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The regression model y=g(x)+e¢ and least squares estimation are studied in a general context. By making
use of empirical process theory, it is shown that the essential condition for L2-consistency of the least
squares estimator g, of g is an entropy condition on the class § of possible regression functions. This result
is applied in parametric and nonparametric regression.
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1. Introduction and summary of results

Consider the regression model

y=g(x)+e

where x is a R?valued random vector with distribution function H, ¢ is independent of x and has
expectation zero and finite variance, and g is a member of a class § of regression functions on R4
Boldface symbols will represent random quantities. For an estimator of the unknown g to be statisti-
cally meaningful, it should at least be consistent in some sense. In the least squares context, the most
natural requirement is L2-consistency. In this paper we show that the essential condition for strong
L?-consistency of the least squares estimator is an entropy condition on a rescaled and truncated ver-
sion of 8. In Section 2 we present some results from empirical process theory needed to prove this.

Section 3 deals with a few examples, such as (non)linear regression and isotonic regression. Some
nonparametric regression estimators can also be considered as least squares estimators, or
modifications thereof (for instance penalized least squares). To check consistency in the examples, it
must be shown that the particular § in question satisfies the entropy condition. This is postponed to
the Appendix. In the remainder of this section we shall motivate our approach and present the main
theorem. '

Let LX(R%,H) be the Hilbert-sgace of measurable H- square integrable functions on RY. Writing K
for the distribution of ¢, let L*(RYXR,H XK) be the Hilbert-space of measurable H XK-square
integrable functions on R? XR with norm |I.Il. Denote by x and e the first and second coordinate pro-
jections into R? and R respectivel;l and write g =g(x), go=go(x), y =go +¢, where we assume that
go, the true state of nature, is in L (R, H). We have, for g H-square integrable,

ligh?* = fg(x)2dH(x).
and
Iy —glI? = E(y—gx) = llel? + lig—goll,

since x and e are independent.
Let (x,€),(X2,€),... be independent copies of (x,6) with y,=go(xc)+¢€. Let P, denote the

Report MS-K8602
Centre for Mathematics and Computer Science
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands




2

empirical distribution function based on (xj,€;),...,(X,,€,) and let H, be the marginal distribution
function generated by x,...,x,. We write |.|l, for the corresponding random L?(R¢XR,P,)-norm,
thus

1 n
lgh? = = g2(x0),
n=

ly—gl2 = + él(yk — ) = lle—(g —go)lI2
k=

n
The least squares estimator g, is -not necessarily uniquely- defined by
y—gall, = ;Ielg ly —glln.
The estimator g, is strongly L?-consistent if
lg, —goll — O almost surely. (1.1)

Observe that go is the essentially unique minimizer of ||y —gll, whereas g, minimizes the empirical
counterpart |ly —gll,. By the strong law, Ily —gll, converges for each fixed ge LX(R?,H) to Iy —gll
almost surely, and if this convergence is uniform, consistency follows. The almost sure convergence,
uniformly over a class of functions §, is one of the topics of study in empirical process theory (see for
instance VAPNIK AND CHERVONENKIS (1971),and POLLARD (1984)). Since § is in general uncountable,
some assumptions are needed to guard against possible measurability difficulties. We shall call a class
§ permissible if

sup g . ~ gl
is measurable. Then one can formulate the results as follows: for a permissible class §

suglllglln - llglll — 0 almost surely, (1.2)
gE

if the envelope condition and the entropy condition are fulfilled. The envelope condition is the assump-
tion that

fsug]g |2dH < oo. (1.3)
B€
The function

G=sup|g|

is called the envelope of §.

The entropy condition is related to the usual compactness assumption. For §>0, let §; be a
8—covering set of § equipped with L*(R?,H,)- norm, i.e. §; is a class of functions such that for all
g€ there exists a gs €95 such that :

llg—gsll, <.

Without loss of generality, we shall always let 65 be a subclass of §. The covering number N,(8,H,,9)
is the number of elements of a minimal covering set. The logarithm of N,(8,H,,8) is called the
8—entropy of § with respect to the L*(R?, H,)-metric. Note that N,(3,H,,8) depends on the empirical
measure H; and is thus a random variable (for convenience we assume that N,(8,H,,,6) is measurable,
see GINE AND ZINN (1984) for a justification). With the entropy condition we refer to the assumption
that the 8-entropy does not grow too fast fast with n:

%logNz(ﬂ,H,,,Q) P 0 for all §0, (1.4)




Our discussion so far is summarized in the following proposition. ‘
PROPOSITION 1.1 Suppose that § is a permissible class with go €8, and that (1.3) and (1.4) are fulfilled,
then g, is strongly L*-consistent:

llg, —goll — O almost surely.

The uniform convergence (1.2) is certainly not necessary for consistency and it is clear that condi-
tions (1.3) and (1.4) from empirical process theory will hardly ever be satisfied for a class of regression
functions §. In particular, the envelope assumption excludes many models. It is to be expected that
(1.3) can be weakened to uniform square integrability of § and that we may impose the entropy con-
dition on a class of truncated functions. Yet, then we still have a situation where ligll is assumed to be
bounded, which again is usually not true.

A way out is to consider the class of scaled functions

F=(f=—B

V=T gl

Then [|fl<1 for all f€% and Fis often essentially smaller than §, e.g. if § is a cone. Suppose that &
is uniformly square integrable:

lim su 24dH =0, 1.5
C—)OOfeglf >Cf ( )

:gebl)

and consider the class of truncated functions from ¥ defined as follows. Let C be a positive number
and denote

c iff>C
(e =+f if|fI=<C
~C if f<—C

Take (%)¢c ={(f)c:f€F}. Note that for each C >0 the envelope condition on (%)c is certainly fulfilled.
THEOREM 1.2 Suppose that go €8, that ¥ is uniformly square integrable and that for each C>0, (F)c is
permissible and the entropy condition on (9)c is fulfilled, i.e.

1
— 10N (8, H,.(%)c) -7 0. (1.6)
Then &, is strongly L2-consistent.

2. Technical tools and proof
For our purposes a slight generalization of results obtained by VAPNIK AND CHERVONENKIS
(1971,1981) and PoLLARD (1984) is useful. Vapnik and Chervonenkis’ 1971-paper is on uniform con-
vergence of empirical measures over classes of measurable subsets of R¢. They use the entropy of §
with respect to the L®(R?,H,)- norm

sup |g(x6) |

I<sk<n

which makes sense since the indicator functions are in L®(R?,H). Pollard mostly considers entropies
with respect to the L'(R? H,)- norm

[ lg| dH,.

For further references, see also POLLARD (1982) and DuUDLEY (1984). We are working mainly with the
L*(R? H,)-metric, although the class of truncated functions introduced in Section 1 is of course a
subset of L®. To clarify the relation between the various metrics we present the following lemma,
where N,(8,H,,9) is the covering number of § with respect to the L*(R¢,H,)-norm.
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LEMMA 2.1 Suppose that § is a permissible class, that

G=sup |g| eL™(R,H), 1<so<c0 .1
g€
and that for all §>0

%logNso (,H, 8 - 0. 2.2)

Then for all §>0, s <s(, s<00
sgléglflg |°’d(H,—H)| — 0 almost surely.

Proor: For a permissible class § with envelope GeL'(R?,H,,),
—i—logNl(8,Hn,Q) P 0 for all >0,

implies
?ég'/gd(H,, ~—H)] — 0 almost surely '

(see PoLLARD(1984)). Thus the lemma is proved if we show that (2.2) implies that for all
8>0, s<s¢, s<o0

%logNl(S,H,,,Q’) 20

where &={|g|’:ge9}. But, apart from some constants, a covering set of § equipped with
L*™(R?H,)- norm corresponds for all n sufficiently large and all s <s, s<<oc0, to a covering set of &
equipped with L'(R%,H,)-norm. To see this, note that for g,z 6,

[|lgt = 1g1o|am,
<sf|lg1=131| [maxtig]. 12D] " am,

s—1
< ~g||s dH,
sflg gl[ggglgl]
1

<s[f]g—§[‘dH,,]—s_. [[G’dH,,- s

by Holder’s inequality, and in view of (2.1)

s-1 s—1
[f]G ]‘dH,,] © <2 [/|G|SdH] s
almost surely, for all » sufficiently large. [J

It follows from VAPNIK AND CHERVONENKIS (1981) and GINE AND ZINN (1984) that modulo measura-
bility, the conditions of Lemma 2.1 are necessary as well as sufficient. Moreover, for sq<<co, they
imply that N, (8,H,,9) is bounded with large probability, i.e. there exists a finite function T'(8) such
that for all >0

-P(N,,(8,H,,8) > T(9)) - 0.
Lemma (2.1) is the basic tool for the proof of our main theorem.

ProOF OF THEOREM 1.2: We shall first construct a covering set of the class

et g g

(30c= : gebt.

T+l | T+ligh |
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Let f;, j =1,2,..,N2(8,H,,(9)c) be a covering set of (I)c, i.e. for each f =g /(1+ligl)e¥ there exists
an f; such that

I(f)e —fill. <6 2.3)
For a>0, let [a] be the integer part of a, take

(2.4)

1
k=|———r
{6(1+ gl
and
hj,k :k8(€+g0)_fj

Then for all n sufficiently large, {(h;s: j=1,..,N2(8,H,,(%)c), k =0,1,...,[1 / 6]} is a covering set of
(30c- To see this, choose f =g /(1+llgll) and a f; and k& as in (2.3) and (2.4), then

1) T — hyll
1+ligll 1+ligl | P
1 g
= —ks + n + — Iy
N\ Trigr 8| teol ”[H—Hgll Ul
<é.lle+goll, +8.

Thus, both the envelope condition and the entropy condition are fulfilled for (J0¢, which implies that

1
28 (1+gl)? l“e+go —@ca+ignll2 — lel? +ligo=@ca+ign!? | 2:5)

:hzssl(lﬁgc kN2 — lthz‘ — 0 almost surely,

for all C>0.
Let #>0 be arbitrary. Then from (2.5) we have that for all » sufficiently large

gy (4 waf 2.6
1+ 1) [Ilell 20— (@nca+iz ] 06

= ————7——”
(1+1g,

Take C sufficiently large, such that

e+go—@)ca+ignlls + .

”(€+g0)llc+g‘,|>C”2 =17
Next, take n sufficiently large, such that

e+ goN|etgy >cllz < 2n. @7
For arbitrary ge§
le+go—(@®)cq+ignllz (2.8)

"= lie+go— @ ca+ighjetg ) <ca+ignlla
+ le+go—@)ca+gh)jetge | >ca+ighlz-
Certainly

lie+go —@)ca+ign)e+ g, <ca+igh Iz (2.9




< e+ go =gt go|<ca+ign

< llet+go—gllx-
On the set {|e+go | >C(1+ligl)}, we have that (g)cq + g1 < |€+go |, which gives
lIe+go —@)ca+ign)jet g >ca+ignlla (2.10)
< l12(e+gol et gy >ca+ignlla
< 4ll(e+gol erg, >clln
Inequalities (2.7),(2.8),(2.9) and (2.10) show that
lle+go—@)ca+ignls < letgo—g.l7 + 8n. @2.11)
Since g9 |
le+go—gallz < llell; < llel® + 7 (2.12)
almost surely, for all n sufficiently large. Thus, from (2.6),(2.11) and (2.12)

1 ~
—— | llel® +ligo — 2 nll2
(1+|I§,,||)2 [f 80 (gn)C(H-llg..ll) ]

=<

< ————lletgo—@Dca+ignlls +n
A+ 1Y 4 (1+lig.Ihlln

< —L—letgo—l + 9
(1+lig,lly

< —IA—IleM2 + 10y
A+, 7
or
B
QA+llg, I

In order to get rid of the truncation in (2.13), we argue as follows. First, note that

llgo —@cqa+ugnl? < 10m. (2.13)

m&‘“&‘éﬂp .14

1 ~ A
< —————llgo—@)ca+ign* + (g0 — 813 >ca+ignl

T AHIg, I A+ 1,1

The first term on the right hand side of (2.14) is at most 10y by (2.13). To handle the second term,
take C sufficiently large, such that

ligol g, >cl*<m, ' @15
5\l R 2
l1(gx) |g,,|>f(1+llg.")” B (2.16)
(1+ g, I?
and
C2ln; sl
Mg >ca+ignl < 2.17)

A+Ig, 1)
The latter two inequalities are possible because of the uniform square integrability condition (1.5).

&




Returning to (2.14), we get

llgo — .1 1 A
A <1 N li(go ~ 8|z, |>ca+izilig|<cll®
(1‘*"”8"”)2 (1+||g,,]|)2 el 20" go|
———— (g0 — &Nz | >ca+ianl|g|>cl®
(1+||g,.||)2 |8} 2105 |
" ~ 2 fad " R 2
< 109+2C? ”1|g..|>C(lA+ug,u)“ + o ”gn1|g,,|>Cfl+l|g"u)"
(1+l1g, 1y A+, 1>
||§n1]§,|>ca+||g,u)||2

-+ 2"g01130|>C”2 + 2

A+ 11g, 12
< 18y,

in view of (2.15),2.16) and (2.17). Since 7 was arbitrary we can take 189<<l. But
ligo —8.ll / (1+lg,11)<<1 for all n sufficiently large implies that for some constant K <<co

llg,ll < K almost surely

for all n sufficiently large.
This yields

ligo—8.I? < 189(1+K),
which completes the proof. [

Suppose
sugllg|l<oo. (2.18)
g€
It is clear that in that case ¥ is uniformly square integrable if and only if § is uniformly square integr-
able. Moreover, it can be shown that under (2.18), the entropy condition on (%)¢, C >0, is equivalent
to the entropy condition on (§)¢c, C>0. Thus, we arrive at the following corollary.

COROLLARY 2.1 Suppose § is uniformly square integrable and that (S)c is permissible for all C>0. More-
over, suppose that for all >0, C >0

%logNz(b‘,H,,,(Q)c) P, 2.19)

then g, is strongly L*-consistent.
In many applications, the class § of regression functions is a cone, i.e. if ge€§, also age§ for all a>0.
In that case (2.18) is never fulfilled and the scale transformation is necessary.

REMARK 1: One can show that the conditions of Theorem 1.2 imply that & is totally bounded, i.e.
there exists a finite covering set of & with respect to the -theoretical- L2(R?, H)-metric. Also, g, is in
a totally bounded subclass of § almost surely, for all n sufficiently large.
Remark 2: We have that (modulo measurability)

%logNz(E,H,,,(@)C) 7 0 for all >0

if and only if

%logNoo(ﬁ,H,,,(@)C) —P 0 for all §>0.
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This can be concluded from VAPNIK AND CHERVONENKIS (1981), and GINE AND ZINN (1984). They
show that for a class of uniformly bounded functions, the entropy condition with respect to the
L*(R?H,)-norm as well as with respect to the L°(R? H,)-norm, are necessary and sufficient for the
uniform strong law over this class. In most applications, the distibution function H is unknown, and
the entropy condition is verified by looking at the sup-distance between functions. The above observa-
tion indicates that one-doesn’t loose much in doing so.

So far we did not consider classes of regression functions depending upon #, 8, say. Such a situa-
tion arises for instance in spline regression and nearest neighbour regression. In estimation methods
of this type, one doesn’t have a well-described model in mind: in a sense one lets the data themselves
determine the regression model. Since simple interpolation between the data points is meaningless, a
certain amount of smoothing is necessary. To avoid oversmoothing, one lets 8, grow with n to make
sure that for n sufficiently large, g¢ is in §, (or perhaps close to 8, in -for instance- the sup-norm).
However, to arrive at consistency results, the entropy of the 6, -or of the truncated
%.={g /(1+ligl): g€§,} - should again not grow too fast.

If 6, is a permissible sequence of classes satisfying the entropy condition, and if moreover for some
constant K <<o0

[sup sug]g]de <K

n=n, ge

for some n sufficiently large, then this implies

e

This can be deduced from POLLARD (1984). Note that the convergence is now in probability (almost
sure results can only be obtained if the entropy remains small). Reasoning along the same lines as in
the proof of Theorem 1.2, we obtain the following corollary. ’

COROLLARY 2.2 Suppose that g €8, for all n sufficiently large and that for all C >0 {(%)¢} is permissi-
ble. Furthermore, suppose that for all >0, C >0

ligll, — ngn| P,

~1ogN 20, H,. (%)) —" 0 @19)

and that for some nq sufficiently large

Y g

n=n,

is uniformly square integrable. Then

g, —goll = 0.

3. Some applications

In this section we shall concentrate on conditions for the entropy condition on (%)cto hold. The tech-
nique to prove the lemmas is construction of a covering set and some combinatorics to count the
number of elements. The proofs are in the Appendix. We shall assume throughout that the proper
measurability conditions are fulfilled.

An important special class of functions, that appears in several applications, is the collection of
indicator functions of so-called V'C-classes of sets ( VAPNIK AND CHERVONENKIS (1971)). Let @ be a
class of measurable subsets of RY. Identify sets 4 with their indicators 1,. We write
N (8,H,,®=N ,,(H,,®), because the sup-distance between sets is either zero or one and therefore,
for 8<C1 the covering number does not depend on 8. One calls @ a VC-class if for any collection S, of
n points, '

N (Qs,,@) = 8(n")




for some r =0, where Qg is the empirical distribution function based on S,. For instance, let € be the
class of half-spaces {x:0x =6;x,+...4+0,x,=1} in RY, then it is easy to see (take all hyperplanes
through d points from S,) that

N(Qs,,® = &n?).

The graph of a function f'is defined as the set
{(x,1): Ot <f(x) or f(x)<t<0}.

A class of functions ¥ is called a VC-graph class if the graphs of functions in ¥ form a VC-class.
Application of a result of POLLARD (1984) yields that for § a VC-graph class, and Q a probability
measure on RY, there exists constants 4 and r, not depending on Q, such that for all C >0

N2(8,0,(Fc) < ACT8™", 0<d<1.

CoroOLLARY 3.1 If 5 = {g /(1+]igll): g8} is a umformly square integrable VC-graph class, then g, is
strongly L?-consistent.
Examples of VC-graph classes will be given below.

3.1. Nonlinear regression

If the functions in § form a (subset of a) finite-dimensional vector space, then both § and ¥ are VC-
graph classes (see POLLARD (1984), DUDLEY (1984)). This is a consequence of the fact that the collec-
tion of half-spaces is a VC-class. Here is one more example where the regression functions form a
VC-graph class.

ExampLE: A model considered in BARD (1974) is

y = exp(—ﬂlxle*0’x1)+e, 0,=0, x;,=0, i =1,2.
The graphs are of the form
{(x1,%2,0): 0<t<exp(—91x1e_ﬁzx’), 6,20, x;=0, i =1,2}
= {(x1,x2,8): loglog—:->log01 +logx; —b,x,, 6,20, x;=0, i =1,2}.

ExampLE: The p-compartment model

L A X .
y = Do’ +e 0,20, =0, i =1,...,p, x=0.

i=1
If p =1, the class of regression functions § forms a VC-graph class, so then we have for some 4 and r
Ny (6,H,,)c) < AC™67", 0<<d<1.
This yields for the case p =1 (apply the triangle inequality)

N2(8,Hn,(g)C) <

5. _ I3
AC ()™ ,
2]

and since § is a cone, the same holds for the (9.

In general, let § = {g(.,0): 0@}, with © a subset of Euclidian space. If ¥ is not a VC-graph class,
one can handle the entropy condition by assuming compactness of the parameter space.
LeEMMA 3.1 Suppose that g(x,0) is continuous in 8 for H-almost all x, and that © is a compact subset of
R"™ Then for all C >0,6>0

Liogh (8, H,.(8)c) > 0
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as well as

Liogh,6,H,,90) " 0.

This means that we have strong L2-consistency, if also (1.5) holds (if g(x,6) is continuous on R? X ©,
this in turn implies strong L®-consistency on compact subsets of R?, whenever the parameters are
identified). A similar result is obtained by JENNRICH (1969): he also assumes continuity in the param-
eter and compactness of ©, but instead of uniform square integrability of ¥, he imposes the envelope
condition on &:

sup |g(..®)]| eL*(R%,H).

In many situations, there exist a parametrization of the functions fin & such that the parameter space
is compact and in the case of VC-graph classes the assumption of compactness of ® can be omitted.
In all other situations, it is convenient to prove by separate means that the least squares estimator 6,
is in a compact set almost surely for all n sufficiently large.

3.2. Multi-phase regression
Let

= {ﬁ gMNyo: g0ed?, AV ed, ADNAV =g, i), VLPJIA(")=IR”}.

i=1 b=
This is the p-phase regression model in its general form. The regression function is allowed to have
different analytic forms in different domains of the independent variable. If d =1, the 4® are inter-
vals and the g®) parametric, the model is called segmented regression (broken line regression if the
g are straight lines), see e.g. QUANDT (1958), HINKLEY (1969,1971) and FEDER (1975). In general,
subsets of higher-dimensional Euclidian space may be the unknown parameters.
ExaMpLE: y = min(fVx,0Px)+e, with 69, i =1,2 vectors in RY. Note that we cannot apply Lemma
3.1, since parameter space is not compact. Rewrite the model as

#Vx+e if xed

Y7 169+ if xe4,

where A is in a class @ of half-spaces in R?. It is now easy to see that the regression functions form a
VC-graph class. Lemma 3.2 supplies us with an alternative method to verify the entropy condition for
this example.

LemMMA 3.2 Suppose that for i =1,...,p
Liog,(3,H,,67)c) - 0 3.0
for all §$>0,C>0, and
%logNz(ﬁ,H,,,@")) >0 (2)
for all §>0, then for all $>0,C>0
LiogN 6, H,,0)c) > 0.

In most multi-phase regression models, the g will satisfy the conditions of Lemma 3.1 -and/or the
&9 will be cones. In that case (3.1) and (3.2) imply that also

Liogh,5,H,.(9)c) " 0
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for all $>0, C>0.

In the next three applications § is always a cone. Thus, to check the entropy condition for the (%) it
certainly suffices to verify the entropy condition for the (§)c. L>- consistency then follows if also ¥ is
uniformly square integrable.

3.3. Monotone functions (isotonic regression)
LemMa 3.3.1 Let 8={g:R—R, g is increasing }, then for all $>0, C>0

LiogN (8, H,.(9)c) > 0.

The result can be extended to functions of bounded variation and unimodal functions (combine with
Lemma 3.2).

If d>1 further conditions are in general necessary to make sure that the entropy condition is
satisfied. Let § be the set of functions that are increasing with respect to the usual partial ordering on
R?. For notational convenience we introduce the concept of lattice superadditivity only for the case
d=2. Let (a,b) denote the coordinates of x eR?, i.e. x =(a,b). A function g:R?—R is called lattice
superadditive if for all (a1,b1),(az,b2)eR?, a,<a,, b, <b,,

glaz,by)—glay,b2)—g(az,b1)+gla,by) = 0.

If § is a class of increasing lattice superadditive functions, then (§)¢ also consists of increasing func-
tions, but the (g)c are no longer lattice superadditive. Therefore, we impose the condition that § is
uniformly bounded. Finally, we assume that the functions are right continuous with left limits, so that
8 is a class of distribution functions of bounded Stieltjes-Lebesgue measures.

LEMMA 3.3.2 Suppose that the functions in § are lattice superadditive and right continuous with left limits,
and that 8 is uniformly bounded, then for all >0, C >0

-'1;1ogN2(a,H,,,g) P 0,

3.4. Smooth functions
Let 8, consist of functions g having all partial derivatives of order s <m, m =0.
LEMMA 3.4.1 For xeRY, let |lx|| denote the Eucledian norm of x. Suppose there exists an a<1 and

m+ta

L,=o(n ¢ )such that
|g™(x)—g™(%)| < L,llx—xI"
for all x, X, g€8,. Then for all $>0, C>0

L1ogN (8, Hy,(@)c) =7 0.

If the functions in §, are uniformly bounded and H has compact support, then §, is totally bounded
with respect to the sup-norm (see KOLMOGOROV AND TIKHOMIROV (1959)). In our situation, §, need
not be uniformly bounded. The functions in (8,)¢c no longer have m derivatives, except in the case
m =0.

The result of Lemma 3.4.1 can be applied in penalized least squares. Let 4 =1 and let the penalized
least squares estimator g, be obtained by minimizing

lly —gli2 + A2J(g),

where J (g) is the penalty
J(@) = [@™*V(x)ldx, m=0
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(see e.g. WaHBA (1984)).We use Lemma 3.4.1 with d =1 and a=1 to establish the following.
LEMMA 3.4.2 Suppose J(go)<oo and n™*%\,—o0, then there exists a sequence 8, such that g,€8,
almost surely for all n sufficiently large, and such that for all >0, C >0

Liogh» (8, H,.G)c) > 0.

3.5. Nearest neighbour regression
We consider the nearest neighbour regression estimator of the form

P
B = Seflo
i=1
where the g{? are polynomials of fixed degree and AY, i =1,...,p, forms a random partition of R“.
For instance, in the one-dimensional case, one may take the A% as the set containing the N =[n /p,]
nearest neighbours of some x,. More precisely, let — oo =X <x()<, . . . , <X(,) be the order statis-
tics and take

AP = xg-vwyp¥an) i =L.pa—1,
AP = (X, - 1)Ny> ).
In general, let

o . ' . . P
8 = {DgWyo: g¥eb, 4P e@, AV NAY =2, i), ‘UIAS,’)=R‘1}. (3.3)
i=1 r=
In a sense, this is an extension of the p-phase regression model to p,-phase regression.
LeEMMA 3.5.1 Suppose that in (3.3) § is a VC-graph class and & a VC-class, and that p,=o(n /logn),
then for all §$>0, C >0

Liogh »(8,H,.(6)0) > 0

It is now not very satisfactory to force gy in a §,. To take care that g, is approximately in §,,
some smoothness assumptions on go are needed. As an example, we consider the case d =1 in Lemma
3.5.2.

LemMA 3.5.2 Let 1<p, be a sequence satisfying p,—>o0 but p,=o(n /logn). Let 8, be a sequence of
classes of the form
P _
(D g0 012 @ a polynomial of degree m and aP <...<a?"}
i=1
such that 216}" = L)Jl{g /(A +ligih: g€8,} is uniformly square integrable. Suppose that gy has s deriva-
n= n
tives, s <m, with
sup| g ()| < L,
X
then g, is L*-consistent.
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Appendix

ProoF oF LEMMA 3.1: Define

w(x,0,0)= _ sup }l(g(x, c—(E0x D) |-

{6:16--0ll<p
Then

lim w(x,8,p)=0
p>0

for every @ and H-almost all x. Since (g(x,8))c=<C for all x, dominated convergence implies that also
;ig(l)nw(.,o,p)uZ:O.
Hence for arbitrary §>0 there exists a finite covering set of ® by balls with radius p; and centres 4;,
such that
liw (., 0;, )12 <1482
For all n sufficiently large, also
liw (.0, )12 <8%.
But then {(g(..8,))c} is a finite covering set of (§)¢ with L*(R?H,)-norm:
g (e — @ 0Nl <lw(.8;p)ll, <8,

for all [|6—6;ll<<p;.
In the same way, one can construct a finite covering set of %, since the class {ag: a€[0,1], g8} also
satisfies the assumptions of Lemma 3.1. [

PrOOF OF LEMMA 3.2: For a permissible class of sets &,

" ~10gN (8, H,, &) > 0

for all >0, if and only if
%logNw(H,,,@i)) -fo




2

(see Remark 2 of Section 2). Define
EN)e®@) = {(gN)clyo: AV e@?, gV eddy,
and note that
N2(8,H,,(§D)c®ED) < Ny(8,H,,(8V)c)N o (H,, &)
Since the A® are assumed to be disjoint, we have

ég(i)lAm = é (g(i))clA(i),
c i=1

i=1

? . .
N>@H,(O)c) < LN 28 / p.H,, ()@ @),
Thus the entropy condition on the (). and &’ implies the entropy condition on the (§)¢c. [

In the proofs of the next lemmas, we show that (1.6) holds by letting the partition of RY depend on
the function g €§ under consideration. Throughout, the order symbol ¢(.) holds for n—co.

PrOOF OF LEMMa 3.3.1: For ge§, define k=[C /8] and AV ={x:id<(g(x))c<(+1)8}, for
i=—(k +1),—k,...,k. Take g =i8 and approximate (g)c by Sg¥140. The {4?} form a partition of
R with 7=2(k + 1) elements. Since the 4®) are in a class @ of intervals, for which
N (H,,@&)) = o(n*)
we have &(n?") functions of the type Jg®@1,0. Also,
i

sup| g (x))c—~ZgP()an | < 8.

Thus,
N (8,H,(9)c) = 6n*").0

ProoF oF LEMMA 3.3.2: For the sake of notational simplicity, we restrict ourselves to the case d =2:
the theory is easily extended to d>2. Let the functions in § be bounded by C. For ge§, define the
marginals

hi(a) = bl_i_)n.}o g(a,b),
hy(b) = al_iglo g(a,b).
As in Lemma 3.3.1, divide R into 7 =2([C / 8]+ 1) intervals [a?,a®*D), in such a way that
hi(a)—h(aP)<8
for ac[a®,a¥*V). Similarly, let [pV),bU*D), j=1,...,T be an interval partition of R such that
hy(B)—hy(bN)<d

for all be[p?,p0*D),

On AGN=[a®,a®*DYyX[pN,bU *D), we approximate g by the constant g =g(a®,b\). Since § is
uniformly bounded, we can approximate the g in sup-norm by the T constants [g&) /8]5. Also,
for (a,b)cA)




0 < g(a,b)—g®

= hy(@)—h1(@?¥) + hy(b)—hy(67)

— [h1(@)—h1(@®)—g(a,bD)+g(a®,b0)]

— [h2(B)— B2 (69)—g(a,b) +g(a,bD)]

hi(@)—hi@®) + hy(d)—hy(BYV)) < 28,
The sets A%/ are in a class @ of rectangles in R?. For rectangles, we have

N (H,, &) = o(n*),
so the number of L®(R? H,)- different partitions is 6(n*” ). For each partition of R? into 4%, we
have &(T7") different functions of the type ZIg("f ) / 8]81Aw> This gives

No(8,H,,9 = 0@*T 77).0

To prove Lemma 3.4.1, the technique is (again) to partition R into a number of subsets and approxi-
mate (g)c on these subsets by functions from a finite-dimensional vector space.

ProoF OF LEMMA 3.4.1: Without loss of generality we can assume that H has compact support K. If
this is not the case, take a K with H(K)>1—8? / C2. Then for any g

gl e —(@)cll.<C( —H,(K)%"— C(1-H(K))»<8 almost surely.
, 1
Let {B®} be a covering of K by balls with centres x® and radius m!(8 / L,)™** . The number of

balls needed is O(L, /8 ™**. Construct from the {B®} a partition {4?} of K, eg. take
AV ={xeB®, xeBV, J<1}
Expand g(x) for xeA4? in a Taylor series around x,

g(x)=g0(x)+RV(x), xea®
where g®(x) is the m-th order Taylor expansion. The Lipschitz condition tells us that
|RO(x)| <L, /m! llx —xO|m+e <8,
Thus we have that
sup | (g (x))c —(g(g(i Y))clyo (x)| <8.
Note that the g’s are in a finite-dimensional vector space §, say, for which there are constants A and
r such that for arbitrary probability measure Q !
Ny(8,0,(8)c) < AC'67".
For each i with H,(4?)z£0 we make the following choice for Q
Q=Q¥ = “ﬁn%ﬁ_))’ on 4.

This shows that there is a covering set {g{"} of (§)c with at most AC"8" elements, such that for arbi-
trary g €6 there is a g’ with

g clyo — (')1.4“’”2_ fl(g(l))c g}:)lde

= H,49) [ —g) 17dQu< Hy(4")&, H,(AD)70.
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But then
]lz(g(l))clA“) —2 ')IA“’ ”2
= > HUD[|gc—gl|%dQ,
i :H (4540
< &
and

Ig)e — Ze Lol
< e~ 6™kl +13 [(g(i)) c -g}f)] Lol

< 26.

Hence, the functions {Eg](f)lAw} form a 28-covering set of (8,)c. The number of different functions in
i
this covering set is

L
(AC’S r) 8

ie.
1 ] =2
;log.N 20, H,,,(8,)c)= @(;an *tey=o(1).0

PROOF OF LEMMA 3.4.2: The penalized least squares estimator g, has 2m continuous derivatives (see
Wansa (1984)). We have

~(m) ~(m) ~ ~(m+1) ~ ~
18 ) =8 B < [ |80 (@)]du < JE@)lIx—FI%.

(‘x’x]
Also
ly =&l + A @) < llell} + A2J(go),
which implies that for all n sufficiently large,

T < 240 4r4g0)
almost surely. Take
8, = {g: sup|g™(x)— g™ ()| <L,llx — %"}
xx
with L, =2[lell /A, +J%(g0)=o(n'”+%) and apply Lemma 3.4.1 with a=% and d=1. T[]
PrOOF OoF LEMMA 3.5.1: Since § is a VC-graph class, we have

i -r
Pn

"Ny(—,

; H,,(9)c) < AC"

for some constants 4 and r.

Let {g;} be a (8 /py)- covering class of (§)c, such that for arbitrary g €@ there is a g; €{g;} such
that




A

Ig®)c—g; s < ;f—

n

Then

P P,
I 2 (g(l))clA(’) - 2 gj.'lAm “n
1

i=1 i=

P )
< JlE)c—gll. < 8.
i=1

For a fixed partition AL ,A(”"), there are at most (AC"(8 /p,)~" ¥* different functions of the
P
type > g;14©. Since @ is a VC-class,

i=1
N, (H,,®) = 0(rn’)
for some s =0. Thus the number of L® (R H,)- different partitions is 6(n”). The total number of

Pn
L*(R%,H,)- different functions S g; 1,0 is thus
_1 ji
r 8 -r g 5Pn
ACT(—)""| OmnT).

n

And Liogh 23, H,,(6)0) =6 palogp) =o(1) . O

PrOOF OF LEMMA 3.5.2: The intervals in R form a VC-class and the polynomials of degree m form a
finite- dimensional vector space. Thus, since p, =o(n /logn), we have for all >0, C>0

~LogN 28 H,,(81)c) = 0.

So the conditions of Corollary 2.1 hold, except that gy need not be in §,. Take a compact interval
[a,b]CR, with Hla,b]>1-—7. Without loss of generality, we take [a,b]=[0,1—%]. Define
. P
AD =[G =1/ Pusi / Pn)s i =1,.c,py, and go, = 3 gl L0 with g, the s-th order Taylor expansion of
i=1
go around (i —1) / p,.
Then

2L, _
sup| go(x) —go(X) | <=7 (n) " <n
for all n sufﬁéiently large. This yields that

ly —alla<lly — go.nlln<llelly +3n,
and we can proceed as in the proof of Theorem 1.2. (J
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