ g 0 )

LEMMA 5.3: Let i),,Q, as deﬁned by (2.18) - (2.21)) and let the assumptions of theorem 3.2 be in force.
Then

; . - =%

) es—lm Q070 =1 (5.6)

i)  as—lm Q. V,0r = I .7
1->00

PROOF:

i) Let 6>0 and fix w, taken from the set with probability one where a,(w)-)Oo. Then there is
7=m(w) such that V¢=r we have |0,, 0y;| <8 for all components i.

Consequently (1—8)¢70,<¢78,<(1+8)¢F8, for t=r. In the ordering of positive matrices we then

have

1 ¢s¢s 1 el
Tvo J ot =%~ <o —5 J 470,
or
-—1 _ — -1
1+8(Qt Q-r )<Qt l'_Q‘r l<_'_—_(Qt Q'r )
which yields

1% _ 1 _Sho—l—h
1+8(I 0,0, ' of=<0ko' -0, ot STd 22 21)

Now take limits for —c0 and use that Q,—0 to get

1 - 1
1+o — ) I< hmmf Qt Qr Qt <11msupQ, o 1Qt <'ﬁl (5.8)
Since (5.8) holds for all §>0 the proof of (5.6) is complete.
i) The proof of (5.7) is analogous.
The following vector valued martingale is important. Define
t
= [ -—-T-q-b;——dms | (5.9)

0 ¢s os-
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Notice that we have <M>, = V.

THEOREM 5.4: Assume that there exists a function p:[0,00)—{0,00) such that
P—lim p()"'0f®, =1 (5.10)
1->00
Then

—y &
0, M,—»N(0,1).

PRrOOF: Let C be as in assumption 3.2.ii,

ot T
¢ =as—lim=— [ 2% 4 = gs—tim 13"
-0 05 D, 0 o5 8o -0 05 P,
Then we also have
1 fesel
P—ltm—— [———ds = C. 5.11
1> 1) 5 678, , ©-10
Define
t )\TC_% s
M) = \TC™*M, = f—;r"?— dm,
0 4’: os—
then

ATAp() 1 <M>, =

= TNTINTCG, MR B VB ) B e

by ( 5.10), (5.11). Hence assumption 4.5.i is satisfied.
As in the proof of lemma 5.3, let 7(w) be such that ¢ =>7(w) implies

676, — &7 bo| <& T 6d.

Consider
t N\NT—%g 2
1 (A C9) roH
ATA() ! OIW I(l_%_%;;'lzs_,;,s(yw»-»}qs{oodg (5.12)
s Vs Ld

Let us split the integral in two pieces, one with integration bounds 0 and ¢/\t and the second with
bounds ¢ A7 and 7. Then clearly (\TAu(¢))"! times the former integral tends to zero almost surely.
Hence we continue our investigation of the second integral which is after multiplication with
ATAu(2)) ™! less than

t (ATC“% ¢s)2

A=82QN) ™" [ e (e =000y 87 Bods <
T\t s e

(52000 ft AT C~\pT,)? [ NC s To i 513
- AT Gty Cwnrasar o fo '
Now let ¢ be such that
T-1
W)= AC A where 6 = min{6q;,i =1,...,d}

82(1—8ATAG*’
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Then
ATCMigs _ ATCT "Ml
FA—8R@T1? ~ (1—6)%(@76,)
Consequently for large ¢ the indicator appearing in the integral in (5.13) will be zero. As a result

(5.12) converges to zero almost surely and a forteriori in probability, which gives us assumption 4.5.ii.
Conclusion

AT ()=

£
ATAwD) M} >N (,1).
As in the proof of theorem 5.1 the Cramer - Wold device gives us
£
WC) *M,—>N(O,I)
if and only if
£
A"A() ™M} >NO,D),
which has just been proved.
Finally
01 M, = pe)*C*u(r) ™ C ™% M,
We know from (5.11) that w()* Q0 C%*—I in probability, which completes the proof.

COROLLARY ES.S: Under the assumptions of theorem 5.4
D QT*8-NOD)
i) 0 9—NO.I)

PROOF: i) By writing out the stochastic differential equation for Q; 'X, one can show that the follow-
ing relation holds

t
. s _
% = Qlf—=—dms + Q5" (xo—bo)] (5.14)
0 Os 0s—
And consequently
076, = 1,07 %M, + 1,07 % Qo(xo—80) + Q7 *(1—IL)Xe—6p) (5.15)

Since I,—1 a.s. and Q%0 as. as t—>c0 we see from (5.15) that the asymptotic distribution of
Q; %0, will be same as that of Q' M,. From lemma 5.3 we know that we can replace Q, by @, and
the conclusion follows from theorem 5.4.

i) This is an immediate consequence of i)

The examples below are examples 3.1 - 3.3 continued.
EXAMPLE 5.4: ¢s(£)=[1,1+sins}’ Take p(z)=t. Then one finally gets after some tedious calculations;

Aproximately
0,+6,+\/0}+20,0, "

t

é, ~N(O,

with
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L Ermn + 8 L /ETam -6
01 02 1 1v2 0% 02 1 1V2 1

—-—01—(-\/0%+2o,02 —8) 1
2

vV

EXAMPLE 5.5: ¢,=[1,1+(—1)""]. One gets

o Ls-t _ bt [0 O
@ t—o0 & = 01 +202 01 201
and the asymptotic distribution
- 20, —6,
B~ NO——— )
CTT @00y |70 Gith
EXAMPLE 5.6: ¢,=[X,_ 1—X,_]. Here
gl o 1 m/6 0
as—t—-)oo—;Qt i 131 +[1() 0 "0/00
and asymptotically
p -+ 01 /[Ll 0
§,~N@, 25 ).
t 0 00/"0

We see that in this case the asymptotic variance of 8, is the same as in example 5.3.

6. SOoME REMARKS

6.1. Other possible limit Distributions .

The basic assumption in getting a limiting distribution for §; or 6, which is gaussian is 5.1.i or (5.10)
depending on the algorithm. This assumption more or less tells us that the covaration process of the
martingale M becomes deterministic as ¢ grows. If this assumption is dropped one can still derive
results for the asymptotic distribution of §,. The idea then is to performe some random time transfor-
mation T=f(#) after which the transformed version of <M> becomes deterministic. For the
transformed asgorithm (which looks the same in the AML case (2.22), (2.23)) we can then infer
asymptotic normality as 7 tends to infinity. In the AML case a useful transformation is 1=876,.
This idea has also been carried out in [11] for the off-line maximum likelihood estimation problem.

6.2. Asymptotic Efficiency .

From the examples 5.1 - 5.6 it becomes clear that the asymptotic distributions of 6,, generated by
(2.1), (2.2) or (2.18)-(2.21) will differ in general. Thus they cannot both give us efficient estimators.
In general we have the following Cramer-Rao inequality. An unbaised estimator of 4 babed on the
observations in [0,7] has a covariance matrix which is at least

C0) = (Eol-S oL O 1oL O ) ! 61)
where the likelihood ratio L,(f) is as in (2.6). Calculation of (6.1) gives us

t T -1
Eq [ Ps; ds] 6.2)

@O =

s o0
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‘This means that §, is an asymptotically efficient estimator if we have

Cz(ﬂo)*(@—ﬂo)—iN(O,I) ‘ 6.3)

Clearly by comparing corollary 5.2 and (6.3) we see that the LS estimator of § will not be asymptoti-
cally efficient in general except for some specific choices of ¢ (see examples 5.3, 5.6) On the other
hand the AML estimator given by (2.18) «(2.21) is a good candidate for being an asyn_lp_t?tically
efficient estimator by corollary 5.5.ii. We will indeed have this property as soon as C,(6)Q, —I in
probability. However assumption (5.10) in theorem 5.4 does not seem to be sufficient for guarantee-
ing this. But if we impose as an additional requirement that p(t)~'C,(8,) ' —C then indeed from
(5.11)

COD, " = ClM) 3 S 1c = 1

In fact under the assumption (5_.1_0}) requiring p(t)~ ! C(6) to converge to C is nothing else than
demanding the collection {C,(65)Q; }:>0 to be uniformly integrable.
Let us summarize the discussion of the preceeding paragraph in

PROPOSITION 6.1: Assume that there exists a function p:[0, c0)—[0, 00) such that
P—lim p@t)"'®79, = 1
=00
lim w(1)~'C)~" =
=00

where C is as in assumption 3.2.ii. Then the AML estimator 9, generated by (2.18) - (2.21) is asymptoti-
cally efficient.

One easily checks that one can take in the preceeding examples p(f)=t.

6.3. Relation with Hellinger process
The Hellinger process is a convenient tool to describe the relation between two probability measures
on the whole trajectory space of a certain stochastic process. In the counting process case there is an
explicit expression available in terms of the compensator of the counting process. For the model (1.3)
the Hellinger process of order % is

2

t ¢ T0
Ho.00, = [VoT0=\/aT Vs = oo | \ /S 1|
0 0

The following theorem can be found in [3, p.253] and tells us whether or not we can distinguish
between 8 and 6,.

THEOREM 6.2: Let Pg,Pq, be two measures on the whole counting process trajectory space such that
under Pgy (Pg)) n, admits the intensity process $70 ($76y). Then Py and Py, are mutually singular if
and only if lim h(8,6,), = oo with probability one.

T 1500

Since ;0 is a bounded function of s€[0,00) if all components of 6, are positive the statement

b5 0
LimA(6,0y), = oo is equivalent with
t->00

t Tp_. 2
i [EO
0

6.5
o760, ©)
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by
(Vx —1P<(x—1P<c(Vx =17 for x<(Ve—12,c=1.
which says that
1 T
tmint [ 4 = o
0 Ps 00

This is clearly implied by our indentifiability condition in theorem 3.2. One might hope that the con-
verse would also be true. This is not the case, despite the specific form (1.3) of the intensity process.
In a more general situation this has already noticed in [11]. There the notion of ,-distinctness has
been introduced which appears to contain the identifiability criterion of theorem 3.2. At this point it
is not clear whether we can relax our indentifiability condition to (6.5) or that it is the price we have
to pay to get recursive estimators.
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