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Following a method of Sherman Lehman we show that between 6.62X10%37° and 6.69X10%70 there are
more than 10'® successive integers x for which =(x) — li(x) > 0. This brings down Sherman Lehman’s
bound on the smallest number x for which x(x) — li(x) > 0 , namely from 1.65%10''% 10 6.69x10370.
Our result is based on the knowledge of the truth of the Riemann hypothesis for the complex zeros 8 + iy
of the Riemann zeta function which satisfy [y| < 450,000, and on the knowledge of the first 15,000 com-
plex zeros to about 28 digits and the next 35,000 to about 14 digits.

1980 Mathematics Subject Classification (1985 Revision) : Primary 11A41; Secondary 11M26; 11Y99;
65G99.

Key words and phrases : Prime counting function, approximation, sign changes, Riemann hypothesis, zeros
of the Riemann zeta function.

Note : This report will be submitted for publication elsewhere.

i

1. INTRODUCTION

The prime number theorem, proved by Hadamard and de la Vallée Poussin in 1896, states that
X

m(x) ~li(x), as x—o0, where m(x) is the number of primes <x and /i(x) = f dt /logt. This result
0

tells us that the ratio #(x) //i(x) tends to 1 as x —oco, but it does not say anything about the
difference m(x) — li(x). This difference is known to be negative for all values of x for which m(x) has
been computed exactly ([ 3 ] ; also cf. Bateman’s remarks on p. 943 of [ 4 ] ). However, already in
1914 LittLewooD ([ 5 ]) proved that m(x) — li(x) changes sign infinitely often. More precisely, he
proved the existence of a number K>0 such that

log(x){m(x) — li(x)}
x *log(log(log(x)))

is greater than K for arbitrarily large values of x and less than -K for arbitrarily large values of x. In
1955, Skewes ([ 11 ] ) obtained an upper bound for the smallest x for which m(x) > li(x), namely
exp (exp (exp (exp ( 7.705) ) ) ). In 1966, SHERMAN LEHMAN ( [ 10 ] ) brought down this bound
considerably by proving that between 1.53X 10''®* and 1.65>10''% there are more than 10°® succes-
sive integers for which #(x) > /i(x). Sherman Lehman’s method is described in Section 2. In order
to prove his result, Sherman Lehman performed two major computations, namely a verification of the
Riemann hypothesis for the first 250,000 zeros of the Riemann zeta function, i.e., for the complex
zeros B + iy for which |y| < 170,571.35, and the computation of the zeros % + iy of the Riemann
zeta function for which 0 < y < 12,000 to about 7 decimal places.

In Section 3 we will bring down Sherman Lehman’s bound by showing that there are more than
10'% successive integers x between 6.62X 107" and 6.69 % 10°™ for which m(x) > li(x). To that end,
we use the knowledge of the truth of the Riemann hypothesis for the complex zeros B + iy with
|¥| < 450,000 ([ 9 ]) and the knowledge of the first 15,000 complex zeros of the Riemann zeta func-
tion with an accuracy of about 28 digits ([ 8 ] ) and the next 35,000 with an accuracy of about 14
digits. An error analysis is given which shows that our result could also have been obtained with a
few digits less accuracy in the zeros of the Riemann zeta function.
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2. SHERMAN LEHMAN’S METHOD

In [ 10 ], Sherman Lehman derived an explicit formula for we ™*/2{m(e*) — li(e*)}, averaged by a
Gaussian kernel. He expressed it in the following

TaeoreM. ([ 10])
Let A be a positive number such that B = ¥ for all the zeros p = B + iy of the Riemann zeta function
$s)with0 <y < A. Let a,n and w be positive numbers such that w — m > 1 and the conditions

44 /w < a < A? Q.1
and
24 fJas i <w/2 2.2)
hold. Let _
K@) := (a/2m)le™ /2, (2.3)
Then for2me < T < A
w+n
[ K(u—wyue™/2(n(e") — li(e*)}du = —1 + H(T,a,w) + R, 4)
w—7n
where
eiyw 7 /2%
HT,q,0) = -3 ——e 7/ Q9
o<p<T P
and
6
Rl < 3§,
i=1
with

Sy =3.05/(@=m), Sz = 4w+n)exp (—(w—m)/6),
S3 =2exp (—an /2)/ (Q27a)*), S4 = 0.08a"* exp (—om?* /2),

T 8logT  A4a
Ss = exp(—TZ/za){;r—;—z— log (5) + —°7§— + ) and

S¢ = AlogAexp(—A%/2a + (0+m)/2) (da™% + 157).

If the Riemann hypothesis holds true, then conditions (2.1) and (2.2) and the last term (S¢) in the esti-
mate for R may be omitted.
Sherman Lehman first looked for places where on heuristic grounds m(x) could be expected to
exceed /i(x), namely, in the neighbourhood of values of u for which the sum
ei'yu
S T(u) .= - 2
o<p<T P

(2.6)
— which is the sum in (2.5) with the exp — factor omitted — is somewhat larger than 1. He found
three values of u, namely

727.952, 853.853 and 2682.977

for which §000(u) is approximately 0.96. Next, after experiments with values of T larger than 1000,
he finally concentrated on the third case. He computed

H(12000,107,2682+ 16005 < 2~ 4)~1.00201,
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and, moreover, he was able to prove that the computed value of H could not exceed the true value by
more than 6.8 X 1074, so that

H(12000,107,2682+16005X27'4) = 1.00133,

By applying his Theorem with 4 = 170,000 and n = 0.034 and by deriving small upper bounds for
|Si|, i = 1,...,6, he found that
w+n
[ K(u—wyue™/*(m(e") — li(e*)}du > 0.00006. Q@
w=7
He concluded that, because of the positivity of K ( defined in (2.3) ), there must be a value of u

between w—n and w+n where m(e*) — li(e”) > 0. Moreover, since f ® K@u)du = 1, it follows that
-0
w+n
j K@u—w)ue™/2(e*/? /u}du < 1, (2.8)
w+7 '
so that, by combination of (2.7) and (2.8), it follows that for some value of u between w—n and w+n
we have

a(e*) — li(e*) > 0.00006 e*/2 /u > 10°®

( since w = 2682.9768... and 7 = 0.034 ). This implies that there are more than 10°% (in fact, £rob-
ably many more than 2X10°® ) successive integers x between 1.53x10''®* and 1.65X10"'®* for
which #(x) > li(x). Sherman Lehman suggested that one might prove a similar result in the neigh-
bourhood of ¢%3%53 if enough zeros of {(s) were calculated. We have followed this suggestion and the
results are described in the next section.

3. APPLYING SHERMAN LEHMAN’S THEOREM NEAR EXP ( 853.853)

In our attempt to show that H(T,a,w) > 1, for w close to 853.853, we have chosen, after several
experiments:

A = 450,000, a = 2X10%, 5 = 0.0045, G3.1)
T = yso00 = 40433.6873854.., w = 853.852286.

The truth of the Riemann hypothesis for all the complex zeros p = B + iy of {(s) with
|| < 450,000 follows already from [ 9 ]. In fact, one may choose for A any value not exceeding
545,439,823.215... ( = y;sx10°> ¢f- [ 7]), but this is much more than is actually needed for our pur-
pose. The choise T = ys0 00 implies the necessity to know y; for i = 1,...,50,000 to sufficient accu-
racy. The first 15,000 y;’s were known already with an accuracy of about 28 digits from computations
carried out in 1979 ([ 8 ] ). The next 35,000 v,’s were computed with help of the so-called Riemann-
Siegel asymptotic formula for the function Z () ( whose real zeros coincide with the ordinates of the
zeros 3 + iy of the Riemann zeta function {(s) which have B = % ) truncated after four terms.
According to GABCKE ( [ 2, P.5 ] ), the absolute value of the error in the computation of Z(¢) caused
by this truncation is bounded above by 0.031 Xz ~%%*. The FORTRAN-function DZ(DT) on pp. 28 -
29 of [ 6 ] shows the details of our implementation of this Riemann-Siegel formula. Together with the
Yi , for i = 15,001,..,50,000, we also computed in the same way y; for i = 10,001,...,15,000, as a
check.

The y; , i = 10,001,...,50,000, were computed in two steps. First they were separated in the usual
way (cf. [ 1]). This yielded numbers y; and ¥; such that

Yi <vi <% = Yi+1 and Z(y;)) X Z(y;) <O.
Next, with the aid of the zero-finding IMSL-routine ZBRENT, which uses a combination of linear
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interpolation, inverse quadratic interpolation and bisection, the approximations y; and ¥; to y; where
improved until y; — v; < 107° and Z(y;,) X Z(¥;) < 0, thus yielding an approXimation y; toy; for
which - -

i = vl < 107" (32)

The error due to the use of the truncated asymptotic formula for Z(¢) is bounded above by
3.2X107!"" (this number is obtained by substituting the smallest value of y , namely
Yi0,000 = 9878.6..., in Gabcke’s upper bound given above). All the computations were carried out in
double precision on the CYBER 750 computer of SARA (with an accuracy of about 28 digits) so that
the truncation and rounding errors are small compared with the accuracy (3.2) in y; . The “check”
values v;, i = 10,001,...,15,000 were compared with the 28D approximations already computed in [ 8
] and all the actual errors were bounded above by 107'2. The time needed for the computations of
v:,i = 15,001,...,50,000 was about one hour CPU-time.
With these y; we computed the following approximation H" to H:

H (50,000, 2% 108, 853.852286) = 1.0240109..... (3.3)

The error [H — H"| may be bounded above as follows. Since the complex zeros of the Riemann zeta
function appear in complex conjugate pairs, it follows from (2.5) that

H(T,aw) = —3 t(y) (3.4)
O0<y<T
where
3 2ysin(wy)
Hy) = e—7 /2 cos(wy) + 2y. .
A 025 + v
By the mean value theorem, we have
) — I =" — '@ with [y — v <P — 7L (3.5)

For #/(y) we have

(y) = eV /2 cos(wy) Quy — Yy /@) — sin(wy) (@ + 2v* /a)
025 + ¥

_ 2y{cos(wy) + 2ysin(wy)} }

(0.25 + v*)?
so that, since vy < a ( cf. (3.1), and (3.6) below )

()| < oY/ 2 [Zwy +w+ 2y /a N 2y(1 + 2y) ]

025 + ¥* 0.25 + ¥?)?
<e"7’z/2¢! _2_‘9_+i+_2.'_+_2.3_+_4_
Yy ¥ oa ¥y

From the ( in )equalities
14 <y, <v<yso00 < 40434, (3:6)
w < 854, a = 2X108,

it follows that

)| < —”Yﬂ 3.7

From ( 3.1), (3.5), (3.7) and the errors in y; we deduce



. 15,000 . 50,000 .
|H— H|< 3 [tv) =ty + 3 |ty) — 1(vi))
i=1 i=15,001
15,000 . 50,000 .
= 2yt + 3 - ville@)
i=1 i=15,001
15,000 50,000
< 10720 | s B 1770
i=1 Yi i=15,001 Yi
_ 1770 - 1770
2y 95 )
<10 15,000 % m + 10 35,000 % 14040

< 5X1078.

The many computations of H ' needed to find (3.1) and ( 3.3) were carried out on the CYBER 205
vector computer of SARA, which is very suitable for such very long sums. One H™ computation con-
sumed about one second CPU-time on this CYBER.

For the numbers S;, i = 1,...,6, in Sherman Lehman’s theorem, we found

IS1] < 0.0036, |S,| < 10738, |§;] < 10719,
IS4] < 1071%, |§5| < 0.0058, |Sq| < 10728 .

With these inequalities and (3.3) we conclude from Sherman Lehman’s theorem that, for
w = 853.852286 and n = 0.0045 we have

w+n
[ K@u—wye™ /2 { m(e*) — li(e*))du

n

> —1 + 1.024010 — 5X107% — 0.0036 — 0.0058 > 0.0146.

Proceeding in the same way as Sherman Lehman did (cf. Section 2), we find that between w—7 and
w+n there is an u such that

m(e*) — li(e*) > 0.0146Xe*/? /u > 10'%,

This implies that there are more than 10'% successive integers x between ¢“~" = 6.627...X10°” and
e“™™ = 6.687...X 10°™ for which m(x) > /i(x). This proves the result announced in Section 1.

ACKNOWLEDGEMENT
We are grateful to Control Data for the provision of computer-time on the CYBER 205 of SARA ( the
Academic Computer Centre Amsterdam ).



REFERENCES

1

2

3

10

11

R. P. BRENT, ( 1979 ). “On the zeros of the Riemann zeta function in the critical strip,” Math.
Comp., v. 33, pp. 1361-1372.

W. GABCKE, ( 1979 ). Neue Herleitung und explizite Restabschiitzung der Riemann-Siegel-Formel,
Dissertation, Universitdt Gottingen.

J. C. LAGARIAs, V. S. MILLER & A. M. OpLyzKO, ( 1985 ). “Computing m(x): The Meissel-
Lehmer Method,” Math. Comp., v. 44, pp. 537-560.

E. LANDAU ( 1953 ). Handbuch der Lehre von der Verteilung der Primzahlen, second edition,
Chelsea Publishing Company, New York ( with an Appendix by P. Bateman ).

J. E. LitrTLEWOOD ( 1914). “Sur la distribution des nombres premiers,” Comptes Rendues Acad.
Sci. Paris, v. 158, pp. 1869-1872.

J. van DE Lung, H. J. J. 1 RiELE & D. T. WINTER, ( October 1981 ). Rigorous high speed
separation of zeros of Riemann’s zeta function, Report NW 113/81, Mathematical Centre, Amster-
dam.

J. vaN DE LUNE , H. J. J. TE RiELE & D. T. WINTER, ( 1986 ). “On the zeros of the Riemann
zeta function in the critical strip. IV,” Math. Comp., v. 46, pp.

H. J. J. T RIELE, ( June 1979 ). Tables of the first 15,000 zeros of the Riemann zeta function to 28
significant digits, and related quantities, Report NW 67/79, Mathematical Centre, Amsterdam.

J. B. ROsSER, J. M. YOHE & L. SCHOENFELD, ( 1969 ). “Rigorous computation and the zeros of
the Riemann zeta function,” Information Processing 68 ( Proc. IFIP congress, Edinburgh, 1968 ),
vol. 1, North-Holland, Amsterdam, pp. 70-76.

R. SHERMAN LEHMAN, ( 1966 ). “On the difference m(x) — li(x),” Acta Arithm., v. 11, pp. 397-
410.

S. SKEWES ( 1955 ). “On the difference m(x) — li(x), I1,” Proc. London Math. Soc. ( 3 ), v. 5, pp.
48-70.



